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1. THE LINEAR SCHRODINGER EQUATION

We begin with the linear Schrodinger equation,
(10 + Dp)u=0

for u : RY x R — C, and with initial data u(z,0) = ¢ (z). Taking the Fourier
transform on R¢,

F©=| fx)e " dr,

R4

the equation becomes

it (&,1) — [§*a (€,1) = 0.
This has the solution

i(61) = g (¢)e e,

Soforp € S (Rd) we may write

u (e, t) = (59) (x) = / 6(x—y) K (1) dy
Rd

with kernel
K (y,t) = Ot=4/2¢ilal*/(41)

Here are some properties of the linear Schrodinger flow:

Proposition 1.1. For initial data ¢:
(1) 11e"2¢l|2may = |6l 2 (may for all t € R.
(2) B oA = 9D for allt,s € R.
(8) €D 0Ty, = Ty 0 €™? for allt € R,zg € R, where (74, f) (x) = f (x — x0).
(4) €A 06, =4, 0 ei(t/r?)a forallt e R,r € Ry, where (0,f) (z) = f (z/r).
Exercise 1.2. (a) Prove these identities.
(b) Is it true that lim,_,o e"*2¢ = ¢? In what sense and for what kind of functions

@7
2. THE NONLINEAR SCHRODINGER EqQuaTION (NLS)

The simplest nonlinearity to introduce is the so-called power nonlinearity. The
equation is now
(10 + DNy)u = pululP~?
with initial data u (z,0) = ¢ (x). Here, p = 1 and p > 1. Taking the Fourier
transform and solving the ode results in the Duhamel formula:

t
u(t) = e*Bp — z/ AN () ds
0

where

N (s) = pu (t) [u (&)~
This is not an explicit formula for u. But we can approximate u via a perturbative
iteration scheme,

Uy (t) — eitA(ﬁ,

t
Upt1 (t) = D9 — Z/ et [y (s) un (5)|p71] ds.
0
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We can only hope for this scheme to work for short enough time and for small
enough functions. This is to ensure the second term does nothing more than correct
small errors in the initial guess. But sometimes a different approximation scheme
is needed. Then we’d write

i0u — uluPt = — A,
and with the anzatz |u| = ¢t (?7) we'd get

u(z,t) = u(z,0) eitlu@

This would produce an iterative scheme to deal with functions which are large in
short time. But in this lecture we’ll assume we’re working where the first scheme
is convergent.

It will be useful to understand which quantities are conserved under the time
evolution of NLS.

Exercise 2.1. Prove (formally) the conservation of mass and energy for solutions
of the NLS: if u is a “nice” solution on an interval I, then the quantities

M(t) = Rd|u (;v,t)\Qd;v,

1
E(t) = 5/]RGZ\AIU (z,1)|? dx+1%/ﬂgd|u(x7t)‘17+l dz

are conserved.
Now assume ¢ € H? (Rd). For the iteration scheme to work, we need a space
X7 = X?(I) so that
By e X7 (I) if p € H®
and so that

/0 I (F(s)|f (s)) ds € X7 (I) if f € X7 (I).

Exercise 2.2. Assume d = 3,p = 3. Show the perturbative scheme produces
a solution in X7 (I) = C (I : H?), provided that o is sufficiently large and |I| is
sufficiently small. Hint: Sobolev embedding.

The perturbative scheme only produces local solutions. To go from local to
global we have to use the conserved quantities. Another useful tool is the Strichartz
estimates:

(1) If (gq,r) is an admissible pair, i.e., (¢,7) € (2,00] X [2,00], 2/q+ d/r = d/2,
then

HeitA¢||L2L; NPRICIFES

(2) If (¢,7), (q,7) are admissible pairs, then
t
i(t—s)A
1] 92N )|y Sa N1l
—o0
Let’s try to understand what (1) means. Let d =4, and ¢ = r, then we get

itA
e ¢llLz, S9llLe-

This says the L3-norm of €2 ¢ is finite for a.e. t, so long as we have ¢ € L%. So the
forward-time evolution has a smoothing effect. And this also says that the L3-norm



4 ALEXANDRU IONESCU, TRANSCRIBED BY IAN TOBASCO

of €' has to decay forward in time. In the next section we’ll prove the Strichartz
estimates.

3. PROOF OF THE STRICHARTZ ESTIMATES

First we write the Strichartz estimates in a more conceptual way:

(1) If (q,r) is an admissible pair, i.e., (¢,7) € (2,00] X [2,00], 2/q¢+ d/r = d/2,
then

HeitA¢||LfL; Sq llél]ze-

(2) If (g,r) is an admissible pair, then

t
i(t—s)A
1) N Ol ympnngrs o Ny sy
—o00

Exercise 3.1. (a) Show that if f : R? x I — C is a measurable function and
D, q € [1,00] then

I[fllerre = sup | fgdxdt|.
o =1 RaxTI

gHL,;/Lm

(b) Show that if (¢,7), (q,7) are admissible pairs, ¢ < g, then
Hf”Lt?Lj < ||f||L§L;nLt°°L§,7
||f||L?/L§/ > ||f||L§/L;,+L%L§'

Our goal is to prove the Strichartz estimates. First we recall the concept of
fractional integration.

Exercise 3.2 (Fractional Integration). Prove that
ILf % |yl Lagray < CpgllfllLe(may
ifo<y<d l<p<qg<oo,andql=pt!t—(d—v)/d
And next, complex interpolation.

Exercise 3.3 (Complex Interpolation). Let S = {z € C: R (z) € [0, 1]} and assume
that T, : S (Rd) — L. (Rd), z € S, is an analytic family of operators, i.e., the
map

z»—)/Rde(f)~gdx, ﬁgeS’(Rd)

is analytic (and bounded) in int (S) and continuous in S. Assume that po, g0, p1,¢1 €
[1,00] and

|| Ty || Lro— 190 < Mo,
| T14iyllLer e < M.
Then, for all 6 € [0, 1]
Tol oo vion < ME=MY

where p; ' = (1-0) /po +0/p1, q5 " = (1-0) /a0 +0/as.
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Now we prove the first Strichartz estimate. We have the dispersive estimates

1€ | L2y L2ray S 1,
e 1 Ry Lo (ray S 81742
By interpolation,

||eitA||LT'(]Rd)aLT(]Rd) < [t /2=,
Now we have the TT™* argument. We want

HeitAQb”LfL; Sq llél]ze-

This is equivalent to
|/ (€"29) () g (w, 1) dudt| S 110l]22/lgll a0+
R xR t M

which is equivalent to
—itlg[* giz-g < ,
I, e elemSy (at) dadt]] ., <o ol
which is equivalent to

[ [ s@OTGIK =yt ) dedidyis| 5, 9l
R4xR JRI xR t e

where K is the kernel of the free Schrodinger flow. Note that to use Fubini’s
theorem here we needed absolute integrability. This does not hold in general, but
we can instead consider g to be a simple function, or perhaps in the Schwartz class.
Then we can use a density argument to extend to more general g.

But by the dispersive estimate,

[, ] a@tih e K @ .t = s) dody] S GO (s)ft | 402107
Rd JRd

where
, /7’
) = [/Rdmw dw] .

The desired bound now follows from Holder’s inequality and fractional integration.
The admissibility condition will drop out of this as an algebraic condition. And
note that to apply the fractional integration result we need ¢ > 2. The theorem
turns out to be true for ¢ = 2,d > 3, but this is a more difficult (and recent) result
due to Tao.

Exercise 3.4. Prove the remaining Strichartz estimates.

4. GLOBAL WELL-POSEDNESS OF CuBIC NLS

In this section we’ll discuss global well-posedness of the cubic nonlinear Schrodinger
equation,
(10: + Ny) u = ulul?
with initial data u (z,0) = ¢ (2) on R3. Recall the Duhamel formula,

¢
u(t) = eB¢p — z/ AN (s) ds
0

where

N () = u(t)u ().
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We're looking to find a solution via the perturbative iteration scheme,
u () = €29,

¢
Up i (t) = "B — z/ =98 (uy, (s) un (5)[?) ds.

0

We need to construct a space in which the u,, form a Cauchy sequence. Throughout
we’ll use the Strichartz estimates which were proved above. And we also have the
Sobolev imbedding: if 3/s =3/r — 1, r, s € (1,00), then

[1f]

Now assume ¢ € H' (R3) and fix an admissible pair (g,r). Define

o@®®) S fllzr@s) + IV Fllor@s)-

Xt ={fec(:H () :fllx = fllserznrors + IVl rznrer: < oo}
Exercise 4.1. Prove that X! (I) is a Banach space.
Lemma 4.2. If ¢ € H' (R®) then e"®¢ € X' (I) and |[e"2d||x1 (1) < Col|o|| a1

Lemma 4.3. If f,g,h € X' (I) then

Fo= / I (£ (5) g (5) R (s)) ds € X (1)
0

and
IE|xi(ny < CHPIlxrllgllxr ol Pl x -

Now we construct the nonlinear solution. Let u,, be as given above. Assume
||| < A. The two lemmas show that {u,},~, is a Cauchy sequence in the
complete metric space

Y (1) = {fe X" (I):|Ifllx:x) <2CoA}

if |I| is sufficiently small (depending on A). The first conclusion to draw is that,
assuming ¢ € H' (R?), there is € = € (||¢||y1) small and a unique solution u €
X1 (—¢,¢) of the equation

u(t) =e"p—i tei(t_s)A w(s) u(s)?) ds.
(0 =i | (u(s) fu(s)]?) d

Moreover, the mapping ¢ ~ u is continuous from H' — X' (—e¢, €).

Exercise 4.4. Prove conservation of mass and energy for the solution u constructed
above.

Theorem 4.5 (Global Well-Posedness of Cubic NLS). Assuming that ¢ € H' (R?)
and I C R is a bounded interval, there is a unique solution u € X* (I) of the
equation u (t) = e“Aqﬁ—ifOt ')A (u(s) |u(s)|?) ds. Moreover, the mapping ¢
u is continuous from H* — X1 (—¢,€).
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5. BEHAVIOR OF SOLUTIONS AT INFINITY

Our main result thus far was global well-posedness for the cubic nonlinear
Schrodinger equation. Motivated by the Duhamel formula, we proposed a per-
turbative iterative scheme. This led to local existence and uniqueness, and then
global existence and uniqueness.

In this section we’ll try to understand how the solution behaves at ¢ = co. Recall
that

XU ={feC(LH" (R®):||fllxm) = fllzerznriry + IVflloerzariny, < o0}

Definition 5.1. We say that the solution u scatters at +oco if there is uy. € H' (R?)
such that

- —itA _
tlgpoo e " u (t) = uy

in H'. Similarly, we say that the solution u scatters at —oc if there is u_ € H' (R?)
such that

lim e A (t) =u_
t——o0

in H'.

Since et is an isometry, scattering at +oo means that u behaves like a solution
of the linear equation cubic

with initial data v (0) = u4, and similarly for scattering at —oco. We’d like to
demonstrate scattering for solutions of the cubic NLS, i.e., that

t

_ IR —isA 2
Ut = ¢ Zt£+moo 0 ‘ (&) (9F) d.

Theorem 5.2. For every asymptotic state uy € H' there is a unique H* solution u
that scatters to uy. Moreover, the wave operater 0, : H' — H', Q (uy) = u (0)
is well-defined and continuous.

Proof. Step 1. Evolution from ¢t = 400 to t = ty: solve
u(t) = ePuy +i/ elt=s)A (u(s)|u(s)|?) ds
t

using a fixed point argument in the metric spcae X' N Bs (Y'!) with norm
Al =S les, + N llpeny + 11V Fllpoes -

Step 2. Evolve from t =ty to t = 0: solve

w(t) = ety () — i / =98 (y (s) |u(s)[?) ds

to

as in the global well-posedness theory. (Il

Is the wave operator surjective? This is called asymptotic completeness. The an-
swer is “yes” in the defocusing case (1 = 1) and “no” in the focusing case (u = —1).

Exercise 5.3. Let

M, (t) =23 | 0Oja(zx)- u(z,t)du(z,t) dr.
R3
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Show that
OeM, (t) =4R | 0;0ka - 0;ulrudx — / N?a - |ul* dr + / Aa - |ul* dr
R3 R3 R3
in the defocusing case.

Exercise 5.4 (Spacetime bound implies asymptotic completeness). Prove scatter-
ing assuming that [[uf[zs < 1.

Exercise 5.5. In the defocusing case, prove the spacetime bound ||uf|zs < 1.

6. ANALYSIS OF THE PERIODIC CASE
In this section we’ll discuss some results for periodic NLS. We begin with a
review of Fourier analysis on the torus.
6.1. Fourier Analysis on T?. First we recall Fourier analysis on T = [R/ (27Z)]".
For f € L' (T%) we set

Ffn)=f(n)= » flx)e™™ " dx
with n € Z2.

Theorem 6.1 (Fourier Inversion Formula). If f € L' (T?) and felL! (24), then
—d ; in-
fla)=@m) ") fn)emr
nezd
for x € Z9.
Theorem 6.2 (Plancherel’s Theorem). The operator (27r)_d/2
etry L* (T4) — L* (2%).

F defines an isom-

Exercise 6.3. Prove the Fourier inversion formula, the Plancerel theorem, and
three more interesting identities related to the Fourier transform on T¢. (Think of
products, convolutions, derivatives, action of isometries, etc.)

Exercise 6.4. (a) Assume 1 < p < ¢ < co. Prove that
L (2%) — L* (2,
L (T%) — LP (T9).

(b) Prove the Sobolev imbedding inequality: if d/q¢ = d/p — 1 with p,q € (1,00)
then

I[fllLacray S N fllLecray + [V £l Le(ray-

Now we consider the Littlewood-Paley projections. Assume that 7 : R? — [0, 1]
is a smooth function with n(§) = 11if |¢] < 1 and n(§) = 0 if |{] > 2. For

k=0,1,..., define
nen @ = (5c).

M (§) = <k (&) = n<k—1(£),
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and
Pef = F " 1<k (€)- F(9)]
P, =Py — P<j—q,
where, by definition, n<_; =0 and P<_; =0. So
Py+ P+ -+ P, = P<y,
Py+ P +...=id.

Exercise 6.5. (a) Prove the Poisson summation formula: if f, f € L! (R?) then

Yo fmy= fm

nezd mezd
(b) Prove that for all k > 0 and p € [1, x],
[P<ifllLeray S 1Fllzecray-

6.2. The Defocusing Periodic NLS. We’ll use these tools to understand the
defocusing periodic NLS:

(10 + DNg)u = u|u\pf1
with initial data u (z,0) = ¢ (z) and where p = 1, p > 1. The quantities

/|uxt|da:

1
E(t) == - 2 — ptl
0 =3 [ Vet tP ot — [ juop

are conserved. Again we set up a perturbative iteration scheme:

U (t) — eitA¢’
. t .
Unt (t) = "¢ — Z/ B (i (5) lup (s)[P) ds.
0

As in the Euclidean case, we have local well-posedness in H for large enough o (via
Sobolev embedding). Aiming towards global well-posedness, we’d like to prove local
well-posedness in H* (Td). But this is not so easy — it depends on the Strichartz
estimates.

Recall the Strichartz estimates on Euclidean space:

| P<re™ [ caro/a S || fllcz@a),
L (R?)
\|P<k€”Af||L£ . S 25| fll b2 ).
And by interpolation,
||P§keitAfHL§)t < 2MA/2= (TP £ 12 oy
for p € [(2d + 4) /d, 0.
Theorem 6.6 (Periodic Strichartz Estimates). On T,
| P<e™™ fI[L5 , (T% X T) < Ag (k) | £l 2 ey
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where
Ay (k) = C.2%,
As (k) = C«E2k(1/4+e)7
Ay (k) = C 212+,
Ag (k) =C2Rd=2/4 g > 5,

The L*° estimate still holds,
||P§k€itAf|\L°°,(1rde) < 2k ||fHL2('JTd)
The key obstruction to global well-posedness is that the Euclidean dispersive

bound

itA 2" ‘

Hnge HLl(]Rd)HLN(]Rd) S [1+2k|t|1/2]

fails in the periodic case.
Exercise 6.7. Prove the A (4) bound for the squares

in?z € in%z

| Z an€ ||L4(’]I‘1) Se N7|| Z an€ ||L2(’]I‘1)
In|]<N [n|<N

for any € > 0 and N > 1.

Exercise 6.8. Let

. 2 .
t)=Y e " gy (n)

nezd

denote the kernel of P<pe®®, x € T?, t € R. Prove that

2k
Kk (z,8)] S V@ (1+ 28]t/ (2m) — a/q|1/?)

if t/(27) = a/q+ B, (a,q) =1, g € {1,...,2F}, |8 < (2kq) ™"

6.3. Global Well-Posedness on T. For the remainder of the course we’ll restrict
our attention to the defocusing periodic (cubic) NLS on T = T*:

(iat + Ag)u = ulul?

with initial data u (z,0) = ). Again, the quantities

/|u z, )| da
2 1 4
:f/|qu(9:,t)| da:+f/|u(:c,t)| do
2 )r 4 Jp

Theorem 6.9. The initial value problem above is globally well-posed for small data
in L? (T).

are conserved.

Exercise 6.10. Use Sobolev imbedding to prove that the initial-value problem is
well-posed in H! (T)
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Again we have a perturbative iteration scheme:
g (t) — eitA(b,

t
Upg (1) = B¢ — z/ elt=s)a [n (8) Jun (5)[?] ds.
0
Step 1: The homogenous Strichartz estimate

e 2| Larsry S ||l 2 (m)-

Step 2: The inhomogeneous Strichartz estimate

t
1[92 7 (5D dsll ez oy S Illvcos
Exercise 6.11. Prove the Strichartz estimate with loss
HPSkeitA(bHLG(TXT) Se 216 22 cm)-
State and prove the analogue of the inhomogeneous Strichartz estimate above.

Step 3: The inhomogeneous Strichartz estimate

t
I /O eI (£(5)) ds|| . pry S 1] Lersoxy

for any f € LY3(T x I),0¢€ 1.
Step 4: Prove that {un}n21 is a Cauchy sequence in the space
X(I)=C(I:L*(T))NL*(Tx1I).
Then use the L? conservation law to extend the solution to T x R. Conclude that
for any ¢ € L? with ||¢||z2 < €o there is a unique solution
ueC(R:L*(T))NLi, (T x R)

of the equation

U —tBy tei(tfs)A w(s) |u(s)|?) ds.
() = " / (u(s) [u(s)?) d

The mapping ¢ +— u is continuous from L? (T) to X (I) for any bounded interval
I
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