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The usual notion of computability applies to f : @ — w (i.e. to reals)
rather than functions f : N — N.

® fis apartial function from Ato B (f : A — B iff
f :dom(f) — B and dom(f) C A.

e A function f : w — w is computable iff there’s some program
e € w such that the function it computes, [[e] = f.

® A subset A C w is computable iff the characteristic function
X4 : @ — 2 is computable, defined by

1 ifneA

xa(n) = {o ifn ¢ A

How do we generalize this?
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Computability We have the following arithmetical hierarchy of complexity of subsets
of w.

°* A Cwis E(l)”” iff A = 3% B for some computable B € @ X .
® ACwis Eg’fl iff A = 3% B for some B € M12°;
o 2% = -5,

o ApY =3p° NIp”.

E(l)’w Eg’w
¥ L G L
Computable sets — A% AY® S
L 0 G L 0¥
II 1,(1) szw

(We can also go beyond this, but don’t worry about it.)
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A set A C w is computable iff A,—A € E(l”w, ie A€ A(l)’w.

We have computable R, P C o X @ where

x €A iff Iy R(x,y)
x ¢ A iff Iy P(x,y)

So to see whether x € A or not, the program to compute y4 will be:
® Take n, and see whether R(x,n) or P(x,n).
® If R(x,n), then x € A so return 1.
® If P(x,n), then x ¢ A so return 0.
® [f neither holds, consider n + 1 and repeat.

Since x € A or x ¢ A, we always will get an n where R(x,n) or P(x,n)

so this program will always (eventually) terminate for any x € w.

_|
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As one would expect, we have the following closure properties: for
A, Bex¥,
® ANB,AU B are £,
o V=4 ={(n,m):3Ix < mcode(n,x) € A} is E(l)’w for every x
(i.e. bounded quantification)
® 3%4 = {n : Im code(n,m) € A} is T°.

o f1"Ajs Z?’w for f : w — w computable.

xe fT1"Aiff3y((x,y) € f Ay € A). If f: w — w is computable,
then the graph of f is E(l)’w (asking whether there’s a code of a
computation starting with x and ending with y).

Jy(x.y) € fAy €A -
—_———— —
E(l).w E(]),w

0.0
z:1
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. . 0,0
Really we just want to generalize X7

For A C w, the following are equivalent:
@ A = 3®B for some computable B.
® A = dom f for some computable f :w — w,
© A =im f for some computable [ : w — w;
O A =im f for some computable [ : w — w;

O |A| < Rg or A = im [ for some injective computable [ : w — w.

We are most interested in (3), because if {n} € w is open for every
n € , then we get the following.

ACwis Z(l)’"’ iff there is some computable f : @ — ® where
A = U,ew Nfm) where the neighborhood Ny = {x}.
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For " and other polish spaces, we don’t start with the definition of a
computable function but instead with computable subsets.

Aset X C N is XY iff there is some computable f : @ — <o where

X =J M.

nEwW

This works with @ in two main ways:
® The previous result with { f(n)} in place of Nr(,);
® All 29 sets are “simple”, i.e. open.

For w as a polish space, all subsets are open, so the arithmetical
hierarchy refines this, giving a kind of computable topology. So that’s
the motivating idea behind other polish spaces.
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Another way to motivate this definition is that to determine whether
x € N isin our set A C N, there needs to exist an n € w such that
f(n) < x. In other words, whereas E?’w—predicates over o satisfy

Px) iff Iyecw (x = f(»))
¥9-predicates over N satisfy
P(x) iff 3y € o (x € Ny(yy).

Due to the many equivalences of Z(l)’w-sets, we get the following.

For X C N, X is Z(l) iff there is a computable R C ~®w where

x€X iff In<w R(xn).
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Due to the many equivalences of Zg’w-sets, we get the following.

For X C N, X is 2% iff there is a computable R C ~®w where

x€X iff In<w R(x|n).

® If X € 20 then X = |, N for some R € 9. Thus

xeX «<3dr e R (x € Ny)
< 3dn<w(xMn €R).

® For the converse, if x P € R then Ny, € J,cg Ne = X shows
Xis 29. =
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We can also relativize with parameters.

Computation on
Polish Spaces

X is 20(A) for A € N iff X =
d-computable f : w — ““w.

N¢(n) for some a € A=® and

nEw

This tells us that we really have refined the open sets. (Note we’ll often
write £%(a) for 2¢({a}) ifa € N.)

20 = Urew ZF(x) = Z)(WN).

® (Clearly anything E(l’(a) is open as the union of cones.
® IfX C Nis X, then X = J,cy N; for some A C ~“o
® Any enumeration of A is itself A-computable so X is §‘1)(A). —
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With 29-sets more-or-less solidified, we have that computable sets are
precisely the AY-sets, i.e. sets which are X9 and their complements are
EO

1

X C N is computable iff X, =X € E(l).

Since all £9-sets are open, this means all computable sets are clopen.

If we are going to say what it means for a function f : N — N to be
computable, we need to be careful.
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Consider the following theorem from computation on :

f 1w — w is computable iff the graph of f is Z(l)’w.
The obvious generalization of this is that f : &' — N is computable iff
the graph of f is 9.
® This will never be true: no function regarded as a relation is open.
® Nevertheless, there are several equivalent notions that do work.

® The most practical definition is the following.

f i N — N is computable iff there’s an e € w where f(x) = [e]*.

Here [[e]* is the function calculated by the program e with x as an
oracle.

In other words, f is computable iff f(x) € N is computable from
x € N and the way it’s computed is uniform across all x.
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® We can similarly relativize this notion.

® fis A-computable iff f(x) = [[e]]’}’x for some a € A~%.

® This idea is useful because it then breaks down continuous
functions just like the relativizations £%(A) break down X ?-sets.

f N — N is continuous iff f is a-computable for some a € N.

e If f is continuous, we can consider a € N coding the set
{r,0): f7VNy €N} C 0w x “2w.

So f is a-computable: we can calculate f(x)(n) just by finding a
sufficiently large o with a T < x and returning o ().

® If f is a-computable, to calculate f(x) ['n, we only use finitely
many values of x in our computation, meaning some m €  has
Netm S f71V"Nyxypn s0 f is continuous. e
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® This definition doesn’t really generalize to other polish spaces M
since there isn’t inherently a notion of x € M being computable
like for x € N.

® Additionally, while every polish space has a countable basis
{M;, : n € w}, there’s no reason to think that the E?"M—sets coming
from this would make a whole lot of sense: M, N M, will be
(Ujea M for maybe a very complicated 4 C w.

® This motivates recursive presentations of polish spaces mentioned
in the literature which just imposes some restrictions on n — M,
so that arguments work similarly to N or w.

Let M, ‘W be polish spaces. f : M — W is computable iff the

neighborhood graph NGy C M X o is E?"M’“":

NGy = {{x,0) e M xw: f(x) € Ws}.

This also meshes with computable f : @ — w being XY as relations
simply because NGy = f in this case.
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In the end, we get Z?"M (A)-sets are closed under
® Finite intersections, finite unions, bounded quantification
® A-computable preimages.
® Existential quantification over w (i.e. projection from M X w to M)

The A-computable functions over & will include all the functions you’d
expect:

® A-computable f : w — w (i.e. A-computable constants in N)
® Projections (f(x, y) = x)
® Simple codings like (x, y) — x * y

® Compositions of other A-computable functions

S
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So how do we define the rest of the hierarchy?
There are two ways to proceed: define

(1) 22 forn < w; or

(2] 22 fora < a)ICK.
I’ll make a short mention of X9 for @ < w{¥ and then just prove
things about X9 forn < w.
The basic properties generalize easily enough but require more
technical work.
The motivating idea is that £9-sets are the “computable unions” of
basic open sets: sets of the form [ J,,¢,, Nx(x) for some computable
x € N. From here, we can take complements and unions as with
the borel hierarchy.

This means creating a hierarchy of codes that tell us how a set is
built up from basic open sets, unions, and complements.
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The set BC € N of Borel codes is defined recursively in a hierarchy.
Through coding, we think of x € BC as an element of @ x ® N, writing
x=(x(0) ew,x; €N :i€w).

e xiscX?iffx(0) ¢ {0,1};
® xiscI?iff x(0) = 0 and xo € cX?;
® Xxis C.Zg fora > 1iff x(0) = land x; € e, cEg U cHg for
eachi < w.
We set BC =, -, cZ9.

We can then interpret these Borel codes iteratively.

For x = (x(0),x; : i € w) € BC,
® If x(0) £ {0, 1}, Bx = Uyyny=1 No>
® Ifx(0) =0, By =N\ Bxy;
® Ifx(0) =1, then By = J,_, B

i<w “TXi*
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induction, Appendix Corollary B1 ¢ 3 in the notes).

Fora < w1, £ = {By : x € ¢X%} and similarly for T1 and A.

This then easily allows us to define the lightface X2 just by considering
those codes which are computable.

For X CN,a <w;

e X is XY iff X has a computable borel code x € cE) C N;
X is ITY iff X has a computable borel code x € cIT C N;
® X is AYiff X is X2 and Y.

® This hierarchy is sometimes called the “lightface Borel hierarchy”,
sometimes the “hyperarithmetical hierarchy”.

While defined for @ < wy, the hierarchy only has length w{¥, the
supremum of ordertypes o < w; with computable relations

(a), R) = (Ol, G). 18/41
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There are also other ways to define wICK, namely with Kleene’s O,
which more-or-less a way of trying to computably name ordinals:

w{X is the set of ordinals with names in O.
A third way to define w{* is with admissible sets:
a)ICK is the least ordinal > @ with L, admissible.

“Admissible” here just means a model of KP (Kripke—Platek) set
theory.

We can generalize the arithmetical hierarchy (about to be defined)
to the hyperarithmetical hierarchy in terms of iterated jumps.

But taking this strategy would require defining Kleene’s @, which
again requires more coding and technical details to work with.

So let’s just work with X9 for n < , which has more direct
connections to definability anyway.
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For X C N,
® X is ZYiff X is the computable union of basic open sets.
® X is IMYiff M\ X is 9.
® Xis X0, iff X =3°Y forsome Y € I regarding Y C N X .
® X is AYiff X is X0 and T19.
This defines the arithmetical hierarchy, and these pointclasses are the
arithmetical pointclasses with sets in them arithmetical.

This same definition works for w as well as C, N2, N3, etc.
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To further motivate why this gives the computable analogue of topology,
we have the following.

X € Nis 1 iff X = [T] for some computable tree T € ~“w.

x € [T]iff Vn < w (x In € T). The negation of this is
In < o (x [n € T) which is therefore a X9-relation since membership
in T is computable. Hence X is T19.

If X is 19, then there’s some computable R where x € X iff
Vn € o R(x ['n). So take the tree

T ={te€R:Yo <1 R(0)}
T is computable since R is and [T] = X. —

We could attempt to characterize the rest of the hierarchy in this sort of
way, but it’s much better to phrase things in terms of relations.
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X CNis E‘l) iff there'’s a computable R C =®® where

x € X iff In<w R(xn).

What do the sets in the rest of the hierarchy look like? Note that
T = M) = 3°-3).
Using the above result, we have (for example) for any £9-set X,
x e X iff Imy € w = Py(x,my) for some P, € Zg, P, C N xw
iff Im, € w =AM € @ —-Pl(x,ml,mz)
for some P; € E(l’, Py C N x »?
iff dmy € w Vimy € w In € w Po(x [n,my,my)

for some computable Py € ~“w x >,

The analogy between the arithmetical hierarchy and the Lévy hierarchy

of formulas (quantifying over w) should then be clear. _
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Showing the usual inclusions is actually quite annoying, mostly
amounting to translating the topological ideas in a way that ensures
everything is computable when playing with the basic open sets. So let’s
cut to the chase:

e A0 C 22 - A2+1 and similarly for IT;
® All arithmetical pointclasses are closed under

® finite unions, finite intersections;
® bounded quantification; and
® computable preimages.

® Y9 is closed under 3?;
e 119 is closed under ¥¢;
* AY is closed under —.
‘We can show the inclusions are proper in just the same way as before.
® There’s a X0-universal set showing A% ¢ %9;

=
) 0_mi ¢ 0 0
® There’s a I, -universal set showing ;) € A} ;.
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® The analytical hierarchy is the lightface version of the projective
hierarchy.

® [t’s generated in precisely the same way as the projective hierarchy,
but it starts with the T1 sets instead of all closed sets.

Lightface
Projective Sets z:(1) Ei E%

S
o m; I

Projections are in blue
Complements are in red
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The Analytical Hierarchy

® Both the arithmetical and analytical hierarchies use projections:
® the arithmetical hierarchy projects from products with w,
® but the analytical hierarchy projects from products with N .
® Projection from products with N will correspond to existential
quantification over N: pY for Y € X x N will be written 3V Y.

For X C N andn < w,
® Xis 2(1) iff X is E(l’.
e XisII}iff ¥\ XisZ).

° XisZ,lH_liffX = 3NY for some Y eH,llregardingY C N XN.

® X is A} iff X isboth £} and I1}.
These are the analytical pointclasses and sets in them analytical (which
is different from being analytic i.e. Z1).
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Here HYP is the hyperarithmetical sets, analogous to 8 = A 1.

We can also relativize this hierarchy to A € N by starting with
E?(A)—sets. This then easily yields the following by induction.

Forn <o, Ty = Ugen Zn(@) = Z,(N).
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Just as with 1, we have many different characterizations of !-sets.
The following are all equivalent (18 C ¢ 6 in the notes)

X={xeN:IyeN (xxyecY)}forsomeY e Y.

X =3VY forsome Y € H?"NX‘N.

X = 3MY for some polish M with recursive presentation yielding
Y € MM

X = 3VY for some arithmetical ¥ € N X N.

X = 3VY for some hyperarithmetical ¥ C N x N.

X = im f for some computable f : N — N.

Proving these relies on some of the closure properties of X}-sets, which
should be expected from the closure properties of X { -sets.
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For0<n <o,
° Z,ll is closed under N, U, 3%, V¥, computable preimages, and N
° H,ll is closed under N, U, 3%, V¥, computable preimages, and YN -

o ALis closed under N, U, 3°, ¥*, computable preimages, and —.

® Forn=1,X1is E% iff X = 3VY forsome Y € H(l’.

® So there’s some computable R where
xeX iff IYyven R(xtn,ytn)
® So ifX(),Xl € E%,thenx (S XO n Xl iff

iff 3V o3V y1 VOn (Ro(x M, yo tn) A Ry(x tn. yy tn))
iff 3Yy Ven (y = yo * y1 A R(x M, yo ) A R(x M, y1 [n)).

—
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E} is closed under N, U, 3°, ¥®, and 3V ;

e For 32, if X is ©1"V*?, X = 3VY so that
x €3°X iff 3°m3IVy Ven Ro(x M,y tn,m)
iff 3y ¥On (y = (y0) "y A Ro(x M.y’ M, yo)).

® Dealing with V¢ is slightly trickier, but basically relies on the same
idea by identifying in a computable way N with ® N : write y € N
as (y; 11 € w) € ®N: thus x € V® X iff
iff Vm3aNy ven R(xn,yn,m)
iff 3Yy ¥n (n = code(ng, n1) A R(x Mo, Yn, [no,n1)).
_|
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The inclusions also aren’t too difficult to show just by adding
unnecessary quantifiers and a bit of coding.

A,ll C E,ll - A},H and similarly for T1.

To show that the inclusions are strict, we as usual use universal sets: for
eachn < w,
® There’s a X! -universal set, showing Al ¢ ¥1:

9 1 : 3 1 1
® There’s a I, -universal set, showing 3, & A, ;.
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For £ a language with some sort of “special” relation symobl <, a
formula ¢ is

® >, = Iy iff all quantifiers of ¢ are bounded;
® >, iff ¢ is of the form Ix ¢ for some I1,-formula v;
e [I, iff ¢ is of the form — for some X, -formula .

This defines the Lévy hierarchy of formulas and subsequently the
hierarchy of X, -definable sets of any given model. Recall the following
result about computability over .

Aset X Cwis 22’“’ iff X is X,-definable over N = (0,0, 1, +, ).

This is nice because it explicitly identifies the arithmetical pointclasses
with the Lévy hierarchy.
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For first-order logic, definable sets of a model M are elements of ® (M ):
M) ={xeM:MFpx)} S M

If we want to talk about definable subsets of N, we need to either talk
about some sort of first-order structure with universe N, or else a
higher-order logic.

Why higher-order logic?

® In the end, we want to identify X, -definable sets with Eg-sets.

® (And with parameters, %, (A4)-definable sets with X9 (A4)-sets.)

® In this way, X,-definable sets with parameters will be precisely the
¥ O-sets.

Let’s consider {x} for some x € N.

® This will be 9.

® But {x} would be X (N )-definable with parameters for any
first-order model with universe N .

® So this first-order logic approach would need to do away with
equality.
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Higher-order logic makes more sense because it allows for more
quantifiers corresponding to projection over different spaces.

The variables of second-order logic are
® v, for n < w (individual variables), and

® P! fori,n < w (predicate variables).

Formulas are defined exactly the same as with first order logic except
that predicate variables can take inputs.

¢ is a second-order logic formula iff
® pis“x =y
® ¢ is “R(X)” for some relation symbol R and terms X;
® ¢is“P}(X)” for X a sequence of i terms;
® ¢is“—y” or “yY A 6” for formulas ¥, 0;
® ¢is “VX ¢ for ¥ a formula and X either kind of variable.
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For any first-order model M, we can expand to a second-order model A(
by interpretting, for X € M =% and Py € @(M =?),

M E“Py(X)” iff Xe Py
ME“YP! o(PI,X)” iff ME “p(Po,*)” for every Py € ®(M=®).

This yields A" as the second-order expansion of N = (@,0, 1, +, -).

We will identify elements of @ (w=®) instead as elements of N = “w.
We could also just say that the variable P € ®(w?) defines a function,
or something to this effect.

What happens with the Lévy hierarchy in second-order logic?

We need to expand to allow for multiple kinds of quantifiers.
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Let £ be a second-order language with special relation symbol ‘<’. Let
¢ be a formula. A quantifier is bounded iff it’s of the form “Ix < y” or
“Yx < y” for individual variables x, y.

® ¢ is XJ iff all quantifiers in ¢ are bounded.

* ¢is X0 41 iff ¢ is of the form “Im/” for individual variable m and
¥ a [1-formula.

@ is T1Y iff ¢ is of the form “—” for ¢ a X2-formula.

® We can also define X! -formulas.

® Note that not every formula can be placed in the hierarchy:
3P; ¢(x, Py) can’t, for example.

® For N, we’ll write 3°m or 3V x to distinguish variables.

® This gets equality right: xo = x; is [19 definable:
Ven (xo(n) = x1(n)).
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For A C N, define
SOng (A) ={p(N) : @is 22 with parameters in A}.

This gives another hierarchy:

SOL 0 SOL 0
1 2
G L & O
SOL 0 SOL 0
1 %
QSOL (ﬁ/ k(\SOL (ﬁ’
ne ng

We can show all sorts of nice properties about these pointclasses, but
really, this is just the arithmetical hierarchy:

Foreach0 <n < w, £9(A4) = SOLZQ (A)NP(N).

In particular, X 0-sets are those X0-definable with parameters in V.
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We can do the same for the analytical hierarchy.

Let £ be a second-order language with special relation symbol ‘<’. Let
¢ be a formula. A quantifier is bounded iff it’s of the form “Ix < y” or
“Vx < y” for individual variables x, y.

® ¢is E(l) iff o is 9.

° pis ) 41 1ff @ is of the form “Ix v/ for predicate variable x and ¥
a I1}-formula.

® ¢ is I1} iff ¢ is of the form “—y” for ¥ a £?-formula.

® Note that not every formula can be placed in the hierarchy:
Im 3P, ¢(x, P}) can’t, for example.

® But for A, every formula is equivalent to one in the hierarchy
because we can code things.

® This gives another notion of being X! (4)-definable.
® We get another hierarchy of SOLy, ! (A).
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This gives another hierarchy:

SOLEO SOLEO
1 2
& L G &
SOL 50 SOL 50
1 2
~'soL % “OSOL G
9 ng

And again, this turns out to be exactly what we want.

ForACN,0<n<ow, 2L(A) = SOLZ}I(A).

We also have other notions of definability that give these hierarchies.
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e Write HF for the set of hereditarily finite sets (i.e. Hy,)
e Write HC for the set of hereditarily countable sets (i.e. Hy,)
We can pretty easily code (HF, €) into N in a X(-definable way.

The easiest way to conceptually see this is that any element of HF can be
writen down with parantheses and commas: @ = {}, and

{0,2} = {{}, {{}, {{}}}}, for example. We can then identify HF with
finite strings, and look at whether something’s an element according to
whether it’s a substring and then counting how many unpaired
parantheses exist to the left and right. —

We can also get that N is simply definable over HF = (HF, €).
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Those two ideas together tell us that something X, -definable over HF is
Y,-definable over N and vice versa just by relativizing quantifiers over
the coded versions of one in the other.

ForO<n<w, X CNis XY iff X is £,-definable over HF.

If we expand to second order logic, nothing goes wrong.

ForO<n <w, X CNis XY iff X is £0-definable over the
second-order version of HF.

And indeed, this generalizes to the analytical hierarchy.

ForO<n <w, X CNisXiff X is £L-definable over the
second-order version of HF.
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So where does HC = (HC, €) come into the picture?

® Assuming some absoluteness (in particular, I1{-absoluteness), we
can show X}-sets are ;-definable over HC.

® This forms the base case of an induction where we get the
following result.

ForO<n<w, X CNis E},H iff X is X, -definable over HC.

® The basic idea behind the base case is just to code transitive
structures in HC in a simple way:

(M, €) =~ (w, E) for some E C w?,ie. E € N C HC.

® To find a real where the T11-formula ¢ holds, we merely need a
countable, transitive model of a finite fragment of ZFC where ¢
holds of that real.

® Using coding, we can express the existence of such a model with
that real in a X{-way. il
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