MATH 421.03. ADVANCED CALCULUS FOR
ENGINEERING. SPRING 2014. MIDTERM 2

1. (60 points) 1) Find the Fourier series on the interval —7 < x < 7 of the
function f(z) = 22 for —7 <z <0 and f(z) =0 for -0 < z < 7.
2) Specify the numerical series corresponding to the points z = 0 and
T =m.
3) Describe the function which this series represents on the whole line
—00 < z < 00.
4) Let us keep in the Fourier series only terms with Cosines. Which
function will represent this new series? Give complete explanatlons
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2. (45 points) 1) Give the formulas connecting the coefficients of real and
complex Fourier series of the same function.
2) Compute the complex Fourier series of the function from Problem 1
on the interval —7 < & < 7 by 2 methods:
(i) by the direct computation of the coefficients:;
(ii) by the transformation of the coefficients of the real Fourier series
from Problem 1 in the coefficients of the complex series.

Compare the results.
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3. (45 points) Find the eigenfunctions of the BVP

y" + Ay =0,y(0) =0,y'(1) = 0.
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4. (25 points) Consider the BVP

cy” +4y' +  y=0,y(1) =0,y'(2) = 0.

Put the equation in the self-adjoint (Sturm-Liouville) form and give the
orthogonality condition of the eigenfunctions.

Is this problem regular? What kind BVP we can consider on the interval
Dx< 17
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5. (25 points) 1) Write down Legendre’s equation and verify that the polyno-
mials

Py(z) =1, P (z) =z, Pa(z) = %(3172 —1),P3(z) = %(5.‘53 — 3x)

are eigenfunctions.

2) Verify directly that Py, Py, P» are orthogonal on the interval —1 <z <
1 and compute their norms.

3) Find first 4 coefficients in the Fourier-Legendre series of the function

f(z) = =5
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2. (45 points) 1) Give the formulas connecting the coefficients of real and
complex Fourier series of the same function.
2) Compute the complex Fourier series of th
on the interval -2 < z < 2 by 2 methods:
(i) by the direct computation of the coefficients;
(i) by the transformation of the coefficients of the real Fourier series

from Problem 1 in the coefficients of the complex series.
Compare the results.
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3. (45 points) Find the eigenfunctions of the BVP
N>0 y" + Ay = 0,4/(0) = 0,y(1) = 0.
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4. (25 points) Consider the BVP

y" + (cosz)y’ + (Asinz)y =0, y(x/4)=0,y'(7/2) = 0.

Put the equation in the self-adjoint (Sturm-Liouville) form and give the
orthogonality condition of the eigenfunctions.
Is this problem regular?
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5. (25 points) 1) Write down Legendre’s equation. Verify that the polynomials
L. = 150 5
Py(z) =1,Pi(z) =z, Pa(z) = E(dm' —1),P3(z) = 5(5x — 3z)

are eigenfunctions.
2) Verify directly that Py, P, P are orthogonal on the interval —1 <z <

1.
3) Find first 4 coefficients in the Fourier-Legendre series of the function
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