Notes on Shelah’s bound

We mostly follow chapters 8 and 24 of Jech, and occasionally the handbook chapter by Abraham
and Magidor, or the survey Notes on singular cardinal combinatorics by Cummings.

1 Inductive formula

Some basic facts:

kM%) > by Konig lemma. Also xf(F) < gr = 25,

The inductive formula for cardinal arithmetic reduces the value of a cardinal exponentiation x*

to values at smaller x or A\. The cases when either k or A is finite are clear, so suppose they are
infinite.

(i) If 3n < k n* > & (in particular if k < 21), then £ < (P = n*, so &* = 7.

(ii) Now suppose V) < k 0 < k. In particular A < 2* < k. Write k = limg_cf(x) o, Where
cf(k) <k

(a) If A < cf(x) then every f: A — & is bounded, so xk* < > n<k n* = k, and k" = k. Note that
this case happens if x is regular.

(b) If A > cf(k), then to each f: A\ — k associate the sequence (f, : a < cf(k)) where f, is the
truncation of f below kg, i.e., dom(fa) = A, fo(i) = f(i) if f(i) < ko and fo(7) = 0 otherwise. The
map f > (fa)a<ct(x) 18 injective, and by assumption k) < K, 50 K < k) Therefore k* = k).,

Next we show that 2} can also be reduced in some sense, in case A is singular (if A is regular
then there isn’t much to say due to Easton’s theorem). Write A = lim,_,cf(x) Aa- To each f: A — 2,
associate the sequence (fo : a < cf(A)) where f, is the restriction of f to Ao. The map f = (fa)a<ct(r)
is injective, so 2* < | J P 22a: on the other hand | J PN A < [Ta<ern 2 = 22 50 actually
equality holds.

(i) If X is a strong limit, i.e., 2 < X for all a, then [Ta<cton e < ocetn A = A
A )\cf()\).

(ii) If 2%« > X\ for some «, then we actually have 2%« = e cf(A) > \ef(A) > ) for large enough a.
Consider the sequence (2% : a < cf()\)).

(a) If this sequence is eventually constant, i.e., there exists 8 < cf(A) s.t. 2%« = 2% for all o > 3,
then [T, ) 2% < [o<ctn 228 = 2AsefN) = 2Xs Therefore 2} = 2.

(b) If this sequence is not eventually constant, then [, <cf(A )2’\a = (SUPa<ci(n) X)) < g
clear and > follows by partitioning cf(A) into cf(\) many unbounded sets. Since the cardinal
1 i= SUPq<cf()) 2*a has cofinality cf()\), we can rewrite the equation as 2* = an(").

A consequence is that any x* is equal to the power of a regular cardinal or the value of gimel
function at a singular cardinal.



2 Silver’s theorem and Galvin-Hajnal theorem

There are two slightly different versions of Singular Cardinal Hypothesis.
SCH1: if & is a strong limit singular cardinal, then 2% = k™.
SCH2: if k is a singular cardinal and 2¢f(%) < k. then k(") = T

Both versions follow from GCH trivially. By the inductive formula, if s is a strong limit then
26 = gf(8) g0 SCH2 implies SCH1. It is known that both =SCH1 and —SCH2 are equiconsistent
with a measurable cardinal x of Mitchell order x™; roughly speaking, x has Mitchell order 0 if it is
measurable, and Mitchell order 1 if the set of measurables below x has measure 1, etc.

Silver’s theorem says either form of SCH cannot fail for the first time at a singular cardinal of
uncountable cofinality. The original proof used generic ultrapower; a purely combinatorial proof
was found soon afterwards. For brevity we show the special case that SCH1 cannot first fail at N, ;
the proof for SCH2 and for general case is almost identical.

Thus we assume X, is a strong limit and SCH1 holds below R, , and derive that AT Ny 41
By a standard closure argument, C' := {a < wy : a is a limit and V3 < a 2% < R,} is a club. Since
SCH1 holds below R, , we have e = Ny, for all @ € C. Tt is thus sufficient to show that if
{a<w: oRa — N,+1} contains a club then AT N, +1; actually it suffices to assume this set is
stationary.

To each X C N, associate the sequence fx = (X NN, : @ < wi), which belongs to [, ., P(Ra).
Then F := {fx : X C N, } is an almost disjoint family, i.e., for any different f,g € F, there exists
B <wis.t. fla) # g(a) for all « > B. The map X — fx is clearly injective. Thus we are done if
we can prove:

Lemma 2.1. Suppose Ny, is a strong limit, (A : @ < w1) is a sequence of sets, F C [[ ., Aa s
an almost disjoint family of functions, and {a < wy : |Aa| < Raq1} is stationary, then |F| < Ry 1.

First we show the following related result.

Lemma 2.2. Suppose R, is a strong limit, (A, : o < wi) is a sequence of sets, F C Ha<w1 Ay s
an almost disjoint family of functions, and {a < wy : |Aa| < Vo } is stationary, then |F| < N, .

Proof. Of course S := {a < wy : v is a limit and |A,| < R, } is also stationary. We may assume
every A, is a cardinal and A, < R, for all & € S. For each f € F, since f(a) < X, for all « € S, by
Fodor’s lemma there exists a stationary 7' C S and 8 < wy s.t. f(a) < Rg for all & € T'. Associate
to f the pair (T, f|T); note that f|7 is a bounded function from T to X,,,. Since R, is a strong
limit, it is easy to count that the number of such pairs is R,,. Finally, the map f — (T, f|T) is
injective because if f,g € F agree on a stationary set then they are the same. O

Proof of Lemma 2.1. Again we may assume every A, is a cardinal and the set T := {a < wy :
a is a limit and A, < N,11} is stationary. We present two slightly different proofs.

(1) Let D be any ultrafilter on w; that extends the club filter and contains 7". Clearly if
f,g € F are different then they are still different modulo D, so we may regard F as a subset of the
ultraproduct [[, Ao/D. Since the ultraproduct (and thus F) is a linear order, it suffices to show



that for every g € F, the number of f € F s.it. f <g mod D is at most ¥,,: we can talk about
cofinalities of arbitrary linear orders; if every proper initial segment of F has size at most N,,, then
the cofinality of F is at most R, 1, and then F has size at most R, ;1.

Now if f < ¢g mod D then f(a) < g(«) on some stationary subset S C T'. For a € S we have
g(a) < Ry41, and therefore |g(a)| < Ny, so by Lemma 2.2 the set of such f € F (for each fixed 5)
is at most N,,. This finishes the proof of Lemma 2.1, hence Silver’s theorem.

(2) For any g € F and stationary S C T', define F, g as the set of all f € F s.t. f(o) < g(«) for
all « € §, and let F, = |J F4 5 where the union is taken over all stationary S C T. As before we
have |Fgy 5| < 8, and thus [Fy| < X,,. Also notice that for any f,g € F, either f € F, or g € Fy.

Now inductively define a sequence (f¢)¢ as follows: if F'\ (Un «F fn) # @, then let f¢ belong to
this set; this sequence is clearly injective. We claim that fy, ,, cannot exist; otherwise fe € Fip,

wi+1

for all £ < Ny, 41, and thus |Fp, +1| > Ny, +1, a contradiction. Therefore, F = UE<19 Fy, for some
wi

U § Nw1+1 and ‘}-‘ S Nwl—f—l‘ ]

Silver’s Theorem can be vastly generalized; for example if {a < wy : 2% = R, 5} is stationary
then 28«1 < Ny, +2. The Galvin-Hajnal Theorem seems to be the ultimate result in this direction
using elementary methods. It says if N, is a strong limit singular cardinal with uncountable cofinality,
then 28e < N(glaly+; note that this is nontrivial only if a < Ng, namely « is not a fixed point of the
aleph function.

Let us prove the special case that if ¥, is a strong limit then 281 < Rgwr)+. Similar to
Silver’s Theorem, it suffices to show that if F C [],.,, Aa is an almost disjoint family where
|Aa| <Ny, for all @ then |F| < Riwi)+. There exists a function ¢ : wy — wi s.t. [Aa] < Ny p(a)-
Consider the non-stationary ideal Ing on wi. For functions ¢, % : w1 — w1, define p < o iff
{a <w; : p(a) > YP(a)} € Ing; in other words ¢ < 1) if 4 is bigger on a club set. Since clubs are
closed under countable intersections, there cannot be infinite decreasing sequence; in other words the
partial order < is well-founded, so we can assign the Galvin-Hajnal rank ||¢|| to each ¢ : w1 — wi,
defined recursively by ||| = sup{|[|| + 1 : ¢ < ¢}. There are 2** many functions ¢ : w1 — wi, SO
it’s not hard to see that ||| < (2¢1)* for any ¢. It suffices to prove the following:

Lemma 2.3. If ¢ : w1 — wy s a function and F C Ha<w1 Ay is an almost disjoint family s.t.
‘Aa’ < NO(J’,(’O(Q) f07‘ all a, then ’.7:‘ < Nw1+||<p||'

This is proven by induction on the Galvin-Hajnal rank. Note that ||¢|| = 0 iff ¢ is zero on a
stationary set, so the base case is exactly Lemma 2.2, which is where Fodor’s lemma and hence
the uncountable cofinality is used. The successor case is similar to the second proof of Lemma
2.1, but a bit more complicated and utilizes an auxiliary rank ||¢|ls, which we now define. For
each stationary set S C wq, define the partial order <g on functions ¢ : w; — w; by ¢ <g 9 iff
{a €S :¢(a) >1YP(a)} € Ins. Intuitively, we restrict the non-stationary ideal to S, and anything
happening outside of S is ignored. The order <g is again well-founded, which gives rise to a rank
llolls = sup{||¢||ls + 1 : ¢ <s ¢}. The basic Galvin-Hajnal rank is the case S = w;. We list some
properties of these ranks that will be useful. Both .S and T range over stationary subsets of w;. We
adopt the convention that 0 is not a limit ordinal.

1. If S C T then ¢ <7 ¢ implies ¢ <g . Put another way, <g is finer than <p. It can then be



proved by induction that ||¢||7 < ||¢|ls. Also ¢ <sur ¢ iff ¢ <g 1 and ¢ <7 .

2. By induction on [j¢|lsur we show that [[¢]lsur = min{[l¢lls, [l¢llr}. Say [¢lls < [[¢llz. To
show ||¢|lsur = |l¢lls, consider any ¢ <g ¢. There exists ¢’ <7 ¢ s.t. ||¢]ls < |[¢'[|7. Define
" by " =Y on S\ T, " =" on T\ S and 9" = max{¢, ¢’} on S NT; the values outside
of SUT can be arbitrary. Then " <sur ¢, [¥”]ls > [élls and 9"z > [W/llr > 6], so
by induction hypothesis ||[¢"||sur > ||¥|ls. Since this holds for arbitrary ¢ <g ¢, we have
lellsur > [lells.

3. If {a € S : ¢(«) is not a limit ordinal} € Ing (namely if ¢(a) is a limit ordinal almost
everywhere on S), then ||¢||s is a limit ordinal, since if ¢ <g ¢ then ¢ + 1 <g ¢, where ¢ + 1
means ¥ plus 1 pointwise. Similarly, if {« € S : p(«) is not a successor ordinal} € Ing, then
lells = 1€ |ls + 1, where ¢ is the function defined by ¢(a) = ¢'(a) 4+ 1 if p(«) is a successor
and arbitrarily elsewhere. In particular ||¢l||s is a successor ordinal.

4. Let S = {a < w; : ¢(a) is a limit ordinal} and 7' = {a < w; : (@) is a successor ordinal}. It
follows from 2 and 3 that if ||¢|| is a limit then ||| = ||¢|ls, since otherwise ||¢|| = ||¢||T is a
successor. Similarly, if ||¢|| is a successor then ||¢]|| = ||¢]/7-

5. By induction, if ¢ is bounded by some < wj on a stationary set then [|¢|| < 8. Thus
ol = B iff (o) = B for stationarily many « and ¢(«) > 5 almost everywhere else.

Proof of Lemma 2.3. WLOG each A, is a cardinal at most R, ). We prove the lemma by
induction on ||¢||. The base case ||¢|| = 0 is Lemma 2.2.

(i) || is a limit ordinal.

Then S := {a < w; : p(a) is a limit ordinal} is stationary. For every f € F and a € S
we have f(a) < Noig(), so there exists a ¢ s.t. P(a) < ¢(a) for all @ < wi, P(a) < p(a)
for all a € S (so ¥ <5 ¢), and f € [[ e, Natw(a)- By property 4 we have ||| = [[¢]s, so
1P < I¥lls < llells = ll¢ll- In particular ||¢| < ||¢||, and we can apply induction hypothesis:
FN Ha<w1 Noty(a) has size at most Ny < Roqp)- Since there are just 2! < R, many
possibilities for ¥, we have [F| < R, jy|-

(ii) ||| is a successor ordinal.

Then T' = {a < w; : p(a) is a successor ordinal} is stationary and ||¢|| = ||¢||r. For each g € F
and stationary S C T such that ||¢||ls = |l¢||, let Fys = {f € F :Va € S f(a) < g(a)} and
Fy =JFy,5 where the union is taken over all stationary S C T satisfying ||¢||s = [|¢]|-

For each S as above, there is a function ¢ s.t. ¥(a) < ¢(«) for all @ < w1, Y(a) < p(a) for
all v € S (so ¢ <5 ) and [g(a)] < Ry py(a) for all a < wy. Since [[]| < [[¢]ls < |l¢lls = ll¢ll, the
induction hypothesis gives |F; s| <N, 14| Since there are only 2* many possibilities for ¢, and

N is a successor cardinal hence regular, we have |F,| < X

wilel| wi+|lell-

Next we observe that for any f,g € F, if welet S1 = {a €T : f(a) < g(a)} and Sy = {a €
T f(a) 2 g(a)}, then by property 2, either [|pls, = || or lls, = [l¢ll. Consequently, cither
feFyorge Fy.

Finally, inductively define a sequence (f¢)¢ as follows: if F \ (Un <« fn) # @, then let fe

belong to this set; this sequence is clearly injective. We claim that fy cannot exist; otherwise

wi el



fe € Ff“wﬁ\w for all § < N, 4|, and thus ‘Ff"w1+u¢u| > Ny, 4 g|» contradicting the fact that

|./Tg’ < Nw1+|\<,0|| for all g. Therefore, F = U£<19 ng for some ¥ < Nw1+||s0H and ’f‘ < Nw1+||¢||.
[

A natural question is whether there is an analogue of Galvin-Hajnal Theorem for singular
cardinals of countable cofinality, say N,. This led Shelah to his celebrated pcf theory.

3 Basic notions of pcf theory

Shelah’s pcf theory is the theory of possible cofinalities of ultraproducts: every linear order has
a well-defined cofinality, and given a set A of regular cardinals, we consider the set pcf(A) of all
possible cofinalities of the ultraproduct [ A/D for some ultrafilter D on A. It turns out this is
deeply related to cardinal arithmetic. One of the most famous results in pcf theory is:

(x) if R, is a strong limit then 2% < X,,.

This formula used to be displayed at the top of Shelah’s website (before it was renovated). It is
unknown whether the mysterious number 4 is optimal, although it is known that 28 = R, is
consistent relatively to large cardinals for any countable ordinal a.

We remark that what Shelah actually proved is the following ZFC result:
cf([Ry]N0, C) = max pef(A) < R,

where A = {X,, : n € w}, and cf([R,]N0, C) means the smallest cardinality of a cofinal subset of
the partial order ([¥,]N0, C). It is easy to see that 2% < X, implies cf([R,]¥0, C) = |[R,]N0| = R¥o,
so this is a more refined version of (). The quantity cf([X,]*°, C) or equivalently max pcf(A) should
be viewed as more fundamental than 28 since it is much more robust; for example, it is not difficult
to show that cf([R,]%°, C) cannot be changed by ccc forcing. However, for simplicity we shall follow
Jech and just prove (x).

We first introduce some basic notions. If A is any nonempty set, an ideal on A is a subset
I CP(A) such that (i) @ €I, (i) if X, Y € I then XUY € [, (iii)if X e Tand Y C X then Y € I.
If A ¢ I then we say I is a proper ideal. If I is an ideal then {A\ X : X € I} is a filter. We think
of a set X € I as “small”, “negligible” or “measure zero”, while a set in the dual filter is “large” or
“measure one”; I denotes P(A) \ I, and we call it the collection of I-positive sets. Any subset of
P(A) generates a (possibly improper) ideal. If X is an I-positive set, we denote the (proper) ideal
generated by I U{A\ X} as I [ X, for which X is still a positive set.

If I is an ideal on A and f,g are ordinal functions on A, i.e., dom(f) = dom(g) = A and
f(a),g(a) € Ord for all a € A, then we define

f<rge{acA:fla)>gla)}el
f<rge{acA:fla)>gla)} el
f=rge{acA: fla)#g(a)} €1

<7 is a strict partial order as long as I is proper, <; is a pre-order that is finer than <;, and =;
is an equivalence relation. There are some simple relations between these, for example if f <; g



and g <; h then f <; h. Be careful that f <; g is not the same as f <; g A =(f =7 g); say I is the
ideal consisting of all finite subsets of A, then f <; g means f(a) < g(a) on a cofinite set, while
f<rgAN-(f =rg) means f(a) < g(a) on an infinite set. If F is a filter on A then <p means <j
where I is the dual ideal. We are most interested in the case A = {X,, : n € w} and I some proper
ideal that at least contains all the finite sets.

By a directed relation, we mean a binary relation (P, E') that satisfies:
(i) It is transitive, namely pEq A ¢Er — pEr.
(ii) For any p,q € P there is r € P s.t. pEr and ¢E'r.

(iii) There is no maximal element, that is a p such that ¢Ep for all ¢ € P. It follows that every
element has a proper successor, meaning Vp € Pdq € P pEq A —(qEp), because there exists ¢ such
that —¢FEp, and by (ii) there exists a ¢’ such that ¢Eq" and pE¢, and thus —¢'Ep.

We don’t assume anything about reflexivity, in order to treat pre-order and strict partial
order simultaneously. A subset X C P is unbounded if Vp € Pq € X—(qEp), and is cofinal or
dominating if Vp € P3¢ € X(pEq). A cofinal set is unbounded because of (ii) above. We define
the bounding number b(P, £) = min{|X| : X C P is unbounded} and the dominating number
(P, F) = min{| X| : X C P is dominating}; the latter is more often denoted cf(IP, F'). When applied
to (w?, <*), where <* denotes eventual dominance, this gives the classical cardinal characteristics b
and 0 on continuum. Call a subset X C P linear if the induced relation (X, E) satisfies that for
any different p, ¢ € X, exactly one of pEq and gEp holds. Below are some simple observations; all
relations are assumed to be directed.

1. Always b(P, E) < d(P, E). Equality holds iff (P, E') has a linear cofinal subset; in this case we
sometimes denote both cardinal as tcf(P, E), the “true cofinality”. An example of a directed
poset without true cofinality is w X wy with the product order.

2. If X is a cofinal subset of P, then (P, E) = o(X, E). If (P, E') is finer than (P, E), namely
pEq — pFE'q, then b(P, E) < b(P, E') <o(P, E’') <d(P, E). These are special cases of Tukey
reduction. In particular, if (P, E') has true cofinality then all four cardinals are equal, so
cf(P,E) = cf(P, E’) for any directed relation E’ that is finer than E; we will use this all the
time.

3. Suppose [ is a proper ideal on A and F' is a set of ordinal functions that is directed in <y,
namely for any f,g € F there exists h € F such that f <; h and g <; h; in particular
for any f € F' there exists g € F' such that f <; g. Then it’s not difficult to check that a
set X C F is unbounded/cofinal in (F, <j) iff it is unbounded/cofinal in (F, <j), so their
bounding/dominating numbers are the same. In practice F' is usually a product of limit
ordinals or a <j-increasing sequence, and hence directed, so there is no ambiguity when we
say something like “I is A-directed.”

4. The bounding number is always regular, while the dominating number may not be, but it
is regular if P is a linear order, or more generally when it has true cofinality. Then it can
be shown that (P, E') has a well-ordered cofinal subset, say by defining a cofinal sequence
inductively, and that cf(P, E) is equal to the cofinality of that well-order, which must be
regular.



For a cardinal A, we say that (P, ) is A-directed if it is directed and b(IP, E') > A; by definition,
this means that for any X C P with |X| < A, there exists p € P such that gEp for all ¢ € X. If A is
singular and (P, E) is A-directed, then it is actually AT-directed.

Now we can define the central notion in pcf theory. Let A be a nonempty set of infinite
regular cardinals. Denote by [[,.4a or J[]A the set of all functions such that dom(f) = A and
Va € A f(a) € a; be careful that if A = {R,, : n € w} then f is a function on A rather than w,
although we can certainly translate between them. Let [],. 4 a/D or [] A/D be the ultraproduct by
D, consisting of equivalence classes of functions; since each a € A is a regular cardinal, in particular
a linear order, so is the ultraproduct, and we can talk about its cofinality. It is not hard to see that
cf([[,caa/D) = cf([[,c4 @ <p), and we use them interchangeably.

Definition 3.1. pcf(A) := {cf(][,c4 a/D) : D is an ultrafilter on A}.

We list several properties of the pcf operation, some of them to be proven later.

1. pcf(A) O A because we allow D to be principal, and if A € pcf(A) then A > min A, because if
k < min A then the pointwise supremum of x many functions in [ A is again in [] 4, so in
any ultraproduct, any x many functions have an upper bound.

2. If A C B then pcf(A) C pef(B). This is because there is a natural bijection between ultrafilters
on A and ultrafilters on B that are concentrated on (i.e. contain) A.

3. pcf(AU B) = pcf(A) Upcf(B). This is because an ultrafilter on AU B is either concentrated
on A or on B.

4. If |pcf(A)| < min A then pcf(pef(A)) = pef(A). This will be proven later, and is basically
because an ultraproduct of ultraproducts is again an ultraproduct. Note that a trivial bound for
Ipcf(A)] is 22", In our main application A will be {X,, : n € w}, and will satisfy 22! < min A
provided N, is a strong limit and we delete the first several points from A, which has minimal
effect on pcf(A).

5. Call a set A of regular cardinals an interval if whenever a,b € A and c is some regular cardinal
st. a <c¢<b, then ¢ € A. If A is an interval of regular cardinals and 24l < min A, then
pcf(A) is also an interval.

A set A of regular cardinals is called progressive if |A| < min A. For example, if R, is a singular
cardinal and o < X, (i.e., X, is not an alpeh fixed point) then [|a|™,R,) N Reg is progressive, where
Reg is the class of regular cardinals. This is the standard assumption used in many texts on pcf
theory, but it makes proofs harder, for example we only get a weak version of property 4. Thus we
follow Jech and constantly assume 2/4l < min A or even stronger conditions.

Properties 1-4 can be interpreted topologically; this is not needed in the proofs but may
provide some intuition. First notice that if |pcf(A)| < min A then for any X C pcf(A), we
have pcf(X) C pef(pef(A)) = pef(A), and moreover |pcf(X)| < |pcf(4)] < min A < min X, so
pef(pef (X)) = pef(X). If we artificially let pef(2) = @, then pef is an operation on the power set
of A := pcf(A). The above properties tells us this is a closure operator, namely there is a topology
on A whose closed sets are exactly those X s.t. pcf(X) = X, and the pcf operation is exactly
topological closure.



The significance of 5 is that if pcf(A) is an interval, then a bound on |pcf(A)| gives a bound
on sup pcf(A). We can now outline the first application of pcf theory: if X, is a strong limit then
M < R oo+ this is exactly the analogue of Galvin-Hajnal for countable cofinality. The proof will
proceed as follows. Let A = {R,, : n € w}; a few facts not mentioned above are that we have a
nontrivial bound |pef(A)| < 2141, pef(A) actually has a maximal element, and that this element is
equal to 28 . Since pcf(A) is an interval starting at Xg and has at most 2% elements, if its maximal
element is N, then we must have a < (2%)*.

A better bound on pcf(A) will clearly give us a better bound on 2%, Using the existence of
so-called transitive generators, a pretty technical theorem even within pcf theory, we will show that
Ipcf(A)| < wy, and thus 2% < X,,. This is only tighter than the first bound if 280 > w,, which may
not seem super impressive, but keep in mind that using the full strength and technicality of pcf
theory one can prove cf([R,]*°, C) = maxpcf(A4) < R,,, which gives a reasonable bound even in
case 2%0 is weakly inaccessible.

4 Ultraproducts, exact upper bounds

We first prove property 4, that if |pcf(A)| < min A then pcf(pcf(A)) = pcef(A). It essentially
follows from general facts about ultraproducts of structures.

Proposition 4.1. Suppose we are given the following data: (M; : i € I) are structures in the same
language; Dj is an ultrafilter on I for each j € J; denote the ultraproduct [ [, M;/D; by N;; finally E
is an ultrafilter on J. Then there exists an ultrafilter U on I x J such that []; N;/E ~ 1], ; M;/U.

[1;; Mi is the set of functions f on I x J s.t. f(i,j) € M;. So an iterated ultraproduct can
actually be rewritten as a single ultraproduct of the same set of models. A variant of this proposition
is used in the study of measurable cardinals.

Proof. For any Z C I x J and j € J, define Z; ={i € I : (i,j) € Z}. Let
U={ZCIxJ:{jeJ:ZeDj}ecE}.

It is not hard to verify that U is an ultrafilter. If we picture I x J as a rectangle (J being the
length) then a set Z is large iff F-almost all vertical sections are large w.r.t. the measure D; on
that section.

For any f € [, ; M;, define f;(i) = f(i,7), so f; € [[; M; and [f;]p, € N;. Consider the map
T HiJ M; — Hj Ny, f+ ([fjlp;);- The definition of U readily implies that f = g mod U iff
m(f) = m(g) mod E, and thus 7 induces an injection from [], ; M;/U to [[; N;/E, denoted 7. Since
7 is easily seen to be surjective, so is 7. Elementarity is similar, for example [[, ; M;/U = o([f]v)
i {(1,7) € Tx J: My = o(f(. )} € U {j € J: {i €15 M; |= (i)} € D;} € B if
(€N, Eollflo)} € Bift [T, Ny/E = o(n(/). .

If p: I — Jis amap and D is an ultrafilter on I, we define its push-forward to be p,(D) =
{Y C J:p~Y(Y) € D}, which is an ultrafilter, and is non-principal if the preimage of every j € J is
D-small. Push-forward actually makes sense for arbitrary filters, or indeed any “type 2” objects
such as measures, functionals, etc.



Proposition 4.2. Suppose p : I — J is a map, D is an ultrafilter on I, and (M; : j € J) are
structures in the same language. Then []; M;/p.(D) elementarily embeds into [[; My /D.

Proof. The map 7 : [[; Mj — []; My, f+ fopinduces an elementary embedding. For example
I1; Mj/p+(D) = o([f]) it {j € J: Mj = o(f(5))} € p«(D) i {i € I : M) = o(f(p(i)))} € D iff
L My /D = o([f o p)). O

Corollary 4.3. If A is a set of regular cardinals and |pcf(A)| < min A, then pcf(pcf(A)) = pef(A).

Proof. Let A € pcf(pcf(A)), so there exist an ultrafilter E on pcf(A) such that A = cf(T], cper(a) v/ E)-
For every v € pcf(A) there is an ultrafilter D, on A such that v = cf(]],c 4 @/D,). For brevity, any
subscript a ranges over a € A and v ranges over v € pcf(A).

Denote N, =[], a/D,. Since cf(N,) = v, it is not hard to see that [ [, v/E cofinally embeds into
[, No/E, and thus A = cf([[, N, /E). By Proposition 4.1 there is an ultrafilter U on A x pcf(A)
such that [], ,a/U ~[[, No/E, so A = cf(]],, a/U).

Consider the map p : A X pcf(A) — A and let V' = p,(U). By Proposition 4.2 the map
7:][,a = [l,,a f— fopinduces an elementary embedding 7 : [[,a/V — [],,a/U. We
claim that this ’embedding is cofinal. If f € [],a, then 7(f) is simply pcf(A) mariy copies of
f. If g € T[], , a, then since |pcf(A)] < min A and A consists of regular cardinals, if we define
fla) = supl,gia,l/) then f €[], a; clearly 7(f) > g. Thus 7 is cofinal, and X = cf(]], a/V). O

Our next goal is to show property 5, that the pcf of an interval is an interval. For that we need
to first study exact upper bounds of ordinal functions. We will show that, under the simplifying
assumption that 214l < min A, eub almost always exists. This has another important corollary: the
existence of pcf generators, which gives a nontrivial bound |pcf(A)| < 214, Then once we connect
max pcf(A) to 2%, we will be able to give the first application of pcf theory to cardinal arithmetic.

Suppose [ is a proper ideal on A and F' is a set of ordinal functions on A; as mentioned before F’
is almost always directed in <;. We call g € Ord? an upper bound of F (w.r.t. I)ifVf e F f <;g.
Again, for directed F' it doesn’t matter whether we use <; or <; in the definition. We call g a
least upper bound if it is an upper bound, and if h is also an upper bound then g <; h; this is the
same as saying that g is a minimal upper bound, namely if A is an upper bound and A <; g then
h = g, because (Ord?, <;) is a lattice (for general poset lub and mub are different). Lub is clearly
unique up to =y if it exists. We call g an exact upper bound of F if F is cofinal in (][, g(a), <r), or
equivalently (for directed F') if h <; g then there exists f € F' s.t. h <; f. For example, if g(a) is a
limit ordinal for every a then g is an eub of F' =[], g(a). Also if F'is directed in <; and g is an eub,
then g(a) is a limit ordinal for I-almost all a, so WLOG we may assume g(a) is a limit everywhere.

Let A = w, I be the ideal of finite sets and f,, be the constant function on w with value n.
Then (f, : n < w) doesn’t even have a lub, as is easily checked (we are confusing (f, : n < w) with
{fn : m < w} as in standard practice). However, it turns out any <;-increasing sequence that is
sufficiently long does have an eub. The proof uses elementary sub-models, as is common in pcf
theory. The size of the model is often chosen to be something between 2/4! and min A.

Theorem 4.4. Suppose A is a set, I is a proper ideal, X > 2141 is regular and F = (fe:E< AN isa
<r-increasing sequence of ordinal functions on A, namely if £ < n then fe <; f,. Then F has an
exact upper bound.



Proof. Let M be an elementary sub-model of Hy for some large enough 6, such that [M| = 2/4],
lAIM C M, and I, F € M; it follows that A C M. For each € < A define an ordinal function ge on
A by

ge(a) = the least 5 € M s.t. > fe(a).

First note that such a 3 exists (even though fe may not be in M), because supe_ fe(a) is
definable for each a and thus in M by elementarity. We have g¢ € 1410, and hence ge € M since M
is closed under sequences of length |A|. Recall |[M| = 2141 < X, so there exists a g € M s.t. ge =g
for unboundedly many £. Since g > f¢ pointwise for unboundedly many § and F = (f¢ : £ < A) is
<-increasing, g is an upper bound of F'.

Next we show ¢ is a lub; by elementarity it is enough to show this in M. Suppose h € M and h
is an upper bound of F'; choose any § s.t. g = g¢; then by definition g¢ <; h, so g <j h.

Finally we show that under the assumptions in the theorem, an lub ¢ is automatically an eub.
Suppose otherwise, then there exists h <j g s.t. h £ fe for any & < A, so there exists X¢ € I s.t.
fe(a) < h(a) for a € X¢. Since A > 24l and is regular, there exists X € I s.t. X = X¢ for an
unbounded set Z of &, so f¢(a) < h(a) for all a € X and § € Z. It follows that if we define ¢’ by
¢ (a) = h(a) for a € X and ¢'(a) = g(a) elsewhere, then ¢ is an upper bound of (f¢ : £ € Z), and
hence of F', contradicting that g is an lub. O

Let’s show the usefulness of eub by proving a weak version of property 5 of pcf operation, which
suffices for our application to X,,.

Corollary 4.5. If A is an interval of regular cardinals and (2/4)t = min A, then pcf(A) is an
interval.

Proof. Suppose u € pcf(A) and min A < X\ < p is regular; we shall show that A € pcf(A4). Let
D be an ultrafilter on A and (f¢ : £ < pu) be <p-increasing and cofinal in [[ A. By the theorem
(fe : € < A) has an eub g, which we may assume satisfies g(a) < a, because f is an upper bound and
r € [TA. Therefore, cf([[,c49(a),<p) = A, which is the same as saying cf([[,c 4 9(a)/D) = X;
clearly we also have cf([],c 4 cf(g(a))/D) = \. Note that {a € A : cf(g(a)) > (214)*} € D, since
otherwise [T, 4 ¢f(g(a))/D has at most (2414l = 2/l many elements. Since also cf(g(a)) < a and
A is an interval, we have {a € A : c¢f(g(a)) € A} € D.

Consider the map p : A — A that sends a to cf(g(a)) in case cf(g(a)) € A, and to arbitrary
value otherwise. Consider the embedding [],.4 a/p+«(D) — [[,c4 p(a)/D from Proposition 4.2; it
is induced by f — fop. We claim that this embedding is cofinal, and thus cf(]],c 4 a/p«(D)) =
cf([l,eap(a)/D) = cf([1,eacf(g(a))/D) = A. For f € [[,cap(a) consider f defined by f'(a) =
sup{f(b) : p(b) = a} < a for each a; because |{f(b) : p(b) = a}| < |A] < min A and each a € A is
regular, we have f’(a) € a, in other words f" € [[,c4a, and f < f"op pointwise by definition. [

Consequently, if 2% < XN, then pcf{R, : n < w} is an interval: if we let X, = 2% then
pcef{R, : K+ 1 < n < w} is an interval, which easily implies pcf{®,, : n < w} is an interval. But
to show that, e.g., pcf{R,4+n : 1 < n < w} is an interval using the above result, we need the
ad hoc assumption that 28 = N,1% for some k. Later we will see that actually 24 <« min A
suffices; the key is to show that if (f¢ : £ < p) has many good points, then its eub g satisfies
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cf(g(a)) > min A for most a. Note that we cannot expect any (fe : £ < p) to work. For instance,
suppose A = {R,1,:1<n<w}and B={X,:1<n<w}. Anysequence (fe:& < pu) C][B can
be regarded as a sequence in [[ A, but its eub g cannot satisfy cf(g(a)) > min A = R, 4;.

5 Pcf generators

If A={XN, :n € w}, then by the previous section we know that pcf(A) is an interval, which
means it must contain N,1. Because for any non-principal ultrafilter D on A, the partial order
(ITA,<p) is Ny41-directed. Indeed, suppose X C [[A and |X| = Ny for some k, then we can
define an upper bound g by g(X,,) =0 for n < k and g(R,,) = sup{f(X,,) : f € X} for n > k. Thus
cf(J] A, <p) > Ry for every k, which means cf([[ A4, <p) > R,t1.

It turns out we can do better: there is a set B C A such that ([[ B, <) already has true
cofinality N1, where I is the ideal of finite subsets of Bj; it follows that cf (][] A, <p) = V41 for
any non-principal ultrafilter D on A that contains B. In fact there is such a B that is maximal
modulo finite sets, and we call this canonical object the pcf generator at N, 1.

This suggests that we should study not only (][ 4, <p) for ultrafilters D, but also (][] A4, <r) for
general ideals, for example when does it have true cofinality. Recall that if I is a proper ideal on A
and X € I't) then I | X is the (proper) ideal generated by I U{A\ X}. Also if F C [] A is cofinal
in <y, then it remains so in <j;x, or indeed in any partial order finer than <, such as <p where
D is an ultrafilter whose dual ideal contains I. Similarly, if F' is bounded in <; then the same holds
for <r;x. It is not hard to see that (] A, <;;x) and ([[ X, <7, ) are essentially the same, where
Ix = INP(X); in particular they have the same bounding and dominating number. We prefer to
write ([T A, <r;x) so as to stick with ideals on A and avoid ambiguity.

Let I be the ideal of finite sets on A = {X,, : n € w}. As mentioned above, there exists a B C A
that is maximal modulo I such that tcf(B, <j,) = R,11, or equivalently tcf(A, <;;p) = No41. There
are two cases. First, B could be (modulo I) all of A, in which case I | B = I and R, ; = max pcf(A).
If B is not everything, it turns out if we consider the ideal J generated by I U {B}, then (A, <) is
R, to-directed, and that there exists a C' C A such that tcf(A, <jjc) = Ny42, and moreover there is
such a C' maximal modulo J. This analysis can be continued until the point where we reach the
maximal element of pcf(A), and it gives us a fairly good picture of what (A, <j) for an arbitrary
ideal I might look like.

In the rest of this section, let A be a set of infinite regular cardinals such that 214! < min A; we
don’t need A or pcf(A) to be an interval.

Lemma 5.1 (Scale trichotomy). If F = (f¢ : € < \) C [[ A is <j-increasing and X > 2141, then
exactly one of the following holds: (i) F is cofinal in ([[ A, <r); (i) F is bounded in (][] A, <r);
(iii) there exist disjoint X,Y € I s.t. X UY = A, F is cofinal in ([ A, <p1x) and F is bounded
in (ITA, <ny).

Proof. F has an eub ¢, and we may assume g(a) < a foralla € A. Let X = {a € A: g(a) = a}
and Y = {a € A: g(a) < a}. Since F is cofinal in ([],c 4 9(a), <7), it is cofinal in (J] A, <7;x); on
the other hand ¢’ is an upper bound of F in (] A, <;;y) where ¢’(a) = g(a) for a € Y and g(a) =0
elsewhere. O
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We say that I has a A-scale if tcf([[ A, <r) = A, namely there exists a sequence (f¢ : £ < A) C[[A
that is <;-increasing and cofinal in [[ A. We say I has a A-scale on X € I'T if I | X has a A-scale.

A proper ideal I is called A-directed if (][ A, <) is A-directed, which by definition means
b(JT A, <r) > A, namely any X C [[ A s.t. |X]| < A has an upper bound in ([ 4, <;). For singular
A, if T is M\-directed then it is A™-directed.

Lemma 5.2 (Ideal trichotomy). If A > 241 is reqular and the proper ideal I is \-directed, then
exactly one of the following holds: (i) I has a \-scale; (ii) I is AT -directed; (iii) there exist disjoint
X, YelIt st. XUY =A, | X has a X-scale and I |'Y is \T-directed.

Proof. Suppose I doesn’t have a A-scale and isn’t AT-directed, so there is an unbounded subset
of (J[A, <r) of cardinality A\. Using the fact that I is A-directed, we can construct a sequence
F = (fe : £ < \) C]]A that is increasing in <; and unbounded in ([] 4, <;); it cannot be cofinal
since I doesn’t have A-scale. By the previous lemma there exist disjoint X,Y € I'* s.t. F is cofinal
in (JT A, <r1x), in other words I has a A-scale on X, and also F' is bounded in (J] A, <jy). The
fact that a particular F' is bounded doesn’t mean I | Y must be AT-directed, so we need to work a
bit harder.

Let Z be the collection of all Z € I for which I has a A-scale on Z, and for each such Z
let Fz be a <jjz-increasing and cofinal sequence. Since |Z| < |P(A)| < A and |Fz| = A for each
Z, we have ||Jzcz Fz| = A. Since I is A-directed, we can construct an <j-increasing sequence
F = (fe &<\ CJ[Ast. forany Z € Z and any f € Fyz, there exists £ s.t. f <; fe. By
construction F' is a scale in ([[ A, <r;z) for every Z € Z; in particular F' is unbounded in <;
(otherwise it would be bounded in <jz). Let X,Y € I be as in the previous paragraph. We claim
that I | Y is AT-directed. Otherwise, we repeat the argument to find Z € (I [ Y)" s.t. I | Y hasa
A-scale on Z, equivalently I has a A-scale on ZNY € I"; so Fyny is defined, and by definition F
should be a scale in (][] A, <7j(zny)), contradicting that F' is bounded in (] A, <7jy). O

For any infinite cardinal A, let J) be the (possibly improper) ideal of all sets X C A s.t.
Vv € pef(X) v < A. Put another way (because we prefer ideals/filters on A), X € J, iff for
any ultrafilter D on A, if X € D then cf([[A/D) = cf(J[ 4,<p) < A. Recall that we defined

pcf(@) = 9, so always @ € Jy. Clearly if X is a limit cardinal then Jy = J, ., Ju-

Theorem 5.3 (Fundamental theorem of pcf theory). If Jy is proper then it is A-directed. If
A € pcf(A) then Jy C Jy+, and Jy+ is generated by a single set By over J)y.

Proof. First observe that if I has a A-scale or is A-directed then so is I | X for any X € I*, or
indeed any proper ideal I’ O I. By definition, if D is an ultrafitler on A s.t. DN .Jy # &, then
cf(JTA/D) = cf(][ A, <p) < A; we will frequently use the contrapositive, namely if cf([] A, <p) > A
then D N Jy = &, or equivalently D extends the dual filter of Jy.

We prove the theorem by induction on A. If A < min A then Jy = {@}, which is trivially (min A)-
directed. Also if A is a limit cardinal and J, is a proper ideal for all v < A, then Jy = {J, .y Ju
is proper because it doesn’t contain A, and it is v-directed for any v < A, which is the same as
A-directed. If X is singular then Jy+ = Jy and is AT-directed.
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Now suppose A > min A > 214l is regular and Jy is A-directed. By the ideal trichotomy, exactly
one of the following happens: (i) Jy has a A-scale, (ii) Jy is AT-directed, (iii) there exist disjoint
Jy-positive sets X, Y st. A= X UY, Jy | X has a A-scale and Jy | Y is AT-directed.

In case (i) clearly A € pcf(A). In fact A = max pcf(A) because if cf([] A, <p) > A then D must
extend the dual of Jy, so D has a A-scale. Thus Jy+ = A, and we can let By = A.

In case (ii), A ¢ pcf(A), since if cf([[A,<p) > A then D has to extend the dual of Jy, so
(ITA, <p) is also AT-directed and cf([] 4, <p) > AT. Therefore Jy+ = Jy is AT-directed.

In case (iii), we have X € Jy+ because if D 5 X and cf(]][ A, <p) > A then D must extend the
dual of Jy [ X, so D has a A-scale. Next we show X generates Jy+ over Jy. If D doesn’t contain X,
then either it intersects Jy, in which case cf(]][ A,<p) < A, or it extends the dual of Jy [ Y, and
thus (J] A, <p) is AT-directed. Therefore \ ¢ pcf(A\ X), and if E € Jy+ then E\ X € J\, which
means X generates Jy+ over Jy, and consequently Jy+ = Jy | Y is AT-directed. Welet By = X. [

Corollary 5.4. (i) pcf(A) < 241, (ii) pcf(A) has a mazimal element.

Proof. (i) The generators B, are different for different A € pcf(A).

(ii) This is implicit in the proof of the fundamental theorem: if X is a limit cardinal and J, is
proper for all v < A then J) is proper and A-directed, so there exists 6 € pcf(A) s.t. 6 > \. O

The pcf generator is not unique, but it follows easily from definition that if both By and B}
generate Jy+ over Jy then By = B} mod J); conversely if B) is a generator and By = B} mod Jy
then B} is also a generator. The following characterization of the generator is also useful.

Proposition 5.5. (i) If A € pcf(A), then X C A generates Jy+ over Jy iff A = max pcf(X) and
A ¢ pef(A\ X).

(i) If D is an ultrafilter on A, then cf(J[ A,<p) =X iff D > By and D extends the dual filter
of Jx. It follows that cf(][ A, <p) = min{\ € pcf(A) : By € D}.

Proof. (i) For the forward direction, we showed in the proof of fundamental theorem that A =
max pcf(By) and A ¢ pcf(A \ By), so the same is true of any generator X.

Conversely, suppose A = max pcf(X) and A ¢ pcf(A \ X); the first condition implies X € Jy+.
Since pcf(By \ X) C pef(A\ X), we have By \ X € J) and thus X is a generator.

(ii) If D extends the dual filter of Jy then it is A-directed; if it moreover contains B) then
cf(J] A, <p) cannot exceed A, and thus is exactly A.

If DN Jy, # @ then by definition cf(J[ A4,<p) < A. If By ¢ D then cf([][ A, <p) # X since
A ¢ pcf(A\ By). O

Recall that if |pcf(A4)| < min A then A = pcf(A) is closed under the pcf operation, and thus can
be viewed as a topological space; we now know that 2|4l < min A is sufficient for this to be true.
Moreover, if 2/Pf(A) < min A = min A, then the fundamental theorem applies to A, so there exist
generators By, for X € pcf(A) = A; note that necessarily A € By, and also By C [min A, \]. Then
A ¢ pef(A\ By) means ) is not in the closure of A\ By, or equivalently By is a neighborhood of A,
namely By 2 C' 2 X for some open set C. Note that C' is still a generator.
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Conversely, if C' C A is an open neighborhood of A, then pcf(By \ C) C pef(A\ C) = A\ C, so
A ¢ By\ C and By \ C € Jy. It follows that By NC = By \ (By \ C) is a generator, and that the
set of generators at A is a neighborhood basis of A.

A is also Hausdorff, because if A < y are in A then By, \ By is still a generator for p.

Proposition 5.6 (Compactness). (i) Let By be generators for A € pcf(A). For any X C A, there
exists a finite set {\1,...,A\n} C pcf(X) such that X C By, U---UB,y,.

(ii) If |pcf(A)| < min A, then the space A = pcf(A) is compact.

Proof. (i) Suppose not, then the collection {X \ B) : A € pcf(X)} has finite intersection property,
and hence can be extended to an ultrafilter D on X, which can be viewed as an ultrafilter £ on A
that is concentrated on X. If cf(J[ A/E) = X then cf([[ X/D) = A, so A € pcf(X). On the other
hand By € FE and thus X N By € D, contradicting the definition of D.

(ii) Suppose {X; :i € I} is a collection of closed subsets of A with finite intersection property.
There exists an ultrafilter D on A that contains every X;. If A = cf([] A/D) then X € pcf(X;) = X;
for every 4, so they have nonempty intersection. O

So far we have been focusing on a fixed A. If A C A" are sets of regular cardinals satisfying
241 < min A and 24l < min A’ , then there is a simple relationship between their pcf generators.
We use superscripts like J ;\4 and B;\“ for dependence on A.

Proposition 5.7. Suppose A C A’ are sets of reqular cardinals satisfying 214l < min A and
2141 < min A’.

D) JA=JYNPA). IfY € JY then Y N A e JA.
A A A A
(ii) If X € pcf(A) and Bj\4/ is a generator at X\ for A', then B;\‘V N A is a generator at \ for A.

(iti) For any generator Bi' there ewists B{' s.t. B{f = B{' N A.

Proof. (i) By definition J{! is the intersection of P(A) and the class of all X s.t. Vv € pef(X) v € \;
this shows J{ = J&' N P(A). Y € J{ then Y N A € J nP(4) = J{.

(i) Let B = B{' N A. Since pcf(B{') C pef(B{) and max pcf(B{) = A, we have B{ € Jj\“Jr.
Since Bf/ generates in and Jf - Jj\4/, if X € Jf‘ then X CY U Bf’ for some Y € Jf/, and thus
X C (Y NA)UB{. By (i) we have Y N A € J{}, which means B{ is a generator.

(iii) Let Bf and Bj\“, be any generators for A and A’ respectively. By (ii) we have Bj\4 = B;\‘V NA
mod ,Jf\l, and thus if C{ := (B{' \ A) U B{ then C{' = B{' mod J{', so C{" is also a generator
for A’. O

6 Relation with cardinal arithmetic

Throughout this section let A = {X,, : n € w} and assume X, is a strong limit. We will show
that max pcf(A4) = 28w as outlined before this implies 28 < N(2N0)+. The method of elementary
sub-models is again crucial. Of course the argument generalizes to other A, but we content ourselves
with proving this special case. First a simple lemma.
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Lemma 6.1. cf(][ 4, <) = max pcf(A), where < means pointwise dominance.

Proof. For every ultrafilter D on A, let A = cf([[A,<p) and FP = <f£’\ : & < \) be a scale in
(ITA,<p). Let f € [[ A be arbitrary; we claim that there exists a finite set {Di,..., Dy} of
ultrafilters and & < A\; = cf(J[ A4, <p,) s.t. f is pointwise smaller than maxj<;<, fé)i. Granted

the claim, let u = max pcf(A); since there are only 224 N, < p many ultrafilters, there are
only p many finite combinations of f&D , so cf(J] 4, <) < p, and the other direction is clear since a
<-dominating set is also <p-dominating for any D.

If the claim is false, then sets of the form {a € A : f(a) > ng (a)} have finite intersection property,
so can be extended to an ultrafilter £ on A. In particular féE <pg fforall £ <A=cf(][[A4,<g),
contradicting that F'¥ is a scale. O

Theorem 6.2. 2% = max pcf(A4).

Proof. Since we assume X, is a strong limit, 2% = R¥0 = |[R,]¥0| and it suffices to show that
I[N,]R0| < max pef(A) := p. By the lemma there exists ¥ C [[ A s.t. |F| = u and F is a dominating
set in ([ A, <). Choose a finite k large enough so that (2%0)* < N;. Since pcf(A) is an interval
and |pcf(A)| < 2% we already know that p = maxpcf(A4) < Rioxoy+ < Ny, It is not hard to see

that Nzo = N by the inductive formula for cardinal arithmetic.

Let 6 be a large enough regular cardinal and < be a well-ordering of Hy. For each x € [R,]%°,

construct a continuous chain (M7 )a<y, of elementary sub-models of (Hy, €, <) such that F,z € M,
N, C© M3, |MZ| =8 and M7 € M7, . Define the characteristic function x, on A by x&(X,) =
sup(MZ NR,); we have x%(R,) = X, for n < k and x%(N,) < 8, for n > k because |[MZ| = N,
0 X is almost an element of [[A. Let M* = (J,, My and x*(R,) = sup(M® NY,); then
X¥ = SUp,<x, Xa Pointwise. Clearly if f € (] A) N M then f < x7, pointwise. Since My € M7, 4
we have x5, € M7, and thus xi < xg,; pointwise.

We first give an overview of the argument. Consider the composition of maps x — M*NN, — x*.
The first step is Ng-to-one because if M* NN, = MY NN, then y C M?*, so there are at most
N:O = Ny, possibilities for y. The second step (which is well-defined) turns out to be injective, which
is the key of the proof. Finally, because of how M? is constructed, (x& : a < ) is interleaved with
a subset of F' of size N, and a relatively simple argument shows g many subsets suffice, so there
are only 1 many possibilities for x*, and hence |[R,]*0| < pu.

So suppose sup(M*NR,,) = sup(MYNN,,) for all n > k. We shall show that M*NR, = MYNR,,
by inductively showing M* NN, = MY NN,,. This is true for n = k since N, C M*. Now suppose
we have proved this for n. Denote v = sup(M* N Ny41) = sup(MY N N,,41), so v is an ordinal
strictly below N,, 1 and has cofinality Ng; since M* NN, ;1 and MY NN, each contains a club in ~,
C:=M*NMYNN, 41 is also a club in . For every n € C s.t. n > N,;, the <-least bijection between
n and R, is both in M?® and in MY by elementarity, and since M* NN, = MY NN,,, translating by
the bijection we get M”* Nn = MY N n; since this is true for every nn € C we have M* N~y = MY N+,
in other words M* NN, 11 = MY NN, 4.

Since x%, € MY, and F is cofinal in ] A under pointwise dominance, by elementarity there
exists fy € FN M3, | st. xa(n) < fi(n) for all n > k, and we observed previously that
fa < Xe,, pointwise. Thus if we let F* = {fJ : a < ¥} then F” is a subset of F' of size ¥y
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and x*(n) = supy<x, Xa(n) = supsep= f(n) for all n > k; in fact x*(n) = supseq f(n) for any
G C F7 of size N. Lastly we show that cf([u]**, D) = u (note that it’s reverse containment, and
the poset is not directed), namely there exists S C [u]® with |S| = u such that for every X C u
with | X| = R, there exists Y € S with Y C X. This would finish the proof: replacing p by F,
we have a collection S of Wg-subsets of F', with |S| = pu, such that any X C F with | X| = N
contains some Y € S. In particular, every F* contains some G* € S, and since |G*| = Ry we have
X*(n) = supsepe f(n) = suppege f(n) for n > k. Consequently there are only y many x°.

We prove cf([u]™*, D) = p by inductively showing cf([s]¥*, D) = & for all cardinals x between
2% and p. This is clear for 2%, If x is regular then [s]M = ka§a<n[0‘]Nk; the union is taken over
all ordinals « s.t. ¥ < a < k. By induction hypothesis each [a]** has a dominating family of size
|a, and their union is a dominating family for []™* of size k. If & is singular, since k < p < Ry, Wwe
have cf(k) < Ng, and thus if X C k and |X| = R, then already |X N a| = N for some a < k, so
again the union of dominating families for smaller « gives a dominating family for . O

Constructing a chain of elementary sub-models that contain a scale F', and then comparing the
characteristic functions to functions in F' is a common theme in pcf theory.

Corollary 6.3. If R, is a strong limit, then 28 < R groy+ -

In particular, 28 is not the first weakly inaccessible cardinal. It’s not clear how to prove this
without using pcf theory in some way.

7 Club guessing and good points

This section collects two technical results: club guessing and the notion of good points. Club
guessing is responsible for the mysterious number 4 in Shelah’s bound. Good points are used to
determine certain cofinalities cf (][ A/I) where I is the nonstationary ideal or the ideal of bounded
sets. This is another important ingredient in the application to R,,. Good points also help to relax
the condition under which pcf(A) is an interval, although this is not needed for our application to
N,

Club guessing is a very weak version of diamond principle that is provable in ZFC. For x < A
regular, denote E = {a < X\ : cf(a) = k}.

Lemma 7.1 (Club guessing). Let k, A be regular uncountable and kT < \. There is a sequence
(ca : a0 € E)) such that c is a club in « for each o € E, and for every club C C A, the set
{a € E)}: C, C C} is stationary.

Proof. For each a € E, let ¢ C a be any club of order type k. The idea is that if this fails to
guess some club C, then we simply intersect each ¢ with C, and the new sequence guesses C; then
we repeat this process; some ¢ N C may no longer be unbounded in «, but most of them remain so.

Inductively, if there exists C' s.t. {a € B} | ¢, c C} 1s non-stationary, let C; be this C and
it = ¢t N C;. When v < k7 is limit let ¢ = ﬂz<7 L=cn i<~ Ci- Suppose for contradiction
that this construction continues through all i < k™. Since |¢Y| = &, it cannot shrink for £™ many

16



times, so ¢!, stabilizes for i > i(a) for some i(a) < k. Since the non-stationary ideal on X is
A-complete and x+ < ), there is a stationary S C E) s.t. all @ € S have the same i(a) = i. This
means for stationarily many «, ¢!, = ciF1, but the choice of C; implies that ¢!, has to shrink for

almost all & € E)}, a contradiction.

So the process stops at some stage i < T, which means (c!, | a € E}) satisfies the definition of
club-guessing sequence except that ¢, is only closed, not necessarily a club in a. But ¢!, = ¢, N C
where C =(;_, Cj, and if a € C"N E) (C' is the set of limit points of C, itself a club) then ¢, N C

is a club in «, so the non-club c’s are negligible. O

Suppose A is a set of regular cardinals without maximal element, I is a proper ideal on A that at
least contains all the bounded subsets, and F' = (f¢ : £ < A) is a <j-increasing sequence of ordinal
functions (not necessarily in [] A).

Definition 7.2. A limit ordinal @ < A of uncountable cofinality is good (w.r.t. I and F) if
(fe : € < o) has a cofinal subsequence that is pointwise increasing on a large set. More precisely,
there exist an unbounded subset C' C o and Z € I such that for all { <nin C and alla € A\ Z,

we have fe(a) < fy(a).

Often but not always I is the ideal of bounded sets, in which case goodness says f¢(a) < f,(a) for
all a > ag for some ag. Good points and good scales are related to other “incompacteness principles”
such as squares and approachability, and have several variants. For example, if we require the
unbounded set C' in the above definition to be a club, we get the notion of “very good point”.

Lemma 7.3. Suppose a < A is a limit ordinal with cf(«) > |I|. The following are equivalent:

1. « is good.

2. For every unbounded C' C «, there exist an unbounded D C C and Z € I such that for all
E<ninD and alla € A\ Z, we have fe(a) < fy(a).

3. There exists a sequence (h; : i < cf(«)) such that:
(1) (hi : i < cf(v)) is pointwise increasing, i.e., if i < j < cf(a) then hi(a) < hj(a) for all a € A.

(it) (fe : £ < ) is cofinally interleaved with (h; : i < cf(a)) in <p, i.e., V€ < aTi < cf(a) fe <1 hi
and Vi < cf(a)3¢ < a h; <1 fe.

Proof. 2 — 1: obvious.

1 — 3: Suppose « is good as witnessed by Z € I and C' C a. We may assume C' has order type
cf(a), so enumerate C' as (§; : i < cf(a)). Define h; by hi(a) = f¢,(a) if a € A\ Z and hi(a) =1
if a € Z. Then h; are pointwise increasing, and h; = f¢, so they are cofinally interleaved with
<f§ : f < Oé>.

3 — 2: This argument is copied from section 13 of Cummings’ survey, and is very similar to
Lemma 2.7 in the handbook, where it is called the “sandwich argument”. Suppose there exists
a sequence (h; : i < cf(a)) as in 3. For £ < a let +(§) be the least i < cf(«) such that fe <7 h;.
Inductively define an increasing sequence (; : i < cf(a)) of ordinals in C' as follows: assuming we
have chosen §;, choose §; 11 so that hy¢,) <1 fe,,; at limit stage take any upper bound; we may
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assume C' has order type cf(a) to start with, so that (§; : i < cf(a)) must be unbounded. Since
cf(a) > |I|, there exists an unbounded E C cf(«) so that for some fixed Z € I, we have

feii (@) < hye,,.)(a) and hyg)(a) < fe,,,(a) foralli € Fanda € A\ Z,
Now Z and D := {41 : i € E'} witnesses that « is good, because for ¢ < j in E we have
fgiJrl (a) < hL(£i+l)(a) < hL(Ej)(a) < f5j+1 (a) forallae A \ Z,

The middle inequality comes from the fact that (h; : i < cf(«)) is pointwise increasing, and that
§it1 < &5, 80 1(&i1) < u(&)-

Hopefully the following picture gives some idea of what is going on. The first row is (f¢, : i <
cf(a)) (the subscripts are omitted), the second row is (h,,) : @ < cf(a)) and is interleaved with the
first row under <;. The boxed f’s are those in (fg, : i € E), and their successors are underlined.
The first underlined f is smaller than the next h on A\ Z, and the second underlined f is greater
than the previous h on A\ Z.

A ] A S ] B S -

h h h h h h h

The following lemma is the key in all our applications of goodness.

Lemma 7.4. If \,k are reqular uncountable, A > x > 214 F = (fe + &€ < \) is such that
{a € E} : F is good at o} is stationary, and g is the lub of F, then {a € A : cf(g(a)) < K} € I.

Proof. Suppose g is an upper bound such that X := {a € A: cf(g(a)) < k} € I'". For every a € X
let S, be a cofinal subset of g(a) with order type cf(g(a)), in particular |S,| < k. Let S be the set
of all ordinal functions s on A satisfying s(a) € 5, for all « € X and s(a) = g(a) elsewhere; we
claim there exists s € S which is an upper bound of F', and hence g is not an lub.

Suppose the claim fails, then we inductively pick a continuous sequence of ordinals (o)< as
follows. Since f,, <r g and S, is cofinal in g(a), there exists s¢ € S s.t. fa, <1 8¢. By assumption
s¢ 1s not an upper bound of F, so choose ag11 > ag such that s¢ 21 fao,,,-

Since E := {ag : £ < A} is a club in A and there are stationarily many good points of cofinality x,
there exists an o = o, with cf(a) = & such that a is good and is a limit point of F; it follows that
cf (&) = k. Since x> 2/41 > |I|, by goodness and the previous lemma, there exists an unbounded
subset C' C §p and Z € I such that (fa, : § € C) is pointwise increasing outside Z; we may assume
C has order type &, but of course it is not a club.

By construction fo, <7 8¢ 21 faeprs 80 fac(a) < s¢(a) < fae,,(a) for all a in some I-positive set
that depends on £ € C. Note that we may assume this positive set is contained in X, since outside
X we have s¢(a) = g(a) and f¢ <; g. For each { € C denote by £ the next element of C after
§. Since agy1 < agr, we know that fo,(a) < s¢(a) < Jaes (a) on an I-positive subset of X. Since

# > 2141 > || is regular, there is an unbounded D C C and a fixed I-positive set B C X such that
fag(a) < s¢(a) < fa,, (a) forall § € D and a € B

where £ still denotes successor in C, not D. But since ( fae : € € C) is pointwise increasing
outside Z, we have

se(a) < Joet (a) < fa,(a) < sy(a) forall § <nin Danda € B\ Z.
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This implies |{s¢(a) : £ € D}| = & for each a € B\ Z, contradicting that |S,| < &.

In the following picture, the boxed f’s are those in C, so they are pointwise increasing on a large
set. Each s is > the previous f and 7?7 the next f. An s is underlined if its previous f is in D.
The two underlined s’s are compared using the two “outmost” boxed f’s between them, namely the
second and the fifth.

fod f £ e 0

S S S S S S S

Recall we proved that if A is an interval and (2/4)* = min A then pcf(A) is an interval. We can
now relax the condition to the following (again, this is not needed in the main result about X,,).

Proposition 7.5. If A is an interval of reqular cardinals and 2141 < min A, then pcf(A) is an
interval.

Proof. Let p = maxpcf(A) and min A < A < u be regular; we want to show A € pcf(A). We may
assume A > sup A since otherwise A € A and the principal ultrafilter does the job. Let U be an
ultrafilter on A s.t. cf([[ A/U) = u; necessarily U is non-principal. By replacing A with the shortest
initial segment of A that is in U, we may assume the dual ideal of U contains all bounded subsets
of A.

Let x = min A > 214, We will build a <y-increasing sequence (fg : &€ < A\) C [[ A that has
stationarily many good points of cofinality , and thus an eub g satisfying cf(g(a)) > min A for
U-almost all a, and the rest of the proof is the same as before. It turns out in our situation, the
naive attempt to make every point 8 < A of cofinality x good actually works (Theroem 2.21 in the
handbook uses a weaker hypothesis, but the proof is trickier and involves club guessing). For each
B < A with cofinality &, fix a club Cg C 3 of order type x. Assuming f¢ has been defined for { < a,
we define f, in the following way. For every 8 < A\ with cofinality « let RS = sup{fe : £ € CgNal;
we have h) € [[ A since |CgNa| < & =min A. Then choose f, € [[ A to be a <y-upper bound of
all the hg, which is possible because there are A many 3, the partial order (][] A, <p) is p-directed,
and A < p by assumption. Then each 8 is good since (fe : £ < () is interleaved with (hg ta < f).

We have built a <p-increasing sequence (fe : £ < A) C [[ A that has stationarily many good
points of cofinality x = min A. Since A > min A > 24l the sequence has an eub g, and since
A > 2141 = |U|, by the previous lemma we have cf(g(a)) > k = min A for U-almost all a. Since
A < p, the sequence has a <y upper bound in [] A, so we may assume g(a) < a everywhere. Thus
cf(g(a)) € A for U-almost all a € A. Then as before we consider the push-forward ultrafilter, argue
that the induced embedding is cofinal, etc. O

Recall that clubs and stationary sets can be defined for any x with uncountable cofinality (not
necessarily regular). They are essentially just clubs or stationary sets on cf(x), but sometimes it’s
convenient to deal with x directly.

In the next two theorems, if X is a set of ordinals, we let X = {R,11 : @ € X }; conversely, if
A is a set of successor cardinals, let A~ = {a: N,11 € A}.

Theorem 7.6. Suppose X, is a singular cardinal with cf(n) =7 > w, 27 <R, S C 1 is a stationary
set of order type T, A= ST and I is the ideal on A defined by I = {X* : X C S is non-stationary}.
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Then tcf(JTA/T) = Ny41.

Proof. Let A =¥, 1. Clearly (][ A, <r) is A-directed. Assume for contradiction that it does not
have a A-scale; then by ideal trichotomy there exists 7' C S stationary such that if J =1 | T
then (J] A, <;) is AT-directed. We construct a < j-increasing sequence F' = (f, : a < A\) C [] A for
which all points are good. Every limit ordinal 8 < X has cofinality below ), and hence below R, so
fix a club Cg C B of order type cf(3) < X,. Assume f¢ has been defined for £ < a. For every 8 < A
let h) = sup{ fe : £ € CgNa}; since |Cgl < R,), we have Va > ag hi(a) < a for some ag € A (note
that ap depends on 8 but not on «), and thus i € [1 A after we redefine its value on a bounded
set. Since < is AT-directed, {h{i 1B < AYU{fe: £ < a} has an upper bound, and we let f, be
< -greater than this upper bound. The resulting F' is good at every (3, because {f¢ : { < B} is
< j-interleaved with {hg : o < (8}, and the latter is pointwise increasing.

Since 24l = 27 < N, < A, F has an eub g; on the other hand, (] A, <;) is AT-directed,
which means F' has an < j-upper bound in [[ A, so we may assume g € [[ A, namely g(a) < a.
Consequently, o — cf(g(Rq+1)) is (almost) a regressive function on S, because g(No+1) < Not1
implies g(Ro41) < W, unless X, is regular, which is rare: it is not hard to show that {a € 7 :
N, is singular} is a club in 7. By Fodor’s lemma, {a € T : c¢f(g(Ra+1)) = K} is stationary for some
k < R, but this contradicts goodness and Lemma 7.4, which say {a € A : cf(g(a)) < K} € J for
every 27 < Kk < A O

Theorem 7.7. Suppose X, is a singular cardinal with cf(n) =7 > w and 27 < ,. There exists a
club D C n of order type T so that tcf([[ DT/J) = max pef(DT) = N, 11, where J is the ideal on
D™ of bounded sets.

Proof. First let C' C 1 be any club of order type 7, A = C" and I be the ideal on A corresponding
to the non-stationary ideal. By the previous theorem tcf(J[ A/I) = N, ;1 =: \. We may choose
the first element of C' large enough so that 2/4l = 27 < min A, so there exist pcf generators for
A. In particular there is a generator By. The previous theorem also implies A € pcf(S™) for any
stationary S C 7. Since A ¢ pcf(A\ B)), (A\ By)~ cannot be stationary, which means (B))~
contains a club D C n. Then tcf([] D" /I") = max pcf(DT) = A\, where I’ = IN'P(D™).

To show that tcf([] DT /J) = max pef(DT), note that B, is bounded in A for every v < A, so
the ideal Jpg on A of bounded sets extends the ideal generated by {B, : v < A}, which is Jy; since
Jy is A-directed, so is Jpg. The same holds for the bounded ideal J on DT. Since max pcf(D1) = A,
J must have a A-scale by ideal trichotomy. O

8 Transitive generators

This section presents one of the most technical results, the existence of transitive generators
B). Transitivity means if p € By then B, C B, in other words the relation p € By is transitive.
Note that this is trivial for A = {R,, : n < w}, but we want to apply the result to A := pcf(A),
obtaining the corollary that the pcf space A has a tightness property. Recall that a generator By
for A € pcf(A) = A is in particular a neighborhood of X in A, so if the generators are transitive
then they are actually open.
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A naive attempt to obtain transitive operators is to take transitive closure, namely let B
consists of all v for which there is a sequence (v, ...,v,) such that vy = v, v, = A\, and v, € By, .
In general this can mess things up and By may not be a generator, but it turns out if we first shrink
B, in a certain way and then take transitive closure then it works. The shrinking process involves
elementary sub-models.

Theorem 8.1. Suppose A is a set of reqular cardinals such that (2"“')+ < min A, then there exist
transitive generators By for A € pcf(A).

Proof. First let (By : A € pcf(A)) be any generators. For each A € pcf(A) let FA = (f) 1 a < \)
be cofinal in ([[ A4, <j,B,); we moreover require that fé‘ is the eub of (f2 : a < B) whenever

cf(8) > 214

Let £ = (214)* and (M;);<. be a continuous chain of elementary sub-models such that |M;| = &,
M; € M1, k € My and My contains A, P(A), (F* : X\ € pcf(A)) and all functions from some
subset of A to A< (the purpose of this will become clear later). Let M = J,., M;. Note that if
X € M and |X| < k then X C M; in particular pcf(A) € M and F* € M for every \, although M
only contains a small portion of (f} : & < \). Define the characteristic functions y;(\) = sup(M;N\)
and x = sup(M N A) = sup,., xi on A; note that they belong to [[ A since x < min A.

Since M; € M;1 and x; is definable from M;, by elementarity x; € M;1; since F A is cofinal,
again by elementarity there exists o € M1, a < A s.t. x; <y, 1B, f2. Thus for each A, (x; :i < k)
and (f2 : a < x()\)) are cofinally interleaved in <, p,. By assumption f;‘(/\) is the eub for the
latter. On the other hand x is the eub for (x; : i < k) in <, B, since it is already the eub under
pointwise dominance <. In detail, if h <j, 5, X then h(a) < x(a) on a Jy | By-large set X; for
each a € X there exists an i < & s.t. h(a) < x;(a), and since |X| < |A| < k we know that h < x;
pointwise for some ¢, and thus h <;, 5, xi;. Consequently, for every A € pcf(A) we have

f;\p\) =x mod Jy [ By, and thus B} := {v € By : f;c\()\)(y) = x(v)} is a generator.

Let (B) : A € pcf(A)) be the transitive closure, namely B) is the set of all v for which there
exists a sequence (1, ..., V,) such that vy = v, v, = A\, and v}, € B, ., for 0 <k <n—1; the case
n = 0 implies A € By and n = 1 implies By C B,.

To show that each B, is a generator, it suffices to show that . B) € Jy+. We do this by finding
a function g such that g <, , x while g(v) = x(v) for all v € By. As an illustration, let us first
try to find such a g that works for the case n = 2, namely g(1p) = x(v) for all vy € Eg?), where
EE\Q) = UmeB; B;, . Fix for every 1y € EE\Q) some vy such that 1y € B and v; € B}. By definition
of B and B} we have

f;(\()\)(’/l) = x(v1) and f;éyl)(Vo) = X (), so Z%m(

v . —=(2

Define go(v9) = ffé(yl)(l/o) if 1y € BE\)
Ix(n) = X on E()\Q). Even though g,y is not in M, it can be argued that the sequence (ga : @ < A)
is. Since Jy+ is AT-directed, we can pick an upper bound h € M of (g, : @ < \), so in particular

Ix(n) <Jy4 b <x. Thus Eg?) € Jy+.

() = X(00)

vi

and g, = 0 elsewhere on A. Then we have shown that

It should seem at least plausible that this argument generalizes to arbitrary n, albeit at the
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cost of a notational disaster. We now proceed to the actual proof. Fix a function ¢ such that
for each v € By, ¢(v) is a sequence (v, ...,v,) such that vy = v, v, = A, and v € By, ., for
0 <k <n—1. For each a < \ define g, on A as follows; if v ¢ B) then g,(v) = 0. If v € B) then
let ¢(v) = (vo,...,vy) and inductively define a sequence (8, ..., 00) by B, = « and S = fg::(vk)
for 0 < k < n — 1; the expression is meaningful because inductively we have (5, < vg. Define
ga(v) = Bo. It can be checked that when n = 2 this agrees with the explicit formula above, and it

should be clear now why we don’t explicitly write down the case n = 3.

Recall that M contains all functions from some subset of A to A<%, in particular ¢ € M, so the
sequence (gq : @ < A) is also in M, because it is definable from ¢ and F*. Since Jy+ is At-directed,
there is in M some h € [] A such thit o <JA+7h for all o, in particular g,y <y, h < x. We finish
the proof by showing g,(x) = x on By. If v € By and p(v) = (vo, ..., Vs), then 8, = x(\) = x(vn)
and inductively

B = for(w) = f;kﬂ (k) = x(v),

Bre+1 (Vk41)

80 gy (V) = Bo = x(v0) = x(v). u

Theorem 8.2 (Localization). Suppose A is a set of reqular cardinals, 2lpf(A)l < min A, X C pcf(A)
and X € pcf(X). Then there exists W C X such that [W| < |A| and X € pcf(W).

Proof. As usual we may assume (2'19&(‘4)')+ < min A by possibly removing the first point of A. Let
A = pcf(A); then (2" < min 4, so there exist transitive generators B, for v € pcf(A) = A4;
in particular maxpcf(By) = A. Let Y = X N B,); since pcf(X) = pcf(X \ By) U pcf(Y) and
A ¢ pcf(X \ By), we have X € pcf(Y), and thus A = max pcf(Y').

Recall that B, N A is a generator for v € pcf(A4). Let E = (J,cy B, N A; in particular
v e pcf(ByNA) Cpcf(F) for every v € Y, s0 Y C pcf(E) and A € pcf(Y') C pef(pef(E)) = pef(E).
Since E C A, there exists W C Y with |W| < |A] such that £ = {J,cy By N A. We shall
show that \ € pcf(W). Suppose not; since A is a compact space, pcf(W) is closed and for each
v € pcf(W), B, is an open neighborhood of v, there exist finitely many v1,...,v, € pcf(W) such
that W C pcf(W) C B,, U---UB,,. So

E g UyeW BV g U?:l UueByi BV g UZT’L:I BVi’

the last step due to transitivity. Since W C Y, A = max pcf(Y) and A ¢ pcf(W), all the v; are
less than A, so from pcf(E) C J;; pcf(B,,) we get A ¢ pcf(E), a contradiction. O

In topological terms, if A is in the closure of X then it is in the closure of a relatively small
subset of X, namely of size at most |A|. This is called |A|-tightness. Note that A has a dense set of
size |Al, namely A, but this does not imply |A|-tightness in general. A topological space X equipped
with a well-ordering < is called right separated if every initial segment {x € X : z < y} is open. The
above proof can be rephrased in topological terms as follows: if a compact right separated space X
has a dense set of size «, as well as a neighborhood U, for each x € X satisfying v € U, — U, C U,
and Uy C {z € X : z <z}, then it is s-tight.

22



9 The number 4

Theorem 9.1. If X, is a strong limit, then 28 < R,.

Proof. Let A = {X,, : n € w}. It suffices to show that |pcf(A4)| < wy. Since we already know
that A = pcf(A) is an interval and max A < Rigroy+ < Ny, A is the set of all successor cardinals
between Ny and max A = Ny, for some ¥ < N,,. Define a function F : P(J + 1) — 9 + 1 as follows;
if X C9+1then {Noy1:a € X} C A, and maxpcf{Rq41 : @ € X} is some successor cardinal
N1 < Nypq; define F(X) to be this 3. Then the function F' has the following properties:

(i) If X C Y then F(X) < F(Y).

(ii) If n <9 has uncountable cofinality, then there is a club C' C n such that F(C) = n. This
follows from the last theorem in section 7; note that 7 := cf(n) < Xy, s0 27 < R, < N,.

(iii) If X has order type wi, then there exists v < sup X such that F(X N~) = F(X). This
follows from localization theorem. Also note that F'(X) > sup X always holds.

Suppose for contradiction that ¥ > wy. Let (C, : a € E3?) be a club guessing sequence. Let
(My)a<ws be a continuous chain of elementary sub-models such that | M| = ws, My Nwy € wa,
(Mg : B < a) € Mqy1, My contains the club guessing sequence and the function F'; note that each
Cq is in My but pcf(A) € My. Let g = My Nwy, S0 ) = SUP, .y, N satisfies w3 < n < wy <0,
and has cofinality ws; by (ii) there is a club C' C 7 such that F(C) = 7. The intersection of C' with
{Na : @ < ws} is also a club; by club guessing there exists v € E%? such that Y := {n, :a € C,} C C.
By (iii) there exists 8 < v such that if X = {n, : « € C; N B} then F(X) = F(Y) >supY =1,.

We claim that X € M,. First we have C, € My C M,; although the function o — 7, is
not in M., its restriction to j is, because (M, : o < ) € Mgy C M,. Hence F(X) € M,; on
the other hand F(X) = F(Y) < F(C) = n < w4, which means F(X) < sup(M, Nwy) = 1, a
contradiction. O
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