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Chapter 1

Differential Forms and Hodge
Theory

“Thoroughly conscious ignorance is the prelude to every real advance in

science.”

—James Clerk Maxwell

1.1 Differential forms and de Rham theory

We recall basic notions about differential forms and de Rham cohomology.

Details can be found in any introductory differential geometry textbook.

1.1.1 Linear algebra

Let V be a real vector space. Its dual space V* is defined as the space of
linear functionals f : V' — R. For k > 0, let

Akv*
be the space of alternating k-linear functionals, i.e., functions f(vy,...,vx)

which are linear in each variable and which satisfy
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Then A'V* = V* and we define
AV* =R,

i.e., constant functions. If (ey,...,e,) is a basis of V with (e!,...,e") dual
basis of V*, then

el i=e" Ao ne where I = (1<) <--- <ip <n)

is a basis of A¥V*. As V is the dual space of V*, A*V can be understood
similarly. Define
AV =PV,
i>0

There is also a “wedge product”
AV x AV — AFY
which is bilinear, associative, and “supercommutative”

anp = (—1)deadesBg p

1.1.2 Differential forms

Let M be a smooth n-dimensional manifold. For each x € M, the tangent
space T, M and cotangent space T M are dual to each other. If (z!,... 2")

are local coordinates near x, then the natural basis of T, M is

0 0
(@""’%)

and the dual basis of T M is

<d3:1, e ,dx”).

One can consider the exterior power

AFTE M.
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A differential k-form is locally written as
Z fr(2t, ... ™) da"
I

which “transforms” in the correct way: when y/ = 3/ (x!,... 2") is another

local coordinate system, then

Oyt Ok ) )
y "'Ld.’,ﬂ“/\"‘/\dl’lk.

Ayt A - A dy’t = : :
4 y - Jxh Ox'e
ik

ULy

Let Q%(M) be the space of differential k-forms on the manifold M. There is

the wedge product of differential forms
QF(M) @ QY(M) — Q¥(M).

If we understand z — y is a smooth map ¢ : M — N between two
different manifolds written in terms of local coordinates, the above formula

gives the “pullback” of differential forms, written as
¢ a € QF(N).
This is contravariant in the sense that if 1) : N — P is another map, then
(o) =g oy

There is the natural exterior differential of any differential form, deter-

mined as follows. For a smooth function f (a 0-form), define

#=§:g£®i

Then extend this operator to all forms by the Leibniz Rule
d(a A B) =da A B+ (=1)%a A dp.
The exterior differentiation respects the pullback:

d(¢*a) = ¢*dar.
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In other words, for a smooth map ¢ : M — N the diagram commutes.

QF(N) —Ls QFFL(N)

Wl P}*

QF (M) —L QFFL (M)

1.1.3 de Rham cohomology

The Poincaré lemma says that d* = 0. Then consider the chain complex of

(infinite-dimensional) vector spaces.
0—— QM) L—... —L QM) ——0
Poincaré lemma implies that Im(dy_1) C ker(dg).
Definition 1.1.1. The k-th de Rham cohomology of M is
HEY (M) = ker(dy)/Tm(dg_1).

It is a slighly nontrivial fact that for a compact smooth manifold M,

H%: (M) is finite-dimensional. It is more nontrivial to have

Theorem 1.1.2. (de Rham Theorem) For a smooth manifold M,
Hig(M) = H*(M;R).

For a proof of the de Rham theorem, see the book of Bott-Tu [BT13].

1.1.4 Pullback and homotopy invariance

Let f: M — N be a smooth map. Because pullback commutes with d, it
follows that f pulls back closed forms to closed forms and pulls back exact

forms to exact forms. As a consequence, f induces a linear map
[ Hig(N) = Hig(M).

A crucial feature is the invariance of this pullback map under homotopy.
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Definition 1.1.3. Two smooth maps fy, fi : M — N are called smoothly
homotopic if there is a smooth map F': M x [0,1] — N such that

F|M><{z} = f27 = 071

Proposition 1.1.4. Suppose fo, f1 : M — N are smoothly homotopic, then

15 =11 as maps between de Rham cohomologies.

Proof. Let a € Q¥(N) be any closed k-form. It suffices to show that fia— fia
is an exact form on M. Choose a smooth homotopy F' : M x [0,1] — N.
Consider the k-form F*a € QF(M x [0,1]) which can be written as

Fra=0+dt Ny
where §(t) is a smooth family of k-forms on M and 7(t) is a smooth family

of k — 1 forms on M. As F*«a is closed on M x [0, 1], one has

op

0=dFa=d"F*a+dtA gF*a =dMB —dt NdM~y + dt A — o

Compare the terms with dt, one has

B u
o =

Notice that 3(0) = fia and 5(1) = ffa. Then

1 1
fl*a—f(}"a:/ dt A 8—6:/ dt/\dey:dM(/ dt/\v)
0 0

which is exact. O]

1.2 Harmonic Forms

1.2.1 Linear algebra

An inner product (-,-) on a real vector space induces inner products on all
tensor spaces, including the dual space V* as well as exterior power AV If

é1,...,ex 1s an orthonormal basis of V', then the elements

elzeil/\-“/\eik, [:<21<<Zk)
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form an orthonormal basis of AV .

An orientation on a real vector space V is an equivalence class of basis:
two bases are equivalent if the transition matrix between them has positive
determinant. Each vector space has precisely two orientations. Equivalently,
an orientation is given by a nonzero top form v; A --- A v, where two top
forms represent the same orientation if they differ by a positive factor.

If V' is equipped with both an inner product and orientation, then there

is a unique “positive” volume form
dvol :=e; A---Ne, € A"V

if (e1,...,e,) is a positively oriented orthonormal basis.

1.2.2 Riemannian metric

Recall that a Riemannian metric is a symmetric 2-tensor
g= Zgijdxi ®dr! € T(T*M @ T*M)
ihj
which is also positive definite. Equivalently, it defines an inner product on
tangent spaces. Therefore, it induces an inner product on cotangent spaces
and hence on differential forms.

On a Riemannian manifold (M, g) one can do integrations. If M is oriented,

then there is an associated volume form
dvol, € Q"(M)
which is locally of the form

\/det(gij)dxzt A~ A dax.

Then for any function f: M — R, its integral is defined as the integration of

/ fdvol,.
M

the top form
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Since we can define inner products on A*T* M for all x € M, one can also

define a pairing on differential forms. Define a bilinear form on Q(M) by

{{a, B)) = /M(a,6>dvolg

which is usually called the L2-pairing. It is an inner product on QF(M) and

induces the L?-norm. However, the norm is not complete.

1.2.3 Variantional definition of harmonic forms

For a differential form o € QF(M), define its energy by

1
E(a) = Sl

We restrict to forms representing cohomology classes, i.e., closed forms.

Definition 1.2.1. Given a de Rham cohomology class, a closed k-form «

representing this class is called a harmonic form if
E(a) < E(a+dp) VB € Q" 1(M).

Like the case of geodesics, the shortest one may not exist (if the metric is
not complete). Nonetheless, the principle is to see the differential equation
required on minimizers via the “variation.”

Suppose « is a harmonic k-form. Consider a path

at) = a+tdB € QF (M)

and X )
F(t) = 5lla®)l: = 5 [ (@) a(t)avol,
M
Then one has
d
0= —| F(t
dt|,_, Q
——i /<a+td6 a + tdf)dvol
S 2dt|_yJu 7 Vol

= / (a, dB)dvol,.
M
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Hence a necessary condition for o being a harmonic form is that
/ {a, dB)dvol, = 0 VB € QF 1 (M).
M

1.2.4 Hodge star operator
We would like to define the formal adjoint of d, which is an operator
d* - QM (M) — QF (M)

such that
(o, dB)) = ((d"a, B))-

There is a convenient way to find a formal ajoint, via the Hodge star

operator, when the manifold is oriented.

Definition 1.2.2. Let V be an n-dimensional oriented inner product space.
Let (ey,...,e,) be an oriented orthonormal basis. Define a linear operator
x 1 QF (M) — Q" *(M) by

w(eg N ANey) =€y N ANej
if (e;,-- ,€i,, €5y, ,€j,_,) s an even permuation of (eq, ..., e,).
In particular, one has
s(er Ao Aep) =enp1 A Nen,  *(eppr A Aey) = (=1 Re A Agy.

Therefore,
2 = (=1)F g ).

Lemma 1.2.3. The Hodge star operator preserves the inner product.
Proof. Exercise. O

Lemma 1.2.4. For o, 3 € A*V, one has

(a, B)dvol, = a A xf.
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Proof. Exercise. ]
Definition 1.2.5. Define d* : QF(M) — Q**(M) by

d*a = (=1)" " w dx a.
Lemma 1.2.6. d* is a formal adjoint of d.

Proof. Suppose degae = k — 1 and degS = k. One has
({(da, B)) = / do A\ *f3

M

_ /M d(a A #B) — (—1)%E% A d(x5)

- (_1)dega(_1)deg(d*ﬂ)(n—deg(d*ﬂ))/ a A (* *(d* B))
M
— (_1)k(_1)(n+k+1)(k+1)<a7 *d* B>

= (o, d*5)). O

Therefore, if « is a harmonic form, then

doa=d'a=0.

1.2.5 The Hodge Laplacian
Definition 1.2.7. The Hodge Laplacian is the operator
A =dd* +d*d: Q (M) — QF(M).
As d* = 0, it follows (d*)* = 0 and hence
A= (d+d)>
The operator d + d* is a type of Dirac operator.

Exercise 1.2.8. Prove that with respect to any local basis o', ... o™ of
ART*M (with respect to which a k-form is written as a vector-valued function

f in any local coordinates x*,... x"), the Hodge Laplacian has the form

Af = — Z % 4 lower order terms.
i=1
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Proposition 1.2.9. The following conditions are equivalent.

1. « is a harmonic form.
2. da=0 and d*a = 0.
3. Aa=0.

4. (d+d)a=0.

5. dd*a = d*da = 0.

Proof. We only prove the equivalence between (2) and (5). The rest is left as
exercise. Obviously (2) implies (5). Suppose dd*« = 0, then

({(dd* o, o)) = 0.
As d* is the formal adjoint of d, the above is equal to
{(d"a,d"a)) = [|d"a]* = 0.
Therefore d*a = 0. The implication d*da = 0 = da = 0 is similar. O]

Exercise 1.2.10. Prove that if M is compact and connected, then the only
harmonic functions are constants and the only harmonic top forms are constant

multiples of the volume form.

Notice that if we use the second order viewpoint, then the above statement

follows from the maximal principle.

1.3 Hodge theorem

a priori we do not know if a de Rham cohomology class admits a harmonic
representative, or an energy minimizer. The main statement of Hodge theorem
is that it is the case. If the de Rham complex were finite-dimensional, this
is a simple algebraic fact. The hard part is that the de Rham complex is
infinite-dimensional and the differential operators are unbounded. The most

crucial feature is the ellipticity of the Hodge Laplacian.
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Theorem 1.3.1 (Hodge theorem). Let (M, g) be a compact oriented Rieman-

nian manifold.
1. HE(M) is finite-dimensional.
2. There exists an orthogonal decomposition

QF (M) = HY(M)DIm(d : Q¥ (M) — QF(M))eIm(d* : QM) — QF(M)).

The orthogonality of the three components are obvious. However the finite-
dimensionality, as well as that the three summands generate all differential

forms are nontrivial.

Corollary 1.3.2. The natural map
HM (M) — Hip (M)

15 an 1somorphism. Namely, each de Rham cohomology class has a unique

harmonic representative.

Proof. 1f aq, as are both harmonic, then the Hodge decomposition theorem
implies that their difference a; — «y is orthogonal to the image of d, hence
cannot be an exact form. So the map H*(M) — H%; (M) is injective. On the
other hand, if « is a closed k-form, then the Hodge decomposition induces a
unique decomposition
a=ayg+dB+dy

where g is harmonic. As da = 0, it follows that dd*y = 0 which implies
d*y = 0. Hence a = ay+dp, i.e., the cohomology class of « is also represented

by the harmonic form . O

One can get some topological facts easily from the Hodge theorem (al-

though it is not really the point). For example, there is a bilinear pairing
Hig(M) @ Hz ") > R ] n[3):= [ ans
M

(It is independent of the representing closed forms a and .) Let’s call it the

intersection form.



16 CHAPTER 1. DIFFERENTIAL FORMS AND HODGE THEORY

Exercise 1.3.3 (Poincaré duality). Prove that the intersection pairing is

nondegenerate. Namely, if (] € H5; (M) and
[a] N [8] = 0 V[8] € Hi" (M),
then [ = 0. In particular, the pairing defines a linear isomorphism
Hi (M) = (Hig"(M))".

Remark 1.3.4. When dimM = 4k, the intersection form on Hik(M) is a
quadratic form. The signature of M is defined to be the number of positive

eigenvalues minus the number of negative eigenvalues of the intersection form.

1.3.1 Proof of Hodge decomposition
The technical theorems

The crucial fact one should remember is that the infinite-dimensional space
QF(M) is not complete and the Hodge Laplacian is unbounded with respect
to the L2-norm. When dealing with variational problems, it is fundamental

to have a completion of Q¥(M) and consider objects in the completion.

Definition 1.3.5. Let S be a normed vector space. A linear functional
T :S — R is said to be bounded if there exists C' > 0 such that

|T's|| < Cls|| Vs € S.

The set of bounded linear functionals S* is a normed vector space with

norm defined by
17 = sup {IITs| | 1] = 1}.

The dual space S* is always complete, i.e., Cauchy sequences always converge.
When the norm on S is induced from an inner product, then each a € S

induces a linear functional T, : S — R by

Ta(s) = ((s,a))
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and ||7,]] = ||la||. Moreover, the map a +— T, embeds S into S*. If S is
complete, i.e., a Hilbert space, then S = 5*.

In our case, S = Q%(M) equipped with the L? inner product. It is possible
that a Cauchy sequence does not converge in S. However, it always converges

in the larger dual space.

Definition 1.3.6. Given 3 € QF(M). A weak solution to the equation

Ao = [ is a bounded linear functional
0: QM) =R

such that
p(AY) = ((8,7)) Vy € Q*(M).

Theorem 1.3.7 (Regularity Theorem). If ¢ is a weak solution to Aa = f3,
then there exists a € QF(M) such that Aa = 3 and such that

o(7) = ((a,7))-

The next theorem is about when a convergence (even in the complete

space) could happen. It tells another feature of elliptic equations.

Theorem 1.3.8 (Compactness Theorem). Let o, € QF(M) be a sequence of
differential forms such that

lanllze < ¢ [[Aan|r2 < e
Then a subsequence a,, is a Cauchy sequence, i.e.,

||ank - aanLQ — 0.

Proof assuming the regularity and compactness theorems

We first prove that H*(M) is finite-dimensional. If not the case, then one
can choose an infinite orthonormal sequence «,, € H*(M). Then by the
compactness theorem, there is a subsequence «,, which is a Cauchy sequence.

However, an orthonormal sequence cannot be a Cauchy sequence.
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For the decomposition, from basic linear algebra, one can see that the

splitting follows from an orthogonal splitting
QF (M) = HF (M) @ Im(A).
Now consider the orthogonal complement
(H* (M) c QF(r).
It remains to prove that
Im(A) = (H*(M))™ .

As A is formally self-adjoint, it is easy to see that A(HF(M)) c (HF(M))*,.
Hence it remains to prove that (H*(M))* C Im(A). In other words, for each
B € (HE(M))*, solve the equation

Aa = p.
We first find a weak solution ¢, which should satisfy

P(Ay) = {(7,8))-

Notice that this determines the value of ¢ on Im(A). Moreover, if Ay = Av/,
then p(Av) — p(AY") = ({(v — 9/, 8)) which is zero as [ is orthogonal to

HE(M). Hence one obtains a linear functional
¢ :Im(A) = R.

In order to find a weak solution, one needs that ¢ extends to a bounded linear
functional on QF(M).
Claim. There exists C' > 0 such taht

18] < ClIABI VB € (HH(M))* (1.3.1)
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Proof of the claim. If it is not the case, then there exist sequence f; €
(H*(M))* with ||| = 1 and [|AB;|| — 0. Then by the compactness theorem,
there is a subsequence (still indexed by i for simplicity) which is a Cauchy
sequence. Hence (3; converges in the L? space and one can define a linear

functional

pla) = lim (5, a)).

1—>00

One can check that ¢ is a weak solution: for any test form ~,

()] = [tim (8, Ay = [T (AB )| < lim |AG 272 = 0.

Then by the regularity theorem, there is 3., € H*(M) representing ¢. More-
over, 3; — B in L? norm. However, it is impossible as 3; are orthogonal to
H*(M) and ||B;|| = 1. Therefore the claim is proved. O

Then because Ay € A(QF(M)) C (HF(M))*, by (1.3.1), one has ||v]| <
C||A~||. Hence
LA < 18]I < ClIBITA-
Then by Hahn-Banach theorem, one can extend Lg to a bounded linear
functional on the whole Q¥(M). Then the definition of Ls implies that it is a
weak solution to Aa = 3. By the regularity theorem, 3 € A(QF(M)).

1.4 Proof of the technical results

The regularity and compactness results are basic features of elliptic operators.
There are many ways to establish them. The approach used here (from
Warner’s book) is quite elementary after setting up the notations (mostly

from Fourier analysis).

1.4.1 Sobolev spaces via Fourier calculus

Consider complex-valued functions f : R” — C which are periodic, i.e.

f( - ,:L‘i—|—27r,~--):f(--- 7951"...).
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For example, the Fourier monomials for &;,...,&, € Z:
T . — ei(£111+'~'+§n$")‘
The values of f is determined by its restriction on the cube
Q= {(ml,...,:p”) eR" | —WSIiSW}.

We also view such f as functions on the n-dimensional torus 7" = R"/Z".
For each multiindex (usually representing the order of a higher order

partial derivative or the exponents of a multivariable monomial)

a=(ay,...,q,) €Z"

o] = ai++++an, laf = Ja?+-- +a2.

In particular, we can regard x or a as an n-dimensional complex vector. For

denote

such vectors £ = (&1,...,2,) and n = (N1, ..., M,), let
§-n = Zgiﬁi

be the standard Hermitian pairing. Denote

0

Di = —v/—1-—
oxt

and

oled
(Qxl)er .- (Qxm)on ’

Do — D?ﬁl Dzzn — (_\/__1)[0‘]

Fourier transform

The most crucial notation is the notion of Fourier series. Given an integrable

periodic function u, the associated Fourier series is a function on & € Z™ with

1

w(&) = w(z)e €y,
© = Gy [, )
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A very basic fact, coming from integration by parts and the periodicity of the

function, is that
Deu(g) = £ a(¢)

for all multiindex «.. Formally, one should have
u(a) =Y a(€)e .
3

However, the right hand side may not converge or converge nicely.

_fourier_decay‘ Lemma 1.4.1. Suppose u € P. Then for allt € R, one has

(1 +1EP) ) < . (1.4.1)

3
Proof. By integration by parts (using the periodicity), for any k& € N, for

some C} > 0 (independent of £), one has
. C N
|a(€)]| € ——“— sup sup |Du]. 0
(1+1€1%)2 lai<k @

lemma_Sobolev| Lemma 1.4.2 (Sobolev Lemma). If t > 2 and @ : Z" — C is a function

satisfying (1.4.1), then the Fourier series

> a)e

3
converges uniformly to a continuous periodic function. Moreover, if 4 is the
Fourier series of a smooth periodic function u, then the limit of the Fourier

series is u.

Proof. For the uniform convergence, it suffices to show the absolute conver-

gence
> i) < oo.
3
Indeed, for any N > 0, one has

Yo laOl= Y A+ IEP) T+ €2 ]a())

l§I<N I§I<N

< S A+ Y (e a©)P

l§I<N [§I<N
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which is uniformly bounded. Therefore, the Fourier series converges uniformly
to a periodic continuous function ¢. We prove that u = ¢.

Indeed, by the fact that the trignometric nomonials €!¢® are L?-orthogonal,
one can see that QAS = 4. In particular, ¢ — u is orthogonal to all finite Fourier
series. However, by Stone—Weierstrass theorem, the trigonometric nomonials

form a complete basis. Hence ¢ —u = 0. [

Corollary 1.4.3. Ift > 2 +m+1 and 4 : Z" — C satisfies (1.4.1), then the
Fourier series Zf uge'™® converges (together with all derivatives up to order

m) uniformly to a C™ periodic function.

Proof. Exercise. O

Sobolev spaces

Definition 1.4.4. Let S (the Schwarz space) be the space of all functions

G :Z™ — R (or just Fourier series). For any s € R, define the Sobolev space
Hyo={p eS| S (1+[eP) el < oo},

3

Define a Hermitian inner product on H, by
((w,0)y =D (14 |€*) ug - ve

3

where the dot is the Hermitian inner product of complex vectors.
Then H, is the L?-space of a certain discrete measure space. Hence H is

complete, i.e., a Hilbert space.

Remark 1.4.5. When s is a nonnegative integer, we can interprete the Sobolev

norm as follows. Because

—

Deu(§) = £%a(€)
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one has

Yo ID%ulge = > D> IDu(g)

[a]<s [a]<s €&

= > D lEePlae)

[a]<s &

<O (L4 6P |a©)?
13
= Cull.

On the other hand, one can also control

L+ <) [

[a]<s

Hence when s is an integer, the Sobolev norm is roughly the sum of L2-norms
of all derivatives up to order s. A function lies in H, if all its partial derivatives

up to order s are L*-integrable.

Let P denote the space of smooth periodic functions. The Fourier trans-

form defines a linear inclusion
P —S.

In some sense, H, is a family of complete spaces sitting between the space of
smooth functions and the space of Fourier series. The L2-space is exactly Hj.
Lemma 1.4.1 and Lemma 1.4.2 imply that

P=|(|Hs= lim H,.

s——+00
seR

As Fourier transform changes derivatives to multiplications, we can extend

the differentiation to the Sobolev spaces by

(D*)a(€) = £*a(s)-

amma_bounded_l\ Lemma 1.4.6. D* defines a bounded linear operator from Hy, () to H,.
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Proof. Exercise. n

Lemma 1.4.7. Multiplying by a smooth periodic function is a bounded linear
operator from Hy to H,.

Proof. Exercise. We only need the case when s is an integer. In this case,

one can use integration by parts. O]

Rellich lemma

Lemma 1.4.8. Let u’ be a sequnece of elements in Hy with ||u||; uniformly

bounded. Then for any s < t, a subsequence of u* converges in H,.

Proof. We inductively construct a subsequence. For each &, one can choose
a subsequence of “2 which converges. THen by the diagonal argument, one
can find a subsequence such that ué converges for all £&. We claim that it is a

Cauchy sequence in H,. Indeed, for any N one has

luf = )2 = (L +11E0%)° e — wf?

£
= ST+ @+ €N ud -l
£
= 3T @+ EP)T (e fuf -
lENI<N
+ O (A E) T Nl k- ulf.
lEI>N

Then given €, by the uniformly boundedness of ||u’||;, one can choose N such
that the second term on the right is less than ¢, for all 7 and j; then by the
convergence of ué, one can guarantee that when ¢ and j are large, the first

term is at most e. O
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1.4.2 Elliptic operators
Differential operators

Consider a differential operator with smooth coefficients varying with x € R"
L=) Au(x)D
o

where A,(z) is an N x N complex matrix. Such an operator acts on smooth
C¥-valued functions on R™. Its order is the maximal [«] such that A, # 0.
When the coefficients A, (z) are periodic, it acts on periodic functions.

Associated to L, consider the principal symbol

oL(2)(€) = Y € Au(z) € VN

[a]=k
which is a homogeneous polynomial of degree k.

Definition 1.4.9. L is called elliptic at x if for all £ # 0, or(x)(§) is an

invertible matrix.

Now we assume that the coefficients A, (x) are all periodic in z. Then as
o1 (&) is homogeneous, one can see that if L is elliptic, then for some constant

C > 0 and any v € CV, one has
1 k 1 2\ E
oL (€)W)] = FlelFlvl = Z (1 +[]7)=[v], v # 0.

For example, the standard Laplacian is

Ay = i: D?.
=1

Its symbol is
08,(8) =) & =l
i=1

Hence the Laplacian is elliptic.
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The importance of ellipticity is the associated estimate. In the simplest

case when the coefficients A, are all constants, on Fourier series, L acts like

Lu(&) = € Aqi(€).

[0}

Lemma 1.4.10. Let L be a differential operator of order k. Then for all

s € R, L induces a bounded linear operator from Hgy to Hy.

Proof. 1t is a consequence of Lemma 1.4.6 and Lemma 1.4.7. O]

The following is the crucial elliptic estimate. Its importance is analogous

to the fundamental -0 language in mathematical analysis.

Proposition 1.4.11. Suppose L is an ellptic operator of degree k with periodic
coefficients. Then there exists a constant C' > 0 such that for all u € Hgyy,

[ullstr < C ([ Lalls + [ulls) -

Proof. We only prove for the case when L has only the maximal degree part
and has constant coefficients. The proof for the general case can be found in
[War83]. One has

Lu(€) =Y A™a(é).
13 «
The ellipticity implies that

lullZee = YL+ 1P FlaE)?

- i@ +[€12)" (1 + (€2 ()

- ra5<0>|2 + ;u +€12)* (1 + (€2 ()
< Jlul2+ ¢ #Zou + [€1%)* o () (i(€)
< JJull? + czggu +1€1°)*| Lu(&)

< Cs ([lullZ + 1 Lull?) -
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1.4.3 Proofs of the technical results for periodic func-
tions

The regularity theorem

On the flat torus 7™ (with periodic coordinates z', ..., z"), consider a differ-

ential operator (on CV-valued functions) of the form

A:Ao—l-p

where
Ay = — —_
0 Z (0z1)?
=1
is the standard Laplacian and p is an operator of order at most 1 with periodic

and smooth coeflicients.

rop_regularity‘ Proposition 1.4.12. Suppose € H_, =S and § € H, such that Ao = 3,
then o € Hgyo.

Proof. In terms of Fourier coefficients, one has
[€[°a(6) = 5(©)-
As B € H,, then we see

lall3 = D (1 +IEP)lac)l?

8

= [a(0)* + ;u + €1 lae)”
<1A0)F +C Y e+ [EP) @)
= [a(0)* + Cia + €118

= |a(0)? +o||§||g

which converges. Hence & € Hy,o. O
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Now consider the differential equation
Au= [ €P.

Suppose « is a weak solution. Then « is L*-integrable, hence o € Hy. Then

by Lemma 1.4.10, pav € H_;. The equation can be rewritten as
Aopa = [ — pa..

Then as f € Hy, C H_y and pa € H_4, it follows from Proposition 1.4.12
that o € H;y.

Suppose we have proved that a € H for some s. Then by Lemma 1.4.10,
pa € Hy 1. Since € Hy 4, it follows from Proposition 1.4.12 that o € Hgy ;.
This is the so-called elliptic bootstrapping. Then inductively

a€()H,=Hy="P.
Namely « is smooth.

The compactness theorem

Suppose f3; is a sequence of C-valued periodic functions satisfying
1Billo < C, |ABilo < C.
Then by the elliptic estimate for the operator Ay, one has

18l < € (118l + 1208411
< C (1811 + 1881+ lloill 1)
< C(11Billo + 1ABillo + 118ilo) -

Notice that one obtained the elliptic estimate for A which is periodic but
possibly has nonconstant coefficients. The right hand side is uniformly
bounded by the assumption. Then by Rellich’s lemma for the inclusion

H, — H,, a subsequence converges in Hy.
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1.4.4 The general case
Compactness theorem

We first need to reduce the problem to a local one where we can use previous

results about periodic operators.

Lemma 1.4.13. There exist a finite cover of M by coordinate charts ¢, :
U, — R", a subordinate partition of unity p, : U, — [0, 1], a local orthonormal
basis (ut, ..., ulN) of A¥T*M, and a constant C' > 0 satisfying the following
conditions: on each U,, with respect to the basis (u',...,uY), the Hodge

Laplacian is written as
A=>"D}+> Vi(x)D;+ W(x)
i=1 j=1

such that

sup (V7 (@) + W (@) + [Vpu(@)] + [Vpu(@)]) < C.

Now, regarding the compactness theorem, suppose o € Q¥(M). Then over
U, we can regard « as a CV-valued function. As we are using an orthonormal

basis, the L?-norm is preserved. Hence one has
[Aal 2@ + el 2@,y < C.

Then consider p,a. As we can regard U, to be included in a cube and p, is
supported in U,, p,« is zero near the boundary of the cube, hence can also be
regarded as a periodic function on R™. We then need to translate the norm

bound for p,«. Indeed, one has

lovallzz < llallzw,).

On the other hand, the coefficients of A may not be periodic. However, we
can modify the coefficients at where p,« vanishes to have a periodic operator
A, such that

A, (ppa) = A(pya).
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On the other hand,
Ay(pua) = pAy(a) + [Ay, p)(a)

where [A,, p,| is a first-order operator whose coefficients are functions coming
from p, and its derivative, as well as coefficients of A,. To be slightly more
rigorous, find another function p, supported in the cube which is identically

1 where p, # 0. Then p, = p,p!,. Then we can rewrite it as

Ay(pua) = puDu(pl,a) + [Av, p] (P, ).
Then all terms are periodic. Then by the elliptic estimate, one has

lovally < C (lpvell -2 + [|Au(pra) || -1)
< C(llellze + lov(Ava) -1 + I[Av, p](pL0) 1)
< C(llalle + l[Aalle + [l =)

which is uniformly bounded. Then by the Rellich lemma, a subsequence of
Py, wWill converge on the cube. As finitely many cubes are involved, one has

a well-defined limit on the whole manifold.

Regularity theorem

Let ¢ be a weak solution to Aa = . Its restriction to each U, is still an
L2-integrable function. So is p,p. We can treat it as peroidic, hence an
element ¢, € Hy. Similar as before, one can choose another cut-off function

p., supported in the cube which is identically 1 on the support of p,. Then

Ay (pue) = pDu(pe) + [Au, ) (PL0) = pulB + [Au, p](0,9).

The first term on the right hand side is smooth. Moreover, as p'¢ is in Hy and
[A,, py] is of first order, the second term is in H_;. Hence by the regularity
theorem, p,¢ is in H;.

Viewing this idea, one can find a nested sequence of open subsets and
cut-off functions to show that near any point, there is a neighborhood on

which ¢ is smooth.
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1.5 References and Remarks

The first instance where people essentially have the idea of harmonic forms is
the Maxwell equation in electromagnetism, where electromagnetic fields are
described as differential forms in space time and the Maxwell equation says
that the electromagnetic field is harmonic (in vacuum).

A classical reference to the theory of differential forms is the book [BT13],
where you also get an exposure of homological algebra, homotopy theory,
spectral sequences, and characteristic classes.

The theory of harmonic forms can be phrased in more physical way as
a model for “supersymmetric quantum mechanics.” Witten wrote a very
influential paper [Wit82] which relates de Rham theory with Morse theory
and which popularized this idea to the mathematical community.

It is possible to extend the Hodge decomposition to the case of manifolds
with boundary. In this case, there are two relevant cohomology groups H*(M)
and H*(M,0M), corresponding to two different boundary conditions of the
Laplace equation (Dirichlet and Neumann).

One can also extend the theory of harmonic forms to complex or Kahler
geometry. For the Kéhler case, you can look at [GH14] or [WGP80].

The Hodge-de Rham theory is surely very elegant. However, students
should not be misguided as if this is the only way to understand (co)homology.
In fact de Rham theory is a model for cohomology theory which has both
its advantage and disadvantage: for example, torsion classes in integral
(co)homology cannot be detected by differential forms. There are also fas-
cinating stories of other models of (co)homology theory as well as other
generalized (co)homology theories.

A classical reference for second order elliptic operators is [GT77].
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Chapter 2
Vector Bundles and Connections

“It is by logic that we prove, but by intuition that we discover.”
— Henri Poincaré

During this section we will shift from real situation to complex situations.
There are many reasons to prefer complex numbers to real numbers. For

example, the set of invertible complex numbers is connected.

2.1 Vector bundles

Definition 2.1.1. A real vector bundle over a topological space M consists
of a topological space E, a continuous surjective map m : £ — M, and
structures of real vector spaces on the fibre E, = 7~!(z), which satisfy the

local triviality condition

e For each x € M, there exists a pair (U, ¢,) where U, C M is an open
neighborhood of z and

p 7 H(Uy) 2 U, x R (2.1.1)

is a homeomorphism such that for each y € U,, ¢,|g, is mapped to

{y} x R¥ and is a linear isomorphism.

33
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A local trivialization of a vector bundle 7w : £ — M is a pair (U, ¢) such
that ¢ : 7 1(U) — U x R¥ is a homeomorphism and maps F, isomorphically
onto {z} x R¥ for all z € U. Given two local trivializations (Uy, ¢a), (Us, ¢5),

the transition function is
Pa 0@zt (UaNUs) x R* = (Uy N Ups) x R*
which must be of the form
(Ua NUg) x R¥ 3 (w,v) = (2, gap(z)v) € (Uy NUg) x RF

where

Jap : Ua N Ug — GL(/{Z, R)
is a continuous map.

Exercise 2.1.2. Following the pattern of defining smooth manifolds (after
defining topological manifolds), define the notion of smooth vector bun-
dles over smooth manifolds. One must choose an “atlas” among all local

trivializations which are “compatible” in a certain sense.

From now on we only consider smooth vector bundles over smooth man-
ifolds. Immediate examples include the tangent bundle, cotangent bundle,
tensor bundles, etc. In the smooth case, the total space F is itself a smooth
manifold and the projection 7 : F — M is a smooth submersion.

We can easily consider the complex case, where fibres are complex vector

spaces and transition functions take values in complex matrices.

2.1.1 Sections

Definition 2.1.3. A cross section (or section) of a vector bundle E — M
is a smooth map s : M — E such that

T os=Idy.

Let I'(E) denote the set of all smooth sections of E.
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['(E) is (typically) an infinite-dimensional vector space and is a module
over C*°(M). A section of the tangent bundle 7'M is just a vector field.

Exercise 2.1.4. Given a smooth vector bundle E — M and any v € E,,

there exists a section s : M — E such that s(z) = v.
The zero locus of a section s : M — FE is defined to be
sH0)={re M |s(x)=0¢€ E,}.
Theorem 2.1.5 (Hairy Ball Theorem). Any section of T'S* — S? has

nonempty zero locus.

2.1.2 Bundle maps

Definition 2.1.6. A map of (smooth) vector bundles over M from E; to
Es is a smooth map f : Fy — FE, which satisfies 7g, o fi = mg, and which
maps fibres of E; linearly to the corresponding fibres of Fs. f is said to be

an isomorphism if its fibrewise restrictions are linear isomorphisms.

Subbundle and quotient bundles

Definition 2.1.7. Let £ — M be a vector bundle of rank k. A subbundle of
rank [ is a bundle map F' — E which is fibrewise injective. We may regard F

as a union of fibrewise subspaces.

Exercise 2.1.8. Suppose E has rank k and a subbundle F C E has rank [.
Prove that there exist a bundle atlas whose transition functions are block-upper
triangular. (Hint: any basis of a subspace can be extended to a basis of the

total space).
Given a subbundle ' C F, one can form the quotient bundle
E/F - M

whose fibre at © € M is the quotient space F,/F,. There is then a bundle

map F — E/F. In fact there is an exact sequence

0——+F——E——E/F——0.
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Trivial bundles

Definition 2.1.9. A vector bundle £ — M is trivial if it is isomorphic to
the trivial bundle Ey = M x R*.

Exercise 2.1.10. Prove that a rank k vector bundle E — M 1is trivial if
and only if there are k sections si,...,s, € I'(E) such that for all x € M,

s1(x), ..., sk(x) form a basis of E,.

2.1.3 Operations
Pullback

Definition 2.1.11. Let f: N — M be a smooth map and 7 : £ — M be a
smooth vector bundle. The pullback of FE by f is

PE = {(y,v) CNxE|yeNweE, f(y)=nr) eM}.

Exercise 2.1.12. Prove that the natural map f*E — N has the structure of

a smooth vector bundle.

Exercise 2.1.13. Two C* maps fo, f1 : N = M are smoothly homotopic
if there is a smooth map f : [0,1] x N — M such that f(i,-) = f;(-) for
©1=0,1. Prove that if fo and fi are smoothly homotopic, then

foFE = fiE.
(First try to prove that under the condition that N is compact. The proof will
become much easier once we use connections.)

Direct sums, tensor products, etc.

All operations on vector spaces can be generalized to vector bundles. The
direct sum of two vector bundles F,, E5 — M is a vector bundle Ey @ Ey — M
whose fibre at * € M is the direct sum E; , ® E;,. Then tensor product
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E, ® E, is defined similarly. The dual vector bundle E* is fibrewise the dual

space of E. When E — M is a complex vector bundle, one has its conjugate
E— M.

Moreover, there are the exterior powers A*E. When E = T*M, A*T*M is
the bundle hosting differential k-forms.

Definition 2.1.14. An inner product on a vector bundle £ — M is a
section of F* @ E* which is fibrewise a symmetric, nondegenerate bilinear

form (i.e., an inner product) on FE,.

A Riemannian metric on M is just an inner product on T'M. All smooth
vector bundles admits an inner product. When FE' is a complex vector bundle,

one can also consider Hermitian inner product, which is a section of E* ® E*.

Lemma 2.1.15. A real vector bundle E — M 1is isomorphic to its dual E*.
A complex vector bundle E — M is isomorphic to E" .

Proof. Choose a (Euclidean or Hermitian) inner product on E. O

Let E — M be a vector bundle equipped with an inner product. Let
F C E be a subbundle and F* be the orthogonal complement. Then F* is

also a subbundle. Moreover, one has the obvious isomorphisms

FeF-=2Fand FF: 2 E/F.

2.1.4 An analogue of Whitney embedding theorem

One has the Whitney embedding theorem saying that all smooth manifolds
embeds into R™. Similarly, all vector bundles embeds into a trivial bundle.

We present the proof for the compact case.

Theorem 2.1.16. Let M be a compact smooth manifold and E — M be a

smooth vector bundle. Then there exist N > 0 and an injective bundle map

f:E =RV
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Proof. By compactness, one can find a finite bundle atlas ¢; : ng(Ui) —
U xREfori=1,...,m. For j =1,...,k, denote

€ij - UZ—>E

U;
be the section defined by
eij(@) = o7 (2, ¢))

where e; € R* is the j-th standard basis vector. Choose a subbordinate
partition of unity p;. Then p;e; ; is a global section. Choose an inner product
on E. Denote N = mk. Define

f(x,v) = (, fi;(z,0))
where f; ; : E — R is the function defined by
fig(@,v) = (v, pi@)eq;(x)).

Then f is clearly a bundle map. We verify that it is injective. For each
(z,v) € E. There exists ¢ such that p;(x) # 0. Then there exists j such that
(v, pi(x)ei;(x)) # 0. Hence f is injective. O

Corollary 2.1.17. For any smooth vector bundle E — M, there exists
another vector bundle F — M such that E & F is trivial.

Proof. By the above theorem, choose a bundle injection £ — RY. O]

2.2 Connections on vector bundles

Definition 2.2.1. A connection (or called covariant differentiation) on

a vector bundle £ — M is a linear map
VEIT(E) = T(T"M ® E)
which satisfies the Leibniz rule:

VE(fs) =df ® s+ fVFZs.
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Equivalently, one can consider the covariant derivative in a direction
Vs = (X, V¥s)
where X is a tangent vector.

Exercise 2.2.2. Connections are not tensors. In particular, they do not have
“pointwise” values (contained in any finite-dimensional space). On the other

hand prove that if E, F' — M are vector bundles and if a linear operator
T:T'(F)—I'(F)
satisfies
T(fs)=fT(s)
forall f € C®°(M) and s € I'(E), then T has pointwise values. Namely, there

exists a section T" € I'(Hom(E, F')) such that T'(s)(x) = T'(z)(s(z)) Yz € M.

We would like to see that on any smooth vector bundles there always exist

(a lot of ) connections.

Proposition 2.2.3. There exists a connection on a smooth vector bundle
E— M.

Proof. First we know that on the trivial bundle RY — M there is the trivial
connection (just the ordinary differentiation). Choose a locally finite covering
{U,} of M such that ¢, : E|y, — U, x R* is a local trivialization with a
subordinate partition of unity p, : M — [0, 1]. Define

Vai=¢, odop, :T(Ely,) = T(T*Us ® Ely,)

to be the connection on E|y, corresponding to the trivial differentiation.
Then for any s € ['(E), define

Ua-

VEs = Z PaVas
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This is clearly a linear map. Moreover, for any smooth function f, one has

Zpa fSIUa Zpa df®5’Ua +fva3‘Ua)
—df@Zpasrmpra o(slv.) = df @ s+ fVs.

Hence V¥ is a connection. [
Connections form an affine space.

Proposition 2.2.4. The set of all connections on E is an affine space
modelled on I'(T*M @ EndFE).

Proof. Given two connections, by the Lebniz rule, their difference is a T :
I'(E) —» I'(T*M ® E) which commutes with multiplying with a function. By
the previous exercise, T is a section of I'(Hom(E,T*M ® F)) = I'(T"M ®
EndE).

On the other hand, if V¥ is a connection and T' € T'(T*M ® EndFE), one

has
(VE+T)(fs) =df @ s+ f(VF +T)(s).

Hence VE + T is also a connection. O

2.2.1 Connection matrices

Given a local trivialization
o :m ' (U) = U xR,

which is equivalent to k sections ey, ..., ex : U — E|y which are everywhere

linearly independent over U, we can write the connection in the local form.

We have
E
e, = E W€
o
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where w,, is a 1-form on the open set U. The matrix w = (w,,) (whose
entries are 1-forms) is called the connection matrix of V¥ with respect to

this local trivialization/frame. Then locally, if a section is written as

)
_ 1 k, __
s=ye+---tye = |:€1 ek]
y*
where y', ..., y* are functions on U, one has
1
k d Yy
VE5:VE<ZSH€“>I[€1 ...ek] + w
k=1 d yk

Lemma 2.2.5. Let w,, wg be the connection matrices of VE with respect
to local trivializations oo : 74 (Uy) — Uy X R¥, g : Us x RE. Then on the
overlap U, N Ug there holds

wg = g;éwagaﬁ + go_zﬂldgozb"

Proof. Let s : Uy, NUg — E|UamUﬁ be any section, which can be written as

k k
§= Zygeaw = Z?/Z%w
p=1 p=1

Then by the definition of transition function, one has

Y Yp

Yals)=| | = gaprs(s) = gap

B
B
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Then
d Ua
VEs = [%,1 . 6(1,4 + w,
d yE
d yé
= [em o 657]{] gojﬁl + wa | 908
d ylg
d y}}
= [65,1 eﬁ,k] + g;gldgag + g;éwagocﬁ
d Y
The claim then follows. OJ

Connections do not transform like tensors. In fact one has the following

trick to turn connection matrix to zero at any point.

Lemma 2.2.6. Given vy € M, there exists a local trivialization ¢ near x

such that the associated connection matriz vanishes at zq.

Proof. Choose a local trivialization ¢ with associated connection matrix w.
We only need to solve the equation
0=g 'wg+gldg = w+dgg ' =0

at xg. Choose a local coordinate system (z!,... z") such that zy is sent to

the origin. In these coordinates, we can write

n
w = E dx'w;
=1

where w;(z!, ..., 2") is a k x k matrix, then consider

gz, ..., 2") = exp(—z'wi(x0)) - - - exp(—2"wy(10)).



2.2. CONNECTIONS ON VECTOR BUNDLES 43
We have g(z¢) = Id and

dg(xg) = — Z da'w;(zo). O
i=1

2.2.2 Parallel transport

A connection induces a notion of parallel transport. Let 7 : [0,1] — M be
a smooth curve. For any section s € I'(y*F), i.e., a section along the curve,

one has the covariant derivative.
VEs e T(v'E).

If v is short, then one can find a local coordinate system and trivialize

E around the image of v by a local frame (ey,...,e;) with corresponding
connection matrix w = (w;;). We write y(t) = (z'(¢),...,2"(t)) and s(t) =
y'(t)er + - - + y*(t)ex. Then
VEs

d 1

dt )

—ler . e +wE) | |

d k

at Y
This is a linear differential operator on the vector value function [y*, ..., y*]7.

Hence given an initial value s(0) € E,(), there is a unique smooth solution to
VEs(t) =0

subject to the initial condition; moreover, the solution is linear in the initial

value. Hence there is an induced family of linear maps
q)t,s : E'y(t) — Ev(s), t,s € [O, 1]

such that ®;; = Idg_ . This definition clearly extends to arbitrarily long

piecewise smooth paths, with the obvious property
(I)s,r o (I)t,s = (I)t,’r~

Now let’s prove the homotopy invariance of vector bundle pullbacks.
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Proposition 2.2.7. Let fy, fi : M — N be two smoothly homotopic maps.
Let EE— N be a vector bundle. Then fjE is isomorphic to fyE.

Proof. Consider a smooth homotopy F : M x [0,1] — N and denote F(z,t)
by fi(z). Consider the pullback bundle F*E — M x [0,1]. The restriction of
F*E to M x {i} is exactly fE for i = 0,1. Now choose a connection V on
F*E. For each x € M and ¢t € [0, 1], let

gbx : F*E‘(LO) — F*E’(%l)

be the parallel transport along the path (z, s) for 0 < s < 1 with respect to

V. This induces a map
D . fE;E = FlMX{O} — F|M><{1} = ffE

of bundles over M. As parallel transports are linear isomorphisms, P is a

bundle isomorphism. O

Corollary 2.2.8. If M 1is smoothly contractible, then any vector bundle over

M s trivial.

Parallel transport can provide particular kinds of local trivializations.

2.2.3 Connections in the sense of Ehresmann

The total space of a vector bundle 7 : E — M is a smooth manifold. The
tangent bundle T'E contains a special subbundle called the vertical tangent

bundle TV"'E consisting of vectors tangent to fibres. Then one has
TV"E >~ n*F.

Then one has the exact sequence

0 B —TE - 7" TM ——0. (2.2.1) |horizontal_ver

A splitting of this exact sequence is one of the following equivalent items.
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1. A left inverse of ¢, i.e., a bundle map ¢ : TE — 7*E such that ¢ o1 =

Id;+g. This bundle map can be regarded as a 1-form
0cQYE,mEF)
such that 0 o v = Id .

2. A right inverse of dm, i.e., a bundle map v : 7T M — TFE such that
dmo ’lb = Idﬂ-*TM.

3. A subbundle TP°"M C T M, called the horizontal distribution such
that TE = TV E @ T E.

Ehresmann connections are certain splittings.

Definition 2.2.9. A linear Ehresmann connection on F is a splitting of
the exact sequence (2.2.1), given by a 1-form 6 € Q'(E,7*E) such that for
each A € R, if m) : E — F is the fibrewise scalar multiplication by A, then

mi0 = 0.

Theorem 2.2.10. There is a one-to-one correspondence between connections

on E and linear Ehresmann connections.

Proof. Suppose E is equipped with a connection VZ. Given a local trivializa-
tion ¢ : E|ly — U x R¥, let w = (w,,) be the connection matrix. The local

trivialization induces bundle coordinates

(', 2™yt b,

Consider the 1-forms
0=0"xe,=(dy" +wuy") e, € Q(E|y, " E).

We prove that this is independent of local trivialization. Indeed, if ¢’ : E|yr —

U’ x RF is another local trivialization with local frames e}, ..., e}, and induced
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bundle coordinates 2,..., 2% and g = po (¢ )7 : UNU" — GL(k;R), then
one has
Y = g,ul/zl/
and
W' =g ldg+ g wy.
Then one has
(A +w9") @ € = (A=) + w9002 @ €,

— (gwdz” +dg,.z2" + wm,gmz"> ® ey

= G (dZ” + (g7 dg)unz" + (9‘1w9)m2”> ® ey

= G (dz” - wf,,g“) R e,

Hence the horizontal distribution is well-defined. It is easy to see that it

is linear, hence a linear Ehresmann connection.

On the other hand, if one has a linear Ehresmann connection, then in

terms of a local coordinates, one can write it as
0=0"®e,=(dy"+ Aldz") @ e,,.

The linear condition implies that

v

Al = —w; 0 (2)y”.
In order for 6 to be well-defined, when changing local frames, w; ,,, undergoes

the same transformation as the way of connection matrices. m

Using the notion of Ehresmann connection one can describe the covariant
derivative in a different way. Let s : M — E be a section. Then viewing F

as a manifold, the smooth map s has a derivative
ds : TIM — TS(I)E.
By using the decomposition TE = TV E @ Th'E, its projection to TV E =2

7" E is a map
Projpversy 0 ds : Ty M — T;(eg;f)tE ~ [

One can check that this map is linear and satisfies the Leibniz rule.



2.2. CONNECTIONS ON VECTOR BUNDLES 47

2.2.4 Induced connections

Let E,F — M be vector bundles and V¥ resp. V! be connections. The

direct sum connection is the connection
vVEPe v
on the bundle £ & F. The tensor product is the connection
VP ®ldr +1dp @ VF.

V¥ induces a connection on the dual bundle E* by the corresponding
Leibniz rule:
d(s,s*) := (VFs, 5*) + (s, V¥ s5%).

Proposition 2.2.11. The induced connection on EndE = E*® E is given by
VEME G — [VE 4],
Proof. Given s € I'(E) and ¢ € I'(EndFE), one has
VE((s)) = (VFEe)(s) + ¢(V7s).

So
(VEEg)(s) = [V, ¢l(s).

As s is arbitrary, the proposition follows. ]

2.2.5 Curvature

Definition 2.2.12. Let V¥ be a connection on E — M. Its curvature is the
tensor
RP e T(T*M ® T*M ® End(E))

defined by
RE(X,Y) :=VEVEs — VEVEs — V[E;(,Y]s.
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Exercise 2.2.13. Prove that RE defined above is a tensor (although the
expression requires extending X and Y locally to vector fields). Prove that
RE(X)Y) = —RE(Y, X).

As its alternating in X and Y, it can be regarded as a differential form

taking values in End(E), or a homomorphism with coefficients in 2-forms
RE € Q*(M,End(E)).
Another way to, perhaps more elegant, is to first extend the connec-

tion. Consider instead of ['(F) the space QF(M; E), i.e., sections of E with

differential form coefficients. Then define
VE QN M E) — QM E)
by applying the Leibniz rule:
VE(a®s) =da® s+ (—1)%% A ds.
Then we can define simply
RE .=VFoVF . ONM;E) - Q"(M; E).
Indeed, as V¥ increases the degree by 1, this is also equal to
RE — %[VE7 vE

Exercise 2.2.14. Prove that R” defined in the above way is local, hence an
element in Q*(M;End(E)).

Exercise 2.2.15. Prove that the curvature of a direct sum connection s
RE@® RY': the curvature of a tensor product connection is RF @1dp+Idp® RF.



2.2. CONNECTIONS ON VECTOR BUNDLES 49

Curvature matrices

Take a local trivialization ¢ : E|y — U x R*, with the associated connection
matrix w, we can write the local form of the connection as d + w. Then the

curvature is the operator
N=(d+w)o(d+w)=dw+wAw.

Notice that although w is a 1-form, w A w is not zero because matrix multi-
plication is not commutative.
A different way to formulate the fact that curvature is a tensor is the

following lemma.

Lemma 2.2.16. Let ), and g be the curvature matriz associated to local
trivializations ¢, : Elg, — Uy x R* and g - Ely, — Upg x R%. Then one has

Qg = ga_ﬁlQagag.

Proof. Notice that since gg~! = 1, one has

0=dgg ' +gd(g™") = d(g~") = —g 'dgg™".

Then we have

Qg = dwg +wsg A wg
= d(g™'wag + g7 'dg) + (97 'wag + g7 'dg) A (g7 wag + g~ dg)
= —g gy ANwag + 9 N dwag — g wa Adg — g tdg A g dyg -
+ g W Awag+ g dgg T A wag 4+ g wa Adg + g rdg A g dg
= ¢ N dwq + wa Awa)g

=g 'Qug

Bianchi identity

The Bianchi identity says that the curvature is covariantly constant. Recall

that V¥ induces a connection on the bundle End(E). If we view sections
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of End(F) as linear maps from I'(F) to I'(E), then for ¢t € I'(End(FE)), this
connection is
VEME) (1) = [VE 1] = VF ot —to VE.

Then this connection extends to Q*(End(E)), which contains the curvature
RF € Q*(End(E)). As R¥ = VE o V| it follows that

Theorem 2.2.17 (Bianchi identity). [V¥, RF] = 0.

2.2.6 Structural groups

In general the transition functions g,s take value in the Lie group GL(k;R)
(in the real case) or GL(I;C)) (in the complex case). Additional structures on
the vector bundles can be viewed as certain “reduction” to smaller groups.

We only consider the following important classes of subgroups.

1. The orthogonal group O(k) C GL(k;R) which is the group of matrices

which preserves the standard Euclidean inner product.

2. The special orthogonal group SO(k) C O(k) of orthogonal matrices

whose determinant is 1.
3. The unitary group U(l) C GL(I;C) consists of unitary matrices.

4. The special unitary group SU(l) C U(l) of unitary matrices whose

determinant is 1.

5. The group of block-upper triangular, block-lower triangular, or block-

diagonal matrices.

In general G is a subgroup of GL and a closed submanifold. Without
introducing the abstract notion of Lie algebras, these classical groups have
their Lie algebras. The Lie algebra of GL(k;R) resp. GL(I;C) is gl(k; R) resp.

gl(l; C) which is the space of all square matrices of the fixed size. Moreover,

1. o(k) = so(k) is the space of all skew-symmetric k x k matrices.
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2. u(l) is the space of all skew-Hermitian matrices.
3. su(l) is the space of all traceless skew-Hermitian matrices.

The Lie bracket of two matrices A and B is
[A,B] = AB — BA.

The above spaces of matrices are all closed under Lie bracket. Moreover,

there is an exponential map
exp:g— G

given by

00 Am
m=0

Definition 2.2.18. Let E — M be a smooth vector bundle of rank k. Let
G C GL(k) be a subgroup. Two bundle charts ¢; : E|y, — U; x R* are
G-compatible if their transition functions take value in GG. A structural
group reduction of E to GG consists of a bundle atlas consisting of local
trivializations

b0 1 75 (Uy) — Uy x R

such that the transition functions g.s take value in the subgroup G.

Examples

Proposition 2.2.19. A Fuclidean resp. Hermitian inner product on a real

resp. complex vector bundle E — M is equivalent to a structural group

reduction to O(k) resp. U(l).

Proof. Suppose E is equipped with an inner product. We consider the
subset of local trivializations ¢, such that ¢ '(e;), ..., ¢, (ey) form a local
orthonormal basis of each fibre. Such local trivalizations exist because of
Gram—Schmidt. This is a structural group reduction to O(k) or U(l). O
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Proposition 2.2.20. Let GG be the group of block upper triangular matrices
with diagonal blocks of sizes ki X ki and ky X ky. Then a structural group

reduction of E to G is equivalent to a subbundle of rank k;.

Proof. Exercise. m

Connections respecting the reduction

Suppose £ — M is a vector bundle, then there are associated bundles such as
End(E). When the structural group is reduced to G C GL(k), we can consider
a subbundle g(F) C End(FE) as follows. A transformation 7' € End(F) is

said to be in g(F) if for any local trivialization
¢: Ely — U x F*
belonging to the G-atlas, the induced linear map

poT oo ' cglk)

belongs to the Lie algebra g.

Now we consider connections. A connection V¥ is said to be a G-
connection if, when using a local G-frame, the connection matrix ) takes
value in the Lie algebra g. When G = O(k) or U(l), i.e., E is equipped with
a Euclidean or Hermitian inner product, such a connection is said to respect

the inner product.

Lemma 2.2.21. Let E be a Fuclidean wvector bundle over M. Then a

connection V¥ respects the inner product if and only if
d(s1,50) = (VZs1,85) + (51, VFs3).

Proof. If V¥ respects the inner product, then given a local orthonormal frame
€1, ...,€x, let w be the connection matrix. Let s1, s3 be two local sections of

E which are written as

M M
S1 =Y1€u, S2 = Ys€y.
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Then
(51,82) = 1V -
Then
d(sy, s2) = d(yl'yh)

= dy\'yy + yidyy

= dyi'yy +yidyy + yiwuyy + Yyl woh

= (dyy + wuwyi)yy +yi' (dyy + wuwys)

= (V¥s1,82) + (51, Vs3).00
Lemma 2.2.22. Let E be a Fuclidean vector bundle on M. Then there exists

a connection VE which respects the inner product.

Proof. Choose an arbitrary connection (V¥) on E. Define another connection
(VE)" by the formula

d<$1, 82> = <(VE)/81, SQ) + <81, (VE)H82>.
Then the average V¥ := 1(VF)' + 2(V¥)" is such a connection. O
Proposition 2.2.23. If VE is a G-connection on E, then its curvature form
RE s in Q*(g(F)).
2.2.7 Gauge transformations

Bundle isomorphisms can transfer connections between different vector bun-

dles.

Lemma 2.2.24. Let E, F' — M be two smooth vector bundles and g : E — F

is a bundle isomorphism. Suppose V¥ is a connection on E, then the operator

goVFPog™
1s a connection on F'.

Proof. Exercise. ]
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Consider the space of automorphisms
g:E—E, g(x): E, - E,
We can view
9(E)

be an infinite-dimensional group.

2.3 Characteristic classes

2.3.1 First Chern class

Let L — M be a complex line bundle equipped with a Hermitian inner
product. This is equivalent to a structural group reduction to U(1). The Lie
algebra is iR. Consider a Hermitian connectino V, whose local connection

matrix is a purely imaginary 1-form «. Then the curvature is
RY =da € iQ*(M).

This 2-form is closed, either by the Bianchi identity or by its expression
(locally exact). Therefore, it represents a de Rham cohomology class.

Now suppose Vy, V; are two connections. Then V, = V; + 3 where
e QY M, g(L)) =iQY(M). Then

RY* = RV' +dp

Therefore the two curvatures differ by an exact 2-form, hence represent the
same de Rham cohomology class. Hence there is an invariant of the bundle
L, which is an element of H3g(M).

We normalize the curvature in the following way: define the “Chern form’

I

of the Hermitian connection to be the differential form
1

2y —1

[ts de Rham class is called the first Chern class of L, denoted by

RY € Q*(M).

ci(L) € Hig(M).
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2.3.2 Chern—Welil construction

A function f : g — C is called invariant if

flg€g) = f(©) Vge G, ceg.

For example, trace and determinant are invariant functions on gl(k).

Consider an invariant polynomial function
f:g—C

homogeneous of degree m. Given a connection V¥, consider its curvature
matrices 2 (which depends on a local trivialization). Applying f, one obtains

an even form
f(R") € Q*™(M)
which is well-defined since different local trivializations give conjugate curva-

ture matrices.

Theorem 2.3.1 (Chern-Weil). f(R¥) is closed. Its de Rham cohomology

class is independent of the choice of VF.

Proof. f can be regarded as a m-linear function on g, written as f(ay, ..., any).
The G-invariance implies for all £ € g,

m

Zf(al,...,[f,ai],...,am):O,

=1

Then by Leibniz rule
df (€, - - - 79)221"(97... LAY, - ,Q):Zf(Qj... L dQ+w, Q- Q) =0

where the last equality is the Bianchi identity.
To show that [f(RF)] is independent of VZ, consider a family VZ. On
the product [0, 1] x M, the curvature of the connection V& = VE + dt A % is
dVE

RE +dt A .
s dt
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Then we have

T oE y e dvVE
0= d™ f(RF) :de(Rf)+dMZf(Rf,--- ’de_tt"" ,Rf)
=1

:thaf(Rt)er S (R dta S RE)
=1

We see

FRE) = £(RE) = [ avn 5 1R

_ _gM By RE ... dt _dvf... RE
- Oz.f( t ) /\ dt7 ) t)
=1

which is exact. O

Therefore, the class
[f(R")] € Hi (M)

is an invariant of the bundle ££. We call it the characteristic class associated

to the invariant function f.

2.3.3 Chern classes

Consider the unitary group G = U(n) with Lie algebra u(n) the space of

anti-Hermitian matrices. For T' € u(n), consider

f(lf) = det (t[n - 21) =t"+ fi (T)tn_l 4.4 fn(T)

where T T

Notice that if T is diagonalized, then f;(T") is just the i-th (up to a constant)
elementary symmetric function on the eigenvalues.
Then the associated characteristic classes are the 1st, 2nd, - - -, top Chern

classes.
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2.3.4 Properties

Lemma 2.3.2. Let E be the conjugate of E, i.e., the same bundle with

conjugate complex structure. Then
> a(BE) =) c(B)(-t).
i>0 i>0

Proof. If ¢ : E|y — U x CF is a local trivialization of E, then
¢p:=To¢:Ely — UxCF

where 7 is the complex conjugation on C*, is a local trivialization of E. In
this way, the connection V¥ induces a connection on E. If w is the connection
matrix of V¥, then the corresponding connection matrix of V¥ is @. Then Q

is the corresponding curvature matrix. Then
— Q
(BN =det |t — — | .
Z a(E) ¢ ( ’ 27Ti>
>0

Because () is skew-Hermitian, the eigenvalues of €2 are exactly opposite to
those of Q. Hence

fn(Q) = (=1)" fin(V).
Therefore one has the stated property. 0]

Corollary 2.3.3. Let E — M be a real vector bundle. Then cop_1(E®C) = 0.

Exercise 2.3.4. Prove the Whitney sum formula of Chern classes. Let

Ey, Es — M be two complex vector bundles. Prove that

Ctotal(El ©® E2) = Ctotal(El) A Ctotal(EQ)-

Exercise 2.3.5. Prove the functoriality of Chern classes: suppose f : N —

M is a smooth map and E — M is a complex vector bundle. Then
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Exercise 2.3.6. Consider M = S? and L — M being a complex line
bundle. L 1s characterized by two local trivializations on the north and
south hemispheres, and a transiation function, which is determined by a map
g:St—=U(1).

Write down a connection on L in the two local trivializations (related by

the transiation function), compute the curvature and the integral

fy o
M 27
and show that it is equal to the winding number of g : S* — U(1) = St.

In particular, this shows that the first Chern class is integral.

Now we consider an important example. Consider the complex projective
space CP" and the tautological line bundle O(—1) — CP". Recall that
the cohomology ring of CP" is generated by the hyperplane class H €
H?(CP"; Z).

Proposition 2.3.7. 1. Whenn =1, CP" = 5% Prove that ¢;(O(—1)) =
—H.

2. Prove that for general n, ¢;(O(—1)) = —H.

Proof. Consider CP! first. Consider the homogeneous coordinates [zg, z1].

There are two standard coordinate charts

UOZ{Zo#O}B[ZQ,Zl]'—);EC
0

z
U, = {21 7&0} =) [20,21] — Z_O e C.
1
We view U, as the piece near the south pole and U; the piece near the
north pole. Now consider the tautological line bundle. Over Uy, the natural
trivialization is
Po(20, 21) = ([20, 21, 21)

and over U; the natural trivialization is

®1(20, 21) — ([20, 21], 20)-
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Then the transition function is

do1 = dod1 " ([20, 21],€) = do(&, z—;f) = ([20, 21, ?5)

0

So it is the map.....
Now consider CP™. Notice that the cohomology class ¢; is determined by

its evaluation on the homology class given by a line CP'. ]
Exercise 2.3.8. Let L — M be a complex line bundle.

1. Prove that there exist a natural number n and n + 1 smooth sections
S0y ..y Sn € I'(L) such that for all x € M, for some i, s;(x) # 0.

2. Let sg,...,s, be sections satisfying the above condition. Consider the
map
f:M—CP" f(x)=Iso(x),...,su(x)].

Prove that there exists an isomorphism

ffo) = L.
Exercise 2.3.9. Let E — M be a complex vector bundle.

2.3.5 Pontrajin classes

Consider the group O(k) whose Lie algebra so(k) is the space of k x k
skew-symmetric matrices. We know that their canonical forms are those

block-diagonal matrices

Depending on the parity of k, there could be a 1 x 1 block at the end which

is zero. Notice that up to conjugation (by orthogonal matrices), the order



60 CHAPTER 2. VECTOR BUNDLES AND CONNECTIONS

of the 2 x 2 blocks can permute; A and —\ can also switch. In this way, the
invariant functions are indeed symmetric functions of \2.

There is a cheap way to define Pontrajin classes.

Definition 2.3.10. Let £ — M be a real vector bundle. The j-th Pontrajin

class of F is the class
pi(E) = (1) cy;(E ® C) € Hyf, (M).

Notice that for odd k, ¢,(E ® C) = 0.

2.3.6 Euler class

Euler classes are defined for oriented real vector bundles, namely, vector
bundles whose structural groups are reduced to GL, (k;R). By choosing an
inner product, it is essentially equivalent to SO(k)-bundles.

There is a special invariant polynomial, the Pfaffian. For any skew-

symmetric 2k x 2k matrices, one can “diagonalize” to the canonical form

0 -\
A0

Notice that changing \; with —\; changes the orientation. Then the Pfaffian

of such matrices is defined to be
Pf(A) := X+ g
which is sort of the “positive” square root of the determinant. For (2k + 1) x

(2k + 1) skew symmetric matrices, simply define the Pfaffian to be zero.

Remark 2.3.11. Notice that this is a speical feature of the group SO(2k). The
symmetric functions on A\? are invariants. But the Pfaffian is an additional

mvariant.
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Definition 2.3.12. Let £ — M be an oriented real vector bundle of rank £
equipped with an inner product and a compatible connection V¥. The Euler

class of E' is the de Rham cohomology class

Euler(E) := le (—};—fﬂ c HE.(M).

Theorem 2.3.13 (Gauss—Bonnet—Chern). Let (M,g) be a compact 2n-

dimensional oriented Riemannian manifold. Then

(M) = —@ /M PE(FTM),

Notice that for odd-dimensional oriented manifolds, the Euler characteris-

tic is always zero; this can be seen from Poincaré duality.

Exercise 2.3.14. Let E — M be a complex vector bundle of rank k which
is automatically an oriented real vector bundle of rank 2k (U(k) — SO(2k)).
Prove that

cx(E) = Euler(E).

2.4 Flat connection

A connection V¥ is called flat if R¥ = 0. By Chern-Weil, if £ admits a
flat connection, then all characteristic classes vanish. So only special vector
bundles admit flat connections. However there are other interesting invariants

of such bundles and connections.

Lemma 2.4.1. Let p,qg € M and 7y : [a,b] — M be a smooth path connecting
p and q. Then the parallel transport with respect to a flat connection only

depends on the smooth homotopy class of 7.

Proof. Let u : [a,b] x [0,1] — M be a smooth homotopy between ~(-,0) and
v(+,1). Consider the pullback bundle u*E — [a, b] x [0, 1] and the pullback

connection V* ¥, Denote the covariant derivative in the s and ¢ directions by
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Vs and V; respectively. Given any & € E, = Ey ), let £(s,t) be the parallel
transport along the s-curve, namely,

Vi&(s, 1) =0, &(at) = €.
Then the flatness implies that
VsVl =V, V& =0.
Therefore, the vector field V£ is parallel along the s-curves. Notice that
Vi(a,t) = 0.

As parallel transport is a linear isomorphism, V;£(b,t) = 0. This implies that
¢ is independent. O]

One way to see flat connections is to consider special atlas.

Lemma 2.4.2. A vector bundle E — M admits a flat connection if and only

if it admits a bundle atlas whose transition functions are all locally constants.

Proof. Suppose E admits an atlas ¢, : E|y, — U, x F¥ with locally constant
transition functions. Then take a collection of connection matrices w, €

QL (U, F**) which are all zero. Because g,p are constants, we see

g;éwagaﬁ + g;gldga,é’ =0= Wg = 0.

So these collection of local connection matrices indeed come from a global
connection. Obviously it is flat.

On the other hand, suppose V¥ is flat. Then cover the manifold M by
contractible coordinate charts. One can use the parallel transports in each
chart to define local trivializations. In this way, the connection matrices are

all zero. Then for the transition functions, one has

g;ﬁldgaﬁ = 07

which means g, are locally constants. O
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2.4.1 In terms of Ehresmann connection

Using the viewpoint of Ehresman connection, the horizontal distribution is
T™ECTE.

Proposition 2.4.3. V¥ is flat if and only if the corresponding horizontal

distribution s integrable.

Proof. Recall that using a local frame ey, ..., e, of ' and local coordinates
1

(x',...,2")on U C M, there are induced local coordinates (z', ... z™ y* ... y™)

on E|y. If the connection matrix is w,,, then the horizontal distribution is
the kernel of

6 = Z e, ® (dy" + wuy”),
m
or, equivalently, the distribution defined by the 1-forms

0" =dy" +wuy”, p=1,... k.

Recall that a distribution locally defined by k linearly independent 1-forms
6" is integrable if and only if

do" = 0 mod 6.
For the current collection of 1-forms, one can see
d0" = dw,wy” — wuwdy” = dwwy” + wuwiey” = (dwu + W) y* mod 6"
Notice that modulo the ideal generated by 6, the above is a form which does

not have dy* term. Hence it vanishes if and only if the curvature is zero. [

2.4.2 Representation of fundamental group

Now suppose E — M is a vector bundle and V¥ is a flat connection. Then

given p € M, the parallel transport along loops induces a representation

p:m(M,p) — Aut(E,).
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If we choose a trivialization ¢ : E, — F* at p, then one obtains
popog e GL(K).
If we use a different trivialization ¢’, one get
¢opo(d)t=(¢od ) o(popog)o(dop )

which is a conjugate representation.

On the other hand, if we choose a different point ¢, then there exists (not
canonically) an isomorphism 7 (M, p) = (M, q), induced by a homotopy
class of paths from p to ¢. Then one essentially get the same representation
(up to conjugation) of m(M).

More generally, if the structural group of E' is reduced to G C GL(k) and
the connection V¥ is a G-connection, then the representation lands in G.

On the other hand, if there is a representation p : m (M, p) — G C GL(k),

then one can cook up a flat connection. Indeed, take the universal covering

M, = {fy 10,1 = M | v(0) = p}/homotopy.

There is the covering map Mp — M by v — 7(1). The group of deck
transformations is 7, (M, p), which acts on M, (from the left by concatenating

with a based loop at p. Then cook up a vector bundle by the quotient
(Mp X Fk)/ﬂl(MJ))

where a homotopy class a € m;(M,p) acts on (y,v) by (-7, p(a)(v)). We
see the action is free and hence the quotient is a manifold E,. Moreover, this
is a vector bundle £, — M.

Proposition 2.4.4. E, admits a flat connection.

Proof. The trivial product M, x F¥ admits a trivial connection which is
obviously flat. Then on the total space there is the integrable horizontal
distribution T° horEp. As 71 (M, p) preserves this distribution, it descends to a
integrable distribution on F,. O]
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Proposition 2.4.5. If p1,ps : m(M,p) — G are conjugate by an element
go € G, then gy induces an isomorphism E, = FE,, which carries the flat

connection on E, to that on E,,,.

Proof. Consider the isomorphism Mp x FF — Mp x F* defined by

Go(v,v) = (7, gov)-

Then we have

9o <CY(%U)> = Jo <CV : %01U> = (04 . %9001@)(“)) = <04 "V ,02(04)(90“)>-
This implies that g, descends to a map
go: E, — E,,.
This is the bundle isomorphism. O

Let’s consider the case of surfaces and restrict to the case that G = U(n).
For M = S?, since m is trivial, the only representation is the trivial one,
hence gives the trivial bundle with trivial connection. For M = T2, the

representation is two commuting matrices A, B € U(n) up to conjugation:
{(A, B) € U(n) x U(n) | AB = BA}/ ~

Basically we know that two matrices commute if they share the same
eigenspaces and the conjugation will change eigenbasis. However, eigen-
values of A and B can change for different representations. We will look at

flat bundles more carefully when discussing Yang—Mills connections.

2.5 Referneces and Remarks

The most classical textbook on vector bundles and characteristic classes
is Milnor—Stasheff [MS74]. The so-called Stiefel-Whitney classes cannot
be defined using differential forms as they are indeed cohomology class of

Z,-coefficients.
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For the origin of Chern classes and Chern—Weil theory, you are strongly
recommended to read Chern’s original papers [Che44] and [Che46].

For connection on principal bundles, Kobayashi-Nomizu [KN96].



Chapter 3

Complex Manifolds and

Holomorphic Vector Bundles

3.1 Complex manifolds

3.1.1 Linear algebra

Let V' be a real vector space (such as the tangent space of a manifold). A
complex structure on V is a linear map J : V — V such that J? = —Id.
The standard complex space C", when regarded as a real 2n-dimensional
space, has the standard complex structure J as multiplying vectors by 4.

Let V' be a real vector space. Its complexification is the space
VerC

which is a complex vector space.

Given a vector space V' with a complex structure J, consider the (real)
dual space V* = A'V*, i.e., the space of real linear functionals on V. Its
complexification

AV*®C

can be regarded as the space of real-linear, complex-valued functionals. There

67
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is a splitting (of complex vector space)
Alv* ® C Al,Ov* ey AO,IV*

where AYOV* resp. A%'V* is the space of complex linear resp. conjugate

linear functionals, i.e. real linear functionals f : V' — C satisfying
f(Jv) = =1f(v) resp. f(Jv) = —v/—=1f(v).
The Grassmann algebra construction also works for complex vector spaces.

Notice that if W = W’ & W”, then one has
MW= @ AW @AW

p+Hq=k
Then
A’“(V* Q C) _ Ak(Al,OV* @ Ao,lv*) ~ @ Ap(Al,OV*) D Aq(AO’lv*).
pt+q=k

We denote a summand on the right by
APV C ARV ®C).

3.1.2 Complex manifolds

Recall that a complex-valued function f(z!,...,2¥) in complex variables are
called holomorphic or complex analytic if

of 1 /[0f af

0zt 2 <8xz i oyt

Definition 3.1.1. A complex analytic atlas of a smooth manifold M is a

C™ atlas consisting of charts
o : Uy — C* = R
such that for each pair «, 3, the coordinate change
$a © 05" Gp(Ua NUs) = ¢o(Us NUp)

is a holomorphic map. A complex manifold is a smooth manifold M

equipped with an equivalence class of complex analytic atlases.
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Exercise 3.1.2. Show that complex manifolds are always orientable.

On a complex manifold, tangent spaces have complex structures. Namely,
for each p € M, a complex analytic chart containing p maps 7,M to C",
equipping 7, M a complex structure J, : T,M — T,M (which is independent
of the chart). Then the complexified space Ty M ® C can be decomposed as

AT M & AT M
If 2%, ..., 2" are local holomorphic coordinates with z/ = 27 + \/—1y’, then
AYOT* M is spanned by
dz? = dz' + v/ —1dy'.
More generally, for each k, one has the complex-linear decomposition
MNT*M®C)= @ A TM
pta=k

Using the previously discussed Grassman algebra notations, the space of
complex-valued k-forms can be decomposed as
FM)yeC= P (M)
p+g=k
The exterior differentiation can then be decomposed as
d: @ o) —» G im
p+a=Fk p+g=k+1
It is easy to see that d has only two nonzero components, the one which
increases the p grading by 1 and the one which increases the ¢ grading by 1.
Write them as

0: QP M) — Qp+1’q(M), 0 : QPYM) — Qp’q+1(M).
In local coordinates,

_ of _of\,
o= Z Z(W layﬂ)

J

_ of .of\
of = Za—ﬂ = Z<8xﬂ+18y3>dz

J
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Riemann surfaces

Riemann surfaces are just 1-dimensional complex manifolds. In particular,
they are oriented surfaces. We are particularly interested in compact Riemann
surfaces. By the classification theorem of compact oriented surfaces, we know
that up to homeomorphism or diffeomorphism, compact Riemann surfaces
are classified by their genus g (or Euler characteristic y = 2 — 2¢g). However,

up to biholomorphism, they are different.

Maximal principle

Recall that a holomorphic function f(z) defined on a domain cannot achieve
its maximal modulus in the interior unless it is a constant. This implies
the following fact: on a compact complex manifold, the only holomorphic

functions are constants.

Almost complex structure

A smooth almost complex structure on a smooth manifold M is a smooth
family of complex structures on T'M. It does not necessarily come from a
complex analytic atlas. The Newlander-Nirenberg theorem says that the
almost complex structure is integrable if and only if there exists a complex

analytic structure on M.

3.2 Holomorphic vector bundles

On complex manifolds one can talk about holomorphic functions or more
general holomorphic objects. In particular, one can consider holomorphic
vector bundles. Notice that the Lie group GL(k) is an open subset of C***,

Definition 3.2.1. A holomorphic vector bundle over a complex manifold M

is a smooth complex vector bundle £ — M equipped with a bundle atlas
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whose transition functions
Gap : Ua MUz — GL(k)
are holomorphic functions.
Exercise 3.2.2. Show that the total space E is a complex manifold.

Definition 3.2.3. A holomorphic section of F is a section S : M — E which

is holomorphic.

Remark 3.2.4. There is a clear distinction between complex vector bundles and
holomorhpic vector bundles. For example, if F' C E is a complex subbundle,
then there is always a complement F”; for example one can use a Hermitian
metric on F and choose I’ = F*. However, if F and E are holomorphic
vector bundles, there may not exist a holomorphic subbundle F' C E such
that F @ F' = FE as holomorhpic vector bundles.

On the other hand, complex vector bundles are purely determined by the
topological type. However, holomorphic vector bundles have a moduli, i.e,

their holomorphic structures can vary continuously.

The tangent bundle

Notice that T'M is now understand as a real vector bundle equipped with
a complex structure J € ['(EndTM). After tensoring with C, there is a
decomposition

TM@C=T""MoT""M

where
TN = {X ~VOLI(X) | X € TM}
and

TON = {X +VoLI(X) | X € TM}.

Notice that there is a canonical map TM — T*°M sending X to 3 (X — v/—1JX)
which is J-linear.
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We would like to make TH°M a holomorphic vector bundle. Indeed,

given local holomorphic coordinates (z!,...,2"), one has the induced real

coordinates (z*,y',..., 2", y"). Then T1°M has local frame

0 0 0 1/ 0 0
— e, here — = — - —vV—-1—.
(821’ ’02’”) W B2 T 9 (8351 Gyl)

This local frame induces a local trivialization of T*9M. We show that on

overlapping regions, the transition functions are holomorphic. Indeed, if

is another local coordinate system which overlaps with the previous one, then

we have ,
g  ow 0
dzi 9z dwi’
Because the coordinates are holomorphically compatible, the complex matrices
(%f] (21,...,2")) is a holomorphic function. Hence one obtains a holomorphic

atlas. So T1°M becomes a holomorphic vector bundle. We will usually regard
it as the holomorphic tangent bundle.

Tensors of holomorphic vector bundles are holomorphic. For example,
T*M := Hom(TM,C) is the holomorphic cotangent bundle, and

ARYT*M = A*T*M
is the bundle hosting all (k,0)-forms. In particular, the bundle
Ky = A""T*M = det T*M

is called the canonical line bundle of M.
Later will will focus on vector bundles on Riemann surfaces. Topologically,

they are classified by their first Chern classes. For any smooth complex line
bundle L — M, define

degL := / (L) e Z.
M
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The Cauchy—Riemann operator
Let E — M be any complex vector bundle. Consider the bundle

APMT*M @ E

whose space of sections is denoted by QP?(E). When E is a holomorphic

vector bundle, there is a well-defined operator
9" Qri(E) — QratY(E)

defined as follows. For any local holomorphic frame (ey,...,¢e;) of E, an

element o € QP9(E) can be written as

k
o= E o; K e;
i=1

where «; is a (p, g)-form. Then define

k
505 = ZEO[Z X e;.

=1

We prove that this is well-defined. Indeed, if €], ..., €} is another local
holomorphic frame, then there exists transition matrix g;; between the two

local trivializations. Then
k
Za@i K e; = Za@z & gije;-.
i=1 ij
Because g;; is a holomorphic function, ggij = 0. Hence the above is equal to
>_dlaigy) @ ¢
12

which agrees the definition using the frame €/, ..., e). Therefore, the operator

5E is well-defined.

Lemma 3.2.5. A smooth section s of E is holomorphic if and only ings = 0.
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Triviality over contractible regions

For smooth or continuous vector bundles, we know that if the base spaces
are contractible, then the bundles are trivial. This is no longer true for
holomorphic vector bundles. However, over domains such as C", noncompact
Riemann surfaces, (or more generally Stein manifolds), the holomorphic
classification agrees with the smooth classification. This is the so-called
Oka—Grauert principle (due to Oka [Oka39] and Grauert [Gra58]).

3.2.1 Dolbeault cohomology
Let M be a compact complex manifold and £ — M be a holomorphic vector
bundle. Then remember there is the Cauchy—Riemann operator

=E

0 T(E) = Q"Y(E).
It extends to a complex
5" a” "
00— QE) "= Q" F)— - —= Q" (F) —0.

As D 08 = 0, one can consider the cohomology H*(M, E).
Theorem 3.2.6. H*(M, E) is finite-dimensional.

Proof. One way to prove this is similar to the proof of de Rham theorem,
using the theory of sheaves. The other way is to use an analogue of Hodge
theory. ]

Theorem 3.2.7 (Hirzebruch-Riemann-Roch). The holomorphic Euler char-

acteristic of £
n

X(E) :=> (=1)'dimcH'(M; E)

1=0

1s a characteristic number which s

/ Td(TM) A ch(E).
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When M 1is 1-dimensional, this gives the classical Riemann—Roch theorem
dimH°(M, E) — dimH" (M, E) = rankE(1 — g) + deg(F)
When E = L is a line bundle, the formula is
dimH°(M, L) — dimH"'(M,L) = 1 — g + degL.

Remark 3.2.8. The classical Riemann—Roch theorem was firstly observed
by Riemann for line bundles. For Hirzebruch’s generalization, see the book

[Hir66]. This is also a special case of the Atiyah—-Singer index theorem.
Theorem 3.2.9 (Serre duality). There is a canonical isomorphism
H*(M,E) = H" (M, E* @ Ky)*.

Proof. Roughly, if « € H*(M, E) is represented by a form a € Q% (E) and
B € H ¥ (M, E* ® K);) is represented by a form § € QU F(E* @ K);) =
Qnn=k(E*), then o and 3 can be paired to be a top form. Then the integration

provides a perfect pairing. ]

3.2.2 Splitting and Extensions

There is an important distinction between smooth vector bundles and holo-
morphic vector bundles. Namely, holomorphic subbundles maynot admit

splitting. Suppose F' C F is a subbubndle, then there is an exact sequence

0 F——F-—"-Q 0

where () is the quotient bundle. It splits if there exists a bundle homomorphism
from f: @) — E such that 7o f = Idg.
On the other hand, given such an exact sequence, one obtains a short

exact sequnence of the Dolbeault complex, i.e.,

0—— Q%(F) —— Q%(F) —— Q%(Q) —— 0
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This induces the long exact sequence
0—— HY(F)—— H°(E) — H°(Q) —— HY(F) —— - - -
Now given an exact sequence, there is an induced exact sequence
0 —— Hom(Q, F') — Hom(Q, £) — Hom(Q, Q) —— 0.
The long exact sequence becomes
o —— H(Hom(Q, F)) —— H°(Hom(Q, Q)) — H'(Hom(Q, F)) — - - -

Notice that H°(Hom(Q, Q)) has a canonical identity element 1¢. If there exists
a splitting f : Q — E, then the image of 15 in H'(Hom(Q, F)) := Ext'(Q, F)
is zero. This element, called the extension class of this exact sequence, is

responsible for whether the exact sequence split or not.

3.3 Vector bundles over Riemann surfaces

We fix a compact Riemann surface ¥. We try to classify vector bundles over

3., especially when the genus of ¥ is 0 and 1.

3.3.1 Meromorphic functions

Recall that a meromorphic function f on a Riemann surface Y is a holomorphic
function defined on the complement of finitely many points (poles), such that

at around each pole with local coordinate z, the function is equal to

for some locally defined holomorphic function g and an integer m > 1. The
minimal m is called the order of the pole. On the other hand, we can look at
zeroes of f near which the function can be written as f(z) = 2™¢g(z) where

g(z) is a no-vanishing holomorphic function and m > 1.
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Lemma 3.3.1. A meromorphic function f on X is equivalent to a holomorphic
map f: ¥ — CPL.

Proof. Define f(z) = [f(z), 1] where at a pole, define its value to be [1,0]. It

remains to prove it is holomorphic, which is easy. [

Lemma 3.3.2. Let f be a nonzero meromorphic function on %, then
Z my, + Z mg = 0.
pEZero(f) q€Pole(f)

Proof. The total order of zeroes and the total order of poles are both equal
to the degree of the map f : ¥ — CP. ]

3.3.2 Divisors and line bundles

More generally, for a holomorphic line bundle . — ¥, one can consider
meromorphic sections, which are holomorphic sections defined on the
complement of finitely many poles such that around each pole, with respect
to a local trivialization, the section corresponds to a meromorphic function.
In particular, a global meromorphic function on ¥ is a meromorphic section
of the trivial bundle.

Remark 3.3.3. It is still nontrivial that given L there exist nonzero mero-
morphic sections. It can be proved using the Riemann—Roch theorem after
some preparation. In a different way, for any p € ¥, on the open Riemann
surface X\ {p} the bundle L is trivial (by Oka—Grauert principle). Then the

transition function near p provides a possible pole of the trivial section.

Lemma 3.3.4. If s1, S5 are both meromorphic sections of L — X, then there

exists a unique meromorphic function f on X such that s; = fss.

Each nonzero meromorphic section s of E has finitely many zeroes (with

positive orders) and finitely many poles (with negative orders). Define

(s):= Z mpp + Z myq

Zeroes poles

which is a formal linear combination of points.
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Definition 3.3.5. A divisor on a Riemann surface X is a formal linear

combination of points with integral coefficients, written as

k
i=1

One can see divisors form an abelian group.

Definition 3.3.6. Two divisors D; and D, are called linearly equivalent

if there exists a meromorphic function f such that D; — Dy = (f).

From the above lemma, one can see that given a holomorphic line bundle
L — X, the divisors arising from meromorphic sections of L are all linearly

equivalent to each other.

From divisors to line bundles

Now given a divisor D = > ., m;p; one can construct a holomorphic line

bundle. Indeed, consider an open cover of 3 by

where Uy := X\ {p1,...,pr} and U;, i > 1 is a small open neighborhood of p;
which is biholomorphic to a small disk. Then define

[D] = <|_|Ui><C)/~

where the equivalence relation ~ is given by the transition function

gi(z) = 2™

Then there is an obvious meromorphic section whose induced divisor is D.

Lemma 3.3.7. One has [Dy + D] = [D;] ® [Ds).
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Proof. First, by allowing zero as coefficients in a divisor, we may write

k k
Dy = mipi, Dy=)  nip;.
=1 =1

Using the same open cover of ¥, the transition functions of [D;] ® [Dy] are

the product of the transition functions of the two line bundles, which are

Zmr&-ni .

This is exactly the transition functions for the line bundle [D; + D). O
Lemma 3.3.8. For a meromorphic function f, the line bundle [(f)] is trivial.

Proof. Suppose (f) = Zle m;p;. Now on the open subset ¥\ {p1,...,px},
the function 1/f defines a holomorphic section of [(f)] over this open subset.

One can check that this section extends to a nonwhere vanishing section on
Y. Hence [(f)] is the trivial bundle. O

Lemma 3.3.9. [D,] and [Dy] are isomorphic if and only if Dy and Dy are

linearly equivalent.

Proof. Let s; € H°([Dy]) and sy € H°([Ds]) be the meromorphic sections
giving the divisors Dy and Dy. If [D;] = [Ds], then s and s, are meromorphic
sections of the same line bundle. Hence by Lemma 3.3.4, D; is linearly
equivalent to Ds.

On the other hand, if D; and D, are linearly equivalent, then there exists
a meromorphic function f such that Dy = Do+ (f). Then [D;] = [Do+(f)] =
[Da] @ [(f)] = [D2], as [(f)] is the trivial bundle. O

Therefore, one has established a one-to-one correspondence
{divisors}/linear equivalence — {holomorphic line bundle} /isomorphism.

Lastly, we look at the degree of the line bundle determined by the divisor.

Lemma 3.3.10. Given any divisor D =Y m;p;, one has

deg[D] = i m;.
i=1
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3.3.3 Line bundles on Riemann surfaces
Rational curve

Since we understand meromorphic functions on C very well, one can easily

prove the following.

Lemma 3.3.11. If D is a degree zero divisor on CP, then D = (f) for some

meromophic function f.

Proof. Suppose D = Zle mMiPi + MooPoo Where ps is the point at infinity
and M, is possibly zero. Consider the function

k

f(2) =116 —p)m

i=1
It is a meromorphic function on CP!. O

Corollary 3.3.12. For each d € Z, there exists a unique holomorphic line
bundle O(d) — CP' of degree d up to isomorphism.

Proof. Let L be a holomorphic line bundle of degree d. Choose a meromorphic
section s whose divisor is (s) = Zle m;p;. The previous lemma shows that
there exists a meromorphic section whose divisor is dpy. Hence L is isomorphic
to the line bundle generated by this “canonical” divisor. Therefore, there is

only one such line bundle. O

We first show that line bundles over CP! are classified by the degree.

Definition 3.3.13. The tautological line bundle is the bundle O(—1) —
CP! whose fibre over I € CP! is the complex line [ C C? represented by .

Denote O(1) = O(—1)* and for k > 0,
O(Fk) =0(£1) ®@--- @ O(£1).

N

-~

k
We know smooth complex line bundles, up to isomorphism, are classified
by their degrees, i.e., the integer [. It is in fact also the classification of

holomorphic line bundles.



3.3. VECTOR BUNDLES OVER RIEMANN SURFACES 81

Lemma 3.3.14. The tangent bundle TCP' is isomorphic to O(2).
Proof. Exercise. ]
On the other hand, one has the following fact.

Proposition 3.3.15. The space of holomorphic sections of O(k) is isomorphic

to the space of complex polynomials of degree at most k. In particular, when

k< -1, H(O(k)) =0 and
dimH°(O(k)) = k + 1.

Proof. A holomorphic section shall generate an effective divisor, which cannot
have negative degree. On the other hand, by Serre duality,

H'(O(k)) = (H(O(~k — 2)))*
which vanishes when k£ > 0. By Riemann-Roch, we know
dimH°(O(k)) — dimH*(O(k)) = 1 + k.

Hence the assertion follows. O

Higher genus curves

Lemma 3.3.16. Let >1,%, be connected compact Riemann surfaces. If

f 31 = X9 is a holomorphic map of degree 1, then f is an isomorphism.

Proof. We know that f is one-to-one away from finitely many critical points.
At a critical point p € ¥4, using local coordinates f, we can write f as a
holomorphic function in z near 0 such that f(z) =0, df(0) = 0. Then f has
at least an order two zero near 0. This means for any point near 0, it has
at least two preimages, which contradicts the condition that f has degree 1.

Hence f has no critical point and hence globally one-to-one. ]

Corollary 3.3.17. There is no meromorphic function f on any Riemann
surface of genus g > 1 whose divisor has the form (f) = p — q with p # q.



82CHAPTER 3. COMPLEX MANIFOLDS AND HOLOMORPHIC VECTOR BUNDLES

Proof. If such f exists, then f defines a degree 1 map from ¥ to CP'. This
contradicts the condition that g(X) > 1. O

Corollary 3.3.18. For any Riemann surface ¥ of genus g > 1, the map
¥ — {isomorphism classes of holomorphic line bundles}

sending p to the isomorphism class of [p] is injective.

Proof. 1f [p] = [q|, then there exists a meromorphic function f such that

(f) = p — g, which contradicts the last corollary. ]

This shows that holomorphic line bundles do not only contain the topo-

logical information of the degree.

Remark 3.3.19. In fact the set (or moduli space) of isomorphism classes of
line bundles of a fixed degree is a g-dimensional complex torus. This coincides

with the identification of the Yang—Mills moduli space.

3.3.4 Grothendieck’s theorem

The purpose of this subsection is to classify holomorphic vector bundles over

the genus zero curve CP'.

Theorem 3.3.20 (Grothendieck [Gro57]). Any holomorphic vector bundle
E — CP! is isomorphic to the direct sum of line bundles L1 @ --- @ L and

the summands are unique up to reordering.

Remark 3.3.21. If we only consider smooth decomposition, then this is always
true on any surfaces and the decomposition is not unique: only the first Chern
class is the invariant. However, holomorphic decomposition is more rigid and

not always possible.

Sections and line bundles

We first prove a useful lemma.
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Lemma 3.3.22. Let E — X be a holomorphic vector bundle. If s : ¥ — E
1s a nonzero holomorphic section, then there exists a unique holomorphic
line bundle L C E satisfying 1) the image of s is contained in L and 2), if
L' C E is another subbundle containing the image of s, then there exists a

holomorphic bundle map from L to L.

Proof. 1If s is nowhere vanishing, the s spanns a subbundle L. Now suppose s
vanishes at finitely many points py,...,ps. Around each p;, choose a local

coordinate z and local trivializations of £ so s becomes
fi1(2)
s(z) = :
fi(2)

where f; is a holomorphic function in z with f;(0) = 0. Hence f;(2) = 2™ih;(z)
with h;(0) # 0 and m; > 1. Let m, = min; m; > 1. Then consider the divisor
D=— Z mpyp.
pEZero(s)

Then there is a meromorphic function f on ¥ with (f) = D. Then consider
the meromorphic section fs of £ ® [D]. One can check that fs is in fact
holomorphic and nowhere vanishing. Hence there is a subbundle L C F ® [D].
Then [-D] ® L C E is a subbundle. O

Lemma 3.3.23. For any holomorphic vector bundle E — %, for degk
sufficiently large, H°(E) # 0.

Proof. By Riemann—Roch, one has
dimH°(E) > rank(E)(1 — g) + deg(E).

Then when the degree is sufficiently large, there exists holomorphic sections.
]

Corollary 3.3.24. Any holomorphic vector bundle E — % has a line sub-
bundle L C E.
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Proof. Given any E one can choose a line bundle L of a sufficiently large
degree so that
deg(E ® L) = degE + rankFE - degL

is sufficiently large. By the previous lemmas, F'® L has a nonzero holomorphic

section, hence has a line subbunle. It implies £ also has a line subbundle. [

Another ingredient is that line subbundles have an upper bound on the

degree.

Lemma 3.3.25. Let E — X be a holomorphic vector bundle. Then there
exists K > 0 such that for all holomorphic subbundles ' C F, degF < K.

Proof. Since holomorphic sections of F' are also holomorphic sections of F,

one has
HO(F) C HU(E).

Then by Riemann-Roch, one has
dimH°(F) — dimH"(F) = rank(F)(1 — g) + degF.
Then
degF = dimH°(F) — dimH*(F) — rank(F)(1 — g)
< dimH°(E) —rank(F)(1—g) —dimH'(F) < dimH°(E) —rank(F)(1—g).

The right hand side clearly has an upper bound. O

Splitting over CP!
We can have a lemma showing on CP! when an exact sequence split.

Lemma 3.3.26. Given an exact sequence

0 F E Q 0
of holomorphic vector bundles on CP' such that F' and Q are line bundles. If
deg(Q* @ F) = degF — deg@ > —1

then 1t splits.
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Proof. Suppose Q* ® F' = O(k). Then we know
Ext'(Q, F) = H'(O(k)) = (H(O(=k) @ Kcp1))" = H(O(~k — 2))°
which vanishes when £ > —1. O

Corollary 3.3.27. Any rank 2 vector bundle over CP' splits as direct sum

of line bundles.

Proof. Let E have rank 2. We may assume that dimE = 0, —1. Now, by

Riemann—Roch, one has
dimH°(E) — dimH'(E) = 2(1 — g) + deg(E) > 1.

Hence H°(E) # 0. Hence there exists a holomorphic section s, generating a

subbundle ' C E which has nonnegative degree. Then we see

degQ* ® F = deg(Q") + deg(F) = degF — deg@
= deglF — (degFE — degF) = 2degF — degE > —degE > 0.

Hence the exact sequence split. ]

Now we prove Grothendieck’s theorem by induction. Suppose rankF = k
and we have proved Grothendieck’s theorem for all bundles of smaller rank.
By Corollary 3.5.24, E has a line subbundle L. Then there is an exact
sequence
0 L E Q 0.

By the induction hypothesis, ) splits as direct sums

Ea

-1

Q=L

1

<.
Il

By the extension long exact sequence, this exact sequence splits if

k—1 k—1
H(Q ®L)=H (@L;f@L) ~PH (L;®L)=0.
j=1

=1
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It suffices to show that degL > degL;. Then we shall take L whose degree is
the greatest among all line subbundles (which has an upper bound by Lemma
3.3.25). In this case, suppose on the contrary that L; C @ is a subbundle
with degL; > dimL. Then consider the diagram

0——L—sF——1L, 0

wf ]

0 L E Q 0

where F'is a rank 2-bundle. Hence F' = L @ L; by the previous Corollary.
Hence L; is another line subbundle, contradicting the condition that L has

the maximal degree.

3.4 References and Remarks

A classical reference to complex manifold theory was Chern’s book [Che67].
A good reference for theories of holomorphic vector bundles is the one by
Kobayashi [Kob14].

The Hitchin-Kobayashi correspondence is a universal principle. It basi-
cally provides a bridge between complex algebraic geometry and differential

geometry, or a bridge between complex and symplectic world.
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Yang—Mills Equations

4.1 Yang—Mills functional

We focus on the case of complex vector bundles.

Before we start, we want to change the notations which are more frequently
used in gauge theory contexts. Let M be a compact Riemannian manifold.
Let £ — M be a complex vector bundle, typically equipped with a Hermitian
inner product. Let A(FE) be the space of connections on F; when E has
a Hermitian inner product, this notation means the space of Hermitian
connections. A connection is denoted by A; however, the associated operator
on I'(E) is denoted by

Dy :T(E) = QYE).
For any connection A € A(F), there is the curvature

Fy € Q*(M,End(E)).

We need an inner product on End(F); the Hermitian inner product on F

induces an inner product on End(F). More explicitly, one has:
Lemma 4.1.1. Let V be a Hermitian vector space. Then the pairing
(A, B) = Re (Tr(AB"))

is an inner product on the space of skew-Hermitian linear transformations.

87
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Proof. It suffices to check for the standard Hermitian vector space C*. We

have
Re (Tr(AB")) = Re <Z AUB_U> => (A};B}; + A},BY))
i3 1,J

which is obviously a real inner product. O]

4.1.1 The Yang—Mills functional

Define the Yang—Mills functional of A to be
1
YM(A) = —/ || F4]|*dvol,.
2 Ju

We would like to do the same variational approach to find the Euler—
Lagrange equation. A deformation of A is A + « for a € Q'(End(F)). We
want to calculate the variation of the curvature. With respect to a local

trivialization, write

A=d+w
where the connection matrix w takes value in g; meanwhile, o also takes value
in g. Then
Frrfa=dw+a)+ (w+ o)A (w+w)
=dwtwAw+da+ |[w,al +aAa
=Fy+Disa+aNa

Hence if we set A; = A + ta, one has

1
F(0) = YM(A) = 5 [ IFasual?

= %/ |Fa+tDaa+ O(t?)||* = F(0) + t/ (Fy, Dacv)dvol, + O(t2).
M

M

Then
F’(O):/ (Fa, Dga))dvol,.
M
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Lemma 4.1.2. The operator D% = (—=1)""' x Dx is a formal adjoint of
D4 : QY(EndE) — Q2(EndE).

Proof. This is similar to the case of d* on differential forms. O

Hence a critical point is a solution to
DZFA = (—1)n+1 x Dax Fy=0= Dy xIF4=0.

Definition 4.1.3. A smooth connection A € A(F) is called a Yang—Mills

connection if

D’ Fy = 0.

4.1.2 Gauge transformations

There is a symmetry on the Yang—Mills functional.

Definition 4.1.4. A vector bundle automorphism ¢ : £ — FE is called a

gauge transformation on F£.

Gauge transformations obviously form a group, denoted by
G(E).

Since the structural group of E' is reduced to G, this notation G(F) implicitly
requires that g : E — FE preserves this reduction. In other words, in local
trivializations, g takes value in G.

Notice that ¢ sends each fibre E, isomorphically to itself. If A is a
connection, with induced horizontal distribution 7"°"E, then g pushes Th'F
forward to another horizontal distribution, hence induces another connection.

Hence there is an action
G(F)x A(E) — A(E)

of the group of gauge transformations on the space of connections.
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We would like to have a more explicit expression of this action. In local
frame, g € G(F) can be regarded as a function g : U — G C U(k), which can
be written as g, and A = d + w. Recall that the horizontal distribution is
the kernel of

O =dy" +wuy”’, p=1,...k,
Then Z € ker6* C TE|y if and only if g.Z € ker(g—!)*6*. In this coordinates,
g transfers as
9(z,y) = (2, gwy”)

Hence

90" = d(guwy"”) + Wuw9uk¥" = Gudy” + dguwy” + W guey"
= G (dy” + (9" dgwo + g””wnpgpa)y(f)
so the connection matrix transforms as

W g lwg + g dg.

1

Lemma 4.1.5. The connection g*A corresponds to the operator g~ ody o g.

Lemma 4.1.6. The curvature of g- A is Fyn = gFag™".

Proof. The calculation is local, which is the same as the curvature matrix

calculation. O

4.2 Abelian Yang—Mills connections

Consider the case that G C U(k) is abelian, i.e. G =U(1) x --- x U(1). This
means F is viewed as the direct sum of Hermitian line bundles Ly & --- & Ly,
and connections are direct sums of connections on these line bundles. Then
we only needs to consider the rank one case.

Let L — M be a Hermitian line bundle. Then EndL is canonically
identified with the trivial (real) line bundle. For any Hermitian connection

A€ A(L), we know
Fu € Q2(M,EndL) = v—10*(M).
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Moreover, the induced connection D4 : Q'(EndFE) — Q*(EndE) coincides
with the standard exterior differentiation. Then the Yang-Mills equation
reads

DyFy=d"Fy=0.
The Bianchi identity reads dF4 = 0. Then A is a Yang—Mills connection is

equivalent to say that —y/—1F is a harmonic 2-form, or equivalently, that

1
B 2m/—1
Let’s see that in the abelian case there are always Yang—Mills connections.

F4 is the harmonic representative of the first Chern class of L.

Proposition 4.2.1. Let L — M be a Hermitian line bundle. Then there

exists a Hermitian connection A such that Fy4 is harmonic.

Proof. Let Ay be a reference connection. Then any connection A can be
written as A = Ay + « with a € iQ'(M). Then

Fy = Fy, +da.

As Fly, is closed, by Hodge decomposition, one can write
Fyy =70+ dBo

in a unique way, where 7 is harmonic. Then for the connection A = Ay — By,
Fa=Fa, — dfo

which is harmonic. O

On the other hand, we would like to see if Yang—Mills connections on a
given Hermitian line bundle I — M are unique or not. First, notice that if

g € G(L) is a unitary gauge transformation, then
Fya=gFag™' = Fa.

Hence after any gauge transformation, a Yang—Mills connection becomes a
gauge equivalent Yang—Mills connection. Hence it makes sense to consider

the moduli space of Yang—Mills connections.

Myu(L) = {A € A(L) | d'\Fx = o} /G(L).
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Now if A;, Ay are both Yang—Mills connections, then we can write Ay, =
Ay + B with 8 € /—1Q'(M); the YM condition implies

FAQIFAleA2+dﬁ:>dBIO.

Hence two Yang-Mills connections differ by a closed 1-form. On the other
hand, if 8 = dh for h € /=1Q°(M), then g = e" : M — U(1) is a gauge
transformation such that F,. 4 = F4 — dh. Hence if the difference is exact,
then it comes from a gauge transformation.

We can identify this moduli space with a torus. Recall that
Hgp (M)

is isomorphic to the real cohomology H'(M;R). Inside it there is the lattice
of the free part of the integral cohomology

HY(M;2Z)gee C H'(M;R).

The quotient
HY(M;R)/H"(M;Z)gee = (S*)™

where by is the first Betti number.

Theorem 4.2.2. There is a one-to-one correspondence
Myn(L) = HY(M;R)/H' (M; Z)tree.

Proof. Fix a reference YM connection Ay € A(L), then we know for any closed
1-form 3, Ag + v/ —10 is another YM connection, which is gauge equivalent

to Ag if (B is exact. Hence there is a well-defined map
on : H1<M; R) — MYM(L)

Moreover, it is affine linear. We would like to show that the kernel is
HY(M;Z)tee. Using differential forms, a closed 1-form represents an integral

class if its integral over any closed oriented loop is an integer. Remember
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such integral only depends on the homotopy class. Hence for any integral S,
there is a map
mg : m(M,p) — Z.

Then fix a reference point p € M. For each x € M, define

() =/7ﬁ

where 7 is a path from p to . This integral depends on the homotopy class

of v. However, if we define
g(x) = exp(2my/~Th(x)

then it is well-defined and smooth. Hence this is a gauge transformation.
Then

V=18 =g dg.
O

Remark 4.2.3. Notice that My (L) has a topology induced from the topology
on the space of connections and the action by G(L). The above identification
shows that My (L) is in particular compact. This can be viewed as a very

simple case of Uhlenbeck compactness.

4.3 Yang—Mills connections on surfaces

Let M be a closed oriented surface equipped with a Riemannian metric g.
Let £ — M be a Hermitian vector bundle. For any connection A € A(FE),
we have *F4 € Q°(End(E)). The Yang-Mills equation then reads

DA*FA: [DA,*FA] =0.

Proposition 4.3.1. Suppose A is a Yang—Mills connection. Then there ezists
an orthogonal splitting
E:El@.@Ek’



94 CHAPTER 4. YANG-MILLS EQUATIONS

Hermitian connections A; € A(E;), and constants \; € R such that
A — Al EB “ e EB Ak

and
Fy, = v—1)\dvol.

Proof. Choose a point p € M. For any point ¢ € M, choose a path ~
connecting p and ¢. Using the parallel transport along «, we can identify E.
with F,. Then along v, the section *F is a family of skew-Hermitian linear
transformations Q(t) : £, — E,. The Yang—Mills equation [Da,*F4] = 0
implies that

Q'(t) =0.

In particular, this means the eigenvalue decompositions of £, remains con-
stants. So the eigenvalues of xF'4 are constants as well as their multiplicities.
Hence for each eigenvalue A there is a well-defined subbundle F\ C E which
is the A-eigenspace of xFy. As xF) is skew-Hermitian, different eigenspaces
are orthogonal.

We prove that A preserves the decomposition £ = @ E),. Indeed, for any
section s of E), the Yang—Mills condition implies that

*FA(DAS) = DA(*FAS) = DA<)\8) = )\DAS

Hence D 4s is also contained in E)\. Therefore, the A is the direct sum of

connections A; € A(F;). Then we see
FA|Ei = FAi = /\idvolg. O

Then Yang—Mills connections are actually direct sums of the following

more basic types of connections.

Definition 4.3.2. A Hermitian—Einstein connection on a Hermitian vector

bundle F — ¥ is a connection A such that

F
P,

2w/ —1
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The scalar 7 is actually determined as follows. By integrating the equation
over X one obtains

F
degF = /ETr (_27r—\/A—_1> = rrankFArea(X).
Then decE
cg
Area(X) = :
rArea(Z) rank

The right hand side, which only depends on the topological type of E, is
called its slope.

4.4 Connections on holomorphic vector bun-
dles

We try to relate holomorphic vector bundles with Yang—Mills connections.

Let M be a complex manifold and £ — M be a complex vector bundle.

4.4.1 Cauchy—Riemann operators and complex gauge

transformations
Cauchy—Riemann operators

Let E — M be a complex vector bundle (not necessarily holomorphic). One

can consider the space of (p, ¢)-forms
QPUE)=T(APYT"M)® F).
Definition 4.4.1. A Cauchy—Riemann operator on FE is a linear operator
D" :T(E) = Q"YE)
satisfying

1. D"(fs) = fD"(s) + 0f ® s. This property allows one to define D" :
OP1(E) — QPITL(E) so the next condition makes sense.
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2. (D")? = 0.

Similar to connections, Cauchy—Riemann operators on F form an affine
space modelled on
Q" (EndE).

Let D"(E) be the space of all Cauchy—Riemann operators on F.

Proposition 4.4.2. Let M be a complex manifold and E — M be a complex
vector bundle. Let D" be a Cauchy—Riemann operator on E. Then there
is a unique holomorphic bundle structure on E, denote by &, such that D"

o . =€
coincides with the operator 0.

Sketch of Proof. The detailed proof can be found at [Kobl4, Proposition
13.7]. Basically, one can define an almost complex structure on the total
space E using the operator D”. The condition (D”)? = 0 implies that the
almost complex structure is integralbe, making £ a complex manifold with
the projection £ — M a holomorphic submersion. Then local holomorphic

trivializations can be constructed. O

Complex gauge transformations

Recall that a gauge transformation is just a bundle isomorphism ¢ : £ — FE.
Previously, when discussing Hermitian vector bundles, we required that ¢
preserves the Hermitian structure. In this way, every unitary gauge transfor-
mation pulls back a Hermitian connection to a Hermitian connection.

Now suppose we do not have a Hermitian inner product. Then one can
consider all complex vector bundle automorphisms g : £ — FE. It can still

pulls back Cauchy—Riemann operators. Namely,
g 00" 0g:T(E) » Q"\(E)
is still a Cauchy—Riemann operator.

Corollary 4.4.3. Let X be a compact Riemann surface. Let E — > be

a smooth complex vector bundle of rank k and degree d. Then the set of
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isomorphism classes of holomorphic vector bundles of rank k and degree d is

in one-to-one correspondence with the quotient
A'(E)/G°(E).
Proof. The previous result tells that there is a natural map from A" (E)/G¢(E)

to the set of isomorphism classes of holomorphic vector bundles. We prove
that it is a bijection. First, if A” and B” defines isomorphic holomorphic
bundle, then they are obviously related by a complex gauge transformation.
So the map is injective. On the other hand, for any holomorphic vector
bundle of the given degree and rank, it is smoothly isomorphic to E. Hence

its canonical Cauchy—Riemann operator is identified with one in A”(E). O

The Chern connection
Let A be a connection on F, which is equivalent to an operator
Dy :T(E) = QYE).
Notice that we can naturally decompose
Dy=D)+ D)
which are the (1,0) and (0, 1)-components.

Theorem 4.4.4 (Chern). Given a holomorphic vector bundle E equipped with

a Hermitian inner product h¥, there exists a unique compatible connection
D4 of type (1,0).

Proof. Notice that for any s € I'(E), Dys is determined by its Hermitian
pairing with another s’ € I'(E). One has

d(s1, $2) = (Das1, $2) + (s1, Dasa).
Take the (1,0)-part, one obtains
=B
(s1,89) = (D'y51,82) + (51,0 89).

This determines the operator D', uniquely. Define Dy = D/, + . Tt is

routine to check that this is a connection satisfying the requirement. ]
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Then one can consider a natural subspace of connections. Define

o

A(E) C A(E)

be the subset of connections A on E such that D’} is a Cauchy-Riemann
operator.! When E is Hermitian, we also require the connection is Hermitian.
In this case, one has Fy € Q% (EndE). Then there is a natural map

o

A(E) — A"(E).

Since g € G(E) acts on connections by g- A = go Ao g™', this is a G(E)-
equivariant map. On the other hand, there is an inverse given by the Chern

connection construction.

Complex gauge transformation on connections

The larger group G¢(E) acts on the space A”(E). The above one-to-one
correspondence induces an action by G¢(E) on the space of connections.
Let g : E — FE be a complex gauge transformation. Since D4 is Hermitian,

one has

d(s1,82) = (D451, 52) + (51, Dy52).

After transforming by a complex gauge transformation g, one has
g-Diy=goDjog™t =Dy~ (Dig)g™"
Then the change to D’y should be equal to
(Dag)g™)".
Therefore, g acts on the connection by
Dar Da—(Dig)g™" + (Dhg)g )"

Notice that one can write any complex gauge transformation using the

polar decomposition as ¢ = U H where U is unitary and H is positive-definite

'When M = ¥ is a Riemann surface, A(E) = A(E).
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Hermitian. We know how unitary gauge transformations act on connections;
in particular, they do not change the magnitude of curvature. On the other

hand, when ¢ = H which is positive-definite, the above formula shows
g-Dy=Dy—(D4yH)H  +(DYHYH ™) = Dy—(D\H)H '+ H Y (D, H).

A special case is when ¢ = H = ¢ which is the multiplication by a positive-

valued function. In this case,
gDA:DA—5h+8h
We see the curvature changes by

F,.4 = Fa —200h.

4.4.2 Hitchin—Kobayashi for line bundles
In this subsection we prove the following theorem.

Theorem 4.4.5. Let ¥ be a compact Riemann surface equipped with a
conformal Riemannian metric’ and L — X be a holomorphic vector bundle.
Then there exists a unique Hermitian inner product whose corresponding

Chern connection A satisfies

1 degL
- « Fy = —>_1d;.
orv/—1 T wvol(x) ”

An equivalent statement is the following.

Theorem 4.4.6. Let X be a compact Riemann surface equipped with a
Riemannian metric and L — 3 be a Hermitian line bundle equipped with a
Hermitian connection A. Then there exists a complex gauge transformation
g such that g - A solves the Hermitian Yang—Mills equation. Moreover, if
g1, g2 are both such complex gauge transformations, then g, differ from go by

a unitary gauge transformation.

2This means that the notion of “rotation by 90 degrees” defined by the metric is the

same as the one defined by the complex structure.
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Now let’s consider the case of line bundles. A complex gauge transforma-
tion is just a function g = e® : M — C*. Notice that one can extract a unitary
part. Hence, essentially we can take h to be real. Then on Cauchy-Riemann

operators, the action is
g-A=A+0h—0h.

So the term Oh — Oh is purely imaginary. In a local holomorphic coordinate
z = 5+ +/—1t, one has

Oh — Oh
1 /0h Oh 1 [/ 0h oh
oh oh
=V —1 <Eds — gdt) .

Then the change of curvature is

— 9*h  0%*h
d(@h — ah) = —V —1 (@ + W) dsdt.

Then the equation is
«Fy++vV—1Ah=r.

There is a solution because of Hodge decomposition.

4.5 Narasimhan—Seshadri theorem

Let ¥ be a compact Riemann surface. A general goal is to understand the

moduli space of holomorphic vector bundles over .

4.5.1 Slope stability

Recall that the slop of a complex vector bundle £ — ¥ is the ratio

degFE
E) = .
HiE) rank
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Definition 4.5.1. A holomorphic vector bundle £ — ¥ is called inde-
composable if it is not isomorphic to the direct sum of two holomorphic
subbundles. It is called stable resp. semi-stable if for any proper and
nonzero holomorphic subbundle F C &, there holds

(&) < u(&) resp. u(€) < u(€).

Now let ¥ be equipped with a conformal Riemannian metric. Since
the complex structure ¥ is given, the metric is essentially an area form
dvoly € Q%(X). Recall that the Hermitian—Einstein equation on Hermitian
connections A reads

xFy degFE

— = Idg.
9mv/—1  rank(E) - Area(X)

We may normalize the metric so Area(X) = 1.

Theorem 4.5.2 (Narasimhan—Seshadri). [NS65] An indecomposable holo-
morphic Hermitian vector bundle & — M admits a Hermitian—FEinstein

connection, i.e., a unitary connection A with £ = €4 solving

*FA
—— = pu(&)Id
omy—1  MENe:

if and only if £ is stable.?

4.5.2 Harder—Narasimhan filtration and Jordan—Holder

filtration

Proposition 4.5.3. Let £ — X be a holomorphic vector bundle. Then there

emists 4 a filtration
0=FCFHCFC---CF=¢&

satisfying

3This was not the original form of the Narasimhan—Seshadri theorem.
4There is also a certain uniqueness part of this theorem.
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1. Fi/Fi—1 is semistable;
2. For all 1 there holds

p(Fi) Fica) > p(Fia/ Fi).

Proof. If £ is semistable, then we use the trivial filtration. Assume that £ is
not semistable. Then there exists F C £ such that pu(F) > u(€). We claim
that the slope of all subbundles has an upper bound: it suffices to show that
for each rank r < rank(€), the degrees of subbundles of rank r have an upper

bound. By the Riemann-Roch, one has
R(F) — h'(F) = rank(F)(1 — g) + deg(F).
It follows that
degF < h(F) — rank(F)(1 — g) < h°(E) — rank(F)(1 — g).

Now take F; to be a subbundle attaining this maximal slope. Moreover,
if there are multiple such ones, one chooses the one with the smallest rank.

Then one has the corresponding extension

0 Fi & Q 0.

By induction hypothesis, Q@ admits such a filtration by subbundles Q; C Q,
j=1,...,s. Then define F;;; C &€ to be the preimage of Q; under the map
E — Q. Then the filtration by F; satisfies the stated conditions. O

Proposition 4.5.4 (Jordan—Holder filtration). Suppose & is a semistable
vector bundle of slope . Then there exists a filtration of subbundles F; such
that Fiv1/F; is stable and has slopt p.

Proof. If £ is stable, then nothing needs to be proved. If not, then there
exists a subbundle F C & with slope pu. We choose such F of the highest
rank. Then £/F is stable (otherwise we get a bigger F). Inductively the

filtration can be constructed. O
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4.5.3 Curvature of subbundles and quotient bundles

Consider an exact sequence of holomorphic bundles

0 F & Q 0.

A Hermitian inner product on £ can be restricted to a Hermitian inner
product on F. Then the orthogonal complement of F is smoothly isomorphic
to Q, hence gives a Hermitian inner product on Q. Then this induces a C'*
isomorphism

ES2F D Q.

Now let D4 be the Chern connection on £. Then one can write

Dyr B

D, . (45.1)

_ 5‘r D 4o
Here 8 € Q'(Hom(Q, F)) and we have 3 and —3" on the off-diagonal blocks
because the connection is Hermitian.

Lemma 4.5.5. § € Q% (Hom(Q, F)).

Proof. The corresponding Cauchy—Riemann operator is written as

-DZ‘]-' 60’1
_(BH0,1

(87 Dig
However, as F is a holomorphic subbundle, for any (local) holomorphic section
s of F, D’ys = 0. Hence the term —(37)%! has to vanish. Then

"o__
Dy =

(BH = (B0 = 0 = B € Q"' (Hom(Q, F)). O

Remark 4.5.6. In fact 3 represents the extension class in Ext!(F, Q).

Now we will see the following phenomenon that “subbundles have smaller
curvature and quotient bundles have bigger curvature.” Indeed, if we calculate

the curvature of A in the block form, then one sees

Fur = BA B Dyr o+ B0oDye

Fy=
—BT o Dyr — Dyooft Fao— BTN B
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Lemma 4.5.7. For any 8 € Q% (Hom(Q, F)), the section

*B A BT BTN B
_27r—\/—_1 € I'(End(F)) resp. — 27r—\/—_1

18 monpositive resp. nonnegative.

€ T'(End(Q))

Proof. At each point x € ¥, choose a local holomorphic coordinate z =
s + v/ —1t and write § = dzT(z) where T'(z) : Q. — F, is a complex-linear
map. Then

BABY = dZT(2) Nd2T(2)" = —dz AN dZT(2)T(2) = 2/ 1T (2)T(2) dsdL.

Similarly,
BIA B = =2V —1T(2)'T(2)dsdt.

If the volume form is pdsdt where p is positive, then

— — = AAT
21/ —1 TP
which is nonpositive and
— BT B — LTTT
2my/—1  @p
which is nonnegative. [

Lemma 4.5.8. Given A of the form (4.5.1), there exists a complex gauge
transformation g such that g - A has the same diagonal part as A and the

curvature Fy. 5 1s block-diagonal.

Proof. Notice that the diagonal terms Dyr and D 4¢ induce a connection D 4
on Hom(Q, F), by
DA(T) = DA}‘ ol'—To DAQ.

We consider a complex gauge transformation of the form

g= , v € I'(Hom(Q, F)).
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Then the Cauchy—Riemann operator D’} becomes
D/A}‘ B — Dy
0 D 4o
So the off-diagonal curvature becomes
Dy(B = D}y).
We want to solve the equation
0= DDy — DB

This is actually possible by a variant of Hodge decomposition. ]

HE — stability

Let A be a Hermitian—FEinstein connection on the indecomposable £. Let
F C & be a subbundle. We prove that u(F) < u(€). Using the smooth
orthogonal splitting £ = F & Q, the F-component of the HE equation is
B *FA}‘ i *5 A BT .
2my/—1 = 2my/—1
Taking trace, and integrate, one can see
B A B!
Tr | — < p(&)rank(F).
(3202) < wepmank)
It follows that u(F) < p(€). Moreover, the equality holds only when g = 0.

In this case, the connection A (and hence the induced Cauchy-Riemann

n(E)ldg.

degF = p(&)rank(F) +/E

operator) is block-diagonal. Hence £ becomes the holomorphic direct sum,

which contradicts the assumption that £ is indecomposable.

4.5.4 Stability = HE: I. Outline

The basic strategy of Donaldson’s proof works as follows. Start from a stable

and indecomposable holomorphic £ — 3. Then there is a unique G¢-orbit
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of unitary connections. Consider the infimum of the (modified) Yang-Mills

functional

2
*FA

—_— E)d
By T1+HJ( )de

Solutions are of course minimizers of this functional. Then consider a sequence

1) -|

L2(%)

A; in the same GC-orbit such that J(A;) approaches to the minimal energy. We
want to show that A; actually converges to a Hermitian—Einstein connection
in this orbit.

A crucial ingredient is the so-called Uhlenbeck compactness, which
implies that a subsequenece of A;, up to gauge transformation, converges in
a certain Sobolev regularity, to a limiting connection B. However, this limit
B may not be in the same orbit as A;. But nonetheless, B also defines a
holomorphic structure, potentially different from A;, called &£’

Then we argue that the stability condition will imply £ = £, meaning
that the minimal energy can be achieved in the same G¢(E)-orbit. Then by
the elliptic regularity theorem for the HE equation, it follows that B is a
smooth HE connection.

To argue that £’ is isomorphic to the original £, one first show that there
will exists a nontrivial bundle map « : £ — £’. In general holomorphic bundle

maps over Riemann surfaces can be factorized.

What might go wrong for unstable bundles

Suppose £ is unstable and indecomposable vector bundle. Then there exists

an exact sequence

0 F & Q 0

such that u(F) > p(€). For simplicity, assume that F and Q are line bundles.
Then on F and Q there are Hermitian—FEinstein connections.

Choose a Hermitian inner product on &, leading to a C'* isomorphism
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£ = F @ Q. The Cauchy—Riemann operator reads

=& D///;f 6
0 Dl
Notice that 8 € Q%! (Hom(Q, F)) corresponds to exactly the extension class.

There is a particular family of complex gauge transformations

Idr 0
0 tldo

[

After this family of gauge transformation, one obtains

g+ 0 :gtoggogt_l
Idr 0 D", B Idr 0
0 tldg 0 DI, 0 +dg
D t7'8
0 Dg

We see that when t — oo, the sequence of Cauchy—Riemann operators, as
well as the corresponding connections converge to a block-diagonal form.
The associated holomorphic bundle structure then change. Moreover, if we

compute the curvature, one obtains

Far —t7%B0 1 o)
O@t™) Fio—t 25708

Fy, =

t

Then we see in the semi-stable case (when u(F) = u(€), we actually
obtains a different bundle F & Q and a Hermitian—Einstein connection.
However, not in the original G¢(E)-orbit.

More precisely, we can see the following estimates. This is in fact an

enhancement of the previous “HE = stability” theorem.
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Proposition 4.5.9. Suppose one has an exact sequence

0 F & Q 0

of holomorphic vector bundles. Suppose A*, A2 are Hermitian connection on
F and Q. Then for any € > 0, there exists A. € A(E) such that

|A. — A @ AT < e.

Lemma 4.5.10. Suppose the exact sequence 0 F £ Q 0
satisfies u(F) > u(E); in particular, £ is not stable. Then for any unitary

connection A, one has °
J(A) = rank(F)(u(F) — p(€)) + rank(Q) (u(€ — n(Q))).

Proof. By the property of v and the block form, as well as Area(X) = 1, we

see that
\// 27T\/_ wE )Id€>r
= /2 (%F He )1@15)'

*FAJ-‘ *B VAN ﬁT
2 [ (o ey s )
xF 40 *3T A ﬁ
v e <2m/—_1 T oyt THE )Idg)‘

_ /Z (Tr (2;};“% + Zf \?ﬂ) (E)rank]:)

*FAQ *BT A 5
- [ (1 (g o) +eance)
> vank(F) (u(F) - pl€)) + rank(Q)(u(€) — p(Q)). D

In particular, we see that if £ is not semistable, then one can never solve
the HE equation.

5In fact equality implies the exact sequence split.
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4.5.5 Stability =— HE: II. Preparation
Connections with Sobolev regularities

Recall that we have the space Hy which are roughly functions whose (weak)
derivatives up to order k are all L2-integrable. It is also sometimes denoted
by W*2. We will mainly use L? = Hy, W'? = H, and W?? = H,. We can
also talk about I/Vllg’f, meaning that the weak derivatives are L2-integrable
over compact sets. Then we can talk about W*2-sections of a smooth vector

bundle, which means locally the sections are W*2-functions.

Definition 4.5.11. Let E — M be a smooth vector bundle. A Wh2-
connection on F is a connection whose local connection matrices are functions
of regularity Wlif Equivalently, it is a connection of the form Ay + a where
Ap is smooth and « is a W'2-section on Q' (EndFE).

Notice that if A is a W12-connection, then its curvature is an L*-integrable
form. On the other hand, the appropriate class of gauge transformations are

those of class W?2?2.

Lemma 4.5.12. Let B be a W'2-connection on E. Then there exists a
holomorphic vector bundle Eg and a bundle isomorphism g (of regularity
W?22) such that g transforms DY, to 7",

Regularity modulo gauge

For a W12-connection, one can also talk about the Hermitian—Einstein equa-

tion as the curvature is still L2.

Proposition 4.5.13. Suppose A is a W2-connection soving the HE equation.

Then there exists a unitary W22-gauge transformation such that g-A is smooth.

Sketch of Proof. Essentially this is because the HE equation is elliptic modulo
gauge. We first needs to use the so-called “local slice theorem” saying that
there exists a nearby connection Ay and a unitary gauge transformation g
such that

Dy (g A= Ag) =0
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(so called Coulomb gauge condition). Then the equation together with the
HE equation allows one to use elliptic bootstrapping. The details can be
found in [Weh03]. O

Uhlenbeck compactness

Theorem 4.5.14. [UhI82] Suppose A; is a sequence of W2-connections on
E satisfying

limsup || Fa,|| 2 < 0.
1—00

Then there exists a subsequence (still indexed by i) and a sequence of W22

gauge transformations g; such that g; - A; converges weakly in W12,

Then by the Sobolev embedding theorem there is LP-convergence for all p.

4.5.6 Stability =— HE. III. The variational argument
Energy minimizers are HE

We would like to prove the following theorem.

Theorem 4.5.15. Suppose Ay € AV*(E) satisfies

J(Ao) = inf J(A)

EAE

then Ay is a Hermitian—Einstein connection.
To prove this we need the following lemmas.

Lemma 4.5.16. Suppose £ is stable. Suppose A € A(E) and s € I'(End€),
Das =0 if and only if s is a constant multiple of identity.

Proof. Suppose Dys = 0. Then s has a constant rank. Moreover, D’js = 0,
hence s is holomorphic. Hence the image of s and the kernel of s are subbundles
of £. The stability condition implies that u(Ims), pu(kers) are both smaller
than p(&), which is impossible. ]
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Lemma 4.5.17. Suppose s € End(E) is Hermitian and [, Tr(s)dvoly = 0,
then there exists h € I'(EndE) such that D} D h = s

Proof. The operator D4 D4 : W?%(EndE) — L*(EndE) is Fredholm of index
zero. The above lemma shows the kernel is one-dimensional. Hence the

cokernel is one-dimensional. O]

Proof of Theorem 4.5.15. Consider the section

*FAO
2 T —

Then this section has trace zero. Hence there exists h € ['(End€) such that

D7, Da,h = s. Now consider the complex gauge transformation g, = eth.

+ p(E)1de.

Consider A; = g, - A. Then we see the derivative at ¢ = 0 is
Dy,h— Dy h
and the change of the curvature is D} Da,h. Hence

d

al_, /A :/ <2;\/A— p(E)1de, Dy, DA0h> — J(Ao).

The energy minimizing condition implies that J(Ag) = 0.
Therefore, Ay is a Hermitian-Einstein connection of regularity W2, By
elliptic regularity, up to a W?22-gauge transformation, A, is equivalent to a

smooth HE connection. O]

Energy minimizing sequence

Consider a sequence A; € A(E) such that £4, = &€ and

lim J(A4;) = inf J(A)

1—>00 EAE
Then by Uhlenbeck compactness, A; converges weakly in W12 to a connection
B. Then we know there exists another holomorphic vector bundle & — X

whose Cauchy—Riemann operator is equivalent to that of B.
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Lemma 4.5.18. There exists a nonzero holomorphic bundle map o : € — E'.

Proof. We prove this by a certain analytical argument. Fix A = Ay. Then
since A; = g¢; - Ao, g is in fact a holomorphic section of Hom(E4,,&4,).
However, they have the same underlying complex vector bundle with different

Cauchy—Riemann operators. Locally, we can write
D)y =0+ w
where w; is a matrix with (0, 1)-form coefficients. Then
0gi + wigi — giwo = 0.

We would like to extract a convergence subsequence of g;.

First, we can normalize g; so that
sup [|g;l| = 1.
)

Now we appeal to the elliptic estimate. The fact that 0 is first-order and

elliptic provides the “interior estimate”

||UHW’€+L2(D(%)) <C (||U||ka2(D) + ||5U||ka2(o)) .

In this way, locally the W22%-norm of g; is uniformly bounded. Then by
the Sobolev embedding, a subsequence converges weakly to g € W22, In
particular, g; converges uniformly to g... As supy, ||g;|| = 1, it follows that

Joo # 0. Therefore, one has

D9 = 9o D4,
namely ¢, is a holomorphic bundle map from & to &' O]
Proposition 4.5.19. When & is stable, o is an isomorphism.

We prove this proposition in the remaining subsections. Notice that this
will imply our main theorem. Indeed, this shows that the minimal energy can
be attained in the same complex gauge orbit (at least when allow connections
and gauge transformations to have appropriate Sobolev regularities). If B is
such a minimizer, then we have proved that it must be a Hermitian—Einstein

connection. Hence we obtained the existence.
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Proof of Proposition 4.5.19
We first need a general factorization theorem about holomorphic bundle maps.

Lemma 4.5.20. For any holomorphic vector bundle map o : € — E’, there
exists a canonical factorization in the following sense: there is a commutative

diagram of holomorphic bundle maps

0 F & Q 0

|

0 Q' &' F 0

where horizontal lines are exact sequences and the map @ : Q — F' is almost

everywhere invertible.

Proof. Let r be the maximal of ranks of v over Y. Since « is holomorphic, we
can see that a has rank smaller than r only at finitely many points py, ..., pp.
Moreover, if £ has bundle rank k, then away from these points, kera has
dimension k — r, while has higher dimensions at p;.

We would like to define F to be the “largest” subbundle of £ that is
contained in kera. Indeed, near p;, choose a local holomorphic coordinate z
centered at p; and local trivializations of £ and £" around. Then « is written
as a matrix-valued holomorphic function in z. We see that z — kera(z) is a
complex analytic map with one variables from the punctured disk into the
complex Grassmannian Gr(k — r, k). Since the Grassmannian is compact,
such holomorphic map extends. Hence we can define F to be the subspace
generated by the images of the extended kernel map. Then we see that
alz =0, hence extends to the quotient bundle Q.

Similarly, the image bundle F' can be defined similarly, using locally

constructed holomorphic maps to a certain Grassmannian. O

Corollary 4.5.21. In the current situation, we have

w(Q) < pu(F) < (&) = (&) < pu(Q) < u(F).

In particular, £ is not stable.



114 CHAPTER 4. YANG-MILLS EQUATIONS

Proof. u(F) < pu(€) < pu(Q) follows from the stability condition. On the other
hand, £ and £ are C*°-isomorphic, hence have the same slope. Moreover, as

a: Q — F is almost everywhere full rank, the induced section
det o : det @ — det F'
is a nonzero holomorphic section of the line bundle Hom(det Q, det F”). Hence

deg(Hom(det Q,det F')) = deg(det F') — deg(det Q) = degF' — degQ > 0.
[

Now by Lemma 4.5.10, one has

inf J(B) = rank(F')(u(F") — u(€")) + rank(Q)(u(€") — (L))

Ep=E’
> rank(Q)(u(Q) — pu(€)) + rank(F)(u(€) — u(F)).

Then the main theorem follows from the following.

Lemma 4.5.22. Suppose we have proved the main theorem for stable vector
bundles of rank at most k — 1. Let £ be a stable vector bundle of rank k and
F C & be a subbundle. Then there exists a connection A € A(E) such that

J(A) < rank(Q)(u(Q) — u(€)) + rank(F)(rank(€) — u(F)).

Proof. The subbundle F may not be stable or semistable. However, it has
the Narasimhan—Seshadri filtration by F; C F and each F;/F;_; (which has
a slopt p;) has the Jordan-Holder filtration by C;.;. The stability of £ implies
that p; < p(€). By the induction hypothesis, one has HE connection A;;
on C;.;/Ci.j—1. Then inductively, by using Proposition 4.5.9, for any € > 0,
there exists a connection A; . € A(F;/F;—1) which is e-close to the Hermitian—
Einstein connection on the direct sum @9 ; Ci.j/Ci.j—1. We could further take
A7 such that it is e-close to the direct sum €0, 4; .. The curvature of A7 has

the form

*FAF
L — _A+O(e).
9/ —1 +0(e)
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The same works for the quotient bundle. Let A2 be a connection on Q
which is e-close to a diagonal connection. Then we can consider a connection
on &£ of the form

A7 B

—pr A2
where [ represents the extension class. By Lemma 4.5.8, one can apply a
complex gauge transformation such that to change 3 so that the curvature is

block-diagonal. Then we see that

*FA
A 4 (E)d

o ,—_1+/~L( )Ide

| @)1 — A = 2221 O(e) 0

* 1'O
0 &) = A° — 2228 1+ O(e)

Notice that the leading term p(€)Idz—A7 is positive definite and p(€)Idg—A<
is negative definite.

Also remember that one can use a complex gauge transformation to rescale
£ without changing other parts of the connection. Hence one can choose

appropriate [ such that

J(A) < Tr (w(E)Idr — AT) + Tr (A — p(€)1dg)
< rank(F) (u(€) — p(F)) + rank(Q) (1(Q) — p(€)).

]

4.6 References and Remarks

There is an excellent expository article by Uhlenbeck [UhI88]. For Yang-Mills
theory over Riemann surfaces, the paper by Atiyah-Bott [AB83] is classical.
Another good reference for the involved differential geometry is [Kob14].
Certain specific Lie groups have physical meanings. For G = S, the Yang-
Mills theory can describe electromagnetism. For G = SU(2), it describes the
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weak interaction; this is the case where the original Yang—Mills theory was
formulated in [YMb4].

The Hitchin—Kobayashi correspondence was a main theme in gauge theory
and differential geometry. After Donaldson’s proof for the one-dimensional
case, it was extended by Donaldson [Don85] to dimension two and Uhlenbeck—
Yau [UY86] to higher dimensions. There are numerous variants of this
principle in the stories such as Higgs bundles, stable pairs, Kahler—Einstein

metrics, etc.
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