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1 as proof by exhaustion consists of an mx».:.:u::c_“
tement to be proved may have any form F H For exam
,u: in the closed interval [0, 5] has a certain _:.c_vn:um
¢=0,0 <x <5, and x = 5. The exhaustive metho
e ahove, and in the proof of .ﬁ_acﬂm_: I.1.1, where ,“\a
ns of truth values for two _:cco&:w:m. Zsm:..s__.v”_. ,_v”
.appealing only when the ::.:rc.n ol ﬂ.mc..r is v.d_.m. w o
can be systematically handled. Care must be taker
have been considered.

mber. Prove that — x| < x = |x|.

H o . ..I...\....vo..
- value of x is defined by cases (|x] =x if x=
fwill proceed by cases.)

hen}x| = x. Since x = 0, we have —x < x. Hence,
his —|x| < x = |x]| in this case.
hen|x| = —x. Since x < 0, 1 = —ux. Hence, we have
(—x) =< x < —x, whichis — |x| = x = |x].
5]
[x] < x =|x].
e 1 1 e e *
es of truly exhausting prools involving greal :.._d_uﬂ._w o
pel and Wolfgang Haken of the University of Nlinol

ar-Color Theorem. The original <2w.=_=_ of their prool o“.
i SASCS & 3 5 years to develop.™
cture contains 1,879 cases and took 3 5 ye:

s by exhaustion with cases 50 similar n qczxc.::.m_:.._“
. . i e phrase “withou
ngle case and alert the reader with the _v::._.v.,. wil :—“ ;
case represents the essence of arguments for the other

e integers m and 1, one of which is even and the other
Ik + 1 for some integer k.

3 1 ey vl \ﬁ‘
sgers. Without loss of generality, we may assume ._r___
; : y. e ©)) ’ . & .— —'
ase where m is odd and n is even is similar.) 1 hen the

~ N .v
=2 Therelore, m*+n
h that m=2s and n=21 |. ::.Pa

2 4 47 4 | = 4(s2 + 2+ ) + 1. Since s° + 2418 :H
m 4k + 1 for some integer k.

no e

) 10Ns Or ¢ ies ap in such a way th
ves colOnng regions or countsies on a map 3

ici atter sintertw
-olor. It states that four colors are sufficient, no .=._=._(.1 —z,ﬂ' .(/._.”_: y
w_ the proof depended so heavily on :.n.co,__sﬂ:.n- :. wq:r_c ? -

i . Veri = 1 879 cases required more tha

of prool. Verifymg the L8 . oo fliah 10 A
d fw....::.... twere mipht have been at least one n:_o_., _,._x __ ,_ _“:
d aut by e b being ina lifetime. Haken and / _._ _A..:__ o
Color Thesiem i accepted; hut the debate about the role
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Exercises 1.4

Analyze the logical form of each of the
Just the outline of a proof. Since the state

you are not familiar, you should not (and pe
details of the proof.

(@) Outline a direct proof that if (G, +) is a

(b)
(c)

(d)

(e)

A theorem of linear algebr.
the product AB is invertible, As in Exercise 1, outline
(a)
(h)

Verify that [(~B = MYA~LA(~Mv L) = B
example on page 30.

(iii) Miss Scarlet is innocent if and only il the weapon w
(iv) FEither the we:

Use the above and the
answer.
(a)
(b) The crime lab determines that the ¢
The crime lab determines that the
‘evolver,

(d)  The crime took place at midnight in the conserv:
answer,)

(c)

(a)
“(b)
c)

(d)
— (e)
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following statements and construct
ments may contain terms with which
rhaps could not) provide any

cyclic group, then (G, +) is
abelian,
Outline a dircet proof that if B is a nonsingular matrix, then the

determi-
nant of B is not zero,

Suppose A, B, and C are sets. Outline a direct proof that if A is a subset
of Band B is a subset of C, then A is a subset of C

Outline a direct proof that if the maximum value of the differentiable

function j° on the closed interval la, b] occurs at x,
Xy =aorxg=bhor [{xg) =0,

Outline a direct proof that if A is a diagonal matrix, then
whenever all its diagonal entries are NONzero,

then either
Ais invertible
astates that if A and B are invertible matrices, then

adirect proof of the theorem.
a direct proof of the converse of the theorem.

1S a tautology. See the

These facts have been established at a crime scene.
(i)

(i) If the crime ook place ¢

If Professor Plum is not guilty, then the crime took place in the kitchen.

at midnight, Professor Plum s guilty,

as not the candlestick.

tpon was the candlestick or the crime took place in the
library.

(¥} Either Miss Scarlet or Professor Plum is guilt ¥

additional fact(s) below to solve the case. Explain your

Ihe crime lab determines that the crime took place in the library.
rime did not take place in the library.

erime was committed at noon with the

tory. (Give a complete

Let xand y be integers. Prove that
if x and y are even, then x + ¥ is even,
if x is even, then xy is even.

if xand y are even, then ay s divisible by 4.
if x and y are even, then 3x - Sy is even. L
it rand v are odd then v .4 v ic aven (e &
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