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640:411 Answers to the First Exam 10/19/2008

1. Suppose {z,}, {yn}, and {z,} are real sequences, and that for all positive integers, n,
Tn < Yp < 2. If both {x,} and {z,} converge and have the same limit, L, prove that

{yn} converges and its limit is L. Answer Fix ¢ > 0. Since lim z, = L there is N, € N
n—oo

so that if n > N, then |z,, — L| < €. Therefore for such n, L —e < z,, < L+ €. Similarly,
there is N, € N so that if n > N,, then L — ¢ < 2z, < L +e. Let N = max(N,, N,). If
n> N, then L —e < x, <y, <z, < L+e¢,so that |y, — L| <e. Thus lim y, = L.

2. Suppose (X, d) is a metric space. If P and @ are connected subsets of X with PNQ # 0,
prove that PU(Q is connected. Answer Suppose there is a separation, A and B of PUQ.
Then AUB = PUQ, ANB =0, AN B = 0, and neither A nor B is empty. Since
PNQ # 0, there is z € PUQ so that x € A or x € B. We address the first case (the
second is similar). Surely AN P and BN P is a separation of P since ANP C ANP C A
and BN P C B and therefore (ANP) N (BN P) =0 (and similarly reversing the roles
of A and B). But x € A, so since P is connected, P C A. Similarly, if x € Q, Q C A.
Therefore B = (3, a contradiction: no separation exists, and P U (@ is connected.

3. Suppose (X, d) is a metric space.

a) If A and B are subsets of X, prove that AUB = AU B. Answer If x € A, then given
r >0, N.(x) N A # (. That is, either x € A or «x is a limit point of A. Since A C AU B,
if z € A, then given r > 0, N,.(z) N (AU B) # 0 and thus x € AU B. The case x € B is
similar. Now if z € AU B, consider N, (z) N (AU B) = (N,(z) N A) U (N,(z) N B). This
is not empty because z is an element of the closure of AU B. If there is r > 0 so that
N, (z) N A = (), there is always b € B with b € N,.(z). Also, if 0 < s < r, there must be
b € B with b € N,(x) or else Ny(z) N (AUB) = (. Therefore z € B. The situation if
N,.(z) N B = () is similar, so either x is in A or in B.

b) Give an example to show that the closure of the union of a countable number of subsets
of X need not be equal to the union of the closures of each of the sets. Answer Take
X = R with the usual metric, and A; = {%} for positive integer j. Here A; = A; but

0e U;X;l Aj. So the union of the closures is not the same as the closure of the union.

c¢) Give an example to show that AN B and A N B need not be equal. Here A and B
are subsets of X. Answer Take X = R with the usual metric. Suppose A = [0,1) and
B =[1,2] so that A = [0,1] and B = [1,2]. Therefore AN B = () so the closure is empty,
but ANB = {1}

4. Suppose (X, d) is a metric space.

a) If A is a subset of X, prove that diam(A) = diam (A). Comment diam(S) =
sup {d(z,y):z,y € S} if S C X. Answer Since A C A, the sup for A is taken over
more real numbers, and therefore diam(A) < diam (A4). If diam(A4) < diam (A), then
there is § > 0 so that diam(A) + ¢ < diam (A) and therefore d(z,y) + ¢ < diam (A)
for all x and y in A. But the diameter of the closure is a sup, so there must be z
and w in A so that d(z,y) + g < d(z,w) for all x and y in A. Since z € A and

w € A, there are elements Z and w in A with d(z,2) < % and d(w,w) < ¢

i Estimate:

A
d(z,w) < d(,z) + d(2,®) + d(w,w) < d(Z,®) + 2(3) = d(Z,@) + §. This contradicts a
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previous assertion (with Z as x and W as y) so the diameters must be equal. (The text’s
proof is more economical.)

b) Give an example of a subset A of X with diam(A) # diam (A°) and A° # ). (A° is
the interior of A.) Answer Take X = R with the usual metric. If A = [0,1] U {2}, then
A° = (0,1), diam(A) = 2, and diam (A°) = 1.

5. a) Suppose (X, d) is a metric space, K is a compact subset of X, U is an open subset
of X, and K C U. Prove that there is 7 > 0 so that (J, . N-(k) C U. Answer Suppose
k € K. Since U is open, there is 7, > 0 with Na,, (k) C U. Then {N,, (k)},cx is an open
cover of K (with no 2 here!). K is compact so there is a finite subcover, {Nrkj (kj)}1<j<n'
Define r = min{rkj : 1 < j < n}. sis a positive real number since it is the minimum of
a finite set of positive real numbers. If k € K, then there is k; with d(k, k;) < r (cover!).
But N, (k) C Na.(k;) (triangle inequality) and No(kj) C Nap,, (kj) € U. So we have

proved J,cx Nr(k) C U.

Alternative proof Suppose no such r exists. Then for any positive integer n we can find
k, € K and v,, ¢ U with d(ky,v,) < 1. Since K is compact, the sequence {k,} has a
subsequence which converges to ¢ in K. But ¢ € U so there’s § > 0 with Ns(q) C U. Find
n so that % < g and d(k,,q) < g, possible since ¢ is a subsequential limit of {k,}. Then
(by A <) vy € N1(kn) C N%(kn) C Ns(q) C U. But this contradicts v, ¢ U.

b) Give an example to show that there can be a closed subset C' of X and an open subset U
of X with C' C U so that there isno r > 0 with (J, . N (2) C U. Answer Take R with the
usual metric and let C' be the positive integers and U be the open set U N (n ,n+ = )
The Archimedean property implies there is no positive r with r < E for all n € N SO thls
C'is as desired. It is not difficult to find examples of connected C’s and U’s satisfying this
question in R2.

6. a) Prove directly from the definition of compactness that the half-open interval (0,1] C R
is not compact. (R has the usual topology.) Answer Take U,, = (%, 1]. Then {Upn},en
is an open cover of (0,1] and U, 11 D U,. It is a cover by the Archimedean property. The
cover “nests” sinc 711 If {Unj }1<j<N is a finite subcover, UlngN Un; = Un where
M =max{n;:1<j < N}. But Uy = (ﬁ, 1} # (0, 1] by the Archimedean property.

b) Prove that a Cauchy sequence in a metric space is bounded.

Answer Proved in class and in the text.

7. Suppose the following is known about three sequences:

If n is a positive integer, then |z, — 2| < 2, |y,, — 6 < \/—, and |z, — 5| < %
Then the sequences {z,}, {y,}, and {z,} converge, and their respective limits are 2, 6,
and 5. The sequence whose nt! term is x,,y,, — 2, converges and its limit is 2- 6 5=7. Do
not prove this, but find and verify a specific n so that |(z,y» —2n) — 7| < 1555 000 This need
not be a “best possible” n but you must supply a specific n and a proof of your estimate.
Answer |(z,yn—2n) = 7| = |(Znyn —2n) —(2:6 =5)| < \xnyn —2Yp, +2yp, — 2 6\ + |zn -5 <
|Tr — 2| |Yn| + 2|yn — 6] + |2 — 5. Suppose n > (100)2. Then |y, — 6] < 2% = L so that
|Yn| < |lyn—6|+16] < 7 as Well as |y, — 6| < 7% Further, we know |20 —2| |yn| < 2 7 ==
Therefore |(z,Yn —2n) — 7| < 33 -I- \2/0—4- WOW' Now take n = 10'° so @ = 35 < 1

1010 = 3,000°
% = 105 < 3000° and n2 = 1020 <3 000 The total will be less than

1,000 000



