
 
Sections 2 1 2 2 Introduction to limits
Motivation average us instantaneous velocity

Ct position of particle
Ct instantaneous velocity of particle

Average velocity over time interval t tz

T
0 xCtz7 x

tz ti
EX.TL
Suppose x t 16T Estimate the instantaneous
velocity at t 2

You
we can estimate the velocity at f 2 with the
average velocity over 2,2 1

f
x 2 1 1612 112 161212 65 6

2 I Z 2 I 2

we get a better estimate by using a

smaller interval
Interval at I what is relationship
2 2 I 0 I 65.6 between these two

columns of ft's
2,2 01 0.01 64.16

As Ot gets smaller2 2.001 0.001 64.0lb closer to 0 T
1.9 2 O l 62 4 gets closer to 64



I 99 2 0.01 63 84

1.999 2 0.001 63.984

We estimate r 21 64

As Ot gets smaller
closer to 0 T
gets closer to 64

This intuition is written symbolically as

4 lffritoots Tayag Ot goes
Ot 20

Q How can we calculate vC2 exactly
A Use it as an estimate but calculate it

symbolically in terms of Ot
EX2cout.LI
let h 0 The average velocity over 2,2 th

think of has a tiny number length h

f
Xfinal Kinit X 2th x Recall

final tinitral 2 th 2 x t 16th

16 2th

f 1642 44 41644
16h2 6441 64 641 4 16h t 64

4
1164 64 1h

So as h gets closer to 0 it gets closer



to 64 why Plugging in h 0 into 164 64

gives 64

7General Definition of limit

ma f x L
limit of Axl as
goes to a is L

This means the values of f x can be made
aribitrarily close to L as long as we choose
values arbitrarily close to a

Use a table of values to estimate the limit

t.int
Solution

I y fC y
2 23

3

2 5 3.5
2.9 3.9

2 99 3.99

s 4.7
rq3 I 4 I

3 5 4.5

This suggests the limit is 4



t
use a graph to estimate the limit

t.int
Solution

It itx
undefined if 3

So f x ittma
f x Atl if x 3

undefined if x 3

Ey fCx

point 3,4
i

I
L i 11111111111 I 7

Graph suggests yfCx 4

Calculate the limit using algebra

time



Solution

II I him Cath 4
T

algebra factor cancel x 3 why plugin x 3

Note f 1 in general what if 3

One sidedlimits J Compare to General Definition of limit

left sided limits

1
limit of fix as x goes to a

IIIma.tk L
from the left is l

This means the values of f x can be made
aribitrarily close to L as long as we choose
values arbitrarily close to a AND a

Right sided limits

1
limit of fix as x goes to a

1 1 1 1 L
from the right is l

This means the values of f x can be made
aribitrarily close to L as long as we choose
values arbitrarily close to a AND a

E f
For a 2 1 I 2 use the graph to calculate



a ftp.flxlcb na fCx1CcHnarfCx d fca
y
a

3 O

2 O

i

y i I
i y _fCx

Solution
y
a

3 O

2 O

i

y i I
i y_fCx

a au.fm au fCxlImafCx fCa

2 3 3 3 3
I I I DNE I

1 2 3 DNE I
2 l l l DNE

If left and right limits are different then the
two sided limit does not exist DAE



 Section 2 3 3.5 Calculating limits 1
Direct Substitution Property Dsp

If z fCx fcc then f has the DSP at x c

What are some functions with the DSP

polynomials aotaixt ask't taux

rational exponential ex 2 I
algebraic logarithmic
trigonometric

These functions have the DSP only on their domain

Ex.cl
calculate It y

2

Solution

Function fCxl
2

does not have DSP
at 3 So we use algebra to transform tea
into a function with the DSP

find I 6 4103 4 7
I t

limit symbol tells you x 3 xt4 is a polynomial
so cancelation is okay so it has the

Note ItIz txt 4 why what if x 3

E T
Calculate l'm

X 72 4 XZ



Solutions
D S of x 2 gives do which is undefined

this does not necessarily mean the limit DNE

E suggests algebraic cancelation

in EIt HaX 72

keep factored

im iTiiuitFt IE4ztxiiritI
Now use DSP

2t4 vzVzT 8

EX.FI
Calculate each limit

casting 4 31
91 andq

Solution
x 3

2 9
a km y

2

61
992

yo

Iff L y 61 0 6 6



xH 1 tmall.IE tiHiEuTIxl
t.im IT

Calculate m f x where f is

f ex 7 f x I

IF if x E 1

Solution
Notthat x l is a transition point for fCx
So we examine the one sided limits

IcefthmetI

ILY t III VII VI o

a
This means f x use DSP

to 1 if x is close
to 1 and xel

Rightlimit

Keitt Lima ftp.t.GE I x4YtCxfo1
This means fCx
close to 1 X I use DSP

x I t x is close
to 1 and x I



Since Lim fCx f ftp.flx ILyfCx DNE

calculate Iq
Solution
Rectal definition of 1 1

ki f i iii ex a f Ei iii
So x 6 is a transition point for 1 61 So
we examine one sided limits

IceftlimitT
17 5 ftp.t.IT I f m.c si I

This means x 6 So x 6 is negative
So Ix 61 x 6

IRighthmitTI

time Y ftp CI fjm CtI1 tI

This means 6 So X 6 is positive
So x 61 x 6

So ftp.Y DNE

Specidlimiize



to I f.imiComIkes

sin 7516

01
I Need

mitsymboll.EEefmI
Sedation

Falses dution

I mo L.im I fimosmfI e

These two limits look similar

I.im t.im

But in what sense 2x plays the role of O

If O 2x then stuff Stuck
2x

If O 2x then O 20 means the same

thing as 2x 0 or x 20

So we can conclude that



t.im L

Simi

off ao
L offs L Cato

EFFu
calculate fine

tan
Sin 3 7

Solution

t.m.MY t.imolasisiiisiiiI
sc e

fyno sinI 8
8x sin x 3x co

i E E H
L L L

special special cancel x Dsp

I I I I 85



 Section 2.4 Infinite limits
Consider the following limit

T This means is close to 0 ANI t 70

Info xt to technically limit DNE

AI x ot what happens to The values of
are positive and they get arbinity targe
what about this similar limit

This means is close to 0 ANI te O

Info xt as technically limit DNE

AI x so what happens to The values of
are negative and they get arbility targe

what does arbitrarily large mean It does not mean

numbers get bigger and bigger
Ext
L 2 3 4 5 6 7 8
These numbers get arbitrarily large because they
eventually surpass any given number and rem ain larger
0.9 0.99 0.999 O 9999
These numbers get bigger and bigger but never

surpass 1 so they do not get arbitrarily large



I 9

Master strategy for Infinite limits

If D S gives the expression
n mT then each

one sided limit is infinite To determine whether
limit is too or or we perform a sign analysis
of numerator and denominator

Iverticalitsymptotes

If either ftp.fcxlor ay.tCx is infinite
then the line x a is a vertical asymptote off
Ex

Use the graph to fill in the table

if

Solutions
I 2 a 3 4

a tyrant fine text Hanten teal

t
DNEIJ.to

rEFE
5 t as DNE 5

5 s D NE DN t



Howmanyuttimhaeinitdy
many Ex fCx tan x

i

Ex 2

d all vertical asymptotes of
f x 2 4

Find the one sided limits at the leftmost VA
Solution's

toned candidate VA's set denominator to 0
2 4 0 x 2 OI 12 2

DS of x 2 or x 2 into f x gives nonf
en

So the one sided limits at x 2 and x 2

are infinite So x 2 and x 2 are UA's

21

fx is
z

x is close to 2 goes to 0 but
2 4 O

and X c 2



line
D S of x z

x zt 2
as as

goes too but x2 4 cox is close to 2

and X 2

D.S.gwesiinmf
wii.sobothlimdtaremfnite.Ex.TL
Compute line

x 21T It cos x

Solution

D s of it gives So the onesided
limits are infinite

I'IE Ita as too

E f i e as

a a

gas stiffs pofffive
it

us

y Itasca
l l l l t l l l Ly S

Ex.LT
Find all UA's of f x 2 x 2

Solution
Observer



2
y Z x 2 y I

D S of x 1 gives I So x I must
be a VA

D S of x 2 gives od So x 2 may or

may not be a VA Need more analysis

t.net t yi m

feel 3
So X 2 is not a VA The only VA is X l

if
a

i open hole at

VA at x i i 413 2,4 3
I 1 7

2

x l

E l
lxZt3x find all VA's andlet f x 3 2 2 tx

at each VA find the one sided limits
Solution
Observer
0 43 2 2 t x x 1 2 2 1 x x 1 2

x O or x 1

So our candidate VA's are x D and x l



D S of each gives

X O Oo inconclusive so need more

x p Eg
analysis

First we do some algebra tf x FO and xt l we have

x x x2t4x xx x

X3t 2 2 x X Xt 1 2 X Xt 1 2 Xt 1

Now we investigate the limits

Eh
1 1 7 1im III 8 3

too is not a VA limit is not infinite
x I

LIE f x Ijm II
D's gives I which
indicates infinite one

sided limits
So x l is a VA Now for the one sided limits

1 fix fine III as

test x l ol

III ft IT EIT O as

test x 0.99



 Section 2 5 limits at Infinity 1
Consider the following limit

T As x gets arbitrarily large and positive
1line I O

as w

Fthe values of get arbitrarily close to 0
and I is always positive
Similarly

I CH o

x gets arbitrarily large and negative
gets arbitrarily small and negative
or

In general we have for n o

ft ftp.t
n

on o

Master strategy for limits with x I as

If x as or x a as then factor out highest

power of numerator and denominator separately

or factor out highest power of denominator from
all terms

s



HorizontalAsymptotesJ L is finite

If either zfCxl L or y fCxl L then we say

that the line y L is a horizontal asymptote fort
a a

me

0 HA's 2 HA

a a

F Tm7 7

e
2 HA's 2 HA's

Calculate fines
3 2425742

Solution

t.m.ki.is tt m.E
f ftp.f E I s 34otoo I



Calculate fine 511,22
Solution

l t f
HE I ftp CI C ol Css as

in o

III x as to 5

1 o

Warning as 0 is undefined like E
t.fm x tx Ism I I

f

i i

EXIT
calculate fire
Solution
NII F x 3 Vx2t9 F x 3



ILY
7 25

27
tie I i

FI tItI.i.m.fE
XT f t x not a function two values

VII x what if x co
VxT txt

t.im I tI l t tI t
Since x as we can assume co

So then 1 1

ftp fi E9E s.hEoI E
terms go to 0 as x a

Ex

Let f x 3gt.ee Find all Htt's of f
Solution
To calculate the HA's we must calculate

ftp.fcxl and 7 f x



Recall the following
d

n
d

f L
y e y e

line ex as
figs e 4 0

as

III ex O III et

Now we compute our limits

1x 1

II tix he.fst s

line ex O
X 2 as

1

III t t.IE
III ex to so this gives

which is like 8 or as 0 need algebra

This is where we modify our highest power strategy

t.ir ee.sEEilIm.CeeIIl t



5 e x 0

So the Htt's are y F and y F



 

Ie ti

Def We say f is continuous at x c ef
LIYE fCx f c

i.e f has the DSP at c Otherwise we say f is
discontinuous at x e

How can f fail to be continuous at x c Four types
o 2

Jump
TraimoinaffemigD

e
oldiscoutnu.ly

I g l S
C C

figure f Cx exists a one sided limits both exist

f c undefined OR
but are not equal

fCc f tiny f x f c may or may not bedefined

a

awwww
1IitsionintienuitD Fd Yma

S i g
C

vertical asymptote at x c not or

at least one one sided limit usually infinite oscillation
isinfini

Exel
let f x Ktx 12

a Where is f continuous
b At each value of where f is discontinuous



can we redefine the value off so that f is coat
Solution
a for what values of x does f have the DSP For all
X in the domain So f is continuous on C as 3 U 3 as

b Right now fC3 is undefined Can we choose a value
for f 3 to make f continuous at a 3

Note If f were continuous at x 3 we would have

Iffy f Cx f 3

This tells us what the new value of fG should be
So we compute this limit

ftp.futfyyktx Iyg ktIFI f yCxtuI 7

So if we define f 3 to be 7 then f is cont
at x 3

a 7 a 7

7 O 7

L L
l S l S
3 3

y f x y f x
before redefining f G after redefining fG

Ee

Let f x
2t3 x o

X 5 X 70

a where is f continuous
d



b At each value of where f is discontinuous
can we redefine the value of f so that f is coat
Solution
a Where does f have the DSP Each piece of f
has the DSP so the only value of for which f
might not have the DSP is x 0 transition point
To check whether f is continuous at X O we check

Iron fCx fCo

Note this means the left limit right limit and
function value must all be equal
leftlimit
III fix fluff x2t3 Ot 3 3

Right cruisers are
not all equal
These n

uofCx f x 5 O 5 5 So f is not coat
at x 0

Functional
f o x 5 o 5

So f is continuous on C as 0 UCO as

b If we can redefine f o to make f continuous
we have one candidate value

fCo nor f x only possible value
that can work

Since yfCx does not exist why there is no



value we can assign to make f continuous
or

is there a point on o ythe y axis we can

put this point to is
make 1 continuous Io A

o Y

y fix with f lol undefined
Ex I 4 16

X e z

et fCx at 2b s

t izb x t 3
where a and b are unspecified constants
Find the values of a and b which make f continuous
at x 2 or determine no such values exist
Solution
We need the left limit right limit and function value
at x 2 to be equal
Iceftlimity
fine.fm fine

ftp.z.flx
2 tff x2t4

Iyyy x 2 x 41 32

t



Ling f 41 1,7 13 2b t 3

t
substitute x z

fC 2 at 2b

All three of these numbers must be equal
32 2b t 3 at 2b

So we solve for a and b Extract two equations
32 2b t 3 67
32 at 2b at

22 I 33521 7 Issy

soifdb351 fi sI x 2

Ex4Il
At a 0

Let fix 5 IoSin Bx
T 0

where a and b are unspecified constants
Find the values of a and b which make f continuous
at x or determine no such values exist
Wow





 
SFT.li3.2Iuwdul ivaEin 1

a

7
secantYeo

an
µ

ytanguffine
by

f a secant line
1 I 7 haol a ath
OX

Slope of seaut
line hero Msec 0,7g

fcathl

fcalhslq.p.nettangent mean Lmo flatmate
Def Gruen the function f x the number

m akin Hatala
is the derivative of f at x a We denote
it as f Ca

Def The line tangent to the graph of y fail at
x a is the line that passes through Ca fca
with slope f a

Ex













 

sectious3.3.3.4.3.5.3 cl DerirafrveRul
fCxI
c o JPower RuleXm n n I

e e Advanced Rules
In x I FCI FEI
sincx asF f g f't g Suru
coscx Sin X Cf Cftan x seccx
seccx Secc tank f g f'gtfg product
Csccx Csc x CotCx I fig f g
cotCx csc x g ga Quotient

e

y
tank secCx using the other rules

Solution
We use Quotient Rule

f
9 I

cosh costal sink C sincx
cosext

g g
costs I Sec x
cos X Cos x 2

E4eate xiii
Sedation
Rewrite function in simpler form first



7 2

7
2 3 42 7

3 2

Now we use power rule

7
3 2 7 day 7 f E x 421 221 92

Power Rule ft xn nen i

Ex

Calculate 64 1 if h
xVTta
ex e3

Solution
First simplify Then use Quotient Rule

h x
XK tune It

9

he
Ex 2tanCx7tx3ksecC 2 ex e3 x fanC ex

ex e 3
2

or

f x x'ktan x Product Rule

F G

f x 3
2
42 tan x t a Sec x

7 e IT
g x ex e3



g CH ex e3 ex da e
3 ex O e

e is a constant

Find the tangent line to fail at x L

f x 3
2

Solution

Point 1 f Cil 1 2

Slope f x x 3 y dax

f x 3 2 3 2 3

f x 3 2 t 6 3 recipe for slopes

f e 3 t 6 9 slope of tangent I

Ewen y 2 t 9 x l

Find all horizontal tangent lines of f

Solution
f x 3 5ex

OF initial goal is to solve f x O

f x 3 5ex
to



f x 3 5 4 ex XS ex

7 to
f x 3 4 ex Stx

Now solve f x 0

3 4 ex Stx O

3 4 0 of 0 of Stx O

x O Er no solution of 5

The equations of the horizontal tangents are

HIS x

f o O fC 5 3C Sj e S 9375 e
S

y O y 9375 e
s

d H horizontal tangent lines to
f a 4 3 In x

Solution
First find flex

f x 4 3 Incx
t G

12 2 In x t 4 3f 67
7 F GT

f x 12 2 In x t 4 2



f x 4 2 3 In x t 1

Now solve f Cx D why Horizontal lines
have slope 0

4 2 3 In x t 1 O

4 2 0 of 3 In x t I O

t.IO of x e 43

domain of f is o a

A horizontal tangent line occurs at x e body
Its equation is

y f e 431 4 e b In e b
Yea

f a 4 3 In x

oe

4 4 34

I l
z s

y Ye





 
Section 3.6 Derivatives as Rates of Change 1

rate of change of y with respect to

dis 8 is approximation of dtd
dx if changes by ox then y changes

by Oy ox f a ox

OnedimensionalMation
xlt position

ra
X atot7x average velocity

of over a at Ot

ftp.dx instantaneous velocity
at

lofty 1 speed

dir d
att at

acceleration

ix

Graph shows positionof patrol car relative to
station s O Car initially heads north at 9 00am
Time t is measured in hours since 9 00am

a What is the average velocity in

the first 4S minutes
b What is the average velocity on

0.25 0.753 Is this a good estimate

of the velocity at 9 30am













 
Section3 7ichainRule l
How do we differentiate
f x sin x f Cx cos x

f x 2 since few 2 cos Cx

f X 2x sin x f4 7 2 sin x t2xws x

f x sin 2x f x

The Chain Rule

If f and g are differentiable then

f gcn I g g
t

derivative of evaluated dativativeof
outside at inside inside

Calculate since and Sinixt
Solution
h X Sin et h x sin x

2

Outside f x Sink Outside text
Inside g x x2 Inside g x sin x

hKx cos x 2x h x 2 sin xp cos

Fa uate d etank and incestxD
Won



h X etanc h x In x3tx
Outside f x e Outside text InCx
Inside g x tank Inside g x x3tx
he eternal seccxt he 1

3 271
3 TX

Ext
Kalculate Sin et cos x

Solution
Use product rule then chain rule on each answer

h x Sin ex cos 3 1
FT

h x cos ex e cos 3 7 t sin ex f Sin 3D 3

FT t F T
Ex

calculate VEI
Solution
Use chain rule first 3

Outside x 12 Inside 1 7

h x 1
k 3 2 L x C L

5
derivative of inside

Note The main stencil you use is very



sensitive to how you write h x

h x 1
312 I

k
l X 12

Chain Rule Quotient Rule Product Rule

E

Calculate In tante 5

Solution
We use chain rule multiple times

hCx7 In tan 63 5

fan e
Sec 263 51 e

3 5
z

IExII
let f x x 1 37 Find all horizontal tangent lines
you
First find f x

f x x e 3 71 2

f x 1 I 3 742 t x f e 3 5 C 3

Now solve f x

L 3 342 I 3 342 3 x L 3 544 0 I 3 11 2

L 3 72 Zz x O



I E x O

4
Check is x f in
domain of f Yes

So the only horizontal tangent is

y f F x VI 3TT x yg FFs

EXIT
Values of f f g and g are in the table

a let FC
gas

i

calculate f o

b Let Glx f xg x

Calculate G Ci
Solution

a First find f Cx Use Quotient Rule

f x
f X g x f x g x

g x 2

Now put x o

F o
C 4 4 C 1 z

Ig
b First find G x Use chain Rule

GCN f xgCxs
Outside fCx Inside x g x



G x f xgCx I gCx t x g x

derivative of derivative of insideoutside evaluated
at inside product rule

Now put x L

G e f gas ga t g Ce

f 2 2 t C 4

3 C 2 G





 
Section38ilmplicitDifferentiation

a a

O
X't 2xy t y

4 3 X't y
2 I

Sometimes x and y are related by an equation
but we cannot solve for one as a function of theother
these equations define local implicit functions

or a

My V

7

D
x Tyr Ty V

u

Even though we have no hope of finding an

explicit formulas for these functions we can

still do calculus

EX.LT
Suppose x't y

2 1 find tangent line to I VE
Sedation
Net We make no attempt to solve for or y



But y fCx locally

It f x L l

The slope of the tangent line is off or f Ex
We can find fecx from e by simply
differentiating all terms and solving forfTx

2x t 2 f x f 9 7 0 z

IScratchwakI ChainRulet

g x f x
2

Outside X Insider fCx

g x 2 f x f x

we will typically write 2 as

2x t 2 y O 2

Now solve algebraically for daff

dat xp
For implicit functions
okay for dydx to
depend on X and y

Now for the tangent line
Point CE VI
slope

Ewton y II Irc x Ig



Exel
Suppose x and y are implicitly related by

2
t 3y t Xy to

Find daisy for a given point on this curve

Solution
Use implicit differentiation wrt x

X't 3y2 Xy CO

FT product rule

L y t x dd 02x t Gy dat t

f g f g
Now algebraically solve for dyldx

Gy dd txdd 2x y

6ytx diff 2x y

adf.iqdoKaIaiusEx

Find an equation of the line I
tangent to the graph of

3t y
3 3Xy

at 43,4 3 foliumof Descartes
Solution



Use implicit differentiation
3tyw3 3xy
Chain product

3 2 t 3y2dId 3 y t 3x d
Substitute point and solve for dy dx

3 E t 3 E 2 3 F t 3 E

Iz t tf dat 4 t 2 d

4 t 16 4 12 t 6 daff

dy

So the equation of the tangent line is

y F t x E
Ex
Let f x xx Find f Cx
Solution
Power Rule No Exponent not constant
Exponential Rule No Base not constant

No rule has in both base and exponent

Method Rewrite function

fCx xx e exincx
Outside ex

1 C
Chain Inside x lucey



f x ex Ink d In exit x x In x 1

Method Logarithmic differentiation

original y xx

log of bothsides In y In xx

log rules Inly x In x

implicitdiff f doff I In x t x

solve for Ya deff y Cn x t 1

replace y f x xx In x 1

Ex

Suppose Sin City Xt cos y Find
Solution
Use implicit differentiation

CosCity et Aff L Sin y d

Now algebraically solve for dy dx
CosCity t cosCity ME L sin g dd

cos xty t Sin y dd I cos City





 
Section3 Hirelatedrates 1

dfft rate of change of y with respect to time
Note All variables are assumed functions of time
Ex

A ladder of length of f loft is leaning against
a wall Suppose the bottom of the ladder slides away
from the wall at 2ft Csec How fast is the top
of the ladder sliding down the wall when the top
is 8ft from the ground
Solution

Giveninformation

10
feet 2 dated when y 8

y
for all t x2ty2 100 i

x

To introduce and chef we use implicit diff
with respect to time

Ct 2 t y f
2 100

2x ddfI t 2yda O 2

Equations a and 2 hold for all time t Now
we substitute information specific to described time



Hold for all t Hold for specific time
i X't y

2 COO x 2 64 Coo e t

H2 t2y O 2

Substitute d 2 and Solve for disdt
y 8

from l
t
we get x 6 Then from 2 we get

24T 16 chef o feet p Z ft Csec

The top of the ladder is sliding down at C 5ftfee

Generalstrategyforrelatedrates1
Draw diagram and label variables
Distinguish between constants and non constants
Gather all given information including equations
that relate the variables foratine
Implicity differentiate the relations wit t

Substitute all given values
Solve for desired value correct units

Ex.TL
The total surface area of a cube is changing at
a rate of 12 enysec when the length of one of
its sides is 10in At what rate is the volume



of the cube changing at that time
Solution

Guentnformatan
ds du 7x at 12 at When x lO

V 3 5 6 2

Now we implicitly differentiate
e x3 date 3 2 3

2 5 6 2 12 de
4

dt

Now substitute given values x 40 and 42

e V 1000 300 DI 3
dt

2 5 600 Soffit 12 120 date 4

From 4 we get dff of So then from 3

300 fo 30m31sec

A 5ft tall person stands still 8 feet from point
P which is directly below a lantern At the mement
when the lantern is 15 feet above the ground
the lantern is falling at a rate of 4ft Csec



g

At what rate is the length of the person's
shadow changing at that moment
Solution Giveninformation

dh_ 4DE

h daff when h 15

5
8

To find an equation for x and h we use similar
triangles

Large length

iµ
smalllength
small height

Xt 8
T IS

Rearranging the equation gives

h 5 t 41 e

Now differentiate
date

4 DE Cz
dt

Now substitute dhldt 4 and h 15

l
t 15 5 t 4 4

470 DI 2
It



From e we get x 4 Then from 2 we get
4 4,61 dat feet E ft Csec





 
Section 4 I Extreme Values7
ExLLI
Find the abs extrema of f x x3 6 21 8 on 1,6
Solution
Note f is continuous and 1,63 is closed bounded

First find critical numbers of f
f4 1 3 2 l2x 3x x 4

f x dne none

f x 0 4

not in 1,6
Now construct list of candidate values

I y x3 6x2t8 x2 x 6

critical 4 16C 2 t 8 24

endpoints
I 2C 5 8 3

6 36 o t 8 8

theahs.min.is 24andtheabs.max.is

Ex

Find the abs extrema of fCx 1 2 161 20 on f 5,5
Solution
First find the critical numbers

f 4 7
2
31 2 165 2x

4
3 x2 16 13

f x due 2 16 0 x 4 or x 4

f x 0 x O



Now we make a table of values

I y x2_16 t2

4 20

critical 4 20

O f 167 20 1623 20

5 923 t 20
endpoints

g 943 20

The abs min is 20 and the abs max is 16 1 20

Excl
Find abs extrema of fCx x 1 on 0,33
Solution
Find the critical Is

f x L
4
Xt 1 2

ee f e x due none

f x O I IF O xtc 4

x 3 or x l

not in 0133

Now make a table of values

E y
4
12 1

critical I I I I



endpoints
o

3 3
1 O

theahs.min.is 1andtheabs.max.is

Ex4Il
Find the absolute extrema of f x x nci on

et e Hint 2 e e c 3

Stone
Find critical numbers

f 4 1 1

f x due none

f x 0 x L

Now make a table of values
I y x ln

critical I 1 o I Rega

endpoints
Ye et C 3 3

e e I

Theahs.min.isdandtheabs.maxiset.tt
ExTLl
Find the abs extrema of f x e isin x on 0,2T
Solutions
Find critical numbers



f x e C 1 sin x t e cos x

felt e cos x Sin x

f x due none

f x O cos x Sin x 0
always positive so cancels out

cos x Sin x O
5144 cos x Sin x

f s
u x F or X

5

Now make a table of values
X y e Fink
Ily e

144 1
V2critical

gyu e
SHH ft

O O
endpoints

at O
51144

The abs min is and the abs max is eI
Ex.TL
Find abs extrema of fCx x e Kou fi co

Solution



Find the critical numbers
f x e

2x 2
3

2 x

f x due none

f x 0 x 0 x 2

Make table of values

I y x4e
O O

critical
z 16 e

4 E I

I e2 71
endpoints

go pooooe 20
1001 a 120

0
47,0

The abs min is 0 and the abs max is e

Ex

Find abs extrema of f x x 2 sin x on 0,2A

Wion
Find the critical numbers

f x L 2 cos x
a

f 4 7 dues none
I

f'Cx 0 cos x I b

x Iz x Eze d
X 1 2

Now make a table of values



I y x 2siu

143 F VI only negativecritical
say t VJ

O O
endpoints

zit 21T

The abs min is LI VJ and the abs max is 1ft VJ



 
Section4.1 Supplement Catalog of Non differentiable functions1
In Section 3.1 we learned how to recognize non differentiable

functions graphically The notes below describle how to

recognize analytically functions that are continuous
but not differentiable There are three main categories
Absolute Value fCx txt

The function f is not differentiable at x 0 The graph
of f has a sharp corner at x 0 So the function
h x guy is possibly not differentiable where gCxI O

d n d
n

d

r 7

Wucorner1N

2 2

Y HI y 1 2 41 y 1 31
E The function h x 1 2 41 is not differentiable at
x 2 and x 2 x2 4 0 x I 2

Power functions f x xn O s n e l

The function f is not differentiable at x 0 The graph
has a cusp or vertical tangent at x 0 So the function
h x g x is possibly not differentiable where gCxl 0

a a a

y
b

FE a g g

y 1 43 y
k



E The function h x x 4743 is not differentiable at
x 2 and x 2 x2 4 0 x I 2 Similarly both

F x x 4 b and Guy 42 4 k
are not differentiable

at x 2 and x 2
d n d

r
r

v
r

2 2

i'a
I

c
if

y x 2 4 k

Piecewise defined functions

Very often but not always a piecewise definedfunction
is not differentiable at the transition paints

d d
r

in

y
if NO

y
I cosCx if x 0

2 if x 70 if 70

not differentiable at x D differentiable at x o



 

SecttinelBackground 1
Basic Definitions
Absolute minimum value Relative minimum value

of f on Ca b off at x c

If fCc is the abs min If fCc is a relative min
valueof f on aib then value of f then f c is

f c is the least the least possible value
possible value of f fer of f for x near c

all x in a b

similar definitions for absolute maximum and
relative maximum replace least with greatest

global absolute and local relative

extremum means minimum of maximum

locating local extreme values graphically
a

I 7b t b e F



Relative Minimum Values FIAT fCc f E
T T

your textbook does not allow also absolute minimum
relative extrema at boundary
points
Relative Maximum Values f B fCD f

1

your textbook
does allow absolute

extrema at boundary paints

The Extreme Value Theorem EVT

Suppose f is continuous on the closed bounded

interval ai b Then the absolute min and max

off on Carb exist

What can go wrong if f is not continuous

5 domain Ca b

no absolute min

z o no absolute Max
I l 7
a b

Def A number c in the interior of the domain
of f is a critical number ef f Cc DNE or f 44 0

Them Fermat

if fCc is a local extremum then c is a critical number

why do we need to check where f x clue



possible for localextremum
to ocour at corners or cusps

I
fi got

due

fmax
ma

t localextremum

Fin s

notall critical numbers
give rise to local extrema

Algorithm for finding absolute extrema of f on Ca b

Is f continuous on la b

It no stop Ert concludes nothing

If yes continue to

Find critical numbers of f in Ca b

find where f x done

solve the equation f Cx O

Make a table of candidate extreme values of f x
values of f at critical numbers
values of f at endpoints x a and x b
Least candidate value is absolute min
Greatest candidate value is absolute max
Discard other values
Okay for abs extremum to occur at more than one x value





 
se 4 3 4 4 gfmctims

Ex.IlGraphfCx7
x3 12 2

on f I 9

Solution
f x x3 12 2 2

x 12

f x 3 2 24x 3x x 8

f x 6 24 6 x 4

Information from fca
vertical asymptotes none

horizontal asymptotes none

Information from f x

construct sign chart for f Cx
cut points x o x 8

f 4 1 3 x x 8
y shape off feet2 l l s
o 0 s signof f f egg

I I 9 testpoints to

f is decreasing on 98

f is increasing on C A o 8 as

f has a local min x 8

f has a local max x O

Information from f x

construct a sign chart for f x

cut points 4 4



U shapeoff
f 47 61 4

I 7 f o 0
y signoff f s to0 5 testpoints

f is concave down on as 4

f is concave up on 4 as

f has an inflection pt x 4

Summary and graph
f x x2 x 12 on C 1,9

Important Points Shape of Graph
y type p Y f 9

l 13 endpt
0 local max

Inc Inc dec inc

4 128 lnfl.pt conc conc clown conc
up

8 256 localmin
9 243 endpt

local
max 4 8 9

EX l l l s

I

13

lhfl.ptI

128
local

243
f
Min

256 j oo

EX.CI



Graph f x z

solution
x2t4 12 62 12

f x f x2 4
2

x2 4 3

Information from f x
vertical asymptotes x 2 4 2

horizontal asymptotes y O

GET Is I o

H

5 GET s o

Information from f4x
construct a sign chart for fecx
cut points X 2 x 2

f
Cx2
X2 4 L

I i f i tr shapeoff f C3 0
e l l s

2 z 0 Sign off f o 0
3 O 3 test point

f 3 0

f is decreasing on C as 2 C 2 2 2 as

f is increasing on X
f has a local min nowhere

f has a local max nowhere

Bones ftp.z.fcx7 as why



Information from f Cx
construct a sign chart for f Cx
cut points x 2 x o x 2

I feq y
12 62 12

1 I 2 4 3n i UN i U shapeoff
I to 0 signoff

f C3 0 f e 0

3 I 1 3 test points fifty f 3 to

f is concave down on C as 2 0,2

f is concave up on C 2 o 2 as

f has an infl.pt x O

Summary and graph

Important Features Summary
O 2

0,0 inflectionpoint 21 i

y o HA dec dec decInc l I

2 VA I 1
cone down up down up

X 2 VA l

n n
a

Hint X

s y O

X X
X 2 X Z



E

Graph y x'e
Solution

f x x 2 x e f x 2 4 2 e

Information forum fCx
vertical asymptotes none

horizontal asymptotes y O

a line x2e x as

X as 5 I

47 141 I E o

Information from fecx
construct a sign chart for f x

Cat points 2 0 x 2

f x 2 x e

I I shapeoff f een
to

signoff f c to
I I 3 test points f 3 TO

f is decreasing on as 0 L2 as

f is increasing on o D
f has a local min x O

f has a local max x 2



Information from f x

construct a sign chart for f Cx
cut points x 2 VI x 2tVI

f x x2 4 2 e

U N U shape off fego to to
z t 02 t sign off feyz to

O 2 4 test points feqq to
f is concave down on 2 VI Zt VI

f is concave up on C co 2 VI 12th as

f has inflection points x 2 VI x 2tVI

Summary and graph
Important Features Summary
X 0 local min 9 4 it p ith
x z E infl.pt inc decl

gin
I
def2 local Max

X 2tVI tuff.pt
conc up down up

y O HA
a

ha

2 re I 2 y 0

EXIT



Graph fCx
Solution

f
2

4371,532
Information from f x

vertical asymptotes x L

horizontal asymptotes none

t.im III E

Information from f x

construct a sign chart
cut points x 0 4 1.5 x f

f x
X2 2

l I i f f x D2i shapeoff too
O_O I 015 0 sign of ft ft D 0 f'd 251 5

I 0.5 1.25 2 test points fqo.skoO Of4z tEtO

f is decreasing one C o L CI 312

f is increasing on as

f has local min x _3 2

f has local max none

Information from f e

construct a sign chart for f x



cut points 12 0 t L
3 3413772 3 3 0 x 2

no solution

i freq
2 62 3312

U N i U shape off x 1 3
E I i s

o I sign off f C 1 0 to
I O 5 2 test points

f yo g
f G

t

f is concave down on o l

f is concave up on C cs o CC os

f has inflection points x O

Summary and Graph

Important features Summary

0,0 inflectroupt O 1 I 5
I f l

x L VA inc dec idea inc
2 15 local min i

conc up down i upfCx7 as i

I
I

I

1 1

ExTU
Graph f x x x 2

3
on C l 3



Solution

f x 2 2x 1 x 2
2

f x 12 x e x 2

Information from fca
vertical asymptotes none

horizontal asymptotes none

Information from f x

construct a sign chart for f x
cut points x L x 2

shapeoff
f't 2 2x 1 x 2

2

ioitioi.net i o o

f is decreasing on C as 42

f is increasing on 42 as

f has a local min x k
f has a local Max nowhere

Information from f Cx
construct a sign chart for f Cx
cut points X I t 2

fee Iz x e x 2
w n U shapeoff o

is i.ie
p

f is concave down on 1,23
f is concave up on C cs o 2

f has inflection points x L e 2



Summary and graph
f x x x 2

3
on C I 3

Important points Summary

I 1 type I 112 I 2 3
I 27 endpt I 1 1

42 27 16 localmin
Inc dec inc

I I infl.pt conc
up down up

2 O infl.pt
3 3 endpt

or
27

3

L

l

I

271,6







 
Section 4.3 Supplement Conceptual Background1

First Derivative f x

what f says about the graph of f
a

ft
f 20 tangents have positive scope

a f is increasing as x increases y increases

a

4 f so tangents have negativescope
a f is decreasing as x increases y

decreases

What about local extreme values Suppose x c is
a critical point of f Sofia or f c Ine
n n n a

o t i
f does not change sign f changes f changes
at c from to 0 from to to
f has no local extremum at x c at x c

at x c local Max local min

Summary of information from f x

Signof f x on Ca b Shapeof fCx on Ca b
decreasing
increasing



Signchangeof f at x c Classification of f c
to to local minimum
to 0 local maximum

no change not a local extremum

Assume x c is a critical point H'Cc 0 or f'G due
Second Derivative f Cx
What f says about the graph of f
Note f 6720 in both graphs but how is f x changing

a

if is decreasing slope gets less positive
f x LO concave down

a graphof f is below tangent lines

f 4 7 is increasing slope gets more positive
a f x 0 concave up
a graphof f is above tangent lines

what about local extreme values Suppose x c is
a critical point of f and f is continuous at x c

a f c O

f c O

y
o f c is a local minimum

a

f c O

N f c s O

g g o f c is a local maximum

Summary of information from f x



Signof f x on Ca b Shapeof fCx on Ca b
concave down
concave up

f44 0 signof f c Classification of fCc
local maximum
local minimum

zero unknown

Inflection points occur where f x is continuous

and f x changes sign
a

TT TL l s l l 7
C C

inflectionfrom concave inflectionfrom concave
down to concave up up to concave down

1 Graphingytl
Info from f x
points on graph
vertical asymptotes
horizontal asymptotes

Info from f x

find where f Ex D or where f x due
construct sign chart for f Ex
infer intervals of increase decrease
determine local extrema



Info from f x

find where f x O or where f x due

construct sign chart for f Cx
infer intervals of concavity
determine inflection points
optional verify local extrema

Graph y f x
list important points localextrema inflectionpts etc
Summarize all info from f f and f
use chart below to sketch graph

increase
decreasing increasingconcavity

concave down

concave up







 
Section 4.5 Optimization
Ex.su
The difference of two numbers is 10 Find their
minimum possible product

Hiei
Goal Rephrase as find absolute extremism of f om I

et x and y be the two numbers Then the

function we want to minimize is

p x y xy objective function
The function f has two variables However X and

y are not independent of each other Instead
x y 10 constraint equation

we use the constraint to write the objective in

terms of one variable
x y to substitute for

in objective
So our objective is now

p y Ho y y Holy y t 10g

God Find the absolute minimum value of
f y y t toy

on the interval C as as

Find the critical points
f y 2y 10 0 y 5



Since the interval C as as is unbounded f is not

guaranteed to have both a min and a max value
We construct a sign chart for f y

shapeoff
f y 2 y S

E l 7 f Glo
g sign off f olo 0 fest points

So y 5 gives a local minimum Since there is

only one critical point y 5 gives an absolute
minimum So the minimum product is

fC S y t toy fy s 25

Bees What is the maximum possible product
There is no local Max hence no absolute Max

Additionally ytm fCy as so the product can

be arbitrarily large

Ex

A cylindrical tank has volume 2000am Find the
dimensions of the tank with the smallest possible
surface area

tr In
tatra



Sedation

We want to minimize the function
A r h 2hr2 t 2itrh objective function

subject to the constraint

20001T ter 2h constraint equation

Solving h in terms of r gives

h 20002
r2

So now our objective is

A r
20

2itr't 2 r 279
0

2e r't 20007

God Find value of r that gives abs min of
f r Zit r2 20007

on the internal co as

r close to 0 large h r very large small height

I Fargefurface area F Goldilocks
h

T
Find the critical points

f r at Zr 2990 1 0 r co



Observe that f r Zit 2 t 40 which is positive

for all r 0 So f r is concave up on Cocos

so r 10 gives a local minimum Since there is

only one critical point r 10 must give an

absolute minimum So the dimensions of the
tank are r 10 and h 20

Exit
A rectangular box has total surface area 450 in

and the length is three times its width Find the
dimensions of such a box with the largest possible
volume

Seton
let l w and h be the length width and height
of the box respectively We want to maximize

l w h kwh objective function
subject to the two constraints

e l 3W

length is three times wodth
2 450 2 lw teh wh

constmentuations

total surface area is 450

i

h



Use the constraints to write l and h in terms

of us

2 450 2 lute ht Wh

225 3W wt 3Wh twh

225 3W t 4Wh
225 3W 2

h 4W

So our objective in terms of w is

3W w 22543hL 3w w 225412W f 225W 3W

what is the interval of interest

I 30 3 w 30 w O

w 70 w Z O

h o 2254132270 Ww 12245 VI

So our interval is o VIT

Goal Find the value of W that gives abs max of

f w 225W 3W

on the interval 0 VI

Find the critical points

f w f 225 9W O w 5 or w 5f



Observe that f w fl8w which is negative
for all w 0 So f is concave down for w 0

Hence w 5 must give a local Max There is

only one critical point so w 5 gives abs max

thedimensionsoftheboxarew 5 LI 5 h 7



 
Section 4 6 linear Approximation
a

i
ate iEi
tangent line to fat
tea approximates f

e e i g near the point of tangencya ath

L

Ex.LU
near approximation to estimate tan IT to ol

Solution
Puffin tan x We use the tangent line at

IT14
Point Fest SecCx t 2

Equation y It 2 x 1 4

Note This means that if x is near Iq then

tan x 2 It 2 x 174
So we have

tan Ft 0.01 I 1 2 EtoOl YI I 02

Ex

Use linear approximation to estimate 1844

Sdution
I



Put fCx x 14 Find the tangent line at x l6

Point 16 2 Sizes 4 341 16

Equation y 2 t x 16

Note This means that if is near 16 then

K 2 t x 16

So we have

1814 I 2T 18 16 2 t 2.0625

E 1
Concentration of a drug in bloodstream t hours after
injection is modeled by

CCt Coot
f 2 e I

Use linear approximation to estimate the change in
the concentration in the period from 2 to 2 l

hours after injection Did the concentration increase
or decrease

Solution
The exact change in concentration is

OC C 2 I C 2J
Find tangent line to et at C 2



Point 2 421

Ie cect
lt2ttl 100 loot.se coof t

t2 t 1 2 t2 ti 2

C 2
100C 41 1

1,2
12

Equation y CG 12 t 2

Kote This means that if f is near 2 then

Ct e 2 12 Ct 2

So now we have

OC C 2 I C 2 2 12 2 I 2 I 2

Since OC 0 the concentration decreased

TerminologyinBusiness EconomicsT
x of units soldfpooduced

pal price per unit if units sold
demand function

1241 total revenue from selling first units

revenue ostocudnits prigenifer xp x

x total cost of forst x units
C o sunk cost



Marginal Quantities 1
MQ x additional amount of Q achieved et

1 more unit is producedIsold assuming
units are currently producedfsold

MQM Q xtc Q X

There is a standard approximation for MQ x

The tangent line to QCx at x a is

y Qla t Q a x a

Ncte If x is near a then

QQ a Q a t Q'Ca x a

Since att is near a

Q att Q a t Q a att a

Rearranging goves

Q att Q a Q'Ca
MQ a

Summary

Marginal cost
GH CG exact
c x approximate

Marginal Revenue
R H1 RG exact
124 1 approximate



EX.LT
total revenue from selling widgets is

R x 40 200
5

a Write an expression for the exact revenue

from the 6th unit
b Using marginal analysis estimate the revenue

from the 6th unit
Solution
Ca R G R s

b We use the approximation

12167 R s I 1245
we have

R'Csl d 40 7 2

The position of a particle on the x axis is

x t COO t 8T
3 4 St

Use linear approximation to estimate the
particle's change in position between f 81 and E 83

Solution
The exact change in position is



Ox x 83 X 81

we use the tangent line at t 81

Point 81 X 81

8 x 181 Gt 44 5 leg 2 5 3

Equation y X 81 3 t 81

So now we have

x 83 X 81 E x 81 3183 8D X 8D 6

use Tmgent line
to estimat



 

t.RUs71ndeterminateForms
7

Undefined expressions which do not give information
on their own to calculate the limit

Quotients

of of
L Hospitals Rule CR applies
directly only to quotients

Products

0 as we will ultimately use U2

is'E
us

hIFEnEsimeihiiIiEas

Exponents
a quotient first

1 00 as

Them e Hospital's Rule
Suppose Ina fCx ran g x 0 or both infinite Then

Lima's af
as long as the limit on the right sides exists or

is infinite
Excel



Calculate each limit
a line 42 3

2 b Ilm e
x 23 X3 3 2 xt3 x I 1h x

Solution

If the respective value of x gives 8 for both
parts So we may use LR

t.ME sHt.im.GYi.iH I

HY t H I
e

ExII
Calculate each limit 3

aShai.fi9 cbsImosmC3H
3xt9E
5

Solutions

If the respective value of x gives 8 for both
parts So we may use LR

x.fi l iii.Ht E tiYxIt tim tancx

m.IE ixi
seea



b
nmµC3

t

II.iq 3wsC3Hs
t2

1 o

II.no 9smdo3YstIIEfmof

EI.int 4 I Imof243 xYEoIExIl

Calculate 1 z VII
Solution
We have the indeterminate form E So we use LR

t.im I 7 f tI Y k
Etsy tx

t

So LR gives us an endless loop So what do we do
Use techniques from Section 2 5

t.m.fm Y f m at Ht I'T
I tog k z

since x as 1 1
Hence 1 1 x I

Calculate each limit



a Hy x2e x b
f Kln

x

Solution
Botti units give o os So we rewrite each limit
as a quotient before using LR

x I t c

Is O

t.iq i s
txtimo l'i tt.imo f 1

IE
lim x O
X lot

Ex

Calculate I mo cosh

Solution
x D gives the indeterminate form I's So

we must write the limit as a quotient

L Hon cosCx
4 2

We will calculate In 2 instead



In L In Hyon costa I mo Fsu
In1 7 is continuous so
limit can be moved

Htt 1

I't.info xztsmkIf Iimof3EI'I
II L

3 T
So we have In L Iz whence L e

3 2

Calculate ftp.fsmi.T xt
Solution
We have the indeterminate form as C as We first
rewrite the limit as a quotient

x'His t H i t.net.in 5 l0 0



fF fwscxitcoiixiixs.no s s o
o



 

sectiou4 at tntiderivative

Def we say F is an antiderivative of f on Ca b

if f f on Ca b

E

Suppose f x sin X on C as as Then what is
an anti derivative of f

F x cos x

Fa x cos x t C C const

E x C l
htt 2n

no yes

Facey tan EIf no

ThI Suppose F and G are both anti derivatives

of f on Ca b Then there is a constant C

such that G x Fa t C for all in Ca b

SpecialNotation

ffCx1dx means the most general antiderivative

of f x wrt x the interval Ca b is understood

your textbook calls this an indefinite integral

Ex.TL
Calculate each antiderivative



Solution

a fx dx Ex t C

b fide 5 3 t C I pwaetter
c x dx x

8
t C

d 1
1 3dx 32

43 C

e x da In x C
This antiderivative

w
works only on Cocos

domain domain
C as 0 V Op O as

thus Power Rule

If n I then I dx nI C If n l

1 dx
In G t C for 0

InC x t G for x so

we usually write ft dx In ki t C
7

Ex 2

ul ate each anti derivative
Solution
a I dx Ex

2
C



b f 3
4
5 213 x dx

3
5 3

5 3 In 1 1 t C

c fx3tV2I d f It Vix tx
2 dx

x t Vi t t C

d f x
2 4 dx f x 8 2 16 dx

GI 8 t 16x t C

e secco secco t tan 9 do

see lol't see a tan O do tan O secco t C

f f ewt 2 cos w 3 sin w dw

ew t 25in w t 3cos w t C

InitialvaluepneblemsCIVi
Goal find an unknown function fCx given two

pieces of information
f x gives fCx t C

f a b gives values of C



Summary of Particle Motion1
Position d G

SH
f fC dt

Velocity
dt rft

Accelerationiddtfactyffl
Idt

Exel
A particle moves along the x axis with velocity
ult 9th 4T If the particle is at x 4

when t 2 find the position of the particle
when t 3

Solution
Tisis an IVP for the position We are given

deaf qt2 4T o x 4 4

To
Antidifferentiating gives

Xlt f d dt f qt2 Let dt 3t3 2ft C

Now use to find C

Gt3 212 t C ft x 2 4

16 t C 4

C 12



So we have
x t 3t3 2t2 12

Hence x 3 51

EX.IT
Suppose the marginal revenue is

R x 3 2 t 4 84

Assume R o O

a Find the demand function p x

b What is the market price if revenue is at
a maximum

Solution
a Recall RG x p x

First find RCx by solving an IVP

124 7 3 2 4 784 R o O

Antidifferentiate to get
Rtx 3 2 4 84 dx X t 2

2 84 x t k

Now use to find the value of C

x
3 2 2184 xtk f o

R o O

O tk O K O



So our revenue and demand functions are

R xI X't 2 2 84x pCx7
R

x2t2xt84
b The maximum of RCx occurs where REO

R x 3 2 4 84 0

1413 or x 6

Sothepriceisp 6



 
Sections 5.1 5.2 The Integral1
We want to approximate the area under the graph

of y f x and above the interval a b on x axis

we assume f is continuous and non negative

I
fi ko

a i in
isxo

I I I I Divide Ca b into N
a b xn equal length subintervals

These subintervals are the bases of the N rectangles
Choose height of rectangle so top intersects graph

We will choose the height of each rectangle to
be the function value at the rights
of each sub interval
Total area of rectangles estimates area under graph

If we use N rectangles with right endpoint heights
the total area of rectangles is Rn and call it
the right endpoint Riemann sum

I
in acresEternia e
the area under the graph

t 15 575 Fi i IAexactfyy.PTa b xn



N

1NotationandterminologyJ
we define the exact area under the graph of
y fcx and above the interval a b on the
x axis to be the limit of the associated Riemann
sums as N as This exact area is denoted

b

f fCx1dxa

Yourtextbook calls this a definite integral
Note the limit fly Rw exists for all functions that

are continuous on Ca b except possibly at finitely

many jump discontinuities

Properties of Integrals1

SaafCx dx O y fcx

I 7
line segments have 0 area

a

Interpretation of integral if fCx has negative values

lituidx fake b.ae fare.a
ee
y

E i
o

Ex nextdx O



linearity

fab texttg.ca dx fabfCx1dxtfabgCx7dx

fab c fix dx c fabtext dx

Additivity

fabtext dxtfjtcxldx

fatcxidxn.X.am

Usae the graph of y fCx to calculate each integral

iii i'i
hit Tengku Itsdot
semicircles

a Tofu dx b fiftydx c f fCx7dx
d fit dx e f If Idx
Solution
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I 2 3 8 9 10 I 12

a

a fo'fCHdx
9
2

b fo'fCx1dx L 4 1

c fi'tcxldx 9E d t Dx If If IF
e If you are given the graph of y fCx how
do you get the graph of y Hall
a

y fflxH

i
f HCxHdx 4 921

Ex.TL
Calculate each integral

a Jo 8 2x7dx d f txt 2 dx







 
Section 5.3 fundamental Theorem of Calculus1

area underslope of
tangent life graph

FTOC u

IDERIVATIVE1 INTEGRAL
f ca fiyfKthf fabtcxldx af.ms Rn

theorem fundamental Theorem Part 1

Suppose f is continuous on Ca b and F is an

anti derivative of f on Ca b Then

fabtG dx Fcb Fca

Precaution
fab fCx dx I fCx dx
integral off on Caib the most general
area under graph anti derivative of f
a number a family of functions

So FTCI tells us that if we have an antiderivative

off then we can use it to find integrals off
Q Does a general function have an antiderivative



A No continuous functions do

Qa
If the antiderivative exists how do you find
a useful formula for it
Very difficult calculus II

Therein Fundamental Theorem Part 2

Suppose f is continuous on a b et x C Ca b

and define

Aca Iffetidt
Then A x fCx That is

1 fifttidt fCx

Notation gca lab gcb gca

Ex I
CaYulate

the following integrals
Solutions

a 1,3
3dx

f x3d 4 20
1



b If secco do

i iii

c Jj Sin O do
a fisinfoldo costello

f cosCit cos O 2

d Iowan O do

jongment regions
so area cancels

xXXHE
µ

fisincotdo ascoli
cos at cos o O

e f sin 101do

3T

sit fosincoldo z
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Check Idf In 2 1
2
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In Htt Z 2
r

i I 3 5
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4
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let text EI E f calculate Lifexidx

Solution



y e yy
L 2

t.LI
tcxldx

till L fCx1dx tf fG dx
I v L

compute each integral separately

I fCx1dx f ie'd x exLi e e
i
s e

i

f fCx1dx I 2 dx x Ix 3 fo G Il fo o

So we have

f fix dx I e
t

I I e
i

Let GG 5 t f f Vt3Idt
a Compute Gcn b Compute G z

Solution

a Gce 5 t f Vt3tTdt g

b Use FTC 2 to get G'ex Recall

top limit is x

ddp faxfeldt f
bottom limit is constant



So we have

G'Cx 5 t f Vt3tTdt VIT

Hence G 2 V8tT 3



 

Optional Intermediate Value Theorem Applications

The INT Suppose f is continuous on Ca b Then

given any number d between fCa and fCb there
exists a number c in Ca b such that fCc D

What does this mean graphically

Hbf ooo Our intuitive notion of
d continuity implies that
fCa continuous functions cannot

1 I l 7 Skip any y valuesa C b

Challenge Given Ca fCa and b f b can we draw
the graph off so that some y values between

flat and f b are skipped

Hdb

y qjf
Easy As long as we are

allowed to make f not
fCa ooo continuous on Ca b

I l 7
a b

The IVT says this challenge is impossible if f
has to be continuous

FProving an equation has a solution1
Suppose we knew the following
f is continuous on fa b



fCa and f b have opposite signs one is positive

and the other is negative
What can we say about the equation text o

fCbf ooo The IVT tells us that
d O 1 i there must be at least one
flag f b solution to f x o in

the interval ca b
F

Exshl
Prove that the equation cos x x3 x has a solution

in Ma Ma
Solution
Equivalently we show cos x x3tx 0 has a solution

let f x cos x x3tx Then observe

f is continuous on 74,72

f The 6 t 1.008

f Mz O LI re 2 go
opposite signs

So by the IVT the equation fCx O has a

solution in 4 Tfs

1Solving nonlinear inequalities1

Suppose we want to solve fCx 0 where f is
a rational function ratio of two polynomials with



no common factors Recall the general method
Ex

Solve 21 1

Solution

21 21 1 o move all terms to one side

37 o simplify left side write as quotient

x 3 z
determine cut points by setting eachof
numerator and denominator to 0

Iz g s draw a number line and Mark cutpoints

choose one test point from each interval

3 I 670

o x
z so

in each interval test the truth of the
inequality using onetestpocutonly

4 4 f 70
X E f as 2 U 3 as final answer is Union of intervals

for which inequality is true

why does this work Specifically why can we test only
one point per interval
Q At





 

OptionaliMeauvaluetheoreurT

True MUT Suppose f is continuous on a b and
differentiable on Ca b Then there exists c in Ca b

such that
f b fCa f Cc

Graphical interpretation of MVT
slopes fYo

YIIIFeintempam.ie
T slope fCb7 f

to the secant line
b a

I 1 I 7
a C b

e

Ex I

fCx7 x43 For each interval determine whether
the hypotheses of the MVT are satisfied If yes
find all values of c decribed by the MVT

a l l I b o 8

Solution
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