
 

Section 7.4 Integrals with Hyperbolic functions

we will revisit each integration method
but with hyperbolic functions
Note Be sure to go over the Hyperbolic

Functions Review Sheet

A Substitution
B Integration by Parts

When choosing a treat hyperbolic
and inverse hyperbolic functions
as you would treat trigonometric

padminuwatrigonometric functions
Priorityforce
L logarithms
I inverse trigonometric

inverse hyperbolic
A algebraic functions
T trigonometric

hyperbolic
E exponentials



c Hyperbolic Integrals
Treat powers of hyperbolic functions
as you would treat trigonometric
functions The strategies are identical

D Hyperbolic Substitution

Similar to trigonometric substitution

Expression Trig.Substtution Hyp.su

tutionVa2xTx asinl0 x atanhCu

Va2tx2 x atan O X asinh u

x2aT x a Sec O x acosh a

IEx.IT
Write smh x in terms of logs
Solution
Suppose y Sinh x
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so negative root gives
negative number

e VII

y In xx VII

y Sinh x

Seer miw
formulas for other inverse functions



E

Calculate f x'cosh dx
solution

LIATE we will use tabular

integration by parts

X cosh x

2x Sink x

2 cosh x

0 Sanh x

fxtoshcxldx xsinhcxl 2xcoshcxltt
2sinhcxltCEx.IT

Calculate fcoshCx72dx

Solution



Since exponents on both cosh x

and Sinh Cxl are even we use

integration by parts
U cosh x do cosh x dx
du smhCx dx v smhCx

fcoshcxtdx wshcxlscnhlxl
fsinhlxfdx.co

sh x smh xp I

Sinh x
2 cosh x

2
f

fcosh'xdx cosh x smh Josh'xdx t fIdx
I I

I fash dx cosh x smh x t E t C

Alternatively use the double angle
formulas
cos f

2 I t Iz cos 20



cosh O I t z cosh 20

Sin O
2 I I cos 20

G Sen h O I I cosh120
Sinh O I t f cosh 20

EXTI
calculate smhCx coshCxPdx
Solution

smhCx cosh x Pdx

f smh Cx cosh x coshxI
u smh x die

f sen h x It smhCx cosh x dx

f u Itu du flu tu
b du

smh x
5
t Y Sinh x t C



E

Calculate fVx dx

a trigonometric substitution
b hyperbolic substitution

solution
a we substitute

x 4tan1dx
4secCoj2dOVx2tI6

4secCO1fVx2tITdxf4secCOl.LI see ORDO

16 secco do

Now compute f secco 3d0 We

use integration by parts
U Sec O du secco'd O
du seclatanlot do v tanto



secco do secco tan O fsee O taulofdo
Sec 072 I

fsedodo see tan O fsed do t fseco do

I I memorize

fsee Odo f see OtanottlnfsecottenoftC
Now rewrite everything in terms of x
t6 tan O 14

A

07 Sec O164 4

So our final answer is

fvxtlbdx 8 tkT.ft8ln Vx4tlItF tC

b We will substitute
x 4 smh u

dx 4cosh u du



it uYt6

4 scnhCu

4Vwsh
4 cosh u

Vx2HTdx 14cosh u 4 cosh a du

16 cosh a 2dm Now use Exampe 2

I fash xd x cosh x smhCx Etc

8 cosh u smh u t 8 u t C

Now we write in terms of
4 Sinh u

x

cosh u Vl6

ADJ Opp Hyp 2
4

ADJ 16 t



So our final answer is

fvlbtxtdx 8 tl t

Ft8sinh E C

E i
Use hyperbolic substitution

solution
we will substitute

ention for
X cosh u cosh t

rx
sinhluT
sink lull
Sinh u u 70

inter X cosh u

x I u cosh 1 O



V2T u cosh VI a

f Y dx fshuY smh Indu

tanda facts sech Cut du

Cosh u Sinh u L

I tanh a sech u

1 sech a tanh u

u tanh u

a tanh a o tanh o

a tanh a

Now write as an exact answer

a cosh VI

5 cosh a VI

af tanh a
v2T



ADT Opp Hyp

VI 5 L

So our final answer is

fit dx cosh VI
6

E

Calculate fV9t d
Solution
We can substitute

Trigo_nomrii.x3taulo7Hyc.x 3 smh u

dx 3 cosh u du
9txT 3 cosh u

I t Sinh u cosh up

fvatxIdx f39nl 3wshluldu



3 faintly du fwsCx5smcx5 d

3 f ltssnmYdu
3 f csch u tsin Hu du

3 f csch u du t 3 fsinhluldu

In csch a tooth n I cosh u

3 lu cschCu7tcothCu7 t3coshCu7tC

Now rewrite in terms of x

3 Sinh u X 3

41 csch u

x2t9 coth Cu Vx2t9
7

cosh u x



So our final answer is

V9t d 3lnf
tV9t t 9txTtC


