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640:192:01 Answers to the First Exam 10/17/2005
1. a) Compute the area enclosed by y = 1 — 22 and the z-axis.

1
Answer f_lll—x2dx=x—‘”3—3] 1:%_(_%) :%_

b) Suppose a is an unspecified positive number. Sketch and label the curves
y=1-—22and y = az? on the axes given. Find the coordinates of the points of
intersection of y =1- 2% and y = ax?, and label these points on your sketch.
Answer If 1—22 = az?, then 1 = (1+a)x so that z = :i:\/ll—i-_a' P’s coordinates

1 a a
are (_—\/lea’ 1+a) and @Q’s, (m, 1+a)
¢) Find a so that the area enclosed by y = 1 — 22 and y = az? is half of the area computed

in part a). Answer The area between y = 1—2% and y = az? is o 1+a (1-2?)—az® dz = 60-x
1+a
a 3 a i
f_\/i 1-(1+a)z?ds = m—(1+a)%]_1+1 = \/1271 - 3\/% = 3\/‘11?1. This should
a v/ 1+a

be g So 2 3= 3\/¢ Then /1 +a =2 and 1 + a = 4, so, finally, a must be 3. Wow!
2. A flat-sided monolith* is 60 feet tall with a square base that is 10 feet on each side. —
What is the volume of the monolith? Answer Our coordinate system’s origin is at the i6 s>i
center of the base of the monolith. We see a slice through the central axis of this solid.
The height ranges from 0 to 60, and the width of the square cross-sections, from 10 to X
0. If the height is = and the side of the cross-section is s then 8% = £ 50 5 = 10— .

The volume is the sum of cross—section areas, A(a:) = 52, multiplied by a bit of height
(dz)so the volume is fo (z)dx = (10 -1 )2 dz. This is (:—1) (10)® = 2,000. -
3. a) Here s a formula from the Tab]es of Indeﬁnite Integrals by G. Petit Bois (1906): i¢ 10 %i

f m dx =log(zx +1) + m . Please verify this formula using the method of partial fractions.

Answer The formula can be verified by differentiation and algebraic manipulation, but you’re asked to
decompose the integrand using partial fractions. The formula, which has x + 1, is a hint. I guess that
—lisa root of 23 + 522 + 8z + 4. If we plug in z = —1, the value is (— )2 +5(=1)? +8(-1) +4 = 0.

Divide =3 + 5x2 + 8x + 4 by z+ 1. The quotient is z2 + 43; + 4 = (z + 2)%. The partial fraction expansion
for m is zﬁl + z+2 + (z+2)2 and this is A@+2) (:ff)({;i?;c(xﬂ) We need A, B, and C so that
Az +2)?2+Bz(z+2)+C(z+1) =22 Ifr = —1,then A=1. If r = -2, then —C =4s0C = —4 Cons1der

2

the 22 coefficient: then A + B = 1 and since A = 1, B must be 0. Therefore m = $+1 + (w+2)2

We have verified the formula.

z+2

b) Here’s another formula from the same text: [ WLH dz = Llog ((z + 1)Vz? + 1) — % arctanz . Again,

please verify this formula using the method of partial fractions.

Answer Again, the formula gives a clue: let z = —1 in 23+ 32+ 1+ 1then (-1)3 + (=1)2 4+ (-1)+1=0

so divide 23 + 22 + 2 + 1 by z + 1: the quotient is 22 + 1. The form of the partial fraction expansion is
BziC _ A(z2+1)+(Bz+1)(z+1)_ This is

An antiderivative of ;2 is In|z + 1| and an antiderivative of ﬁ is

T T eI e S When o =A@+ 1)+ (Br+C)(z+1). o= -
we see A = 1. The 22 coefﬁcients give A+ B=1so B = 2. The constant terms give C: 0 = A+ C so C =
1

—3. Antidifferentiate 2. 4 22+f : $ln|z+ 1|+ §In(2® + 1) — { arctanz. Since §In|z+ 1|+ F1n(2? +1) =
sIn((z + DVa® + 1), we’re done. (The formulas in this problem are on page 12 of the Dover reprint )

= du = =2z da:
4. a) Compute f x arcsin(z?) dz. Answer Integrate by parts, using u = arcsin(z?) Y!

0 d =zdx v= 2:(:
Then [udv = uv — [vdu becomes [z arcsin(z?)de = La?arcsin(z?) — [ \/—dm An antiderivative
of the last part is obtained using the substitution w = 1 — z. All this becomes fo zarcsin(z?) dz =
tz? arcsin(z?) + 11 — ] tarcsin(l) — 1 = T — 1. Alternatively, substitute w = 22, then [udv, etc.
OVER

monolith 1. A large block of stone, especially one used in architecture or sculpture.
2. Something, such as a column or monument, made from one large block of stone.



dx. Answer Use the substitution w = e* + 1 so dw = e*dx and e = w — 1.
dx =

b) Compute fo =
Then g dz = z+1 e?dr = “~Ldw = 1 - L dw which has antiderivative w — In|w| so fo =
e* +1—1In(1+¢%)]g = (e+ 1) —In(e + 1) — (2 — In(2)).

5. In this problem, f(z) = z (Inz)>. a) Verify that lim f(z) = 0. Hint Write the limit so you can apply L’H,

m+1

m+1

but be sure to indicate why you need L’H whenever you use it. Answer lim z (In a:) = lim+ M This
z—0t z—0 =
is 22, so we may apply L’Hopital’s rule. We consider the limit of the derivative of the top over the derivative
1 =2
of the bottom: lim M = lim —2lnz Agam 250 again L’H and then lim —=- = lim 22 =0.
o0+ = 0+ 3 o0 z—0t T z—0+
b) Carefully compute the improper integral z) dz. Indicate why the limits you need exist, and what these
& 0
= =2(1
limits are. Answer Integration by parts: [udv = uv— [ v du becomes = (Inz)? du gnf) () dz
dv =zdx v=35T

so [z (Inz)’ dz = L2%(Inz)? — [zlnzdz. But [zlnzdr = J2%Inz — 12 + C with another integration

u=Inzx du = (1) dx 1 2 1 .
by parts: o o é;g . Thus [y z(Inz)’ dz = 32?(Inz)? — (32%Inz — {2?)], = ] since
lim 2?(Inz)? = lim z-z(lnz)? =0 as we saw and, similarly, lim z?(Inz) =0.""
z—0t z—0t z—0+ 04

¢) Here’s a graph of z(Inz)? drawn by Maple on the interval [0,1]. Does this -
graph (approximately) confirm your computation in b)? Why? Answer Yes.
It’s almost a triangle of helght , base 1, and area 4, which is b)’s answer. L

00 0.75 1.0
6. The integral [, ;7515377 dz diverges to co. Find some A > 0 so that f2 m x> 1010
Comment You are not asked to find an explicit antiderivative of m . You are not asked to find
a “best possible” A. You are asked to find a valid A and to support your answer with some reasoning.

A
Answer If 2 > 1, then 1 < 2'/4 < £!/3. Therefore 4w1/3i5w1/4 > 4w1/3}r5$1/3 = 575 and [, m dz >
A

f2A oot dr = § - 322/3]) = §(A3/* = 23/1). Id like §(A%/® —22/3) > 10'°. Just unroll, and don’t worry
about pretty numbers: one A to choose is (22/% + 6 - 1010)3/2 4 1.

7. This problem analyzes the computation needed to estimate the definite integral f02 x (1 + $3)3/ ? da using
the Trapezoidal Rule. Find n (the number of subdivisions) so that the Trapezoidal Rule estimate will be

within 107¢ of the true value of the definite integral. (You may use the error bound Kg’;;g”’s where K

is an overestimate of the magnitude of the second derivative.) Comment You are not asked to compute
this approximation to the definite integral. You are not asked to find a “best possible” n. You are asked

to find a valid n and to support your answer with some reasoning. Answer If f(z) = z (1 + :1:3)3/ 2 then
f(z) = (1—|—.Z' )3/2+$( ) (1423 )1/2(31‘2) — (1 +x )3/2 ( ) 3 (1443 )1/2 and f"(z) = (%) (1+$3)1/2(3$2)
+ (&) 22(1 + 2®)/2 + (9) 23(1 + 2®)~1/2(32?). We need an overestimate of | ()| for z in [0,2]. Consider
the first two terms of f"(z): (2) (1 + 2°)Y/2(32?%) + (L) 22(1 + 2°)!/2. All of these formulas have positive
exponents and positive coefficients, so all are increasing on [0,2]. An overestimate is obtained just by
plugging in z = 2. Amazingly! (1+2%)Y/2 =3 and (2) (1 +2°)Y/2(322) + (&) 22(1 + 2®)!/2 is estimated by
(3) 3(3-22)+ () 223. We can compute this: it is 216. Now for (2) 23(1423)71/2(322) = (142%)71/2 (1) 25.
To overestimate this simply, take it apart: (14 2°)~'/2 is decreasing on [0, 2] and has maximum value when

z =0, and is 1 there. (%) ® is increasing on [0, 2] with maximum value (2) 2° = 216. An overestimate of

4
the last part of |f"(z)| is 216. We can take K = 432 in our formula. Since b= 2 and a = 0, Kg’;ng)

4?;;—51223) = 288 This to be less than 107 if 282 < 107% or n > /288 - 106. So n = 17,000 should be enough.
Comment An approximate value of the integral is 19.32654961. The trapezoid rule with n = 100 gives the
answer 19.33 ..., with n = 1,000 gives 19.32659 ..., and finally with n = 17,000 gives 19.3265497 .... That
computation took a relatively long time (almost 3 seconds). This f(z) is bad (from the trapezoid rule point
of view) near z = 0. By the way, a graph of f" with Maple suggests that actually K ~ 289 so our “lazy”

estimate (432) wasn’t too bad.

becomes

** Maple showed an antiderivative with 23 complicated terms. This was not useful.
T Not really. This és an exam without calculators.



