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Abstract

The most classical example of noncommutative harmonic analysis is the theory of
spherical harmonics:

(a) Under the action of the special orthogonal group G in n variables, the space of
square-integrable functions on the (n — 1)-sphere decomposes as an orthogonal direct
sum of mutually inequivalent irreducible subspaces.

(b) The algebra of polynomials in n variables decomposes as the tensor product of the
G-invariant polynomials and the harmonic polynomials (separation of variables).

(c) The restrictions of the harmonic polynomials to the sphere gives all the irreducible
G-invariant spaces in (a).

In this paper we describe how (a) and (b) carry over to harmonic analysis on a compact
Riemannian symmetric space and its tangent space. Our approach is through complex
algebraic groups; we embed the compact symmetric space in a complexification which is
an affine algebraic subset of the complexified isometry group of the space. We describe
this embedding in explicit matrix form for the symmetric spaces of classical type, which
are given by three elementary linear algebra constructions. Property (a) generalizes to
the context of multiplicity-free spaces, and we obtain Helgason’s theorem characterizing
the highest weights of the irreducible spherical representations. The harmonic analysis
of polynomial functions on the tangent space to a symmetric space was carried out by
Kostant and Rallis as a generalization of (b) and (c). We describe a new proof of their
basic theorem and illustrate it in all the cases where the isotropy group is a classical
group.

1 Introduction

In the introduction to [Car], E. Cartan says that his paper was inspired by the paper of F.
Peter and H. Weyl on harmonic analysis on compact groups [Pe-We], but he points out that
for a compact Lie group Weyl’s use of integral equations ‘gives a transcendental solution to

*Presented by Roe Goodman at the CUNY Seminar on Analysis and Geometry on Lie Groups and
Symmetric Spaces, November 8, 1996

TThe results in this paper are part of the book Representations and Invariants of the Classical Groups,
Cambridge U. Press (1997). The *.dvi files of this paper and the book are available by anonymous FTP to
math.rutgers.edu. After logging in, change directory to /pub/goodman and see the README file for further
information.

fRutgers University, New Brunswick, NJ 08903; goodman@@math.rutgers.edu

$University of California at San Diego, La Jolla, CA 92093; nwallach@@ucsd.edu



a problem of an algebraic nature’ (namely, the completeness of the set of finite-dimensional
irreducible representations of the group). Cartan’s goal is ‘to give an algebraic solution to
a problem of a transcendental nature, more general than that treated by Weyl’ (namely,
finding an explicit decomposition of the space of all L? functions on a homogeneous space
into an orthogonal direct sum of group-invariant irreducible subspaces).

In this paper we have a similar goal. Recall that the space of functions on the circle
with finite Fourier series can be identified with the algebra of finite Laurent polynomials
Clz,271] (where z = €). In a similar way, the “finite’ functions on a homogeneous space
for a compact connected Lie group (that is, the functions whose translates span a finite-
dimensional subspace) can be viewed as polynomial (‘regular’) functions on the complexified
group (a complex reductive algebraic group). By Weyl’s ‘unitarian trick’ the irreducible
subspaces of functions under the action of the compact group correspond to irreducible
subspaces of regular functions on the complex reductive group. The advantage of this
correspondence is that we can then apply algebraic group techniques to show that for
a symmetric space the irreducible representations occur with multiplicity one. We also
determine the highest weights of these representations using a mixture of algebraic and
transcendental methods (this result was first obtained in complete generality by Helgason
[Hel2)]).

In the last sections of the paper we describe the corresponding results for the decompo-
sition of the tangent-space (‘isotropy’) representation of a symmetric space. Here the group
action on the underlying space is now linear, but the multiplicities of the irreducible spaces
of polynomials are not one. Just as in the case of spherical harmonics there is a tensor
product decomposition into invariant polynomials (the analogue of ‘radial’ functions) and
functions on a homogeneous space for the isotropy group (the analogue of spherical harmon-
ics). However, the homogeneous space for the isotropy group is generally not symmetric
and not multiplicity-free, unlike the classical case of the sphere.

There is an interesting ‘transcendental’ problem that we do not discuss here. Just as
in the case of functions on the circle, the functions on a compact symmetric space that
are real-analytic but not ‘finite’ extend holomorphically to a complex neighborhood of the
space. The geometric and analytic propreties of these neighborhoods have been studied by
Beers-Dragt [Be-Dr], Frota-Mattos [Fr-Ma] and Lassalle [Las|. The explict matrix models
for the complexifications of the classical symmetric spaces given in this paper were not used
in the cited papers, however. It would be interesting to reexamine this question in the
context of these matrix domains.

2 Representations on Aff(X)

2.1 Isotypic Decomposition

Let G be a connected complex reductive algebraic group, and let X be an affine algebraic
set on which G acts regularly. We write Aff(X) for the algebra of regular functions on X
(the algebra often denoted by C[X]) and we denote by px the associated representation of
G on Aff(X), given by

px(9)f(x) = f(g~'x), for f € Aff(X).



For example, when X is a finite-dimensional vector space and G acts linearly, then Aff(X) =
P(X), the polynomial functions on X, and G preserves the spaces of homogeneous polyno-
mials.

Fix a Borel subgroup B = HN of G, with H a maximal torus in G and N the unipotent
radical of B. Taking G C GL(n,C), we can always conjugate G so that H consists of
the diagonal matrices in G and N consists of the upper-triangular unipotent matrices in
G. Write P(G) C b* for the weight lattice of G and P, (G) for the dominant weights,
relative to the system of positive roots determined by N (since the Borel subgroups in G
are all conjugate, the notations P(G) and P11 (G) are unambiguous once B is fixed). For
A € P(G) we denote by h — h* the corresponding character of H. We extend this to a
character of B by setting (hn)* = h* for h € H and n € N.

An irreducible regular representation (7, V') of G is then determined (up to equivalence)
by its highest weight. The subspace VN of N-fixed vectors in V is one-dimensional, and
H acts on it by a character h — h* where A\ € P, (G). For each such \ we fix a model
(7, V) for the irreducible representation with highest weight A. Let Aff(X)" be the space
of N-fixed regular functions on X. For every character b — b* of B, let Aff(X)V()\) be the
N-fixed regular functions f of weight A:

(1) px(b)f =0 f for b € B.
We can then describe the G-isotypic decomposition of Aff(X) as follows.

Theorem 2.1 For A € P, (G), the isotypic subspace of type © in Aff(X) is the span of
px (G)AF(X)N(N). This subspace is isomorphic to V> @ Aff(X)N(X) as a G-module, with
action 7™ (g) ® 1. Thus

AEX)= P Ve ARX)N(N)
AEPL4(G)

This theorem shows that the G-multiplicities in Aff(X) are the dimensions of the spaces
AFF(X)V(N). We have AF(X)N(N) - AF(X)N(u) € AF(X)N(\ + p) under pointwise multi-
plication. Hence the set

S(X)={Ae P (G) : AF(X)N(\)#0} (the spectrum of X)

is an additive semigroup. The theorem above shows that this semigroup completely deter-
mines the G-isotypic decomposition of Aff(X).

2.2 Function Models for Irreducible Representations

Let N be the unipotent group opposite to N; if we take a matrix form of G so that G =
G', H is diagonalized and N is upper-triangular, then N = N!. We shall obtain all the
irreducible representations of G as representations induced from characters of the Borel
subgroup B = HN.

We begin with the representation of GG on the function space

R(N\G) = {f € AH(G) : f(rg) = f(g) for i € N}.



The G-action is by right translation. We decompose this space into irreducible subspaces
as follows. For A € P, (G) let

or: VY @ VA= A(G),  ea(v' ®@u)(g) = (vF, 7 (g)v)
Choose an N-fixed vector vy € V* and a N-fixed vector vy € VA", normalized so that
<v3k\7 ’U>\> =1

This can be done, since vy has weight —A and so is orthogonal to all weight spaces in VA
except Cuy.

Theorem 2.2 The space R(N\G) contains every irreducible regular representation of G
exactly once:

(2) RNG) = P owieV?).

AEPL4(G)

From the decomposition of R(N\G) we obtain the following function models for the
irreducible representations of G.

Theorem 2.3 (Borel-Weil) Let A € Py (G). Let Ry C Aff(G) be the subspace of func-

tions such that

(3) f(ahg) = W f(g), forne N,he H, geqG.

Then Ry = ¢px(vy & V). Hence Ry is spanned by the right translates of the function
fk(g) = <’U3k\,7T>‘(g)’U>\>,

and the restriction of the right reqular representation R of G to Ry is an irreducible rep-

resentation with highest weight X. The function fy is uniquely determined by the property
f(nhn) = h* forne€ N,he€ H,n € N.

We call the function fy(g) in Theorem 2.3 the generating function for the representation
with highest weight A. It can be calculated from the fundamental representations of G as
follows.

Corollary 2.4 Let Ay, ..., A\, be generators for the additive semigroup Py (G). Set fi(g) =
i (g). Let X € Py (G) and write A = maAy + - - -+ my A\, with m; € N. Then

(4) Ig) = filg)™ - fr(g)™  for g€ G.

Example

Suppose G = GL(n, C). Take B as the group of upper-triangular matrices. We may identify
P(G) with Z", where A = [A1,..., \,] gives the character

W=t b= diag[zy, ..., xp).
Then Py (G) consists of the monotone decreasing n-tuples and is generated by
Ai=11,...,1,0,...,0] fori=1,...,nand A\pt1 = —A,.
i
We can take VA = A"C™. The generating function is
fx;(g) = idth principal minor of g.
fori=1,...,n. Here f\,,,(g9) = (det g)~!, which is a regular function on GL(n, C).
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2.3 Multiplicity-free Spaces

We say that X is multiplicity-free as a G-space if all the irreducible representations of G
that occur in Aff(X) have multiplicity one. We now obtain a geometric condition for an
affine G-space X to be multiplicity free.

For a subgroup K C G and x € X we write K, = {k € K : k-x = z} for the isotropy
group at x. Let ¢ = Lie(K). Then the Lie algebra of K, is ¢, = {Y € ¢ : dp(Y), = 0}.

Theorem 2.5 (Vinberg-Kimelfeld) Let X be an irreducible affine G-space. Suppose
there is a point xg € X such that B - xg is open in X. Equivalently, suppose

dim(b/bg, ) = dim X.

Then X is multiplicity-free. In this case, if the representation ©™ with highest weight A
occurs in Aff(X), then h* =1 for all h € H,,.

Proof. Tt suffices by Theorem 2.1 to show that
dim AF(X)M(A\) <1 forall A€ P, (G).

Suppose B -z is open in X (and hence dense in X, by the irreduciblity of X). Then
f € AfF(X)N()) is determined by f(x), since on the dense set B - zg it satisfies f(b-z¢) =
b_Af(.’L'()). a

Let K C G be a reductive algebraic subgroup. Then G/K has the structure of an affine
algebraic set. The pair (G, K) will be called spherical if

dim(VM)E < 1.

for every A\ € P44 (G). By Frobenius reciprocity this is equivalent to the space G/K being
multiplicity-free.

From the conjugacy of Borel subgroups in G and Theorem 2.5 we have the following
criterion for spherical pairs.

Corollary 2.6 Suppose there exists a connected solvable subgroup S of G so that s+t = g.
Then (G, K) is spherical.

When (G, K) is a spherical pair an irreducible representation VA of G will be called
K-spherical if (dim V)% = 1. These are precisely the representations that occur in the
decomposition of Aff(G/K) into G-irreducible subspaces. Thus the semigroup S(G/K)
consists of the highest weights of K-spherical representations of G.

3 Representations on Symmetric Spaces

3.1 Algebraic Models for Symmetric Spaces

Let G be a connected reductive algebraic group, and let 6 be an involutive automorphism
of GG. The differential of 6 at 1, which we continue to denote as 0, is then an automorphism



of g which satisfies §> = I. Let K = G?. The space G/K can be embedded into G as an
affine algebraic subset as follows.

Define
1

g*xy=gyb(g)—, forg,yea.
We have (g% (hxy)) = (gh) xy for g, h,y € G, so this gives an action of G on itself which
we will call the 0-twisted conjugation action. Let

Q={yeG:0(y) =y '}

Then @ is an algebraic subset of G. Since 0(gxy) = 0(g)y 'g~! = (g *y)~', we have

GxQ=Q.

Theorem 3.1 (Richardson) The 0-twisted action of G is transitive on each irreducible
component of Q. Hence Q) is a finite union of closed 0-twisted G-orbits.

The proof consists of showing that the tangent space to a twisted G-orbit coincides with
the tangent space to Q.

Corollary 3.2 Let P = Gx1 = {g0(g)~! : g € G} be the orbit of the identity element under
the O-twisted conjugation action. Then P is a closed irreducible subset of G isomorphic to
G/K as a G-space (relative to the O-twisted conjugation action of G).

3.2 Classical Symmetric Spaces

Let G C GL(n,C) be a connected classical group with Lie(G) a simple Lie algebra. The
involutions ¢ and associated symmetric spaces G/K for G can be described in terms of
three kinds of geometric structures on C":

(1) nondegenerate bilinear forms (symmetric or skew symmetric);

(2) polarizations C" = V. @ V_ with Vi totally isotropic subspaces relative to a bilinear
form (zero form or nondegenerate symmetric or skew-symmetric form);

(3) orthogonal decompositions C* = V. @ V_ relative to a nondegenerate bilinear form
(symmetric or skew-symmetric).

In case (1) G is SL(n,C) and K is the subgroup preserving the bilinear form (in the Cartan
classification, these are called types Al and AII). For case (2) G is SL(n,C) (if the form is
identically zero) or the group preserving the bilinear form on C™ (if the form is nondegen-
erate) and K is the subgroup preserving the given decomposition of C" (Cartan types AIII,
BDI and CII, respectively). For case (3) G is the group preserving the bilinear form and
K is the subgroup preserving the given decomposition of C" (Cartan types DIII and CI).
Thus there are seven types of symmetric spaces for the classical groups that arise this way.

The proof that these seven types give all the possible involutive automorphisms of the
classical groups (up to inner automorphisms) can be obtained from following characteriza-
tion of automorphisms of the classical groups.



Proposition 3.3 Let o be a regular automorphism of the classical group G.

(1) If G = SL(n, C) then there exists s € G so that o is either o(g) = sgs™* or o(g) =
S(gh) s

(2) If G is Sp(n, C) then there exists s € G so that o(g) = sgs~*.

(3) If G is SO(n, C) with n # 2,4, then there exists s € O(n,C) so that o(g) = sgs~*.

Proof. Let 7 be the defining representation of G on C" (where m = n in cases (1) and (3),
and m = 2n in case (2)). The representation

7 (g9) = m(a(g))

also acts irreducibly on C™. The Weyl dimension formula implies that the defining repre-
sentation (and its dual, in the case G = SL(n, C)) is the unique representation of dimension
m. The proposition follows easily from this fact. O

We can now describe all the involutions of the classical groups.

Theorem 3.4 Let 0 be an involution of the classical group G. Assume Lie(G) is simple.
Then 0 is given as follows, up to conjugation by an element of G.
(1) If G = SL(n, C), then there are three possibilities:

(a) O(z) = T(2")™IT* for x € G, where T € G satisfies T* = T. The prop-
erty T = T determines 0 uniquely up to conjugation in G. The corresponding
bilinear form B(u,v) = u!Twv, for u,v € C", is symmetric and nondegenerate.

(b) O(z) = T(2") 7T for x € G, where T € G satisfies T* = —T. The property

T' = —T determines 0 uniquely up to conjugation in G. The corresponding
bilinear form B(u,v) = u!Tw, for u,v € C", is skew-symmetric and nondegen-
erate.

(c) 0(z) = JxJ ! for x € G, where J € GL(n,C) and J* = I,,. Let
Vi={veC": Jv==+uv}
Then V=V, @ V_ and 0 is determined (up to conjugation in G) by dim V...
(2) If G is SO(V,w) or Sp(V,w), then there are two possibilities:
(a) O(x) = JoJ ! for x € G, where J preserves the form w and J*> = I. Let
Vi={veV: Jv==+uv}

Then V. = Vi & V_, the restriction of w to Vi is nondegenerate, and 0 is
determined (up to conjugation in G) by dim V.

(b) O(z) = JxJ =t for x € G, where J preserves the form w and J*> = —1. Let
Vii={veV : Jv=ziv}.

Then V. =V, ® V_;, the restriction of w to Vi; is zero and V; is dual to V_; via
the form w. The automorphism 6 is uniquely determined (up to conjugation in

G).



We proceed to describe the symmetric spaces for the classical groups in more detail.
Given the group G and involution 6, we set

P={g0(g) 1 9eG}, Q={yeG:0y =y '}

We write s, = [0p+1—i—;] for the p x p matrix with 1 on the anti-diagonal and 0 elsewhere.
Let 7(g) = (g%)~!. In all cases we will take the matrix form of G and the involution @ so
that the following holds.

(1) 7(G) = G and G7 is a compact real form of G.
(2) The diagonal subgroup H in G is a maximal torus and 6(H) = H.
(3) 70 =01

It follows from (3) that o = 67 is also a conjugation on G.

3.2.1 Involutions Associated with Bilinear Forms

Symmetric Bilinear Form—Type Al:

Let G = SL(n,C) and define the involution (g) = (¢*)~!. Then 6(g) = g if and only if
g preserves the symmetric bilinear form B(u,v) = ulv on C". Thus K = GY = SO(C", B).
The f-twisted action is

9%y =9y9",
and Q = {y € G : y' = y}. A matrix y € @ defines a symmetric bilinear form By(u,v) =
utyv on C". The A-twisted G-orbit of y corresponds to all the bilinear forms G-equivalent to
B,. Since B, is non-singular, there exists g € GL(n,C) so that g xy = I,,. Since dety =1,
we have det g = +1; multiplying g by diag[—1, 1, ..., 1] if necessary, we may take det g = 1.
Thus @ is a single G-orbit in this case, and hence Q = P. By Corollary 3.2 we conclude
that
SL(n,C)/SO(C",B) = {y € M, (C) : y =y, dety = 1}

as a G-variety, under the map gK — gg’. In this case the conjugation o = 07 is given by
o(9) =9
Skew-symmetric Bilinear Form—Type All:
Let G = SL(2n,C). Take
0 1
alEE

and let T}, be the 2n x 2n skew-symmetric block-diagonal matrix

T, = diag[u, ..., 1]
——
n blocks

Then T2 = —1Iy, and T,;* = T:. Define the involution 6§ by

0(g) = Tn(g") 'TL.



Since 7(T,) = T, we have 7 = 70. For g € G, 0(g) = g if and only if ¢'T,,g = T,,. This
means that g preserves the non-degenerate skew-symmetric bilinear form w(u,v) = u'T,v
on C?". Thus K = G = Sp(C?",w).

In this case the #-twisted action of G is

gy = gyTng'T}.

and Q = {y € G : (yT,,)'! = —yT,}. A matrix y € Q defines a non-singular skew-symmetric
bilinear form
wy(u,v) = ulyT,v, u,v € C?",

and the f-twisted G-orbit of y corresponds to all the bilinear forms equivalent to w,. Arguing
as in Type Al we see that @ is a single G-orbit and hence Q = P. By Corollary 3.2 we
conclude that

SL(2n,C)/Sp(w) = {y € M,(C) : yT,, = —(yTy)", dety = 1}
under the map gK — ¢T,,¢'Tt. In this case the conjugation o = 67 is given by
U(g) = TngTri'

3.2.2 Involutions Associated with Polarizations

Zero Bilinear Form—Type AIII:
Let G = SL(p + ¢, C). For integers p < g with p + ¢ = n define

0 0 Sp
Ipq = 0 Ig—p O
Sp 0 0

Then Jgﬁq = I,,, so we can define an involution 6 of G by

0(9) = Jp.q9p.q-

Since 7(Jpq) = Jpq, we have 7 = 76. The linear transformations Py = %(In T Jpq) are
the projections onto the £1 eigenspaces V4 of J, 4, and

(5) (Cn :V+@V_.

We have dim V. = tr(Py) = 3(n—(¢—p)) = p. The subgroup K = G? consists of all g € G
that commute with J,, ;. This means that g leaves invariant the decomposition (5), so we

have
K = S(GL(p, C) x GL(q, C)),

the group of all block diagonal matrices g = diag[g1, go] with g1 € GL(p, C), g2 € GL(g, C)
and det g; det go = 1.
In this case Q = {y € G : (yJp4)* = I,} and the O-twisted action is

g*xy= gpr,qg_IJp,Q'



For y € @ the matrix z = yJ, 4 is a non-singular idempotent. Thus it defines a decomposi-
tion

C"=Vi(y) ® V_(y),

where z acts by =1 on V4 (y). The 6-twisted G-orbit of y corresponds to the G-conjugacy
class of z, under the map g*y — (gxy)Jp 4. Hence Gxy is determined by dim V, (y), which
can be any integer between 0 and n. In particular, the f-twisted G-orbit of I is

P={yeGL(p+q,C) : (yJpg)® = In, tr(yJpq) = g —p}.
By Corollary 3.2 we conclude that
SL(p + ¢,C)/S(GL(p,C) x GL(q,C)) 2 P
under the map gK +— ng’qg_lJp’q. The conjugation o = 07 is given by
o(g) = Jp,q(gt)_ljp,q-

Skew-symmetric Bilinear Form—Type CI:
Let G = Sp(C?", Q), where (2 is the skew-symmetric form Q(u,v) = u’J,v with

B 0 s,
Jo— [ oo ] |
L and Jg = —Iy,. Thus J, € G and the map

9(9) = —JngJn

is an involution on G. Since 7(J,,) = J,,, we see that § commutes with 7. We can decompose

We have J! = J,;

n

Crh=v,. oV,

where J, acts by +¢ on Vi. The form {2 vanishes on the subspaces Vi. Indeed, the
projections onto Vi are Py = %(1 FiJ,), and we have P{ = P_ since J. = —J,. Thus
P! J,Py = J,P_P; =0 and so Q(Pyu, Pyv) = 0 (the same holds for P_). Thus  gives a
nonsingular pairing between V_ and V. In particular, dim Vi = n.

The subgroup K = GY consists of all ¢ € G that commute with J,. Thus g leaves
invariant V. Since g preserves €2, the action of g on V_ is dual to its action on V. Thus

K = GL(V,) = GL(n, C).
The O-twisted action is
gxy = gyJng "I,

and Q = {y € G : (yJ,)? = —Iz,}. Let y € Q and set z = yJ,,. Then 22 = —Iy,, so we
can decompose
(6) C* = Vi(y) @ V_(y),

where z acts by +i on Vi(y). We claim that Q@ = 0 on Vi(y). Indeed, the projections
onto Vi(y) are Py = %(1 T iz), and from the relation y'.J, = J,y~! we calculate that
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2tJ, = —Jpz, so this follows just as in the case y = I,. The subspaces Vi(y) are thus
maximal isotropic for the form €2, and Q gives a non-singular pairing between V, (y) and
V_(y). Since y is determined by the decomposition (6), it follows that () is a single f-twisted
G-orbit. Thus

P={yeSp(n,C) : (yJn)’ = —Izn}.

By Corollary 3.2 we conclude that
Sp(C**,Q)/GL(n,C) = P
under the map gK ~ gJ,g ' J.. The conjugation o = 67 is given by

U(g) = _Jn(gt)_ljn'

Symmetric Bilinear Form—Type DIII:
Let G = SO(C", B) with n = 2l even, where B(u,v) = u’s,v. We define I' € GL(n, C)

as follows. Let
101
Tl 0|

For | = 2r even, define the block-diagonal matrix

I, =idiag[v,...,v, =7, .-, =]
—_—— — ———
T T
For [ =2r + 1 odd, set
I, =idiag[~,...,v,1,=1, —y,...,—v].
—_——— —_————
T T

Then '8, = —s,, TY, =T, and I'2 = —I,,. Thus ', € O(C, B) and the map

9(9 ) = —I'hgl'y
is an involution on G. Since 7(I';,) = —I,, we see that § commutes with 7.
We can decompose
(Cn — V+ @ V_
where V. are the +i eigenspaces of I',. Since I'y,s,, = —s,',, the form B vanishes on the

subspaces VL, by the same calculation as in Type CI. As in that case, we have
K = GL(V4) =2 GL(I, C).
For this case Q = {y € G : (yI',)? = —1I,,} and the f-twisted action is
g*y=gylng 'Ty.
For y € @ the matrix z = yI',, satisfies 22 = —I,,, so we can decompose

C"=Vi(y) ® V_(y),

11



where z acts by +i on Vi (y). We have
ztsn = Fnytsn = Fnsny_l = _Snrny_l = —5p2.

This implies that the subspaces Vi are totally isotropic for the form B (by the same calcu-
lation as in Type CI). It follows that @ is a single #-twisted G-orbit. Thus

P ={yeSO(C",B) : (yT'n)* = —1I,}.
By Corollary 3.2 we conclude that
SO(Cc", B)/GL(l,C) = P
under the map gK — ¢I',¢ 'T,,. The conjugation o = 7 is given by
a(g) = ~Tn(g") "I
3.2.3 Involutions Associated with Orthogonal Decompositions

Symmetric Bilinear Form—Type BDI:

Let G = SO(C™, B), where B is the symmetric bilinear form B(u,v) = us,v on C*. For
integers p < ¢ with p 4+ ¢ = n define J, 4 as in type AIIl. We have J;’q = J];; = Jp,q and
Jp.gSn = Sndpq. Since g € G if and only if s,g's, = g, we see that J, , € O(C, B) Thus the
map

0(9) = Jp,qup,q

is an involution on G. Clearly 8 commutes with 7. The projections P+ onto the +1
eigenspaces Vi of J, , commute with s,. Hence V 1 V_ (relative to the form B), since
Pts,P_ =s,P,P_=0. We have dimV; = tr(P;) = 1(n — (¢ — p)) = p and dimV_ = q.
The subgroup K = GY consists of all ¢ € G that commute with Jp,g- This means that g
leaves invariant the decomposition (5). The restrictions By of B to Vi are non-degenerate,
since V_ L V,, so we have

K = S(0(Vy, By) x O(V_, B_)) = S(O(p, C) x O(g,C)),

the group of all block diagonal matrices g = diag[gi, go] with g1 € O(p,C), g2 € O(g,C),
and det g; det go = 1.
We have Q = {y € G : (yJp,)? = I,,} and the f-twisted action is

g*xy= gpr,qg_IJp,Q'

The G-orbits in @ for this action correspond to the G-similarity classes of idempotent
matrices yJp 4, with y € Q.
For y € @ the matrix z = yJ, , satisfies 22 = 1I,,, so it gives a decomposition

(7) C" =Vi(y) @ V-_(y),

where z acts by &1 on Vi (y). Since y's, = s,y Jp gyt = ydpq and Jp 48n = spJpg, We
have
PATIE p’qytsn = p’qsny_l = anp’qy_l = S,2.
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Hence the same argument that we used when y = I,, shows that the subspaces V4 (y) are
mutually orthogonal (relative to the form B). This implies that the restrictions of B to
Vi are non-singular. Since y is determined by the decomposition (7), it follows that the
f-twisted G-orbit of y is determined by the integer

dim Vi (y) = 5(n — tr(y ).

In particular, P = {y € SO(C", B) : (yJpq)* = Iy, tr(yJpq) = ¢ — p}. Corollary 3.2 now
implies

S0(c", B)/S(O(p,C) x O(q,C)) = P
under the map gK +— ng’qg_lJp’q. The conjugation o = 07 is given by

o(g) = Jp,q(gt)_ljp,Q'

Skew-symmetric Bilinear Form—Type CII:
Let G = Sp(C?",Q), where Q is the skew-symmetric bilinear form Q(u,v) = u’J,v as in
Type CL For 0 < p < g with p+ ¢ = n, let J, ;, € GL(n,C) be as in Type AIIl and define

— Jpaq 0
[ ]

Since J;’q = ng(} = Jpq and spJp 48, = Jp 4, we have K, , € G and Kgﬁq = I,. Thus the
map

0(9) = Kpq9Kpq

is an involution on G. Clearly 8 commutes with 7. As in Type BDI, the +1 eigenspaces of
K, 4 give a decomposition
(8) Cr =V, V.

which is orthogonal relative to the form Q. The subgroup K = G? consists of all g € G that
commute with K ,. Since the restrictions of 2 to V4 are non-degenerate and dimVy =
tr(Py) = 2(2n — tr(K,4)) = 2p , we have

K = Sp(p, C) x Sp(q, C),

in complete analogy with Type BDI.
Here Q = {y € G : (yKp4)* = I} and the f-twisted action is
9%y = 9yKpe9~ Kpg.

Let y € Q and set z = yK, 4. Since y'J, = Joy~ ' and Ky gJn = JuKp 4, we have z'J, =
Jnz. Thus the +1 eigenspaces of z are mutually orthogonal (relative to €2) and give a
decomposition

9) C*" = Vi(y) ® V-(y).

The same proof as in Type BDI shows that the f-twisted G-orbit of y is determined by the
integer tr(yK, ). In particular,

P = {y € Sp((CQRv Q) : (pr,q)2 = Iop, tr(pr,q) = 2((] - p)}
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By Corollary 3.2 we conclude that

Sp(C*",Q)/(Sp(p, C) x Sp(q,C)) = P

under the map gK + gJ,g'J,!. The conjugation o = 07 is given by
o(g) = Kp,q(gt)_le,q'

3.3 Iwasawa Decompositions

Let G be a connected classical group and let 8 be an involutive regular automorphism of
G. Let

K={g9€eG:0(9) =g}

Let 7 be a conjugation in G such that the corresponding real form is compact. From the
examples of the previous section we know that we may assume 70 = 7. We write o = 70,
then o is another conjugation of G. Let Go = G° and Ko = G" N K = G° N K. Then Gy
is a (noncompact) real form of G and K is a compact real form of K.

We shall prove that (G, K) is a spherical pair by finding a Borel subgroup B with KB
dense in G. In fact, we shall construct a solvable subgroup AN T of G, a semidirect product
of a torus A with a unipotent group N, such that KN (ANT) is finite and K AN is dense
in G. This gives the so-called (complexified) Iwasawa decomposition of G.

Take G C GL(n,C) and 6 as in Section 3.2. Let g be the Lie algebra of G. We will write
0 for df. As usual, we will consider ¢ =Lie(K) to be a Lie subalgebra of g. Then

t={Xecg:0X=X}

Set p={X €g:0X =—-X}. Then g=t®p as a K-module under Ad|x.
Let h = Lie(H) and let
g=b+> g,

acd

be the rootspace decomposition of g relative to H. We can then describe the action of 6 on
g as follows. Since H is f-stable, it is clear that

9(904) = 8t

where we write o = a0 6.

Recall from Section 3.1 that G/ K is embedded as the identity component of the algebraic
set
Q={9eG:0(9)=9""}
Since H is commutative, the set H N @ is a commutative subgroup of G consisting of
semisimple elements. Hence the identity component A = (H N Q)° is an (algebraic) torus.
By definition,
0(a) =a! forallac A.

An algebraic torus with this property is called 0-anisotropic. For the conjugation o = 01
and a € A we have
o(a) =70(a) =7(a™t) = a.

14



If x is a regular character of A then
x(o(a)) = x(a) (complex conjugate).

We describe this property by saying that A is o-split.
Set T'= HNK. Then T° is a torus and there is a finite group C' such that T'=T"° x C.

Lemma 3.5 One has H = AT° and ANT = {a € A : a®> = 1} = (Z/2Z)™, where
m = rank(A). Thus C = (Z/2Z)" for some r with 0 < r < m.

Set
Pp={aecd: (o, X)=0 forall X €a}.

We shall verify case-by-case later in this Section that the following condition holds for the
involutions of the classical groups:

(%) For all o € ®, 0 acts as the identity on g,.

For now, we assume this fact and prove the following consequence of (%) (a Lie subalgebra
of g is called a toral subalgebra if it is commutative and consists of semisimple elements).

Lemma 3.6 Assume (x) is satisfied. Let | be the centralizer of a in g and let m be the
centralizer of a in t. Then | = a® m. Hence if Y € p and [Y,a] = 0 then Y € a. In
particular, a is a maximal toral subalgebra of p.

Proof. Since 0(1) = [, we have [=m @ (INp). Let X € [Np and write

X =Xo+ X1+ Y Xa,
acd

with X € t and X; € a. Since [X,a] =0 and [a,t] = 0, we have

0=1[Y, X]= Z a(Y)X, forallY €a.
acd

Hence X, =0 for all @ € &\ &j. Thus using condition (*) we can write

~X=0(X)=Xo—- X1+ »_ Xa.

aE<I>O

It follows that Xy = X, = 0 and hence X = X7 € a. This implies that a is a maximal
abelian subalgebra of p. Since A is a torus, the elements of a are semisimple, so a is a
maximal toral subalgebra of p. O

Define M = Centg (A) (the centralizer of A in K). It is clear from (x) that m = Lie(M)
has the rootspace decomposition
m=t+ Y ga

aE<I>O

where @ is the set of roots vanishing on a, as above. Let L = Centg(A). Then L is
connected [Bor, Cor. 11.12] and Lie(L) = L.
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Lemma 3.7 One has L = AM® and M = TM°. Hence M is connected if and only if T is
connected.

Proof. Let x € L. Then the semisimple and unipotent components xs, x, € L since they
commute with A. We can write
Ty = expy,

where Y is a nilpotent element of . Since [ = a @ m, [a,m] = 0 and the elements of a are
semisimple, it follows that Y € m. Hence x,, € M°.
One knows from [Bor, Cor. 11.12] that there is a torus S C L such that

AU{zs} C S
Let s = Lie(S) Da. If Z € s and X € a then
0=106([2,X]) = [0(2), - X].

Hence Z — 0(Z) € p and commutes with a. Thus Z — 6(Z) € a by Lemma 3.6. Hence
0(Z) € s, so we have 0(s) = 5. Thus

s=(sNE) Da

Since S = exp(s), this shows that
S=A-8,

where Sy = SN K = exp(sN€) C M°. Thus we can factor 3 = ab with a € A and b € S.
This proves that z = abx,, and hence L = AM®°. This implies that M = (ANT)M° =TM.
O

We are assuming that G C GL(n,C) and A is a subgroup of the diagonal matrices.
Hence we can find a subset {i1,...,4i,} C {1,...,n} such that the characters

a xj(a) ==z, fora=diaglzy,...,z,]

freely generate X'(A). We fix such a set of characters and we give X'(A) the corresponding
lexicographic order. Let the unipotent subgroups N* of G be defined relative to this order
(so the weights of Ad(A) on N are positive, and the weights on N~ are negative). Then
we have

(10) O(N*t) = N~
Indeed for y € X(A) and a € A,

since A is f-anisotropic. Thus € gives an order-reversing automorphism of X(A). This
implies (10).

A total ordering of X'(H) will be called compatible with the chosen order on X(A) if
wula > v|a implies that p > v in X(H). We construct a compatible order on X (H) as
follows. Let ¥ = {v1,...,v} C X(A) be the weights of A on C", enumerated so that

V1>V > > Uy
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relative to the order that we have fixed on X'(A4). Enumerate the standard basis for C" as
{€j,,...,e;,} so that e;, has weight v; for 1 < i < my, weight 15 for m; +1 < i < mo,
and so forth. Each vector ej, transforms according to a weight p;, of H. We give X (H)
the lexicographic order in which p;, > p;, > .... This order is clearly compatible with the
order on X'(A).

Let ®T be the roots for H that are positive relative to the order just defined. Let B be
the Borel subgroup of G defined by the positive system ®*. Write n™ = Lie(N¥) and set

® = &+ \ ®). Then
n+ = Z gom n_ = Z g—Oé'

O<€<I>'1~' O<€<I>'1~'

Thus ANT C B.
Lemma 3.8 One has the vector-space direct sum decompositions
g=n OmOadnT =tPaPnt.
Hence N"MAN™T and KANT™ are open Zariski-dense subsets of G and KN(AN™) is finite.

Proof. Since ® is the disjoint union ®oU®] U(—®7), we can use the rootspace decomposition
of g to write X € g as

X= )Y Xgg+{Ho+ Y Xo}+H + > Xp,
Bedf aedy Bedf

where Hy € t, H| € a and X, € g,. This gives the first decomposition of g. For the second
decomposition, we write
Xop=Xp+0(X_p)—0(Xp)

for 3 € ®f and note that X_5+ 6(X_g) € ¢ and 8(X_g) € nt by (10).

Consider the maps N~ x M x Ax NT — G and K x Ax Nt — G given by multiplication
in GG of the elements from each factor. From the decompositions of g we see that differentials
of these maps are surjective at 1. Since G is connected, it follows that the images are Zariski-
dense. O

Theorem 3.9 K is a spherical subgroup of G. If X\ is the B-highest weight of an irreducible
K -spherical representation of G, then

(11) t"=1 foralteT.

Proof. The Borel subgroup B contains ANT, so KB is dense in G by Lemma 3.8. This
proves that K is spherical. Since 7' = K N B, condition (11) is satisfied by the highest
weight of a K-spherical representation by Theorem 2.5. O

We call A € Py (G) 6-admissible if it satisfies (11).

We now work out explicit Iwasawa decompositions for the seven types of classical sym-
metric spaces G/K associated with an involution 6, following the notation of Section 3.2.
For each type we verify condition (%) above, describe the maximal -anisotropic torus
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A = (HNQ)° and the subgroup 7' = H N K. We give a total order on X(A4) and a
compatible order on X' (H). We describe the weight decomposition

(12) C'"=Vi®---dV,,

where G C GL(n,C) and A acts on V; by the character p;. The enumeration is chosen
so that g3 > -+ > p,.. The group M consists of the elements of K that preserve the
decomposition (12) and N consists of the elements g € G so that I — g is strictly upper
block-triangular relative to the decomposition (12). We give the system of positive roots
®* for the compatible order on X (H), and we find the explicit form of the #-admissibility
condition (11) for the ®*-dominant weights. The information is summarized in the Satake
diagram, which is obtained from the Dynkin diagram of g by the following procedure.

(S1) If a simple root vanishes on a, then the corresponding node in the Dynkin diagram is
marked by e.

(S2) If two simple roots have the same nonzero restriction to a, then the corresponding
nodes are marked by o and are joined by a curved arrow.

(S3) The labels on the nodes o (where m; always denotes a nonnegative integer) are the
coefficients of the corresponding fundamental weights in the §-admissible ® T -dominant
weights. Nodes joined by a curved arrow have the same coefficient and nodes marked
by e have coefficient zero.

Notation: D, is the group of invertible diagonal p x p matrices, s, = [0p41—i—;] is the
p X p matrix with 1 on the anti-diagonal and 0 elsewhere. For a = diag[ai,...,a,] € D), let

ei(a) = a;, a = spas, = diaglap, . . ., a1).

Bilinear Forms—Type Al

Here G = SL(n,C), 6 is the involution 6(g) = (¢°)~!, and K = SO(n,C). The maximal
torus H is f-anisotropic. Hence A = H and T =2 (Z/2Z)" ! consists of all matrices

t:diag[él,...,én], 6; = 1, det(t) =1.

There are no roots that vanish on a, so condition (x) is vacuously satisfied. Hence A is a
maximal #-anisotropic torus and M = T. Take the characters e; > €9 > --- > €,_1 as an
ordered basis for X'(A). The eigenspace decomposition (12) in this case is

C"=Ce1 @---®Ce,
and the associated system of positive roots is
<I>+:{5i—5j:1§i<j§n}.

Let A = > \j&; with \; € N be a weight of H. Suppose A\ > --- > X\,_1 > 0 is -
dominant. Then t* = 1 for all t € T if and only if \; is even for all i. Thus \ is f-admissible
if and only if

A =2mywy + - -+ 2mym;, m; €N,
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where wy,...,w; (with I = n — 1) are the fundamental weights. The Satake diagram is
shown in Figure 12.1.

2my 2ma 2my 1 2my

Figure 12.1: Satake Diagram of Type Al

Bilinear Forms—Type AII
In this case G = SL(2n,C), 0(g) = T,,(¢")~'T,;', where T,, = diag[u, ..., u] (n copies of

o= _01 (1) ). We have K = Sp(n,C). The maximal torus H = Dy, NG in G is
f-invariant, with
0(h) = diaglzs ', 27t .o a0t wgr ]
for h = diag[x1, ..., x2,). Thus A consists of all matrices
a = diag[xy1, x1, .. ., Tn, Tp), T1x9 Xy = 1,

and has rank n — 1. We take generators x1, ..., xn—1 for X'(A) as x;(a) = 2;—1(a) and give
X (A) the corresponding lexicographic order. The group T' consists of all matrices

t = diaglzy, 27 ... o, 2 Y], 2 € CX
and is a torus of rank n. The roots vanishing on a are
CI’() = {:I:(sl — 52), Ceey :|:(€2n_1 — Egn)}

and a calculation shows that 6 acts by 1 on g, for @ € ®;. Thus condition (x) is satisfied
and hence A is a maximal f-anisotropic torus.
The decomposition (12) in this case is

C=Vi®---®V,, Vi = Cegi—1 + Ceg;.

Note that V; is non-isotropic for the skew form defined by T;,. One calculates that M
consists of the block diagonal matrices

Thus M = x"Sp(1, C).

The ordered basis €1, €2, . . ., £2,—1 for X(H) is compatible with the order we have given
to X(A). Let T be the corresponding system of positive roots. Let A = 2?21_1 Aig; with
Xi € Nand \; > -+ > g1 > 0 be a ®T-dominant weight. Then t" =1forallt € Tif
and only if Ag;_1 = Ag; for i =1,...,n—1 and Ag,_1 = 0. Thus A is f-admissible if and
only if

A=mowo+ - +my_1wj_1, m; €N.

The Satake diagram is shown in Figure 12.2; note that [ = n — 1 is odd.
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)
®
)
[ ]

Figure 12.2: Satake Diagram of Type AII

Polarizations—Type AIIl
We have G = SL(n,C) and 6(g) = Jpq9Jpq with 0 < p < ¢ and p + ¢ = n. Here

0 0 Sp
Ipq = 0 Ig—p O
Sp 0 0

We have K = S(GL(p, C) x GL(g, C)). The maximal torus H = D,, N G is f-invariant. For
h € H write h = diag[a, b, ¢], with a,c € D, and b € D;_,. Then

0(h) = diag¢, b, al.
Thus A = D,, consists of all
h = diagla, I,—p,a" '], a€ D,.

We take generators xi, . . ., xp for X(A) as x;(h) = ¢i(a), and we give X'(A) the correspond-
ing lexicographic order. We have h € T' provided

h = diagla, bg—p,a], a € Dy, b€ Dy_p, det(h) = 1.
Thus T'= D,_1 is connected. The roots vanishing on a are
Po={*(ei —¢j) 1 p+1<i<j<gq},

and it is obvious that 6 acts by 1 on g, for & € ®j. Thus condition (x) is satisfied and
hence A is a maximal #-anisotropic torus.
The decomposition (12) in this case is

C"=Vi®---aV,oVheV,® oV,

where V; = Ce;, Vo = Cepqq + - -+ Ceq and V_; = Cepy1—; for i = 1,...,p. Here A acts
on V; by the character de and acts on Vg by 1. Hence M consists of the block diagonal
matrices

a 0 0
=10 b 0], aeD, beGL(g—p,C), detx=1.
0 0 a
The ordered basis €1, €9, . .., e,—1 for X'(H) is compatible with the order we have given

to X(A). Let ®T be the corresponding system of positive roots. Let A = > \;e;, with
Xi € Nand \; > --- > )\,, be a ®"-dominant weight. Then t» =1 for all t € T if and
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only if Ay = =Xy, Ao = = A1, Ap = =Agp1,and Aj =0 for p+1 < j < ¢. Thus Ais
f-admissible if and only if

A=Al A0 0,00, =g,y =]
q—p

where A\; > --- X\, > 0 are arbitrary integers. Thus A is #-admissible if and only if
A =my (w1 + @) + ma(ws + wi—1) - - - + mp(wp + wg), mi €N.

The Satake diagram is shown in Figure 12.3.

mi mo mp mi mo mp—1
ce \O 2myp
mi m2 mp mi m2 mp—1
(p<q) (r=0q
Figure 12.3: Satake Diagrams of Type AIIl
Polarizations—Type CI
om . - . . 0o I,
Let G = Sp(C*", 2) where  is the bilinear form with matrix J = oo | We take
—in

the involution #(g) = —JgJ. Here K = GL(n,C) and the maximal torus H = Da, NG is
f-anisotropic. Hence A = H and M =T = (Z/2Z)" consists of all matrices

t = diag[d1,...,0pn,01,...,0,), 0; =%l

Since &g = (), condition (x) is vacuously satisfied and hence A is a maximal f-anisotropic
torus. We define an order on X' (A) using the characters

xi(h) = €i(a), h = diag]a, a_l]

fori =1,...,n. Let ® be the corresponding system of positive roots. Let A = 31" | Ae;
with Ay > --- > A\, > 0 be a dominant weight. Then t* =1 for all t € T if and only if ); is
even for all 4. Thus X is f-admissible if and only if

A =2miwy + -+ 2mym;, m; €N,

where wy,...,w; (with I = n — 1) are the fundamental weights. The Satake diagram is
shown in Figure 12.1.

2ma 2mo 2my_q 2my
[e; o e <:O

Figure 12.4: Satake Diagram of Type CI
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Polarizations—Type DIII

Take G = SO(C", B), with n = 2l even and B the form with matrix s,. We take the
involution 6(g) = —I',gT',, with T, defined as in Section 3.2. As in Type CII, we have
K = GL(I,C). The maximal torus H = D,, N G is f-stable. Write elements of H as

h = diagla,a™!], with a =[ay,...,aq].
Then 6(h) = diag[b, b~'], where

) diaglag, a1, ..., azp, azp—1] (when [ = 2p)
diag[ag, at, ..., 02p, 2p—1, a2p+1] (When l=2p+ 1)

We have A & D, consisting of all h = diag[a, a~!] with

. diag[zy, 77, .. -y T, :1:;1] (when [ = 2p)
- diag[xl,xl_l,...,a:p,xgjl,l] (when I =2p+1)

We take generators xi,...,xp for X(A) as xi(a) = e2i—1(a), where p = [I/2], and we
put the corresponding lexicographic order on X (A). The group T consists of all matrices
h = diag[a, a~!] with

B { diag[z1, 27", ., zp, :1:;1] (when [ = 2p)

B diagxl,x_l,...,x,x_l,l when [ =2p+1
1 pr*p

Thus 7' = T° is a torus of rank p (when [ is even) or rank p+ 1 (when [ is odd). The roots
vanishing on a are
*(e1 +e2), £(e3 +e4),..., E(e2p-1 +2p) -

We leave it as an exercise to check that 6 acts by 1 on g, for & € ®j. Thus condition (x) is
satisfied and hence A is a maximal #-anisotropic torus.
The x; eigenspace for A on C" is

Vi =Cegi—1 +Cep—2i+1, t=1,...,p
and the x; ! eigenspace is
V_; =Ceg; + Cep_2i42, 1=1,...,p.

When [ = 2p+1 there is also the space Vj = Ce; + Cej41 where A acts by 1. The subspaces
Vii, ..., Vip are B-isotropic, while B is non-degenerate on V) (when I = 2p+1). The space
V_; is dual to V; relative to B. We have

C'=Vie -eVeWheVae eV,
(where we set Vp = 0 when [ = 2p is even). From this decomposition we calculate that

(14) M = { GL(V1) x -+ - x GL(V)) when [ = 2p

GL(V}) % -+ x GL(V,) x SO(Vy) when [ =2p + 1
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(note that SO(Vp) = GL(1, C) since dim V) = 2).
The ordered basis

€1 > —€2 >E3 > —€4 > - >E2p-1> —E€P (When = Qp),
€1 > —€2 > E3 > —€4 > > E2p-1 > —E€2p > E2pt1 (When l=2p+ 1)

for X (H) is compatible with the order on X'(A). Let ®T be corresponding system of positive
roots. Let ® be the corresponding system of positive roots. We see that ®T is obtained
from the standard choice of positive roots by the action of the Weyl group element that
tranforms the ordered basis 1 > €3 > -+ > g1 > +¢; into the ordered basis above (the
choice of + depending on whether [ is even or odd). It follows that when [ is even, the
simple roots in ®T are

Q] = €1 + €2, g = —€2 —€3,...,0_2 = —€]-2 — €]-1,

Q1 =¢€1-1 t+ €, g =¢€1-1 — €.

If p is odd, then the simple roots in ®* are

o1 =¢€] +¢&2, 2 = —€2 —€3,...,Q12 =¢€—2 + &1,
Q1 = —€|-1 — €&, O] = —€|—1 T €&[.
The simple roots vanishing on a in this case are a1, a3, ..., a2,_1. The roots a;_1 and o

have the same restriction to a.
A weight A = 22:1 \ig; is ®T-dominant if and only if

A > =2 A3> =M\ >0 > |0
Let A be a ®T-dominant weight. Then t* = 1 for all ¢ € T if and only if
AL ==X, A3 = =Ny, -, Agp1 = — Ay

in the case | = 2p. When [ = 2p + 1 there is the additional condition Agj41 = 0. Writing A
in terms of the fundamental weights, we find that it is f-admissible if and only if

\ ) mew + My g + 2myo; (I even)
Moty + - -+ my_3w—3 + my—1(wi—1 + @) (I odd)

The Satake diagram is shown in Figure 12.5.

mo mp—2 m2 mp—3

(I even) (I odd)

2my mp—1

Figure 12.5: Satake Diagrams of Type DIII
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Orthogonal Decompositions—Type BDI

Now G = SO(C", B), the involution §(g) = Jp q9Jpq with 1 < p < gand p+¢=n asin
Type AIII, and K = S(O(p, C) xO(q,C)). This is the only case in which K is not connected,;
we have

K° =~ 80(p,C) x SO(g, C).

The maximal torus H = D,, NG is #-stable. We can write h € H as diag[a, b, a"!], with
a € D, arbitrary and b of the form

(15) b= { diag[c, é_l] when n = 2]

diag[e, 1,71 when n =2 +1
with ¢ € D;_,. We calculate that
0(h) = diagla™', b, .
Thus A = D,, consists of all diagonal matrices
h = diaga, I;—p, a'l, ac D,,.

We take generators x1, . . ., xp for X(A) as x;(h) = €;(a) and we give X'(A) the corresponding

lexicographic order. The group T consists of all diagonal matrices h = diag[a, b, a~1] where

b is given by (15) and a? = I,. Thus T = (Z/2Z)P x D;_,. The subgroup Ty = H N K°

consists of all such diagonal matrices that satisfy the additional condition aq - - -a, = 1.
The roots vanishing on a are

e, te; tp+1<i<yi<l when n = 21
J

e te; ip+1<i<i<Il}U{eg :p+1<i <1 when n =2 +1
J

It is clear that 6 acts by 1 on g, for a € ®g, since the matrices in g, are of block-diagonal
form diag[0,z,0], with € M,_,(C). Thus condition (x) is satisfied and hence A is a
maximal #-anisotropic torus of rank p.

The x; eigenspace for A on C" is

Vi:(Cei, iZl,...,p.

and the x; ! eigenspace is
V_i:CenH_i, iZl,...,p.

The space Vy = Cepy1 @ --- @ Cey is the 1-eigenspace for A. The subspaces Vii,..., V4,
are B-isotropic, while B is non-degenerate on V. The space V_; is dual to V; relative to B.
We have

(16) C'=Vie---oV,eWoeVas eV

From this decomposition we see that M consists of all matrices in block-diagonal form

(17) m = diag[a, b,a] with a = [£1,...,£1] and b € SO(V}).
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The ordered basis €1, €9, . . ., &, for X(H) is compatible with the order on X(A). Let ®*
be the corresponding system of positive roots. Let A = 22:1 A;g; with A\; € N and suppose
X is ®t-dominant. Then t* = 1 for all ¢ € T if and only if Aj=0forp+1<j<land )\

is even for ¢ = 1,...,p. Thus A is f-admissible if and only if
A=[A,...,25,0,...,0
l—p

where Ay > ---\, > 0 are arbitrary even integers. If we only require that tA =1 for all
t € HN K°, then the parity condition becomes

Ai—Aj€2Z foralll<i<j<np.

We shall say that A is K°-admissible when this is satisfied. When we write A in terms of
the fundamental dominant weights the admissibility conditions become the following. First
assume n = 2 + 1 is odd (Type BI). Then A is f-admissible if and only if
\— 2mywy + 2mows + - - - + 2mypw, (p <)
2mywr + 2mowy + - -+ 2my_ywp—y + Ay, (p=1)
where m; € N. For X to be K°-admissible, however, the coefficient of @, only has to be an
integer (not necessarily even) when p < [, and the coefficient of t; only has to be even (not

necessarily a multiple of 4) when p = [. The Satake diagram is shown in Figure 12.6, where
the coefficients shown in parentheses apply to K°-admissible weights.

(mp) (2my)
2mq 2mp_1 2myp 2mq 2mo 2mi_1  4dmy
(p<1) (p=1)

Figure 12.6: Satake Diagrams of Type BI

Now assume n = 21 is even (Type DI). A is #-admissible if and only if

2mywy + 2mewa + - - - + 2myw, (p<l-1)
A=< 2mywy + 2mawog + - -+ 2my_owy o + 2my_1(w_1 + @) (p=1-1)
2myiwy + 2motog + - - - 4 2my_9wy_g + 2my_1w—1 + 2mywo; (p=1)

where m; € N. For XA to be K°-admissible, however, the coefficient of @, only has to be an
integer (not necessarily even) when p < [ — 1, while the coefficients of w;_; and w; have to
be equal integers (not necessarily even) when p =1 — 1. When p = [ then K°-admissibility
is the same as #-admissibility. The Satake diagram is shown in Figure 12.7, where the
coefficients shown in parentheses apply to K°-admissible weights.

25



(mp) g

2m1 2mp_1  2myp
(p<i-1)
(my—1)
2my—1 2my—1
2myp  2mg 2my_o 2myp  2mg 2my_o
(my—1)
(p=1-1) 2my—1 (p=1) 2my

Figure 12.7: Satake Diagrams of Type DI

Orthogonal Decompositions—Type CII

In this case G = Sp(C?, Q) where € is the bilinear form with matrix J = Os f)l ] . We
)

take the involution 0(g) = Kp 49K, 4, for 1 <p < g and p + ¢ = [, with K}, ; as in Section
3.2. We have K = Sp(p,C) x Sp(q,C). The maximal torus H = D; N G is #-stable. We
write h € H as

(18) h = diag[z,77'], where x = diag[a,b,c] with a,c € Dy, b€ D,
Then 6(h) = diag[y, '] with y = diag[¢, b, a]. Thus A = D,, consists of all
h = diag[r,x] with x = diag[a, I,_p,a"'], a € D,.

We take generators x1, . . ., xp for X (A) as x;(h) = €;(a) and we give X'(A) the corresponding
lexicographic order. The group T consists of all

h = diag[z,#7'] with = = diag[a, b,d], a € Dy, b€ Dy

Thus T'= D, is connected.
The roots vanishing on a are

te;te;, p<i<j<gq

+(e1 +er), H(e2 +e1-1), -+ o, T(ep +€g41)-

A calculation similar to that done above in Type AIIIl shows that § = 1 on the corresponding
root spaces. Thus condition (x) is satisfied and hence A is maximal f-anisotropic.
The y; eigenspace for A on C% is

‘/;:Cei"i_(cel-i-iv i=1,...,p
and the x; ! eigenspace is

V_i=Cei41-; + Cegry1—4, i=1,...,p.
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The 1-eigenspace of A is
Vo =Cepy1+---+Ceq+Cepypi1 + -+ Ceppyg.

The subspaces Vi1, ..., Vi, are Q-isotropic, while Q is non-degenerate on V. The space
V_; is dual to Vj; relative to 2. We have

cC=vie---oV,oVhoVad---aV.,.
p P

The elements of M leave invariant the spaces V4i; and Vj, while the transformation K, ,
acts by I on Vy and interchanges V; and V_;. From this decomposition one calculates that

(19) M = (xPSp(1,C)) x Sp(q — p, C).

The weights of H on V; are ¢; and —g;11—; for i = 1, ..., p and the weights of H on 1}
are +¢; fori =p+1,...,q. Hence the ordered basis

€1 > —€ > €2 > —€l—1 > > Ep > —Eg4l > Eptl > Ept2 > > &g

for X(H) is compatible with the order we have given to X (A). Let ®* be the corresponding
system of positive roots. Since ®T is obtained from the usual set of positive roots by the
action of the Weyl group element that tranforms the ordered basis €1 > €9 > --- > ¢ into
the ordered basis above, it follows that the simple roots in ®* are

a1 =¢€1+ €, g = —€ —E€2,...,Q2p1 = Ep + Egt1, Q2p = —Eg+1 — Ep+1,
Q2p+1 = Ept1 — Ept2y- -+, A1 = Eg—1 — Eq, A = 2€4.
The simple roots vanishing on a are thus aq, as, ..., azp_1.

Thus A\ = 22:1 \ig; is ®T-dominant if and only if
)\12_)\1 Z)\Q"'Z)\pz_)\q—f—l Z)\p—f—l Z)\qZO

We see that t* =1 for all t € T if and only if

M ==, Ao =—=N_1, - Ap = —Agq1
and \; =0 for j =p+1,...,¢. Thus A is f-admissible if and only if

A=A, .., 2,0,...,0, =X, ..., =

[ 1 D D 1]
q-p

where Ay > --- )\, > 0 are arbitrary integers. When we write A in terms of the fundamental
weights, then it is #-admissible if and only if

\ = MmoTog + Mytog + - -+ mopWap (2}9 < l)
Moy + Myt + - - -+ my_swi—o +myw;  (2p=1)

where m; € N. The Satake diagram is shown in Figure 12.8.

m2 map m2 mp—2 my
* O —O0—e— .- —e—® o—0—0— —O0—e&—0
(2p <) (2p=1)

Figure 12.8: Satake Diagrams of Type CII
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3.4 Spherical Representations

We now determine the irreducible representations having a K-fixed vector. We follow the
notation of the previous section: 6 is an involution of the connected semisimple classical
group G, H is a f-stable Cartan subalgebra, K = G? or K = (G?)° (in type BDI). We fix
A, a maximal #-anisotropic torus in H, and denote M = Centg(A), B a #-admissible Borel
subgroup of G, N* C B.

Theorem 3.10 (Helgason) Let (7, V?*) be an irreducible regular representation of G with
highest weight X (relative to B). The following are equivalent:

(1) VA contains a nonzero K -fized vector.

(2) V* contains a nonzero M N -fized vector.

(3)t*=1foralltc T=HNK.

Proof. We have already shown that (1) = (3) in Theorem 3.9. We observe that (2) is
equivalent to

(2) 7w(M)vy = vy, where v is a nonzero B-extreme vector in V.

VMN+

This is clear, since M N contains the unipotent radical of B, so C Cwy. Since

T C M, clearly (2)) = (3).
Suppose (3) holds. We shall prove that (2)" holds. We have M = F - M° by Lemma 3.7
with F' C T. Since T fixes v*, we only need to show that

(20) dr*(go)ux =0 for all a € @

Suppose a € ®F. Then (20) is true since A + « is not a weight of V*. Now by (3) we have
A(t) = 0. But for a € @y, the coroot h, € t. Hence the reflection s, fixes A, since

Sa(A) = A = (A, ha)a = A

Thus s4(A — @) = A — s4(a) = A+ a. If A — a were a weight of V| then A + o would be a
weight also by Weyl group symmetry, a contradiction. Hence dw’\(g_a)w = 0 also.

Thus it only remains to prove that (3) = (1). For this we will need the following
lemma. We take the conjugations 7 and ¢ on G as in Section 3.2 and write Gog = G°,
Ko =K? = K™ and Ay = A° for the corresponding real forms. The group Kj is compact,
while Gy and Ay are noncompact.

Lemma 3.11 Let A € X(H). Suppose t* =1 for allt € T. Then a* > 0 for all a € A,.

Proof. We take G in the matrix form as in Section 3.2. For a € A we have o(a) = a. Thus
Ap = A7 consists of real matrices. In Section 3.3 we gave an isomorphism ¢ : A= D, with
Ap corresponding to the real matrices in D). Let ¢(a) = diag[xy, ..., z,| for a € A. Then

= ™t -x,?  with m; € Z.
By Lemma 3.7 we have TN A=F = {a € A : a> = 1}. Under the isomorphism ¢,

F={le,...,e : ¢ ==%1}.
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Thus ¢ = 1 for all @ € F if and only if m; € 2Z for i = 1,...,p. Obviously this implies
that a® >0 when z; e Rfori=1,...,p. O

Comgpletion of proof of Theorem 3.10:
We assume (3) (and hence (2)’). Define

v():/ 7N k)vy dk.
Ko

Then vg is invariant under K. Since K is a compact real form of K, we also have vg
invariant under K, by analytic continuation. To complete the proof, we only need to show
that vg # 0 when condition (3) is satisfied.

Let v} be the lowest weight vector for the dual representation (V’\)*, normalized so that
(v%, va) = 1. Let fa(g) = (v}, m(g)va) be the generating function for 7, as in Section 2.2.
Then

(21) (w5, w0) = [ Sk k.
Ko

We shall show that

(22) f2(@) >0 for g€ Go.

Since fx(1) = 1, this will imply that the integral (21) is positive, and hence vy # 0.
Form € M, a € A, and n* € N* we have

f(n"mant) = <7r’\*(n_)_1vf\, W’\(a)w’\(mn+)v,\>
<v3k\v /\(a)’U/\>:a/\a

since N~ fixes v} and M N fixes vy (by (2)’). Hence if a € Ay then fy(n~man™) > 0 by
Lemma 3.11. Since N AOMON(}F is dense in G (by the Gauss decomposition), this proves
(22). O

Corollary 3.12 As a G-module, Aff(G/K) = @, V?*, where X runs over all -admissible
dominant weights of H.

Proof. This follows by Theorem 3.9 and Theorem 3.10. O

From Corollary 3.12 and the Satake diagrams in Section 3.3, we conclude that the
semigroups of highest weights for spherical representations have the following generators
(where [ is the rank of g and p = dim a is the rank of G/K):

Type AlL: {2w;, 2wo,..., 2w} (p=1)
Type AIL: {wy, wy,...,w;} (p=1/2)
Type AIIL: {w; + w;, ws +wi—1,...,0p +@Wi+1—p} Cp<I1+1)
Type CI: {2w, 2w, ..., 2w} (p=1)

Type DIII: {wy, wy,...,wi—2,2w;} (leven, p=1/2)
{w2, w4, ..., w3, wi—1 +w} (lodd,p=(—-1)/2)
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Type BI: {2w, 2wy, ...,2w,} (p <)
{2@1, 2@2, Y 2wl—17 4@1} (p = l)

Type DI: {2wi, 2ws,...,2w,} (p<l—1)
{2w1, 2w, ..., 2w_9, wi—1 +wi} (p=1-1)
{2wy, 2w9, ..., 2w_9, 2w;_1, 2w} (p=1)

Type CII: {wy, wy,...,w} (2p <)

If we take K = (G%)° in Type BDI (the only case in which G? is not connected), then the
semigroup of highest weights of K-spherical representations has the following generators:

Type BI: {2wy,..., 2w, 1, wp} (p <)
{2wy, 2ws, ..., 2w_1, 2w} (p=1)

Type DI: {2wy,...,2wp_1, wp} (p<l-—1)
{2w1, 2w, ...,2w_2, wi—1 +wi} (p=1-1)
{2@1, 2wy, ..., 2w0_9, 2w0;_1, QWZ} (p = l)

4 Tangent-Space Representations

4.1 A Theorem of Kostant and Rallis

We now turn to the tangent space analysis. Let G be a connected, reductive, linear algebraic
group. Let 6 be an involutive regular automorphism of G. Let g be the Lie algebra of G.
We will write 6 for df. Let

K={g9eG:0(9) =g}

One can show that K is reductive (when G is a classical group we verified this by classifi-
cation in Section 3.2).
As usual, we will consider ¢ =Lie(K) to be a Lie subalgebra of g. Then

t={Xecg:0X=X}

Set V.={X €g: 60X = —X} (this subspace was denoted by p earlier). Then g=t®V
as a K-module under Ad|g. Set o(k) = Ad(k)|y for k € K. Then (o,V) is a regular
representation of K. Note that we may identify V' with the tangent space to G/K at the
coset K, with the action of K on V being the natural isotropy representation on the tangent
space at a fixed point.

Let P(V) denote the polynomial functions on V and let P7(V) denote the space of
homogeneous polynomials on V' of degree j. As usual, we have a representation yu of K on
P(V) given by

w(k)f(v) = flo(k)" ') for fe P(V), k€ K andv € V.

Let PV)K ={f € P(V) : w(k)f = f for all k€ K}. Then P(V)¥ is graded by degree.
Set
P+(V)* ={f e P(V)" : f(0)=0}.
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Let U={g€ G : 7(9) =g}. Let Ko =UNK. Then Kj is a compact form of K. Let
u = Lie(U), thought of as a real subalgebra of g. Then

u=@une)e@unVv).

Clearly u Nt = Lie(Kp), which we denote by €. Set Vp = i(V Nu). Let K§ be the identity
component of K. Let ag C Vjy be a subspace that is maximal with respect to the condition
that [ag, ap] = 0 and set

M={ke K : Ad(k)|q, = I}.

Then clearly 7(M) = M, where 7 is the conjugation of G whose fixed-point set is a compact
real form of G (we may assume 7 commutes with §). Thus M has a compact real form so
M is reductive.

To state the Kostant-Rallis Theorem we need one more ingredient. We note that the
subspace PJ (V)N (P(V)P.(V)¥) is K-invariant. Thus there is a K-invariant subspace H7
in P7(V) such that

PIV)=H & {Pj(v) N (P(V)PL(V)5) }
Set H = 69320 Hj'

Theorem 4.1 (Kostant-Rallis) The map H®@ P (V)X — P(V) given by h®@ f +— hf is
a linear bijection. Furthermore H is equivalent with Aff(K /M) = Ind% (1) as a K-module.
In particular, if (p, F) is an irreducible regular representation of K then Homg (F,P(V))
is a free P(V)E module on dim FM generators.

The Kostant-Rallis Theorem generalizes a celebrated theorem of Kostant concerning the
adjoint representation.

Theorem 4.2 (Kostant) Let G be a connected, reductive, linear algebraic group. Let T
be a maximal torus in G. Let g be the Lie algebra of G and let u(g)f(X) = f(Ad(g)~1X)
forgeG, feP(g), X €g. Let

P() = {f € Pg) : u(g)f = f for all g€ G}.
Let H be a graded u(G)-invariant subspace of P(g) such that

P(a) = H e {P(a)P+(s)°}.

Then the map H ® P(g)¢ — P(g) given by h @ f + hf is a linear bijection and (u, H) is
equivalent with Indg(l) as a representation of G. In particular, if (p, F') is an irreducible
reqular representation of G then the space Homeg(F,P(g)) of covariants of type p is a free
P(g)G module on dim FT generators, where FT is the zero weight space in F.

To deduce this result from Theorem 4.1, take G; = G x G in place of G in Theorem 4.1
and let 6(g, h) = (h, g) for (g,h) € G1. Then K = GY = G (embedded diagonally). Let g be
the Lie algebra of G. Then (o, V) is equivalent with (Ad, g) as a representation of G. The
complexification of ag is corresponds to the Lie algebra of a maximal torus of G. Hence M
is a maximal torus in G.
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4.2 Classical Examples

There are 16 pairs (K, (0, V)) covered by the Kostant-Rallis Theorem, with g simple and K
a product of classical groups (7 pairs with g classical and 9 with g exceptional); see [Hell, Ch.
X, §6, Table V]. For the cases in which G is also a classical group, K and 6 were determined
in Sections 3.2 and M in Section 3.3. For that purpose the matrix forms of G and 6 were
chosen so that the diagonal subgroup H in G was a maximal torus and A = H N Q was a
maximal §-anisotropic torus (where 6(g) = g~! for g € Q). In the following examples we
have chosen the matrix form of G and the involution 6 to facilitate the description of V' as
a K-module. The algebraically independent generating set for P(V)¥ is obtained from the
Chevalley Restriction Theorem and the classification of the invariants for finite reflection
groups. Note that when M is a finite group the restricted root system coincides with the
root system of h on g.

In the following examples, s,, and & have the same meaning as in Section 3.3.

1. (Type AI) Let G = SL(n,C) and 0(g) = (¢°)"'. Then K = SO(n,C) and V is the
space of symmetric n xn matrices of trace 0. The action of K on V is o(k)X = kXk~!. Here
we take a to be the diagonal matrices in g. We have W(a) = Wi = &,,. The polynomials
ui(X) = tr(X*), for i = 1,...,n — 1, restrict on a to generators for P(a)"(®). Hence
P(V)X is the polynomial algebra with generators uy, . .., up_1.

-I, 0
Then K = Sp(C?"*,Q), where  is the bilinear form with matrix J. The space V consists
of all matrices (n x n blocks)

2. (Type AII) Let G = SL(2n,C) and 6(g) = —J(g*)~'J where J = l 0 I ]

(23) X = A Bt with tr(A) =0, B'=-B, C'=-C.
c A
We take a C V' as the matrices
Z 0 .
X = [ 0 Z}’ Z =diag[z1,...,2z,), tr(Z)=0.

The restricted root system in this case is of type A,_1. The polynomial u;(X) = tr(X 1)
restricts on a to 2tr(Z*!). Hence ug,...,u;_1 generate P(V)K, since their restrictions

generate P(a)V(®),

3. (Type AIII) Let G = SL(n,C). Take ¢ > p > 0 with p+ ¢ = n and define 6 = 6,

I
where 0,, = I, ,91,, and I, = 61 OI . Then K = S(GL(g, C) x GL(p, C)) imbedded
—ip
diagonally and V' consists of all matrices in block form
0 X
(24) =1y o | X € My, (C), Y € M,,(C).

As a K-module V = F @ F*, where F' = M, ,(C) with action

p(g1,92)X = nggQ_1 for g1 € GL(q,C), g2 € GL(p, C), det(g1) det(g2) =1
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(we can identify F* with M, ,(C) with action p*(g1,92)Y = g2Yg; ). The restriction of p
to SL(g, C) x SL(p, C) is irreducible and equivalent to the outer tensor product CI&CP of
the defining representations.

In this matrix realization we take a C V' as the matrices v in (24) with

(25) X = [ (ii]; 1 , Y= { spZ  0g—p } , where Z = diag|z1,. . ., 2.

The polynomials u;(v) = tr((XY)?) with v as in (24) are K-invariant. Since
(Zsp)(sp2) = Z*

for Z as above, we see that the restriction of u; to a is the W(a)-invariant polynomial
Z — tr(Z%). These polynomials, for i = 1,...,p, generate P(a)"V(®). Hence P(V)¥ is the
polynomial algebra generated by uq, ..., u,.

4. (Type CI) Let G = Sp(C*",Q), where Q is the bilinear form with matrix J as in
Example 2, and take 0(g) = JgJ . Then K = GL(n,C) consists of the matrices

_l9g 0 :
k= l 0 (! ] , with g € GL(n, C),

while V' consists of the matrices (n x n blocks)
0 X
= ith X' =X, Y'=Y.

(26) [ Y 0 ] with )

Let F' be the space of n x n symmetric matrices, and let p be the representation of GL(n, C)
on F given by p(9)X = gXg'. Then (0,V) = (p @ p*, F ® F*). Here we can identify F*
with F as a vector space, with g € GL(n, C) acting by X — (¢")"1Xg~L.

In this realization we take a C V' as the matrices

(27) l 0 X

Y 0 1 with X = diag[x1, ..., zy].

This is a toral subalgebra of g that is conjugate in G to the Lie algebra of the maximal
anisotropic torus used in Section 3.3. The polynomials u;(v) = tr((XY)?), with v as in
(26), are K-invariant. The restriction of u; to a is the polynomial X ~ tr(X?). Since the
restricted root system is of type C,,, these polynomials, for ¢ = 1, ..., n, generate P(a)W(“).
It follows that uy, ..., u, are algebraically independent generators of P(V)K .

5. (Type DIII) Let G = SO(C?", B), where B is the bilinear form with matrix

0 I,
I, O
Example 4 (Type CI), while V' consists of the matrices (n x n blocks)

, and take 0(g) = JgJ~! (J as in Example 2). Then K is the same as in

(28) vzlg )0(] with Xt = —-X, Y'=-V.
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Let F' be the space of n x n skew-symmetric matrices, and let p be the representation of
GL(n,C) on F given by p(g)X = gXg'. Then (0,V) = (p @ p*, F @ F*). Here we can
identify F* with F as a vector space, with g € GL(n, C) acting by X ~ (¢g*)~'Xg~1.

In this realization we take a C V' as the matrices

| diag[Z, —7] when n = 2p

0 Xs,
’ ~ | diag[Z,0,—Z] when n =2p+ 1.

(29) v l sp X 0

Here Z = diag|z1,...,%|. This is a toral subalgebra of g that is conjugate in G to the
Lie algebra of the maximal anisotropic torus used in Section 3.3. The polynomials u;(v) =
tr((XY)?), with v as in (28), are K-invariant. The restriction of u; to a is the polynomial
Z s tr(Z*) (note that Xs, = —s, X for X as in (29)). Since the restricted root system is
of type C), or BC), these polynomials, for ¢ = 1,...,p, generate P(a)W(“). It follows that
U1, ..., up, are algebraically independent generators for P(V)K .

6. (Type BDI) Let G = SO(n,C) (¢'g = I, for g € G). Takep+q=mn, q>p > 1,
6 = 0, as in Example 3. Then K = S(O(g,C) x O(p,C)), imbedded diagonally into G,
while V' consists of the matrices

(30) v= [ T ] with X € M,,(C).

Here (o, V) is the representation of K on M, ,(C) given by

o(g1,92)X = 91X g5 "

Restricted to the subgroup SO(g,C) x SO(p,C) C K it is the irreducible representation
CIRCP (outer tensor product of the defining representations) when p # 2 and ¢ # 2. For
p =2 and ¢ > 2 it is the sum of two irreducible representations (recall that SO(2,C) =
GL(1,0)).

In this realization we take a C V' as the matrices v in (30) with

X = [ngl, Z = diag[z1, ..., zp).

This is a toral subalgebra of g that is conjugate in G to the Lie algebra of the maximal
anisotropic torus used in Section 3.3. The polynomials u;(v) = tr((X X)), with v as in (30),
are K-invariant. The restriction of u; to a is the polynomial Z — tr(Z2'). Suppose p < q.
Then the restricted root system is of type By, so it follows that w, ..., u, are algebraically
independent generators for P(V)K . Now suppose p = q. Then the restricted root system
is of type D,. In this case the Pfaffian polynomial Pfaff(v) is K-invariant and restricts to
the W (a)-invariant polynomial Z +— z; - - - 2, on a. It follows that {u1, ..., up—1, Pfaft} is a
set of algebraically independent generators for P (V)X when p = q.

7. (Type CII) Let G = Sp(C?",w,) where w, is the bilinear form with matrix
0 1

. 01) Take ¢ > p > 0 with p 4+ ¢ = n and

T, = diag[u, ..., p] (n copies of u = l
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let g = Isg2p91242p, as in Example 3. Then K = Sp(C%,w,) x Sp(C?,w,) embedded
diagonally and V consists of all matrices

0 X
(31) v = [ TpXth 0 ] , X e ng’gp((C).
Here (k1,ko) € K acts on v € V by X — ki Xky! for ky € Ki = Sp(C¥,w,), kg €
Ky = Sp(C*,w,) and X € My, 2,(C). Hence the representation (o, V) is irreducible and
equivalent to the outer tensor product C2¢@C?P of the defining representations of K; and

K.
We take a to consist of all matrices (31) with

Z .
(32) X = l 0gp ] , Z = diag[z1, 21, . . ., 2p, 2p] € May(C).

This is a toral subalgebra of g that is conjugate in G to the Lie algebra of the maximal
anisotropic torus used in Section 3.3. The polynomials u;(v) = tr((X X?)?), with v as in
(31), are K-invariant. The restriction of u; to a is the polynomial Z +— tr(Z%"). Since the
restricted root system is of type BC, (when p < ¢) or C}, (when p = g), it follows that
u1, ..., up, are algebraically independent generators for P(V)K.

8. (Type G) Let K = (SL(2)xSL(2))/{(I,I),(—1,—I)} and (o, V) the representation
on V = C2®83(C?) (outer tensor product). Here M is isomorphic with x2(Z/2Z). One has

P(V)K = Cluq,ug] with degu; =2 and degus = 6.

This example comes from the exceptional group Go.

9. (Type FI) Let K = (SL(2,C) x Sp(3,C))/{(I,I),(—I,I)} and (o, V) the represen-
tation on C2®F (outer tensor product) with F the irreducible representation of Sp(3,C)
having highest weight 1 + e2 + 3. M is isomorphic with x*(Z/2Z). One has

P(V)K = Cluq, ug, ug, uq] with deguy =2, degus = 6, degus =8, and deguy = 12.

This example comes from the exceptional group Fjy.

10. (Type FII) Let K = Spin(9,C) and (o,V) the spin representation, M =
Spin(7, C). The restricted root system is of type 4; and hence P (V)X = C[u] with degu = 2.
This example also comes from Fj.

11. (Type EI) Let K = Sp(4,C) and take the representation (o, V) of Sp(4,C) on
A*C8/ A2 C8. Here we embed

wANEC® C N\e®
with w a nonzero element of (A?C®)X (this is the irreducible representation with highest
weight €1 + &9 + €3 + &4). M is isomorphic with x%(Z/2Z). P(V)X is the polynomial
algebra in 6 generators whose degrees are 2, 5, 6, 8, 9 and 12. This example comes from
the exceptional group FEg.

12. (Type EII) Let K = (SL(2) xSL(6,C))/{(I,I),(—1I,—1I)} and take (o, V') to be the
representation C2® A C® (outer tensor product). M is locally isomorphic with GL(1,C) x
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GL(1,C) and the restricted root system is of type Fjy. Hence P(V)¥ is a polynomial
algebra in four generators with degrees as in Example 9. This example also comes from the
exceptional group FEg.

13. (Type EIII) Take K = (GL(1,C) x Spin(10,C))/{(I,I),(—I,—1I)} (here the
second —I is the kernel of the covering Spin(10,C) — SO(10,C). Let (o, V) be the sum
(p1, FT) @ (p—, F~) of the two half spin representations of Spin(10,C) with py(z,I) = 21
and p_(z,I) = 27 'I for 2 € GL(1,C). M is isomorphic with GL(4,C). The restricted root
system is of type BCy. Hence P(V)K is the polynomial algebra in two generators, one of
degree 2 and the other of degree 4. This example also comes from Ejg.

14. (Type EV) Let K = SL(8,C) and take (o,V) to be the representation of K
on A*C8. If we replace K by o(K) then M is isomorphic with x7(Z/2Z). P(V)¥ is the
polynomial algebra in seven generators whose degrees are 2, 6, 8, 10, 12, 14 and 18. This
example comes from the exceptional group E7.

15. (Type EVI) Let K = (SL(2,C) x Spin(12,C))/{({,I),(—I,—1I)} (the second —I
as in Example 13). (o, V) is given by C?®S (exterior tensor product) with S a half spin
representation. M is locally isomorphic with x3SL(2, C). The restricted root system is of
type Fy. Hence P(V)¥ is a polynomial algebra in four generators whose degrees are as in
Example 9. This example also comes from the exceptional group Ex.

16. (Type EVIII) Let K = Spin(16,C) and take (o,V) to be a half spin repre-
sentation. If we replace K by o(K) then M is isomorphic with x8(2/2Z). P(V)¥ is the
polynomial algebra in eight generators whose degrees are 2, 8, 12, 14, 18, 20, 24 and 30.
This example comes from the exceptional group Eg.

4.3 Comments on the Proof and Further Examples

Let K be a connected reductive linear algebraic group and let (o, V) be a regular represen-
tation of K. We will now isolate the actual properties of the representations that we use to
prove the Kostant-Rallis Theorem. We assume that there is a subspace a in V such that

(1) The restriction f — f|, defines an isomorphism of P (V)% onto a subalgebra R of P(a).

(2) The subalgebra R of P(a) is generated by algebraically independent homogeneous el-
ements ui,...,u; with [ = dima. Furthermore, there exists a graded subspace A of
P(a) such that the map A ® R — P(a) given by a @ r +— ar is a linear bijection.

(3) There exists h € a such that |o(K)hNa| > dim A.

(4) Let h be as in (3) and set
Xp={veV: flv)=f(h) for all fe P(V)E}.
If v € X}, then dim Kv = dimV — dima.

Set M ={k € K : o(k)h = h}. Our proof of Theorem 4.1 actually proves the following
result.
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Theorem 4.3 Assume that (o,V) satisfies (1)-(4). Let (o, F') be an irreducible reqular rep-
resentation of K. Then as a P(V)X-module, the space Homg (F, P(V)) is free on dim F'M
generators.

Here are some examples that are not isotropy representations for symmetric spaces but
that nevertheless satisfy conditions (1)-(4).

1. Let K = SL(2,C) and let (o,V) be the representation of K on S3(C?) (i.e. the
irreducible four-dimensional representation). One can show that P(V)% = C[f] with f
irreducible and homogeneous of degree 4. Let eq, ep be the usual basis of C? and let h =

Q * | then o(u)h = ih. Set a = Ch. Thus o(K)hNaD {h,—h,ih, —ih}.

e$+ed Ifu= 0
we{fs &) )

One has f(h) # 0 and
We look upon P(a) as C[t]. Assuming that f(h) = 1, we then have res(P(V)¥) = C[t4].
Take

A=ClaCtoCt’ oCt.

Thus all conditions but (4) have been verified. Condition (4) follows since f is irreducible so
Xy, is irreducible. We can thus apply Theorem 4.3 and conclude that if F* is the irreducible
(k+1)-dimensional regular representation of K then Homy (F*, P(V)) is a free C[f]-module
on dj generators. Here

dek+2; = 2k+1 forj=0,1,2and k=0,1,2,...,
dery3+2; = 2k+2 forj=0,1,2and £k =0,1,....

2. Let K = Sp(3,C) and let V' C A3CS be the irreducible K-submodule with highest
weight &1 + €3 + 3. Then P(V)X = C[f] with f an irreducible homogeneous polynomial
of degree 4. Let h = e; ANea Aes +eg Nes Aeg. Then f(h) # 0 so we may normalize f by

f(h) =1. Let a = Ch. Set
[0 i
v= [ il; 0 ]

Then o(u)h = —ih. Thus the conditions are satisfied as in Example 1. In this case M is
the group of all matrices

kzlg (bt‘;_ll, be SL(3,C).

3. Let K = SL(6,C) and let V = A3CS. As in Examples 1 and 2, one has P(V)5 = C[f]
with f homogeneous of degree 4. We take h and u as in Example 2. Then the conditions
(1)-(4) are satisfied and M is the group of all

by 0O
[ 0 by ] , bi,by € SL(?),(C).
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5 Notes

Section 2.2. Theorem 2.3 is an algebraic version of the Borel- Weil Theorem; for the analytic
version in terms of holomorphic vector bundles, see [Wal, Ch. 6, §6.3]. The functions in
R, are uniquely determined by their restrictions to the unipotent group N. The finite-
dimensional space V) C Aff(N) of restrictions of functions in Ry is characterized as the
solution space of a system of differential equations (called an indicator system) in [Zel, Ch.
XVI]. These equations, which express the nilpotence of the generators for n on Vy, are also
the basic tool in the algebraic construction of the finite-dimensional g-modules [Hum, §21.2].

Section 2.3. The open B-orbit condition in Theorem 2.5 is also a necessary condition for
X to be multiplicity-free. This follows easily from the result of [Ros| that if B does not
have an open orbit on X then there exists a non-constant B-invariant rational function on
X (see [Vi-Ki]). The spherical pairs (G, K) with G connected and K reductive have been
classified in [Kré]. The term spherical subgroup is also applied to any algebraic subgroup L
(not necessarily reductive) such that L has an open orbit on G//B. This condition can be
shown equivalent to Ind% (x) being multiplicity-free for all regular characters y of L [Vi-Ki,
Theorem 1]. For example, any subgroup containing the nilradical of a Borel subgroup is
spherical in this sense. (Such subgroups are called horospherical.) See [Bri] for a survey of
results in this more general context.

Irreducible linear multiplicity-free actions were classified in [Kac]. The classification of
reducible multiplicity-free linear actions was done (independently) in [Be-Ra] and [Lea]. For
examples see [Ho-Um] and [How]).

Section 3.1. The results in this section are from [Ricl]. See also [Ric2].

Section 3.2. The symmetric spaces are labelled according to Cartan’s classification (see
[Hell]).

Section 3.3. The Iwasawa decomposition for a general complex reductive group is obtained
in [Vus]. See also [De-Pr].
Section 3.4. The problem of decomposing Aff(G/K) into irreducible subspaces was first

treated by Cartan in [Car]. Theorem 3.10 was proved by Helgason [Hel2, Ch. V, §4.1]. For
a proof using algebraic geometry see [Vus].

Section 4.1. Theorem 4.1 has many important applications to the representation theory of
real reductive groups (see [Kos2]). Theorem 4.2 on the adjoint representation appears in
[Kosl1].

Section 4.2. The examples are labeled according to Cartan’s classification of symmetric
spaces [Hell, Ch. X, §6 Table V]. For all the cases, in particular when G is exceptional, the
Lie algebra m of M and the restricted root system can be read off from the Satake diagram
; see [Ara] and [Hell, Ch. X, Exercises Table VI]. The isotropy representations of K on V'
are obtained in all cases in [Wol, §8.11].

Section 4.3. Theorem 4.3 is related to a theorem of G. W. Schwarz [Sch]. The classification
of representations with free modules of covariants is treated in [Pop, Ch. 5].
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