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HOLOMORPHIC ISOMETRY FROM A KAHLER MANIFOLD
INTO A PRODUCT OF COMPLEX PROJECTIVE MANIFOLDS
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Abstract. We study the global property of local holomorphic isometric mappings
from a class of Kahler manifolds into a product of projective algebraic manifolds with
induced Fubini-Study metrics, where isometric factors are allowed to be negative.

1 Introduction

In this paper, we study the global property for local holomorphic isometric map-
pings, up to isometric factors that are allowed even to be negative, from a Kéhler
manifold into a Cartesian product of projective algebraic manifolds equipped with
the induced Fubini-Study metrics. Investigations of this kind started with a pa-
per of Calabi, who first studied the global extension and Bonnet type rigidity of a
local holomorphic isometric embedding from complex manifolds with real analytic
Kahler metrics [Cal53] into complex space forms. Afterwards, there appeared many
studies along these lines of research (see [Ume87,DL07], for instance). In 2003, mo-
tivated from problems in algebraic number theory, Clozel-Ullmo [CU03] were led to
consider rigidity problems for local holomorphic isometries between bounded sym-
metric domains equipped with their Bergman metrics. More precisely, by reducing
the problem to the rigidity problem for local holomorphic isometries, they proved
an algebraic correspondence in the quotient of a bounded symmetric domain pre-
serving the Bergman metric has to be a modular correspondence in the case of
unit disc in the complex plane and bounded symmetric domains of rank >2. More
recently, Mok carried out a systematic study of this type of problems in a very gen-
eral setting. Many important results have been obtained by Mok and Mok-Ng (see
[Mok02,MN12], in particular, the papers by Mok [Mok12] and Mok-Ng [MN12], and
the references therein). Mok in [Mok02, Mok12] proved the total geodesy for a local
holomorphic isometric embedding between bounded symmetric domains D and €2
when either (i) the rank of each irreducible component of D is at least two or (ii)
D =B" and Q = (B™)P for n > 2. Mok and Ng in [MN12] proved the total geodesy
when the map is a local volume preserving map, which in particular has applications
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to answer, in the affirmative, questions of Clozel-Ullmo in algebraic number theory.
In a recent joint paper of the second author with Zhang [YZ12], the total geodesy
is obtained in the case of D = B” and Q = B™ x --- x B> with n > 2 and N
arbitrary for 1 < [ < p. Earlier, Ng in [Ngl1] had established similar result when
p=2and 2<n < Ny,No<2n-—1.

When manifolds are Hermitian symmetric spaces of compact type, it is well
known that the total geodesy for (local) holomorphic isometric embeddings is no
longer the case, even for mappings between complex projective spaces equipped
with the standard Fubini-Study metrics. For instance, the Veronese embedding from

. n(n+5) . . . . .
(P",wy,) into (P~ 2 ,wam+s ) is an isometric embedding with conformal constant

2, which is not linear. In this setting, the rigidity problem is to find out when the
maps are holomorphic isometries up to isometric constants.

In this paper, we carry out a study of the rigidity problem for local holomorphic
conformal maps into the product of complex projective manifolds with the induced
Fubini-Study metrics. Our conformal factors are allowed to have mixed signs. This
has immediate application to the case when the target manifold is the product of the
Hermitian symmetric spaces of compact type equipped with the canonical metrics.

Geometrically, such a problem may be regarded as the question of understand-
ing what modification of the canonical metric on the source manifold admits only
rigid holomorphic isometric embeddings (up to conformal factors) into product of
projective spaces. To state our main result, we let

(M,wpr), (My,wng,), oooy (Mp,war,), (M{,wM{),..., (M, war)

be Kahler manifolds. When the manifolds are irreducible Hermitian symmetric
spaces of compact type equipped with canonical Kahler-Einstein metrics, we al-
ways normalize the canonical metrics to have the maximum holomorphic sectional
curvature +2 as that for the projective space equipped with the Fubini-Study metric.
Let (A1,...,Ay) and (p1, ..., tm) be two sets of positive real numbers. Let U C M
be a connected open subset and G; : U — Mj’ be a non-constant holomorphic
map for each j. We write wyrg oy == wir + 23:1 )\jG;WMJ’. for the modification of
war by (GyA) = (Gy,...,Gy; A1, ..., Ay) over U. We are interested in the question:
When are there holomorphic maps F; : U — M, for each | € {1,...,m} such that
wm,aa = O oy uFwa,? What is the rigidity phenomenon in this setting? There is
a case where we may not get anything interesting, due to the obvious cancelation. In
fact, as shown in Example 6.2, when we do not have the following number theoretic
property:

spang: {A;}j=; Nspang: {u i, = {0}, (1.1)

we can easily construct examples where we do not have any good rigidity and global
extension properties. Here we write Qg for the set of non-negative rational numbers.

A main result of this paper is to provide the following rigidity theorem, under
the needed number theoretic condition (1.1) for the conformal factors.
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Theorem 1.1.  Let h(z,£) = ao+3_jq), 550 ao32°€P be an irreducible holomorphic
polynomial over C*" for n > 1 with h(z,Z) > 0. Let M be a simply connected n-
dimensional complex manifold (not necessarily complete) with a real analytic Kahler
metric wys. Assume that there exists a holomorphic coordinate chart (U C X, ¢)
with $(U) = V 3 0, a connected open subset in C", such that /—190log h(z, z)
is the Kéhler form associated to (¢~ !)*wys. Let M; = IP’NZ,MJ’- = PN be complex
projective spaces equipped with the Fubibi-Study metrics wl,wg, respectively, for
1§l§m,1SjSv.SupposethatFl:UCM—>]P’NZ,G]-:UCM—>IP’N5 are
non-constant holomorphic maps over U for each [, j. Assume that

m v
wyp = ZHIFZ*WZ - Z \;Giw’ over U, (1.2)
=1 j=1

for wy, \j € R which satisfy the property in (1.1). Then Fl and G; extend to global
holomorph1c immersions Fj : M — PN and G . M — PN respecmve]y Moreover

~ % ~ ok
Fy wp = mwy, G W

i = njwm with my,n; € N satisfying the identity:

m v
1= Z,u,lml — Z /\jnj. (1.3)
=1 7=1

In Theorem 1.1, when M is not simply connected, then one can still conclude
that the maps extend along any path inside M initiated from a point in U. Theorem
1.1 applies immediately when (M,wys) is the projective space equipped with the
Fubini-Study metric. Indeed, the special case of Theorem 1.1 with M being P! can
be applied with the minimal rational curve theory on Hermitian symmetric spaces
of compact type to yield the following:

Theorem 1.2. Let (M,wyr), (Mi,wn,), (M}, war;) be irreducible Hermitian sym-
metric spaces of compact type equipped with the canonical Kéahler-Einstein metrics
WM, WM, s WM for 1 <1 < m,1 < j < v, respectively. Let jy, \; > 0 be a set of
real numbers for 1 <I<m and 1<j<w, satisfying (1.1). Let F; : U — M; and
Gj:U— MJ’ be non-constant holomorphic maps for each [, j such that

m v
Wy = E wE war, — E )\jG;wsz over U,
=1 j=1

where U C M is a connected open subset. Then for any j € {1,--- ,v} and | €
{1,--- m} F; and G extend to global holomorpluc embeddmgs Fl . M — M,
and G M — M’ respectively. Moreover Fl W, = mle,Gj wpmy = njwy with
mi,nj € N sat1sfy1ng the equation (1.3).

Notice that in Theorem 1.1, the extended maps may not be one to one, while
in Theorem 1.2, they all are embeddings. Also in these two theorems, when v = 0,
it is understood that there are no mappings G;. As one sees in Example 6.2, the
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assumption (1.1) on the conformal factors in Theorem 1.1 and Theorem 1.2 is to
avoid the cancelation that destroys good rigidities, which together with (1.3) is
necessary and sufficient for Theorem 1.1 and Theorem 1.2 to hold. This phenomenon
is similar to the study of CR mappings: Non-existence of negative conformal factors
corresponds to the strongly pseudoconvex case, while the investigation for the case of
conformal factors with a mixed sign resembles to the Levi non-degenerate situation
with positive signature (see [Hua99,BHO5], for instance).

Theorem 1.1 and Theorem 1.2 follow trivially from the Calabi theorem, when
all conformal factors are positive and rational (or at least rational up to a common
factor). In this setting, one can apply the Nakagawa-Takagi theorem, the Veronese
and Segre embeddings, to immediately reduce them to the study a local holomor-
phic isometric embedding into a projective space equipped with a multiple of the
Fubini-Study metric. Hence, the results follows immediately from the classical Cal-
abi theorem in [Cal53]. (See Mok [Mokl1la,Mok11b] and Yuan [YualO]). However,
by Calabi [Cal53, p. 23] (see also Remark 6.1), when p;/u2 is not a rational number,
then the Kéhler manifold (P, pjwy) x (P, pawy,) can not be isometrically embed-
ded into the Hilbert projective space equipped with any multiple of the Fubini-Study
metric (P, pwso). (Here, p > 0 is a real number.)

In [Cal53], Calabi also considered the existence problem for isometric embeddings
between complex manifolds with indefinite Kahler metrics. Since in this setting, there
is always a cancelation even inside the metric part itself, it seems hard to get any
rigidity and global extension result.

A first main step in our proof of Theorems 1.1 is to obtain the Nash-algebraicity
for both F; and G; under the assumption of (1.1). We then prove the single-
valuedness for algebraic functions satisfying a certain transcendental equation by
employing the monodromy argument and the Puiseux expansion for multi-valued
algebraic functions. The last step is to use what is obtained in previous steps, as
well as, the geometry of minimal rational curves over the source manifold, to derive
Theorem 1.2.

The organization of the paper is as follows. In Section 2, after collecting the basic
properties of algebraic functions, we prove a certain induction property and bound-
edness for algebraic functions satisfying a certain transcendental functional identity.
In Sections 3 and 4, we prove the algebraicity and single-valuedness, respectively, for
germs of holomorphic functions satisfying a certain transcendental functional iden-
tity. At the end of the Section 4, we give the proof of Theorem 1.1. In Section 5, we
apply the results derived in Sections 3 and 4, to prove Theorem 1.2. We end up our
paper with examples which show our number theoretic condition (1.1) on the confor-
mal factors are more or less necessary and sufficient conditions for our results to hold.

2 Algebraic functions

In this section, we start by first recalling some basic properties for algebraic func-
tions. Then we will prove several lemmas to be used in Sections 3 and 4. Our basic
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tools are the monodromy argument and the Puiseux expansion for multi-valued
algebraic functions.

A holomorphic function f over U C C™ is called a holomorphic Nash-algebraic, or
simply holomorphic algebraic function, if there is an irreducible polynomial P(z, X)
in X with coefficients in polynomials of z such that P(z, f(z)) = 0 over U. f extends
to multi-valued a function, still denoted by f, over C", some branches of which may
blow up along a complex analytic variety of codimension one. P(z, X) is called a
minimum polynomial of f. All branches of f are bounded over any compact subset
in C" if and only if the leading coefficient of P(z,X) can be made to be 1. For
our purpose in this article, we are mainly concerned with algebraic functions whose
minimum polynomials have leading coefficient 1.

Let H be an algebraic function in U C C" with its minimum polynomial of
leading coefficient 1: P(2,Y) = Y% 4 a1 (2)Y ¥ 1 4+.. . +aq(2), where d > 1,ay, ..., aq
are polynomials in z and P(z,Y) is an irreducible polynomial in (Z,Y"). Then there
are polynomials A(z,Y), B(z,Y) and p(z) such that

A(z,Y)P(z;Y) + B(Z,Y)g—}]i(z; Y) =p(2).

Let E C C™ be the affine algebraic hypersurface defined by p(z) = 0. Notice that
any point zg with p(zg) # 0 is a regular point for the algebraic function H, namely,
a point zp where for any Y with P(z9,Y) = 0 it holds that %(Zo,Y) # 0. Then
any branch of H(z) can be holomorphically continued along a curve v C C™\ E. Let
FEy C FE be an irreducible component of E. We say that Ej is a branching variety of
H if for a generic smooth point pg € Ey and a sufficiently small ball B, centered
at po, ™ 1(Bp, \ Fo) has less than d pieces of connected components. Here, letting
W C C" x C be defined by P(z,Y) = 0, then 7 is a branched covering map from W
to C" giving by the natural projection map. Since py € E is a smooth point, after
a holomorphic change of coordinates, we assume that pyp = 0 and Fjy is defined by
zn = 0. Being generic, we mean that py = 0 is not contained in any other component
of E. Let v(t) = (0,...,0,ee2™ 1) for 0 < t < 1, with 0 < ¢ << 1 sufficiently
small. Then for a small ball By centered at 0, any loop in By \ Ej is homotopic to
kv with k € Z. Any simple loop homotopic to 7 is called a basic loop around FEjy
near pp = 0. Now, write p* = (0,...,0,¢). Then Ej is a branching hypervariety for
H if and only if for some holomorphic branch H; of H in a neighborhood of p*,
when we holomorphically continue H; along ~ one round, we will obtain another
branch Hy(# H;) of H near p*. When % = hqi9 is a constant, then we have some

do € N, such that, hcllg = 1. The smallest such a dj is called a period. In this case, we
call Ey a simple cyclic branching hypervariety for H with respect to the branch H;.
Apparently, the simple cyclicity of H along Ej is independent of the choice of the
generic point pg. Furthermore, if there does not exist a polynomial function h and
a natural number n; such that H = hnill, then there must be an ny € N such that
H™ has branching varieties, none of which is a simple cyclic branching variety with
respect to any branch of H"2. We also recall the Puiseux expansion for branches
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obtained by continuing H; near py = 0, which will be the basic tool for us to deal
with multi-valued holomorphic functions:

E a;i(z zn

with No(> 2) € Z and a;(2’) being holomorphic near (/. Here 2’ = (21,...,2p-1).
The following lemma is essential in the later induction argument.

LEMMA 2.1. Let U C C" be a connected open subset. Let h(z) = (hy, ..., hy)(z) €
C* be a row of irreducible distinct polynomials. Let ¥ € (R\ {0})*. Let Hy(z),...,
Hy,(2) be non-constant holomorphic algebraic functions defined over U such that for
a certain branch of the power function (H, )"~ for each «, and for a certain constant

cp, we have
k

h(z)" = ¢ H Hy(2)H on U, (2.1)

a=1
for pu1, ...,y € R\ {0}. Here U’ C U is a subdomain such that h(z)" = hi* .. hit
has a well-defined holomorphic branch. Assume all the branches of H,’s can only
have zero or points of indeterminacy in the variety defined by the union of of the
zeros of h; for each j. If Hy has an irreducible non-cyclic branching hypervariety

with respect to a certain branch, then there exists nf, no,...,ni € Z with nf > 0,
such that .
,ulnf = Z Lha M- (2.2)
a=2
Furthermore, we have
+ + K H
- = + a
Ry =gt T (mpemt)™ (2.3)
a=2

In the above lemma and the rest of the paper, for an algebraic function ¢, we
define the zero set (points of indeterminancy, respectively) of ¢ to be that defined
by the zeroth order term (the coefficient of the highest order term, respectively) in
a minimal polynomial of ¢.

Proof of Lemma 2.1 Assume without loss of generality that 0 is in U and is
a regular point for H, for each a. Let F be an irreducible non-cyclic branching
hypervariety E with respect to a certain branch of Hj. Let p*(¢ E) be very close to
a generic smooth point pj of E. In what follows, we assume that F is defined by the
zero of hi(z) for a certain i or a small neighborhood of pf; does not cut any zero of
hl,s. Let v be a basic loop around E near p§ with v(0) = p*. Assume that v stays
in a sufficiently small ball centered at pjj. Assume (H;); is a holomorphic branch of
Hy at p* and when we continue holomorphically (H1)1 along ~ one round, we get

a new holomorphic branch (Hp)y near p* with 11 = ( Hl 2 £ constant. Choose 7,
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a simple curve connecting 0 to p* (that does not cut the zero of any h; and the
union of branching varieties of H; for each ) such that we get (Hp); near p* when
we continue Hi along g from its original holomorphic value near 0 . We still have
by the uniqueness of real analytic functions:

R = co(H )" ... (Hp)!* near p*. (2.4)

Here (H, )} is a certain branch of the multi-value functions et log(Ha)1 pear p*

for any o with 1 < o < k. Now we holomorphically continue (2.4) along v to arrive
at
h" = c{(H1)4" ... (Hg)h* near p*, (2.5)
since h;' is at most cyclically branching at p for each 1 < i < k.
From (2.4) and (2.5), we get

c1=x41...x45 nearp*
with ¢1(# 0) a certain constant, reflecting how we choose the branches of the multi-

valued functions. Hence

X1 = g near pt

Here, ¢} (# 0) is a certain constant. Since x11 is not a constant, we can find a complex
line L with a linear coordinate & such that 7 = x11(§) # constant. Here and in what
follows, we will write x11(&) for XH‘L' Hence

™ = &z o X (1) (w0 X1 (7)1
Now, after a holomorphic continuation, we can assume that the above holds for

certain branches near the origin. Since x14 © X1_11(7'> is algebraic for 2 < a < k, we
have the Puiseux expansion near 0:

Xla © Xl_l1 (T) = Z aociTi/Noa A, 7é 0.
i>ia
Thus, we get (2.2) by comparing the exponent of the lowest degree term in the
expansion in 7. Taking nj-th power in (2.1) and applying (2.2), we get (2.3). O

In the following, for an open subset U € C", we write conj(U) := {2,z € U}.
The following is a key lemma for our proof of Theorem 4.1.

LEMMA 2.2.  Let U; be a connected open subset in C", and let ¢(z,Z) be real
analytic in (z,%Z) over C" with ¢(2,Z) > 0 for any z € C". Assume that ¢(z,§)
is holomorphic and algebraic in Uy x conj(U;). Suppose that Fi(z) : Uy € C™ —
(CNl,Gj(z) : Uy ¢ Cm — CNi non-constant holomorphic algebraic maps. Write

F(&) := F(&) for £ € conj(Uy). Suppose they satisfy the following identity
[0+ Fiz) - F@)™ = o(=€) - [[(1 + Gy(2) - G5(6)) overlly x conj(Th), (2.6)
l J

where p1;,v; are positive real numbers satistfying (1.1). Then the following holds:
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1. Each component of Fi(z) and G;(z) has a minimal polynomial with leading coef-
ficient 1. In particular, for any compact subset K; C C™, there is a constant Ck,
such that |h*| < Ckg, holds over Ky, for any branch h* of a function component
h from G; or Fy.

2. Any branch of 1+ Fy(z) - Fi(§) and 1 + G;(z) - G;(§) can only have zeros on
the hypervariety consisting of the zeros and points of indeterminacy of ¢(z,§).
(When ¢(z,€) is not a polynomial, as mention before, the zero set ( the set of
points of indeterminacy) of ¢(z,&) is the set defined by the zeroth order term
(the coefficient of the highest order term, respectively) in a minimal polynomial

of $(2,¢))

Proof of Lemma 2.2 For simplicity of notation, assume that the first component
of F1, denoted by ho(z) = F1,1(%), has a minimial polynomial with leading coeffi-
cient a(z) # constant. Let ap(z) be an irreducible factor of a(z), and let Ko(z) =
a(z)ho(z). Then Ky is an algebraic function with a minimum polynomial of lead-
ing coefficient 1. Write {hy, ..., hy} for the other function components in F' and G
whose respective leading coefficients ay, ..., a; have the prime factor ag(z). Define
similarly K, (2) = an(2)ha(2) for « = 1,..., k. Choose a point py such that (i) po
is a smooth point of the zero set of ag(z), (ii) the leading coefficients of the rest
components are not zero at py and the other components of aq, ...,z are not zero
near po, and (iii) the zero set of ag near py, which may or may not be a branch-
ing variety itself, does not cut any other branching variety of components of F}, G;.
Assume pg = 0 to simplify the notation. After a local change of coordinates, we
may assume that ag(z) = z,. Now, by the analytic extension we can assume (2.6)
with £ = Z holds for (z,%) near py = 0 for certain branches of F; and G;. For F i,
the branch is chosen so that it is unbounded near py. (From the relation formula
between roots and coeflicients, and using the irreducibility of minimal polynomials,
we can see that not all branches of Fi 1 can be bounded near py. Hence, we can pick
the unbounded one to fit our consideration here.) Consider the Puiseux expansion
of the corresponding branch K, near pg for 0 < a < k, which we still write as K,
to simplify the notation:

i

K, = i ba,i(z’)zr’[“

1=1q >0

with by, (2) # 0. Then
hol? =zl ™ b, (I + o2 H),

with k. a certain natural number.
We easily see that there exist rational numbers r; < 0, r;- > 0 such that

‘Zn’(ZL Tl/“Jrzj T.;)\j)R(Z, E) = d)(Z, 2)
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near pg = 0. Notice that r; < 2 (;—11 - k1> < 0, for, as we mentioned, the branch hg of

F 1 is chosen to be unbounded near pg. (Similarly, we have r, < 0 when the associate
component is from H’s and 7/, > 0 when the associate component is from G’s.) Here
for a generic fixed choice of 2’ near 0, when 2, — 0, |R(z,%)| and |R(z,%)|~! remain
to be bounded. Hence, we have >, 7 + Zj r})\j = 0, contradicting the hypothesis
n (1.1). Thus Lemma 2.2 (1) is proved.

To prove the second part of the lemma, suppose that pg is not a zero nor a point of
indeterminacy of ¢(z, &), but is a zero for a certain branch K of H; := 1+ Fj(2)-F;(€)
or Q; = 14 Gj(2) - Gj(¢). Consider the variety Z,, defined by the coefficient
polynomial of the degree zero term in the minimum polynomial of K. Write X for
the union of the branching varieties of H;, Q;. If Z,, ¢ X, we move pg slightly such
that pp € X. Otherwise, we slightly move py such that py is a smooth point of X.
Then we consider the Puiseux expansion of the involved branches of G, H; near pg
and compare the vanishing orders near pg. As in Lemma 2.2 (1), we finish the proof

by applying (1.1). O
We next formulate two elementary lemmas, which will be used in our induction
argument later.

LEMMA 2.3.  Let (ay,...,ap) and (by,...,b,) be p-tuples consisting of positive
numbers with p > 1. Then there exists ig such that

a; b; .
— > Zforall i.
aio ’L'()

Proof of Lemma 2.3 iy can be simply chosen so that 3+ achieves the minimum value
when ¢ = 1. O

LEMMA 2.4. Let F and G be two vector valued holomorphic factions near 0 € C™.
For any two non-negative integers mi, my, there is a vector valued holomorphic

function H near 0 € C" such that (1 + |F|?)™ - (1+ |G]*)™ =1+ |H|*.

Proof of Lemma 2.4 When mi,ms = 0, simply take H = 0. The other case fol-
lows from the following elementary algebra formula: Let a = (ay,...,a;) and b =

(b1,...,bk). Then

k
L+ ]a®) L+ ) =1+ |a* + b+ > lajbl* O
gl=1

3 Algebraicity for holomorphic maps satisfying transcendental
functional equations

In this section, we prove the algebraicity for germs of holomorphic functions satis-
fying a certain transcendental relation.
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PROPOSITION 3.1. Let F;: Bc C* — CM G; : B c C* — CY! be holomorphic
maps defined over a small ball B centered at the origin for 1 <[ <m,1 <i <wv with
F1(0),G;(0) = 0. Let ¢(2,§) : Bx B — C\ {0} be a holomorphic Nash algebraic
function. Suppose that there exists y;, \; € R™ such that

v

qb(z,g)H( + Gi(2) H 1+ Fy(2) - F(€))" over BxB. (3.1)
=1

i=1

Then there exist Nash algebraic functions E(z, Xi,...,Xy) holomorphic for (z, X,

., Xy) =0 for all 1 <1 < m such that Fj(z) = Fi(z,G1(2),...,Gy(2)) for z = 0.
In particular, when v = 0, then each F} is Nash algebraic. (Notice here, there is no
restriction on p; except that they are positive.)

Proof of Proposition 3.1 Write Ds = 8%5 and for o = (a1, ,ap) € (Z3)", write
D = %. Here, we write ZSr for the set of non-negative integers. Applying
0z

the logarithmic differentiation to (3.1), we get for any 1 < § < n and z,£ ~ 0 the
following:

uDs(F)(2) - Fi(€) AiDs(G <ZGA>
§:1+ﬂz>l@ ¢Z5+§: e 32

where (/55(2, €) = Dslog ¢(z,£) is Nash algebraic in (z,£) by the assumption. Write
X =1 xn) = VinFr Vi)

with N = Nj + ... Ny,. Then, we can rewrite (3.2) as follows:

N
S Ds(a)(2) - Xl©) + H(2,X(E)) = B5(2,6,C1(€), ... Gul©)),  (3.3)
=1

where ®5(2,&, X1(£), ..., X,(€)) is a Nash algebraic function in £ and X;(&) for all
i. Now, differentiating (3.3), we get for any « the following

N
ZDQ(XZXZ) ' E(é-) + Ha(Z,Y(ﬁ)) = (I)a(z7§7él(5)7 . 7GU(§)) (34)
=1

Here for any « and for any fixed z, H,(z,X(§)) is rational in %, and has no constant
and linear terms in the Taypor expansion with respect to x. Also, ®,(z, &, X1, ..., Xy)
is Nash algebraic in &, X1, ..., X, for any fixed z.

We emphasize that, the advantage in the present situation is that z, £ are totally
independent variables. Now, let £ := Spanc{D(x(2))|z=0}aj>1 be a vector sub-
space of CV. Let {D%(x(2))|.=0}7_, be a basis for £. Then for a small open ball
By centered at 0 in C™, x(By) C L. Indeed, for any z ~ 0, we have from the Taylor

eXpanSion tha.t X(Z) — X(O) + 2‘0421 DQ(X)(O) Za — 2‘0421 DQ(X)(O) Za e E

al al
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Now, let v;(i =1..., N —7) be a basis of the Euclidean orthogonal complement
of L. Then, we have
vi-x(€) =0, i=1,...,N —7. (3.5)

Consider the system consisting of (3.4) at z = 0 (with a = aq,..., ;) and (3.5).
Since the Jacobian matrix of the functions in the left hand side of the system with
respect to Y at 0 is

D (x(2))]z=0
: (3.6)

UN—r

sand is obviously invertible. Note that the left hand side of the system of equations
consisting of (3.4) at z = 0 (with @ = a1,...,a,) and (3.5) is Nash algebraic in
and the right hand side is Nash algebraic in &, G1(€),...,Gy(€). By the algebraic
version of the inverse function theorem (see, for instance [Hua94|), there exists Nash
algebraic functions ﬁ’l(g,Xl, ..., Xyp) in all variables &, X;,..., X, forall 1 <1 <
m such that Fj(&) = (&) = F(&G1(€),...,Go(€)) near ¢ = 0. This proves

Vi
Proposition 3.1. O

REMARK 3.1. If one only has the following kind of equation

p*(F,F(Z)) = k(Zﬂz)p(27E)

for a certain smooth function k(z,%z) with p, p* algebraic in their variables, then
the differentiation can only be taken by CR vector fields tangent to and along the
manifold defined by p(z,%) = 0. The argument will be much more involved, and the
algebraicity might be only achieved under certain non-degeneracy assumptions. This
is the situation that one encounters in studying CR maps (see [Hua94] for instance).

Let Fj, G be holomorphic maps as in Proposition 3.1 satisfying the transcenden-
tal equation (3.1). It follows from Proposition 3.1 that there exists algebraic functions
Fi(z,X4,...,Xy) such that Fi(z) = Fi(z,G1(2),...,Gy(2)) as germ of holomorphic
functions at z = 0 for all I. Let N' = Nj +...N] and let ¢1(2),...,gn'(2) be all
components in G(z) = (G1(z),...,Gy(z)). Let R be the field of rational functions
in z and consider the field extension

§=R(91(2),..., 98 (2))-

Let K be the transcendence degree of the field extension §/9R. If K = 0, then each
element in {g1(2),...,gn/(z)} is a Nash algebraic function. Hence each Fj(z) is also
algebraic for all I. Otherwise, by re-ordering the lower index, let G = {¢1,...,9x}
be the maximal algebraic independent subset in g1, ..., gn+, and it follows that the
transcendence degree of §/9(G) is 0. In fact, for any | > K, there exists a mini-
mal polynomial Py(z, X1,..., Xk, X) such that P/(z,91(2),...,9x(2),g/(2)) = 0 and
IMoreover, 8B(z,X(19,)..(.,XK,X) (2,91(2),...,9K(2),91(2)) # 0in U, a small neighborhood
of 0, for otherwise, P, can not be a minimal polynomial of g;. Now the vanishing
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of the partial derivatives for all [ forms a proper local complex analytic variety
near 0. Let v : [0,1] — U be a smooth simple curve with v(0) = 0 and ~((0, 1])
does not curve the just mention variety. Applying the algebraic version of the ex-
istence and uniqueness part of the implicit function theorem, there exist a small
connected open subset Uy C U with 0 € Uy and a holomorphic algebraic function
i in the neighborhood Uy of {(2,91(2),...,gx(2)) : z € Up} in C" x CK such that
g(z) = gl(z 91(2),. .., 9k (2 )) for any z € Up. (We can assume that Uy is the projec-
tion of Us. ) Substitute into Fl(z G1(2),...,Gy(2)), and still denote it, for simplicity
of notation, by Fj(z,g1(2), ..., gk (2)) Wlth

E(2791(z)7 s ,gK(Z)) = E(Z,Gl(Z),. . an(Z)) for z € UO'
Write aj(z,gl(z),...,g;((z)) for g when j > K and é\j(z,gl(z),...,gK(z)) = gj
for j < K. Now, let X = (X1,...,XK) and replace gi(€) by X; for 1 <i < K in
F(&) = Fi(&§,91(8), - - -, 9k (§)) and G;(§) = G;(& g1(8), - - -, gk (§)), in the following
quantity:
4D () Fi6) 5~ AiDs (Gi)() - Gil€) _ Daf:8)
=1 1+ Fl F(f) j=1 1+ GJ(Z) ’ Gj(f) ¢<27‘£)

Denote the new quantity by ®5(z,&, X). We have the following:

7 (3.7)

LEMMA 3.1. ®45(z,£,X) =0 for any 1 < § < n, for any z near 0 and any (£, X) €
Up.
Proof of Lemma 3.1 Suppose not. Notice that ®5(z, £, X) is Nash algebraic in (&, X)

by Proposition 3.1. For a generic fixed z = 2y near 0, since ®5(Zp,&, X) # 0, there
exist polynomials A, (&, X) for 0 < o < m with Ag(&, X) #Z 0 such that

3 Aa(6, X)BG (20,6, X) = 0.

0<a<m

As (1)5(270’ 57 91(5)5 s 79K(£)) =0 for 5 € U07 then it follows that AO(gv 91(5)7 - JK
(€)) = 0 for £ € Uy. This is a contradiction to the assumption that {g1(£), ..., 9x(§)}
is an algebraic independent set. O

We now are in a position to prove the following algebraicity result:

Theorem 3.1. Let (\1,...,\,) and (p1, ..., t4m) be two sets of positive real num-
bers satisfying the following condition:

span@(T{)\j}gzl N spang {um, = {0},

Let B be a small ball centered at the origin of C". Let F; : B — CM, G;:B— CNi be
non-constant holomorphic maps with F;(0), G;(0) = 0 satisfying the transcendental
equation:

- 122 - ~ =i

[T+ F@E)-FBE©)" - T] 0 +Giz) - Gi(€) ™ = ¢(2,6). (3.8)

=1 i=1
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Suppose that ¢(z,§) is holomorphic and algebraic over B x B. Then F; and G; are
Nash algebraic.

Proof of Theorem 3.1. Keep the same notation we set up above. After a unitary
transformation to simplify Fj, G, if needed, we may assume in what follows that
the component functions in F; or G are linearly independent over C. Write

(=6, X) = log (H (1+7G- E(s,m)‘“)

=1
—tog [ T (1+G0) - Gote, )™ | ~10g3(5,6).

Jj=1

Lemma 3.1 shows that for any z near 0, and (£, X) € (/JB as defined there,
i_\Il(z, £X)=0.
Notice that 88 U(z,&,X) = 0 as ¥U(z,& X) is anti-holomorphic in z. Since

U(0,6,X) =0, then ¥(2,£,X)=0for 2z € Band (§,X) € Up. Hence, we arrive at
the following identity,

m ~ _ v ~ A —
[[(1+EG)-Fiex)" =ozo T[] (1+6G56) - Giie. X)) (2.6 X)eBxTh.
I=1 j=1
_(3.9)
Here Fl and G are algebraic in their variables. Notice that when Fl and G are
independent of X, then F; and G; are already algebraic. Hence, we will assume, in
the course of the proof of the theorem, that one of the maps from {F}} or {@J}
depends on X. Let h(§, X) be one of these. Let E be the zero defined by the prime
factors involving only ¢ in the non-zero polynomial coefficients of a minimal polyno-
mial of h(§, X). Then for a fixed £ ¢ B\ E, h(£, X) is not constant in X. Now, choose
X¢ such that (£, X¢) € Up. Then for any unit vector v in CK, h h(&,t) :== h(§, Xe+tv)
is algebraic and holomorphic in ¢(x~ 0) € C. For a generic choice of the unit vector
v, h(&,t) is a non-constant algebraic function in ¢. Also fix such a vector v. Now
holomorphically continuing h(&,t) along loops in C avoiding its branch points B,
we get multiple valued functions: {h1(&,t), -, hm(§,t)}. If for any compact subset
L, |h;j(& t)| < Cp for t € L\ B with Cp, a constant depending only on L, then
any symmetric function of them is holomorphic over L. Certainly not all symmetric
functions of them can be uniformly bounded in C, for, otherwise, by the Louville
theorem, all symmetric functions of {h;(¢,t)} are constant and thus each h; is con-
stant in ¢, which contradicts to the assumption. Hence, in this setting, we must have
an unbounded branch near ¢t = co. Let tg € C be such that some branches of h are
unbounded near ty. For simplicity of notation, assume ¢ty = oo. Let v : [0,1] — C
be a curve connecting 0 to a point close to {9y = co and continue h along v to get
a branch, which is still denoted by h, near v(1). By what we argued above, we can
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assume that the continuation of such an h along curves near oo leads to unbounded
multi-valued functions near t = oo

For simplicity of notation, assume that the h(§, X¢ 4 tv) mentioned above is
Fi(€, X¢ + tv). We can also assume that |y(1)| > Rp and all branching locus (other
that co) of Fi(&,t) :== (&, tv + Xe),Gji(&,t) = (A;j(f,tv + X¢) are inside the disk
|t| < Rp. Also, we can assume that v does not hit the branching locus of Fj(&,t) and
Gj(& ).

Write the Puiseux expansion of h at ¢ = oo as follows:

h(€,t) = agi,t ™ (1 +o(1)), (3.10)
where N¢, ig € N, ag;, # 0. We will fix £ € Up \ I and v as above for the rest of the
proof. Restricting (3.9) to X = tv + X, and denoting Fi(§,tv + X¢), G;(§,tv + X¢)

by 1?'1(5 1), @j(f ,t) respectively for all [, j as before, one has the following equation
for t =~ 0:

[[(1+70 - o) -szo[[(1+G@ Gen)” . Gy

=1 j=1

If either a certain F\l(ﬁ ,t) for some [ # 1 or a certain @j(ﬁ ,t) for some 7, obtained
by continuing along 7 to (1), has bounded branches by continuing in the annulus
Ry < |t| < oo, then there is an ¢y such that for |z| < €y, one has the following for
‘t‘ > Ry:

1 ~ 1 ~
< 1+Fl(z)-Fl(§,t)‘§2 o =< |1+Gi()Gyle )] <2

2 2
Otherwise,
1+E( ) Fl (&1 E flz Z)ags, tNﬁ +o(th) for ¢ near oo

{ilsi=s1}
and for s; € Z$, s, = max;s; > 0, where Fj(2) = (..., fu(2),...), si/N¢ is the
order of blowing up of fj;. In addition, > (ilsi=s:} f1i(2)ags, # 0 by the arrangement
that components in Fj(z) are not linearly dependent. We have a similar analysis for
14+ Gj(z)-Gj(&,t). Hence, for unbounded branches, we have at t = oo

Sl

LHR()-F(E, 1) = aq(2)t ™ +o(t0), 146 (2)-C (€, 1) = by () +o(t™5) (3.12)

for ag(2),be(2) # 0 and Ng, s;,t; € N. Notice F} is one of them with s; > 0. Now,
we let [z0| < €9 be such that ag(z0),bej(20) # 0. Fix such a z9. We perturb slightly
v also to make sure that no terms in both sides of (3.11) hit zero. Moreover, the
perturbed 7 has the same terminal points and, relative to the terminal points, it has
the same homopotic class as the previous one in the space:

C \ {branching points of F}(&, t), é;(f,t) and zeros of 1+ Fj(z) - Fj(¢,1), 1
+G;(z0) - G5(&,1) in ],
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By holomorphic continuation of (3.11) with z = zy along the curve y(7) in 7
from 7 =0 to 7 = 1, the Equation (3.11) holds for certain fixed branches of F;(¢, 1)
and G;(§,t) with z = 2z and ¢ near pg = (1)

Hence, it follows from Equation (3.11) with z = 29, t & pg, the Puiseux expan-
sions in (3.12) centered at ¢t = oo, and the blowing up rate at ¢ = oo that

[T (ealeo)t™)" = el0,08(0.6) [T <Wt) .

S;1>0 t;>0

Here s; > 0 and s; = 0, t; = 0 for those bounded branches. Also ¢(zp,) has the
property that

1
c(20, )], m < o0.

Comparing the blowing-up rate for ¢ near co, one has:

Z His; = Z v;t;.

$,>0 tj>0

This contradicts the assumption in (1.1).
We thus proved that all Fl(§ X) and G (&, X) can not depend on X. Hence
Fi(£),G;(&) are algebraic. 0

4 Single-valuedness of algebraic functions satisfying
transcendental functional equations

In this section, we derive the single-valuedness for algebraic functions satisfying the
transcendental functional Equation (3.1).

4.1 Starting point of the induction.  We first start with the following lemma:

LEMMA 4.1. Let F;: B — CN be algebraic and holomorphic for 1 <[ < m with
B a ball centered at the origin. Let h(z,£) be a rational and holomorphic function
in B such that h(z,Z) > 0 for z € B. Suppose that

[[O+IEEP)" =h(z7) on B, (4.1)
=1

for y € (0,00). Then Fj is a rational function for each 1 <1 <m.

Proof of Lemma 4.1 There is a proper complex analytic variety F such that any
branch of F; extends holomorphically along any path v € C" \ E. Moreover, for
any ¢ € C"\ E, the total number v(q) of all possible (different) values obtained by
continuing F' along closed curves in C™\ E starting from a certain branch of F' near
g and then coming back and evaluating at ¢, is independent of ¢ € C™ \ E. When
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v(q) = 1, F is single-valued. Assume that ¢ € B\ E is sufficiently close to 0. Write
U for an (N; 4+ 1) x (N; + 1) unitary matrix such that

j:ﬁl - (E,Oa'“vﬁ,]\h) — (17E) 'Ul

has the property that Fj(q) = (¢;,0,...,0). Then |F|> = 1 + |F|2. Write

F, B
Gr= (G, Gin) = ==, = ).
E,O E,O

Write h(z,Z) = h(q,q)+2Rh1(2) + hmiz (2, Z) with hi(z) = h(z,q) —h(q,q). Then the
rational function hq takes the zero value at ¢ and holomorphic in a neighborhood of
q. Moreover, the real-valued rational function A, (z,z) only has mixed terms in its
Taylor expansion at (q,q). Notice that h(q,q) > 0 and hpix(q,q) = 0. Taking 00 log
to (4.1) and noticing that |F'|? = 1+ |F}|2, we get

Z 100 1log (1 +|Gi(2)|?) = 0dlog h(z,z). (4.2)
=1

Write

h(z.z) = h(a,q) (1 + :(Z(Zq)» (1 + %%) h(z,7).

Then %(z,f) — 1 has only mixed terms in its Taylor expansion at (g,q). Since

90 log[(1 + ;Lb(lq(%)))(l + ;Ll(lq(%)))] = 0, comparing the Taylor expansion at (g,q) for

the left and right hand sides of (4.2), after taking away 00, we get

m

[T+1GE=)P)" =hz2). (4.3)

=1

Notice that h(g,g) = 1. Now for any closed (simple) curve v € C™ \ E with v(0) =
(1) = q, after perturbing ~ slightly in the part v[,1 — §] for a small § to avoid
the zeros of Fjo, Gi(z) extends holomorphically along 7. From the right hand side

of (4.3), we see that h(z,Z) is real analytic along v, too. By the uniqueness of real
analytic functions, we see that (4.2) holds along . Since his single-valued and
?L(q, g) = 1, we see that the value of G| continued along ~ still takes 0-value at ¢ for
each [. (This is the only way to make sure the right hand side of (4.3) attains its
minimum value 1.) This shows that G is single-valued for each [. Now, notice that
F-U l_l = (1, F}). We have a certain non-zero linear combination of F; which is 1.
Dividing on both sides of such a linear combination by Fj o, we see that Fjo and
thus Fj are all single valued. Hence F; are rational. O
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REMARK 4.1.  There is an elegant argument by Mok in [Mok12] for dealing with
the single-valuedness of multi-valued maps, based on the Cauchy-Schwarz inequality,
which can also be used in our lemma here. Our argument for proving the single-
valuedness of F is based on the fact that 1+ |- |> has the only extremal value at
0 and the group SU(n,1) acts transitively on the quadratic form: |z|? = [¢|2. This
argument may apply to other type of potential functions which may not have the
Schwarz inequality property but have similar minimum or maximum properties and
Symmetry.

COROLLARY 4.1. Let Fj: B — CN be a non-constant algebraic and holomorphic
map for each 1 <1 < m with a ball B centered at the origin. Suppose that there
exists a non-constant holomorphic irreducible polynomial function h(z, ) over B x B
with h(z,%z) > 0 for z € C" such that

m
I1 (1 +E(2) F,(z))’“ — h(z,7)" forz € B, (4.4)
=1
and y; € RY, r € R. There are a positive integer m; and a positive constant A; such
that 1 + Fy(z) - Fi(z) = Ajh™(z,%) for each .

Proof of Corollary 4.1 After taking an r*P-root in (4.4), it follows from Lemma 4.1
that each Fj is a rational function, for 1 < [ < m. Since h is a polynomial, Fj is
bounded on any compact subset of C", F; thus is a polynomial. Since the zeros of
(1 + Fy(2)F(€)) can only take along the zero set defined by h(z,&) = 0, we finish
the proof. O

4.2 Proof of Theorem 4.1. We now are in a position to prove the main result
of this section:

Theorem 4.1. Let h(z,&) be an irreducible polynomial function over C" x C" for
n > 1 such that h(z,%Z) > 0. Let Fy(z) : B C C* — CN,G;(2) : B c C" — CN
be nonconstant holomorphic and algebraic over a small ball in C" centered at 0 for
1 <1< m,1 < j < wv. Suppose the following transcendental functional identity
holds:

H (1+|F(= H (1+ |Gj(z)|2)7)\j over B, or equivalently,
=1 j=1
(4.5)
h(z,€) =[] (L + Fi(z) - F(©)" - [[ (1 +Gi(2) - G(€)) " over B x B,

=1 j=1
(4.6)

for p, \j € RT satisfying (1.1), and for r € R\ {0}. Then Fj,G; are holomorphic
polynomials for all I, j. In fact, there exist m;,n; € N, such that

1+ Fy(2)- Fy(&) = Ajh(2,6)™ and 1+ Gj(z)- C_;'j(f) = Bjh(z,£)",
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for certain A;, Bj € R*. Moreover,

m v
r= Zml,ul — Z Ajn;.
I=1 j=1

Write Hj(z,€) = 1+ Fi(z) - F(§) and Qj(2,£) = 1+ G,(2) - Gj(€). Then
Hi(2,£),Q;(z,&) are holomorphic and algebraic over B x B. Complexifying (4.5),
we get, after possibly shrinking B a little, the following:

Wz, &) =[] H{"(z.€) - T[] @5V (2,€) over B x B. (4.7)
=1 j=1

Now, let X, be the union of branching varieties of Fj(z),G;(2) and let X be the
union of branching varieties of Hj(z,§) and Gj(z,§) forl =1,...,m, j=1,...,0.
Then F' and G can be continued holomorphically along any path in C™ \ X,.

Our goal is to show that both F' and G are forced to be single-valued from the
identity (4.7). Notice that the argument in the proof of Corollary 4.1 can not be
applied here, for now the potential functions involved do not have any required
extremal property. Indeed, without the assumption in (1.1), one can easily see that
F, G do not have to be rational.

REMARK 4.3. We mention that there are many non-single-valued algebraic func-
tions which only have zeros or points of indeterminancy along the zero set of an
irreducible polynomial, say, 1 + z - £. Indeed, let Y7 and Ys be the solutions of the
polynomial Y2+ g(2)Y + (14 z- &) with g(0) = 0. Then Y;, Y3 are holomorphic near
0and Y;-Ys = 1+2-£. Hence, Y7, Y5 can only have zeros in 1+ 2z-£ = 0. Also, we can
find algebraic functions that have no zero at all, by simply considering the solutions
of polynomial equation Y2+ (2-£)Y +1 = 0. Hence, just by studying the distribution
of zeros or points of indeterminancy, we can not conclude the single-valuedness of
multi-valued maps.

The proof of Theorem 4.1 is done by a long and tedious induction argument based
essentially on the monodromy analysis. We will show that (1.1) will be violated if
some [} or G fails to be single-valued.

Proof of Theorem 4.1.  We first notice that under the assumption of Theorem
4.1, all components from F; and G; have leading coefficient 1 in their minimal
polynomials. We next fix more notations. When there are a-H’s and 3-Q’s, we say
that we are in the situation with (o, 3)-factors. We use 7, 7. to represent rational
NUMbETS, M, M, ksex to denote integers, nf,, my,, k., to denote positive integers
and ¢y, A to denote real numbers. All of them may be different in different contexts.

Step 0 HZNO or Qév" is a rational function Assume Hj(z,&) (resp. Qj(z,§)) is a
rational function for some [ (resp. for some j). As all branches of H; (resp. Gj)
remain uniformly bounded over any compact subset, then H; (resp. G;) must be

a polynomial. By Lemma 2.2, the zero of H;(z,&) ( resp. Q;(#,€)) is contained in
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the variety defined by {(z,€) : h(z,&) = 0} (resp. {(2,€) : h(z,&) = 0}). Hence, we
conclude that Hy(z,&) = Ah(z, €)™ (resp. Q2,8 = th(z,ﬁ)"}).

If for some [, all branching varieties of H;(z,&) are simple cyclic branching vari-
eties with respect to any branch, then there exists an Ny € N such that H ZNO is a
polynomial. Again, we get H;(z, &)™ = A;h(z,ﬁ)ml+ . Hence, Fj is a polynomial by
Corollary 4.1. Now, if for each [, H; is single-valued, applying Corollary 4.1 again,
we also conclude that Q;s and thus G;-s are all single-valued polynomails. Hence the
theorem is done in this setting. Similar arguments apply when for each j, Q;(2,&))
has only simple cyclic branching varieties with respect to any branch. We then apply
Lemma 4.1 to H; (resp. ;) to be single-valued.

From now on, we always assume that m,v > 1, and also assume that some H;
and some (); have non-cyclic branching varieties. We will prove Theorem 4.1 by an
induction argument on m and v. When m = 0, we are done by Corollary 4.1. We
first consider the case of (m,v)-factor with m = 1,v > 0 to illustrate our general
argument.

Step 1 (1,v)-factor We assume that Theorem 4.1 is proved for the (1, j)-factor
case with 0 < j < 3 — 1 and we consider the case with (1, 3)-factors. The following
identity is the basic assumption:

A= HMQM .. .Q/g)“’nearo. (4.8)

Step 1.1 As before, we can assume H; has an irreducible non-cyclic branching
hypervariety F with respect to a certain branch of H;. Applying Lemma 2.1 to (4.8),
we have

mfl,ul =nuA + ... +ni1gAg, (4.9)
and ) . .
T = (Hl_n“QT“)_Al . (Hl_nl“QgL“)_)‘B. (4.10)

Case 1.1.11f (Hf"“QTﬁ)N‘J is rational for some Ny € N, then we have
H™ Q™ = Ah(z, €)™ (4.11)

for r1 € Q, since the zeros and points of indeterminacy of (H; ”“QTTI)NU have to
be along Ey = {(2,€) : h(z,&) = 0}.

Now, if n1; < 0, by Corollary 4.1 with (2,0)-factors, we conclude that @1 =
Bih(z,€&)"™ with ro € N. Hence, after a cancelation, we reduce (4.8) to the (1,5 —1)-
factor case. Thus we are done by induction.

If ny; > 0, then we get by (4.11):

+
myq m11

Hy = AQ[™ h(z,€)"™ or Q1 = AH["" h(z,€)".

Substituting into (4.8), we get

mi11
T

.
- >‘1_7:1111“1 =Xz =A v K mu)\l —A2 —A ¢
Ql( )c22A Qg =Ah(z,€)" or H, Q77 ... Qg =Ah(z,6)".
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Furthermore, if ’\1 > ™5 then by Corollary 4.1, we finish the proof of Theorem

ni1’

+
4.1 by induction. Otherwise, we have % < mlll, ie. pp > :;lﬁl)\l. If spanQ;r{ul —

:;ﬁ)\l} N spangs {2, ..., Ag}={0}, then we are also done by the induction, as it

is reduced to the (1, — 1)-factor case. Otherwise, there exist nonnegative rational

numbers d;r, c; Y ,CE, not all zero, such that
nii J
+ +
dif (= A1) = > cfr >0
myy j=2
Hence

dfpy = di 2L )\1+Zc+/\1 £ 0.
11

This contradicts (1.1). This shows that (H; "“QTTI)NO is not a rational function for
any Ng € N.
4
Case 1.1.2 From H{Qi to HyQiQj Since H; "'Q["" now has a non-cyclic
branching variety, applying Lemma 2.1 to (4.10), we have

B
ni"_lkl = anj)\j,
j=2
and
nd kaa(—1) Ak k3 B k’z 1 k281 ANk —s
h(zyé‘)munnr — (Hl ( )Q1221Q2222> . < B(— )Ql B Q 222) .

Step 1.2 From H{Q7...Q to H{Q7...Q,; Now, suppose for some integer p
with 2 <p < 3 — 1, we have

B
+
et = D N (4.12)
Jj=p
and
-
h m;r1n1+1~-.n(+,,1)(,71)7“_ Hkpp(*l) kpp1 Eppp—1) k;—pp !
(2,€) P = 1 Q@ "'prl Qp
—As

kpa —1 kp 1 kpv p—1 k;—m)
.<H1 o Qb "'Qp—l( )Qﬁ ) . (4.13)

Case 1.2.1 Suppose

k

HPP(*D kpp1 kpp(p—1) k;rpp:Ah T4 4.14
1 Q1" ... QM Ry (2,6 (4.14)



874 X. HUANG AND Y. YUAN GAFA

We can assume k1) < 0 after taking (—1)-th power in (4.14) if necessary. Since
k;;p may be changed to negative, we will write &, later for k;;p. For simplicity
of the notation, we assume that kpp1,..., kppr > 0 for some integer 1 < k < p and
others are nonpositive. If there is no such k, it is easily reduced to the situation with
(0,p + 1)-factors and we are done by Corollary 4.1. Otherwise, by Lemma 2.3, we

can find j' from {—1,1,--- ,k} such that
Aj
Ajr

kppj

> for j = —1,1,..., k. (4.15)

pPj’

Here we write A_1 for puq.
Case 1.2.1.1 Assume j' # —1 and for simplicity of notation, assume j' = 1. By
(4.14), one solves

_ Fpp(=1) _kpp2 __kppp

Q1 = Ah(z, &) H, "™ Q,"" ...Q, """

Substituting into (4.8), we have

M1+7km)(711))\1 *(Aszppi)\l) *()\p*kpml)/\l) Ay Y ‘
H, " Q, L Qp QT Q" = Ah(z,6)". (4.16)

By (4.15), the exponent of H; is non-negative and all other exponents of Q’s are
non-positive (with some strictly negative). Now if

Kp(—
spang; {m + ZI;MII)M} N spangy
Pp

k k
X3 Ao — 2N Ay — P2 Apir, .., Ag e = {0},
kppl kppl

we can apply the induction hypothesis to make the conclusion. Otherwise, there
exist

dt, e, e, ... e € Z; with d > 0,
such that

B
d+u1 = ZCj/\j —c1A1 > 0. (4.17)
j=2

Here we use Zar to denote the set of non-negative integers. Also, we notice that
c1 > 0, for otherwise, by (1.1), we have d* = 0, which is a contradiction. Therefore,
one gets

B
C1A\] = —d+,u1 + Z Cj>\j- (418)
=2

Substituting it into (4.8), we get

h(z, )" = (QF Hf )™ (Q©Q5) ™ ... (QY Q%)™ (4.19)
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By Lemma 2.4 and the induction hypothesis with (1, 3 — 1)-factors, it follows that
chﬁchl = Ah™. Hence H; = A1h(z,&)"" and we finish the proof by induction.
Case 1.2.1.2 Assume j' = —1. We then solve from (4.14)

Fpp1 _ _kppp
— AQ, Y QI (2, &), (4.20)
Substituting it into (4.8), we get
N N N
h(z )" =AQ, @y U Qy (4.21)

Notice that all exponents are non-positive by (4.15) with at least one negative.
Applying Corollary 4.1, it follows that @Q; = th”? . We are also done by induction.

Case 1.2.2 Suppose Hf”(_l)Qlf”l e Ql;ip{p_l)Q];;r”’ does not have all cyclic branch-
ing varieties. By applying Lemma 2.1 once more, we get (4.12), (4.13) with p being
replaced by p + 1.

Step 1.3 By repeating the argument in Step 1.2, we will either prove the theorem
for (1, B)-factor or get (4.12) for each p < 3 and at the last stage, we have (4.13) for

p =/, ie.
h(z, f)m{rlnfg...n&fl)(ﬂ,l)r _ (Hfﬂmfl)Q’l%m o Qggﬁﬂ)*)\ﬁ'

Hence ﬁ € Q. Back to (4.12) for 2 < p < § and (4.9), it follows that £*, Tl e )‘T—B
are all rational numbers. This is a contradiction to (1.1). This proves the (1, 3)-factor
case.

Hence we complete the proof for the (1,v)-factor case for any v.

Step 2 We assume that we already proved Theorem 4.1 for (I, j)-factors with
1 <1l < a1l <j < B We consider the case with (a, )-factors. We have the

following basic assumption:
h(z, &) = H{* . HE-Qr™ ... Q5. (4.22)

We can assume that H; has a non-cyclic branching variety. Then by applying Lemma
2.1 to (4.22), we have

a B
nfium = Znuuz + Z mijAj,
1—2 =1

and

- k w0 k ke \ Y
h(z,€) nnr H 2(~1)(— I)H ki1 H leﬂ—l)szn )

1=2 j=1
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Step 2.1 Suppose for p with 2 < p < «, we have

o 3
M1y (p-1yHp—1 = DY M1, (4.23)
l=p j=1

and

o a k H
nf.nt o Ko(-i)(-1) P~ (-p+D) 7R (D)
h(z, &) -1 H< Hp_1 H, >

l=p
/6 k k+ 7)\]‘
H ( Kpj(— n Hpiyl(fpﬂ) jm.y) . (424)

Case 2.1.1 Suppose that all branching varieties of Hf”(”’)(’”...H;ﬁ(l”’)(”””

H,?""" are simple cyclic branching varieties with respect to any of its branch,
then

Kp(—p)(-1) kp(—p)(—p+1) 7% (—p)(—p) r
H; CHT H), = Ah(z,&)™. (4.25)
Jr
I kp—py(=1)s - k:p(_p
assume that at least one exponent is negative. For simplicity of notation, assume
kp(—p)(=1)> - - Bp(=p)(-F)
< 0 and kp_py(—k=1)s -+ kp(—p)(—p) = 0 for 1 < k < p — 1. By Lemma 2.3, we
can find 1 <!’ < k such that

)(=p) > 0, then we are done by applying Corollary 4.1. We thus

kp(—p)(-1)
Kp(—p)(—1)

LR

> for 1 <l <k. (4.26)
m

We further assume I’ = 1 to simplify the notation. Then we solve from (4.25)

_Epepm(-2) _Epepm-p

Ko(—py(— kp(—p)(—
H1 :AH2 p(—p)(—1) Hp p(—=p)(—1) h(Z,E)TH.

Substituting it into (4.22), we have

pia— ’;p<—p><—2> 1 Lo — 2p(—p><—p> e \ )
Hy 7700 L Hy OPUVHET LCHEQTY Q57 = Ah(z,6)".

(4.27)

Notice that all the exponents for Hs, ..., H, are nonnegative. Now either we are in

the case of

Kpi—p)(—2 Kp(—p)(—
span @g{m — %m, ey — Wul,up+1,---,ua}
p(—p)(-1) p(=p)(-1)

Nspang: {A,.. a8} ={0} (4.28)
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and we then finish the proof of the theorem by the induction hypothesis, or (4.28)
does not hold. Therefore, there exist dq,ds,...,dq,c1,...,c3 € Qg, such that

a B
Zdlul —dip = ZCj/\j > 0.
=2 j=1

It follows that d; > 0 by (1.1). Hence, as before, we get

o 8
dipn =Y dip =Y i) (4.29)
1=2 =1

Taking d;-th power in (4.22) and using (4.29), it follows that

«

B
h(z, "7 = [[EH")* H HY Q)™

=2

By the same argument at the end of Case 1.2.1.1, we are done applying the induction
hypothesis.

Case 2.1.2 Suppose (4.25) does not hold. By Lemma 2.1, we get (4.23), (4.24)
for p being replaced by p + 1. By repeating the same argument as in Step 2.1, we
will either prove the theorem, or get (4.23) for each 2 < p < a+ 1 and (4.24) for
p = a + 1. Hence,

nt e = Zm“j/\j’ (4.30)

and
N\
+ H . katni-a) oFlatnii |
(Z 5 ”11 Maal — < (a+1)j(=1) -‘-Ha( +1)5( )Qj( +1)JJ> )

By applying Lemma 2.1, we either conclude

+
k(at1)1(-1) F(at1)1(=a) AFa+n)1n r
H, ... Hg Q; = Ah(z, €)™

or

B
n?;!-‘rl)(oﬂ—l)/\l - Z Mo+ 1)L
1=2

and

ni..n; T £ Eatayi(-1) k(a42)i(—a) AR (at2)is ARlat2)ii
h(z, &) i Merven” =TT ( Hy ... Hy Q" Q;

Jj=2

-\
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Step 2.2 Suppose we know for some integer 2 < p < 3 — 1,

B
n?:l+p71)(a+p71))\p_1 - Z M (atp—1)IA (4.31)
l=p
and
+ o+ p k ) k ) k ) k" . i
h(Z, g)nll...n(a+p71)(a+p71)r _ H <H1(0+p)1(—1) o Ha(a+p>.7(—a)Q1(a+p)Jl o Qj(a+p)].7)
Jj=p
(4.32)
By applying Lemma 2.1, we either conclude
n
Hf<a+p)p<—1> o H§<a+p>p<—a)Q’1€<a+p>p1 o Q’;(aw)pp — Ah(z, €)' (4.33)
or (4.31), (4.32) with p being replaced by p + 1.
Case 2.2.1 Assume (433) for 1 < D < ,6—1. If k(a+p)p(—1) =...= k(a—i—p)p(—a) = 0,

then we are done by repeating exactly the same argument as in Case 2.1.1. Otherwise,
by taking (—1)-th power of (4.33) if necessary, we can assume ki p)p—1) < 0.

If this is the case, k:z; PP will change the sign and hence we will write in the
following k(qp)pp for k:(z ) Suppose, without loss of generality, that there exists

1<k<a0<k <p,such that Eaipp—ny < 0 for 1 <1 <k, kaqp)
I > k,and k(qyp)p; > 0for 1 < j <K,k

p(-1) = 0 for

a+p)pj <0 fOl“p >7> k'. Here k' = 0 means

that kqypyp; <0 forall j =1,...,p. By Lemma 2.3, there exists —1 > 7 > —k or
1 < 5" < K such that
A k 4
Ao |Zetppd |\ i 1~k and 1,... K (4.34)
Ajr K(atp)ps

Here we use A; to denote p_; when j < 0.
Case 2.2.1.1 7/ < 0. Without loss of generality and for simplicity of notation,
assume j' = —1. Then we solve from (4.33)

_ Flatpp(=2) _Flotpp(=e)  __Flatp)p1 __Patppp
_ Elatp)p(—1) Elatp)p(—1) k(atp)p(—1) k(atp)p(—1) r
Hl—AH2 arer - Hy ter Ql arew ...Qp ater h(z,ﬁ)“.
Substituting it into (4.22), we have

_ Elatp)p(=1) p ()\v k(a+p)pj

T Ratpp(—1) ! T\ T R (1) ’“) ’ - L
HHl HQ] : H Qj = Ah(z,8)".
=2 j=1 Jj=p+1
Notice that the exponents for Hs,..., H, are nonnegative and those of Q1,...,Qp3
are nonpositive and at least one is not zero. Now either we are in the case of
E(aip)p(—2 k(atp)p(—
k(a L k(a p)p( C“’m}
(a+p)p(-1) (atp)p(—1)

k(a k(o
ﬂspan@3{A1 + k(&m’ A k(ﬂm,)\pﬂ, e /\ﬂ} = {0}
(a+p)p(—1) (a+p)p(-1)

spang; { o —

(4.35)
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and we finish the proof of the theorem by the induction hypothesis, or (4.35) does
not hold. Therefore, there exist di,da,...,dq,c1,...,c3 € Z(')F, such that

o B
Zdlul —dypy = ch)\j > 0.
1=2 j=1
It follows that d; > 0 by (1.1) and we finish our proof as in Case 2.1.1.
Case 2.2.1.2 3 > 0. Without loss of generality, assume j* = 1. Repeat the same
argument as in Case 2.2.1.1, we also finish the proof.
Case 2.2.2 Suppose we have (4.31) (4.32) with p being replaced by p + 1. By
repeating the same argument as in Case 2.2.1, we eventually have (4.31) for all
2 <p < and (4.32) for p = 3. Hence,

k

+
h(z, g)nﬁ...n(t”ﬁ,l)(uw,l)r _ (Hfmwm(—l) o Hfmwm(—a)Q’lf(aw)m o Qﬁ(aJrB)ﬁﬁ)_)\/i.

As
Hence we conclude <> € Q.
Step 2.3 Since (4.31) holds for 2 < p < 3, (4.30) and (4.23) hold for 2 < p < a,

it follows that £%,..., Be, %, cel /\75 € Q. We arrive at a contradiction with (1.1).
This proves the (a, §)-factor case.
By induction, we finally complete the proof of Theorem 4.1. O

4.3 Proof of Theorem 1.1. As an application of Theorem 4.1, we give a proof
of Theorem 1.1.

Proof of Theorem 1.1.  Suppose the notation and assumption in Theorem 1.1. Fj, G;
can be regarded as holomorphic maps from U C C” into CV with a large N, after
shrinking U and choosing suitable coordinates. We can assume that F;(0),G;(0) = 0.
Then (1.2) is equivalent to the following:

V—190log h(z,z) = v/—1 Z,ul@élog(l + |Fi(2)]?)
=1

—V=1)_ X;001og(1 +G;(2)]%), z € U. (4.36)
j=1

Taking away 00 and comparing the mixed terms in the Taylor expansion of
(4.36) around 0, we get (4.5). By Theorems 3.1 and 4.1, we conclude that we have
(1+|F?) = Aih™ and (1+]|G,|*) = B;h™ for each [, j with my,n; € N, A;, B; > 0.
Hence, Fy : (U C M,mjwy) — (PN, wpg) and G; : (U € M, njwy) — (PN wrg)
are local isometries for all [, j. By the classical result of Calabi in [Cal53], F}, G,
extend holomorphically along any path inside M. Since M is simply connected, we
see Fj or G; extend to holomorphic immersions from M into PN or PNi | respectively,
with the same kind of isometric property. The rest of the proof is easy. O

We mention that Theorem 1.1 applies when (M,w) is P™ with the standard
Fubini-Study metric. Indeed, as even in the more general Hermitian symmetric
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spaces of compact type case, the extended maps are one-to-one (see the proof of
Theorem 1.2 in the following section).

5 Proof of Theorem 1.2

Let M C PP be a projective algebraic manifold of complex dimension k. Let {Uj,;}
be a system of holomorphic charts of M with ¢; : U; — V; C C* a biholo-
morphic map for each j. (We always assume that UJ/-S are connected). We call
{Uj, 1;} is a system of Nash algebraic holomorphic charts if for each j and writing
w_ = [bjo, ..., Pjn] with ¢j;, # 0, then (i]ll is Nash algebraic over V; for each I.
A holomorphic chart of M is said to be a Nash algebraic holomorphic chart if the
resulting transition functions with respect to {Uj,;} are Nash algebraic. Now, a
holomorphic function h defined over a connected open subset U of M is called Nash-
algebraic if for any U; with U; NU # 0, ho 11};1 is Nash algebraic over 1;(U; N U).
Suppose both M C P" and M’ C P are projective algebraic manifolds with holo-
morphic Nash-algebraic systems {Uj, 1} and {U J’., 1/1;}, respectively . A holomorphic
map G : U C M — M’ is called holomorphic Nash algebraic, if ¢}, o G o (¢;)!
Nash algebraic whenever it is well defined. Apparently, this definition is independent
of the choice of the systems of Nash algebraic charts. Also, the Nash-algebraicity is
a global property in the sense that if G is Nash algebraic in a small open subset of
U, then it is Nash algebraic over U.

By a variation of Chow’s theorem [GHT78, p. 170], when G is a global map from
M into M’, then G is a restriction of a rational map from P" into P", and thus is
Nash algebraic in our definition. Also, all the above definitions are independent of
the embedding from the algebraic manifolds into projective spaces.

Let (M,wps) be an irreducible Hermitian symmetric space of compact type of
complex dimension n with a fixed canonical Kéahler-Einstein metric wy;. We also
identify wjys with its associated Kéahler form if there is no risk of causing confusion.
By the Nakagawa-Takagi isometric embedding theorem [M1], we can assume that
M has been holomorphically isometrically embedded into a certain projective space
(P™, wy, ) equipped with the standard Fubini-Study metric wy,,. Let U be a connected
open subset of M. Consider local holomorphic mappings F' = (Fy,...,Fy) : U —
PN x ... x PNmoand G = (Gy,...,Gy) : U — PM x ... x PNo such that

m v
wy = Y mFrwn, =Y NGiwns, (5.1)
j=1

=1

where for each j, [, the numbers A;, 1; are positive real numbers satisfying the number
theoretic property in (1.1), and wy;,, wn; are the standard Fubini-Study metric over
PN and P, respectively.

Since (M,wpr) C (P™, wy, ) is a projective algebraic manifold, it is defined by a set
of homogeneous polynomials. We can thus find a finite set of holomorphic coordinate
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charts {U;, ¥;}, that covers M. We assume that each U; is contained in a standard
complex coordinate chart of P™ and each W; is obtained by mapping into C™ in a
standard way and then projecting down to a certain open subset V; in the complex
Euclidean space C™ with coordinates z = (z1, ..., z,). Write the inverse of ¥; to be
®; = [pi0, - .-, Gin,). Hence, there is a certain component ¢;; # 0 over V;. We can
assume, without loss of generality, that each component of ®; is holomorphic Nash
algebraic. The system of holomorphic coordinate charts thus obtained is a Nash-
algebraic system. Notice that the metric wjs is represented by ZZ g=1hapdza @ dzg
on V; with h,z = % log (X5 [dir]?)-

Write w* = /=109 1log(> 12, |pix|?). Suppose, without loss of generality, that
U C Uy. Write U* = W (U) C Vj. Shrinking U if necessary, we can further assume
that for each [, Fj(U) is contained in one of the N; + 1 standard holomorphic coordi-
nate charts Vi, ;, of P! with the standard (linear-fractional) holomorphic coordinate
map on, 1, : Vi, — CV', and we can assume that G;(U) is contained in one of the
N j' +1 standard holomorphic coordinate charts Vi, ji of PN; with the standard coor-
dinate map oy s = Vi gy — CNi. Here, we recall that V& = {0, 28] 1 2 #
0} and on, x([20,---,2N,]) = (20/2ks - - > 2k—1/ 2k, 2kt 1/ 2k - - - 5 2N, [ Zk)-

Proof of Theorem 1.2  Assume the notation and assumptions in Theorem 1.2 and
above. As mentioned before, by the isometric embedding theorem of Nakagawa-
Takagi ([Mok89, Theorem 1, p.135]), we need only consider maps into the product
of complex projective spaces.

We now let M be an irreducible Hermitian symmetric space of compact type of
dimension n. As above, we assume that M is holomorphically isometrically embed-
ded into P™ for a certain ng > 2. We let (U, U1) be a Nash algebraic holomorphic
coordinate chart of M with holomorphic Nash algebraic maps

Oy =Vt V=0 (U;) CC" — P

such that U C U;. We also assume that U; is contained in one of standard coordinate
charts of P, namely, one of the coordinate in a certain fixed order never vanishes
for points in Uj.

Choose a point p* € U and after composing with isometries, we can assume
Fi(p*) and G,(p*) are all mapped by the standard coordinate maps to the origin in
the complex Euclidean spaces. Moreover, after shrinking U, and thus U* := ¥, (U),
we can assume Fy(U*) C Vi, 1,, G5(U*) C Vi ji. Also, write

-1 -1
Y = (Yly---7Ym+v> = (0’]\[171[J OF1 O\Ifl y+ o3 ON,, ,mo OFqufl 7UN1’,16

-1 -1
oGioW ... ,0N w0 Gyo V¥ )‘\Ill(U)’

where oy, j, and on; j; are standard coordinate maps. Then Y (¥q(p*)) =0.

After applying a holomorphic isometry, we also assume that p* = [1,0,---,0].
Shrinking U; and U, we can assume that the first coordinate of points in U; is never
zero. Write U7 = [1,¢1(2), ..., ¢n, (2)]. Here, ¢y is algebraic and holomorphic over
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Vi := U (Uy). Without loss of generality, we identify p* with the origin in C™ and
¢1(0) = 0 through the coordinate map W;. From the hypothesis (5.1), it follows that

V—100 log( 1+Z!¢k +\/72)\ 001log(1 + [Yony;(2)[?)

7j=1

= \/jlz w00 log(1 + |Vi(2)%). (5.2)
=1

Here, for simplicity of notation, we still write F' for (on, 1,0 F1,...,0N,, mo°Fm)oP1
and G for (on;1, 0 G1,..., 0N © Gy) 0 @1. As in Clozel-Ullmo [CU03] and Mok
[Mok02], (5.2) yields the following:

v

H1+m VT @+ Yns?) —1+Z|¢k ?, zeW(U).  (53)
=1

7=1

Now, by Theorem 3.1, we know that Y is algebraic over V.

We next prove that Y admits a holomorphic extension along any path in Vj.
Suppose not. We will have an irreducible branching variety E for (some component
of) Y in Vj. Let pj € E be a generic smooth point. Then after an algebraic holo-
morphic change of coordinates, we can assume that pj = 0 and E near 0 is defined
by z, = 0. Now for p* (near 0) ¢ F, we have a certain branch Y of Y near p*, which
extends to a multi-valued holomorphic map in a small neighborhood of 0 and admits
the following Puiseux expansion:

0 e
Y = Z o (2) 2.
Here we can find the smallest positive integer oy with N { a9 such that the vector-
valued aq, (') # 0 for 2’ near 0. By the uniqueness of real analytic functions, we still
have (5.3) near p*. Now, for any z) near 0, we can find a minimal rational curve C;
passing through U7 (2),0) such that the tangent of ¥;(C.;) at (z},0) is transversal

to E at 0. (This is due to the fact that for any ¢ € M, the holomorphic (isometric)

)

isotropic subgroup acts irreducibly on Tq(l’0 and the subspace of the span of the

tangent vectors of minimal rational curves at ¢ is an invariant subspace of T, q(l’o).)
Write a holomorphic parametrization of W;(Cy,) as: 2/ = ¢'(n), zn, = én(n) with
¢ (0) = z{, dn(0) = 0 and ¢, (n) = nh(n) with h( ) # 0. Restrict Y* to ¥;(C,;) near

(20, zn) with certain z/(# 0) ~ 0 and z{ ~ z). Let wo, = war, . Then we know
0 e

that (C;,wc., ) is isometric to (P!, w1). Now, by Theorem 1.1 with M = P!, we see
that F,G' admit a global holomorphic extension to C;. Hence,
Gag (' (0))h(n)~ =0 for n near 0.

In particular, aq,(z) = 0. Since z{, is arbitrary, we see that dq,(z’) = 0. This is a
contradiction.
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We next claim that F' (resp. G) admits a holomorphic extension along any path
v C M with v(0) € U. Indeed, if not, we can find ¢y € (0,1] such that F (resp. G)
admits a holomorphic extension along 7‘[07 ] for any ' < to but not along 7‘[07%1.
Assume that y(tg) € U;, for some ig, where (U;,, ¥;, ) is a Nash algebraic holomorphic
chart of M with the similar property as described for (Uy, ¥1). Then ~(t') € U;, for
t'(< to) sufficiently close to tg. Composing with a holomorphic isometry of P we
can make p* := y(t') = [1,0,...,0]. Also, when ¢’ is sufficiently close to to, we can
assume that a small neighborhood, still denoted by U;,, of (¢') contains ~(tg). Also,
we still have a Nash holomorphic coordinate map ¥;, over U;,. Notice that composing
F or G on the right by automorphisms of the target manifold will never change the
holomorphic extendability. Now composing F; and G; by holomorphic isometres, we
can assume that Fj(p*) = [1,0,...,0] and G,;(p*) = [1,0,...,0]. Hence, repeating
exactly the argument as above, it follows that the map obtained by restricting the
extended map F (resp. G) to a small neighborhood of «(t’) admits a holomorphic
extension along curves in U;,. In particular, we conclude that F' and G extend
holomorphically along ~([0,to]). This is a contradiction. Now, since M is simply
connected, we conclude that F' (resp. G) extends to a holomorphic map F' (resp. G)
from M into PNt x ... x PNm (resp. PV x ... x PNo),

Finally, we show that each Fj ( resp. GJ) is a holomorphic isometric embedding
from M into PV (resp. Pi) up to a certain isometric constant m; (resp. n;) € N.
Theorem 1.1, F}, when restricted to each minimal rational curve C, is a holomorphic
isometric embedding up to an isometric constant. Notice that Fl*(%w]vl) is a closed
(1, 1)-form on M, which is also an element in H?(M;,Z). Since H?(M, Z) is generated
by %wM, we have a certain m; € Z such that

Fl*le — MWy = vV —18519

for a certain real-valued, real analytic function ¢ over M. Restricting to each minimal
rational curve C', we get

\/—18519}0 = mowg.

Since w¢ is positive definite, we see that 19‘ o 1s either subharmonic or superharmonic
over C. Thus ¢ is constant on C as C' is compact. Since any two points in M can be
connected by a finite sequence of minimal rational curves (see [HKO05]), we see that
¥ is a constant over M. Hence we have

[ %
F‘l WN, = MyWpHy.

Since Fj is not constant, we see that m; > 0. Now, applying the Nakagawa-Takagi
theorem and applying the local uniqueness theorem (up to isometries) of Calabi
([Cal53, Theorem 9]), we see that Fj (resp. G;) coincides with the (one-to-one) my-
th (vesp. n;-th) cannonical embedding from M into M, (resp. M}) upto a unitary
action. The identity (1.3) thus also holds. The proof of Theorem 1.2 is complete. O
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6 Examples and remarks

REMARK 6.1.  (Calabi [Cal53, p.23]): (P", uw,) can be locally holomorphically
and isometrically embedded into (P>, A\w) if and only if A = ku with £ € N.
This fact can be easily seen to be equivalent to the following simple statement:
There is a sequence of holomorphic functions {f;(2)}32, defined in a certain fixed
small neighborhood of 0 € C™ with f;(0) = 0 for each i such that (1 + |2|?)M* =
1+ 300, | fi(2)|? if and only if A/p is a positive integer (when A\/pu is not a positive
integer, many coefficients for terms of the form |z|?* in the Taylor expansion of
the left hand side are negative, while such kind of terms in the right hand side
have non-negative coefficients). Hence, as in Calabi’s paper [Cal53, p.23], if p1/p2
is not rational, there is no A such that both (P", pjw,) and (P™, pow,,) can be
(locally holomorphically and isometrically) embedded into (P*°, Aws). Thus (P™ x
P™ piwy @ pown,) can not be locally holomorphically and isometrically embedded
into (P*°, Aw) for any choice of A.

EXAMPLE 6.2. Let {u1,...,um} and {A1,..., A} be two sets of positive numbers.
Suppose that there exist nonnegative integers mj, n; such that

m v
ng,ul = Zn;)\J > 0.
=1 j=1

Now, if there is a holomorphic map G = (Gy,...,G,) : (C* C P*,w,) — (PN x
S X ]P’NL,@;?:l)\ij}) and holomorphic map F' = (F,...,F,) : (C" C P",w,) —
(PM x ... x PNm @ jywy,) such that wpa g\ = SO/, wFjwy,, and each mapping
factor is itself an isometry up to a conformal factor, then we see that there are
positive integers my, n; such that

m v
D = ngA+ 1. (6.1)
=1 j=1

On the other hand, assume (6.1). Given any holomorphic map f:0€ U Cc C" —
CN with f(0) = 0, define

o= (L4 2™ L+ [fP)™ and g5 = (1+ =)™ (1 + | f1})™.
Then
PR g A =1 4 2] (6.2)
By Lemma 2.4, one can construct holomorphic maps F, : U ¢ C* c P* — PV
and Gj : U € C* C P* — PV such that (1 + |F)|?) = (1 + |2])™(1 + |f]*)™,
(1+[G41%) = (1 + [2[2)™ (1 + | f]*)". Hence, by (6.2), we have

m

v
S F iy, = 30+
=1 j=1
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Notice that f will be merged as part of the components of F and G. Since f is
arbitrarily assigned, we do not have algebraicity, global extendability and rigidity
for F and G.

On the other hand, it is easy to see that when {y;} {);} satisfy (1.1) and (1.3),
for each Hermitian symmetric space of compact type (M,wps), we can find Fj :
(M, wp) — (PN wy,) and G @ (M, wn) — (]P’NJ/',wN;) such that Fj'wy, = mywr,
G;WNJ{ = Njwp, and WM G N = Z?il ,ulFl*le.

Finally, one can easily construct many examples of A; and y; such that both
(1.1) and (1.3) hold. One simple example is given as follows: Let v = 1,m = 2,
A =V2, (1, p2) = (V2+ 1, 1), Then (1.1) holds trivially. Meanwhile, 2u1 + 2u0 =
2\1 + 1. Also, notice that us/p is irrational and thus (P x PNz wyn, @ pown,)
can not be embedded into (P*°, uwy,) for any p > 0.

EXAMPLE 6.3. Let {w}i",{\;}_; be two sets of positive real numbers and let
{mu i, {n;}3_, be two sets of positive nature numbers such that (1.3) holds. Then
for any irreducible Hermitian symmetric space (M,wps) of compact type, equipped
with a Kéhler-Einstein metric wy; normalized as in Theorem 1.2, by the Nakagawa-
Takagi theorem [Mok89], there is a holomorphic isometric embedding Fj (resp. G;)
from (M,wyy) into (PN, wy,) (resp. (}P’NJ/;WN;)) with wy, (resp. wy;) the standard
Fubini-Study metric such that Fj'wy, = mywas (resp. Giwn, = njwpr). Thus, F =
(F1, .y F) 0 (Mywnr + 300 AiGiwong) — (PM o x PN @ oy, s an
isometric embedding.
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