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640:135:8, 9 & 10 Answers to version A of Exam #1 2/24/99

1. Evaluate the indicated limits exactly. Give evidence to support your answers.

2
—6
a) lim2 x-l-ixQ Answer z? + x — 6 = (z + 3)(z — 2). The quotient is z + 3 which has limit 5 as z — 2.
T—r T —
1,1 1,1
-+ 3 1 1 2 -+35 2 1 1 1
b) zlir% ﬁ Answer Since - + 3= %, the quotient ;—l-; = ;;ja: e kv and % has limit
—% as x — —2
sin x . . .
c) 1 Answer As z — 3, sinz — 1. But z — 5 — 0 and z — § < 0. The quotient is therefore

z—=3- T — 5

~1

which is a large positive number, so the limit is —oo.

small negative #
d) lim Ll Answer If x > 0, then |z| = z and Jl = Z = 1. Therefore the limit is 1.
z—0t T x
2. a) Suppose f(z) is a function. Write the definition of f'(x), the derivative of f(z), as a limit.
_ flz+ Az) — f(z)
! —
Answer f'(z) = Alirgo N .

b) Use your answer to a) and familiar properties of limits to find the derivative of f(x) = +/z — 3.

Answer f(z + Az) — f(z) = 2+ Az —3 — /z —3. We can get an algebraically equivalent form by
multiplying top and bottom by the conjugate expression (motivated by our desire to cancel Az’s later):

(\/x+Aa:—3—\/a:—3) Vrt+ Az —3+Vx -3 _ (z+ Az —3)— (x—3) _ Az
\/xA+Ax—3+\/x—3 \/x+Aa:—3-1i—\/a:—3 V¥ Az =3+ -3
The difference quotient flo+b2) = f@) then becomes because the Ax’s cancel,
Az Vr+ Az —3++Vz -3
1 1

and the limit can be found easily: f'(z) = lim = )
y: f1(@) Dz—0/z+ Az —3++x —3 2/ =3

¢) Use your answer to b) to write an equation for the line tangent to y = v/x — 3 when z = 7.

Answer The slope of the tangent line when 2 = 7 is f/(7) = ﬁ = 2\/+T3 =1, and one point on the

tangent line is (7, f(7)) which is (7,v/7—3) = (7,2). An equation for the line is therefore y — 2 = L(z — 7),
which is a fine answer. It can be converted to slope-intercept form (y = %w + %) but it doesn’t have to be.

1 ifo<z<1
3. Suppose that the function G is described by G(z) = { Az +B if1<z<2 .
r—3 f2<x<3

a) Find A and B so that G is continuous for all numbers in its domain. Briefly explain your answer.
Answer The only discontinuities can occur at 1 and 2. The left- and

right-hand limits of G at 1 must agree with G’s value at 1. G(1) = 1. y
lim G(z) = lim 1=1. lim G(z) = lim A2® 4+ B = A+ B. Thus 1
z—1— z—1— z—1t z—1t

A+ B =1|. The left- and right-hand limits of G at 2 must agree with

G’s value at 2. G(2) =2—-3 = —1. lim G(z) = lim Az> 4+ B =

T2~ T2~ | | | X
A-224+ B=4A+B. lim G(z) = lim 2 —3=2-3 = —1. Thus 0 1 2
z—2+ z—2t
4A+ B = —1|. We can find A and B by subtracting the first equation
from the second to get 34 = —2 so A = —2. Substitution in either ak

equation then gives B = 3.

b) Graph y = G(z) on the axes given for the values of A and B found in a).
OVER



(16) 4. The line segment AC is 5 units long and is divided into two parts by the
point B. Suppose that x is the length of the segment AB and that R(z) is the
sum of the areas of the two squares with sides AB and BC as shown.

a) Write an algebraic formula for R(z) as a function of z.

Answer The length of BC is the length of AC minus the length of AB, so the
length of BC is 5 —z. A square with side x has area #? and a square with side
5 — z has area (5 — x)?, so the total area, R(x), is 2 + (5 — z)2. | 5

‘exﬁ

—=—

b) Graph R(x) on the axes shown. Note that the horizontal and vertical axes 5 R®)
have different scales.
¢) Use algebra to find all exact values of the length z for which R(z) = 17. %[
Answer We can expand 22+ (5—1)2 to get 224+25—10x+2% = 222 —102+25.
The equation R(z) = 17 then becomes 222 —102+25 = 17 or 22°—102+8 = 0.
This can be solved with the quadratic formula or by factoring: 222 —10z+8 = 10
(22—2)(x—4). Theroots of (2z—2)(z—4) = 0 are 1 and 4. Realize again that
exams are very artificial situations. Only rarely could a “random” quadratic 51
polynomial with integer coefficients be written as a product of linear terms

15+

with integer coefficients! 0 1 2 3 4 5
(9) 5. Use all differentiation rules here. Please do not simplify the answers in this problem!

a) If P(z) = 62° — 323 + 4, what is P'(z)? Answer 6 -5z* — 3 - 322

b) If Q(x) = ;c; t ;, what is Q'(z)? Answer 32°(@3z (_35)__2?2(963 + 1).

¢) If R(z) = (54 cosz)'%°, what is R'(z)? Answer 100 (5 + cosz)” (= sinz).
(8) 6. Suppose that T is a differentiable function and the following facts are known about 7" and its derivatives:

T(5)=0and T'(5) = —3 and T"(5) = 2.
Suppose that S(z) = eT(*) (this is a composition). Compute S(5) and S’(5) and S”(5). Give the exact
answer in each case.
Answer S(5) = eT0®) = 0 = 1. §'(z) = eT®)T'(z) by the chain rule, so S'(5) = e7®)T'(5) = €°(=3) =
—3. Now use the chain rule and the product rule to get S”(z) = 7@ T"(2)? + 7@ T"(z), so S"(5) =
eTOIT(5)2 4 TGIT"(5) = e9(—3)% + €°(2) = 11.
(19) 7. Below is a graph of the function F. The domain of F is all numbers not equal to 2.

a) For which z is F(x) = 07 Answer —2.4 and Intervals where F/(x) is positive: tangent lines tilt "up”.

—.5 and 1 and 3 and 4.1: this is where the y
graph crosses the z-axis. 3
b) For which x is F(z) > 0?7 Answer —2.4 <
r<—-bSbandl<zx<2and2< 2z < 3and oL
4.1 < z: this is where the graph is above the
z-axis, where y is positive. /\
c¢) What is Jim F ()?  Points where F/(x)=0:
Answer 2. horizontal tangent lines. ‘ | X
N/ 5

1
| |
d) What is lim F(z)? Answer +oo. 3/ 2 1 0 \
r—2+t i

N [0)] | SR S

e) For which z (in its domain) is F' not differ- ar
entiable? Answer 4: where there’s a corner. \ T /

f) For which z is F'(z) = 07 Answer —1.6 and  |ntervals where F(x) is positive: the graph is above the x-axis.
.3: where the tangent lines are horizontal. The graph of y = F(z)

g) What is F(x) for those x’s for which F'(z) =  Use this graph to answer the questions as accurately as
0?7 Answer F(—1.6) =1.1 and F(.3) =—.8 possible.

h) For which x is F'(z) > 0? Answer z < —1.6 and .3 < 2 < 2 and 4 < z: where tangent lines have positive
slope.




