Journal of Topology 9 (2016) 143-160 © 2015 London Mathematical Society
doi:10.1112/jtopol /jtv040

Solving Thurston’s equation in a commutative ring

Feng Luo

ABSTRACT

We show that solutions of Thurston’s equation on triangulated 3-manifolds in a commutative
ring carry topological information. We also introduce a homogeneous Thurston’s equation
and a commutative ring associated to triangulated 3-manifolds. It is shown that solutions to
homogeneous equations over the real numbers are critical points of an entropy function.

1. Introduction
1.1. Statement of results

Given a triangulated oriented 3-manifold (or pseudo 3-manifold) (M, T ), Thurston’s equation
associated to 7 is a system of integer coefficient polynomials. Thurston [16] introduced his
equation in the field C of complex numbers in order to find hyperbolic structures. Since then,
there has been much research on solving Thurston’s equation in C, [1, 3, 13, 14, 17, 19]
and others. Since the equations are integer coefficient polynomials, one could attempt to solve
Thurston’s equation in a ring with identity. The purpose of this paper is to show that interesting
topological results about the 3-manifolds can be obtained by solving Thurston’s equation in a
commutative ring with identity. For instance, by solving Thurston’s equation in the field Z/3Z
of three elements, one obtains a result that was known to H. Rubinstein and S. Tillmann that
a closed 1-vertex triangulated 3-manifold is not simply connected if each edge has even degree.

THEOREM 1.1. Suppose that (M,T) is an oriented connected closed 3-manifold with a
triangulation 7 and R is a commutative ring with identity. If Thurston’s equation on (M, T)
is solvable in R, and T contains an edge which is a loop, then there exists a homomorphism
from m1 (M) to PGL(2, R) sending the loop to a non-identity element. In particular, M is not
simply connected.

We remark that the existence of an edge which is a loop cannot be dropped in the theorem.
Indeed, it was observed in [8, 17, 18] that for simplicial triangulations 7 and any commutative
ring R, there are always solutions to Thurston’s equation. Theorem 1.1 for R = C was first
proved by Segerman-Tillmann [15]. A careful examination of the proof of [15] shows that
their method also works for any field R. However, for a commutative ring with zero divisors,
the geometric argument breaks down. We prove Theorem 1.1 by introducing a homogeneous
Thurston’s equation (HTE) and studying its solutions. Theorem 1.1 prompts us to introduce
the universal construction of a Thurston ring of a triangulated 3-manifold. Theorem 1.1 can
be phrased in terms of the universal construction (see Theorem 6.2).

Thurston’s equation can be defined for any ring (not necessary commutative) with identity
(see §2). We do not know if Theorem 1.1 holds in this case. The most interesting non-
commutative rings for 3-manifolds are probably the algebras of 2 x 2 matrices with real or
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complex coefficients. Solving Thurston’s equation in the algebra Myx2(R) has the advantage
of linking hyperbolic geometry to Ad(S3) geometry. See [4] for related topics.
Motivated by Theorem 1.1, we propose the following two conjectures.

CONJECTURE 1. If M is a compact 3-manifold and v € 71 (M) — {1}, then there exists
a finite commutative ring R with identity and a homomorphism from 7;(M) to PGL(2, R)
sending v to a non-identity element.

CONJECTURE 2. If M # 83 is a closed oriented 3-manifold, then there exists a 1-vertex
triangulation 7 of M and a commutative ring R with identity so that Thurston’s equation
associated to 7 is solvable in R.

Conjecture 2 is supported by the main result in [12]. It states that if M is closed hyperbolic
and 7 is a 1-vertex triangulation so that all edges are homotopically essential, then Thurston’s
equation on 7 is solvable in C.

1.2. Organization of the paper

In §2, we recall briefly triangulations of 3-manifolds and pseudo 3-manifolds and Thurston’s
equation. A HTE is introduced. In §3, we recall the cross-ratio and the projective plane in a
commutative ring. Theorem 1.1 is proved in §4. In §5, we show that solutions of Thurston’s
equation over the real numbers are related to critical points of an entropy function. In §6, we
introduce a universal construction of the Thurston ring of a triangulated 3-manifold. In the
last section, some examples of solutions of Thurston’s equation in finite rings are worked out.

2. Preliminaries on triangulations and Thurston’s equation

All manifolds and tetrahedra are assumed to be oriented in this paper. We assume that all
rings have the identity element.

2.1. Triangulations

A compact oriented triangulated pseudo 3-manifold (M,7) consists of a disjoint union
X = U;o; of oriented Euclidean tetrahedra o; and a collection of orientation-reversing affine
homeomorphisms ® between some pairs of codimension-1 faces in X. The pseudo 3-manifold
M is the quotient space X/® and the simplices in 7 are the quotients of simplices in X.
The boundary OM of M is the quotient of the union of unidentified codimension-1 faces in
X. If OM = (), then we call M closed. The sets of all quadrilateral types (to be called quads
for simplicity) and normal triangle types in 7 will be denoted by O = (7)), and A = A(T),
respectively. See [6, 7] or [11] for more details. The most important combinatorics ingredient
in defining Thurston’s equation is a Z/3Z action on [, which we recall now. If edges of an
oriented tetrahedron o are labelled by a, b, ¢ so that opposite edges are labelled by the same
letters (see Figure 1(a)), then the cyclic order a — b — ¢ — a viewed at vertices is independent
of the choice of the outward normal vectors at vertices and depends only on the orientation of
0. Since a quad in o corresponds to a pair of opposite edges, this shows that there is a Z/3Z
action on the set of all quads in o by cyclic permutations. If ¢,¢’ € 0, then we use ¢ — ¢’ to
indicate that ¢, ¢’ are in the same tetrahedron so that ¢ is ahead of ¢’ in the cyclic order. The
set of all i-simplices in 7 will be denoted by 7). If s € T4 and t € T, then we use ¢t > s
or s <t to indicate that s is a face of t. Given an edge e € 7™, a tetrahedron o € 7®) and
a quad g € (7)), we use ¢ C o to indicate that ¢ is inside o and ¢ ~ e to indicate that ¢ and
e are in the same tetrahedron and ¢ faces e (in the unidentified space X). See [11] for more
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F1GURE 1. Cyclic order on three quads in a tetrahedron.

details. An edge e € T() is called interior if it is not in the boundary dM. In particular, if
(M, T) is a closed triangulated pseudo 3-manifold, then all edges are interior.

2.2. Thurston’s equation

DEFINITION 2.1. Given a compact triangulated oriented pseudo 3-manifold (M,7) and a
ring R (not necessary commutative) with identity, a function  : (7)) — R is called a solution
to Thurston’s equation associated to 7 if

(a) whenever ¢ — ¢’ in O,

2(q")(1 = (q)) = (1 — 2(q)z(q) =1, (1)

(b) for each interior edge e € T so that qi,...,q, are quads facing e labelled cyclically
around e,

w(qr) - x(gn) =1, x(qn)---2(q1) = 1. (2)

Note that equation (1) implies that both z(q) and z(g) — 1 are invertible elements in R with
inverses 1 — 2(¢"’) and x(q") where ¢ — q. Since each x(q) is invertible, equation (2) does not
depend on the choice of the initial quad g;. If the ring R is commutative, which will be assumed
from now on, then we only need one equation in each of (1) and (2).

ExXaMPLE 2.2. If R=7Z/3Z = {0,1,2} is the field of three elements, then a solution z to
Thurston’s equation must satisfy x(¢) = 2 for all ¢. In this case, the first equation (1) holds
automatically. Equation (2) at an edge e becomes 2% = 1, where k is the degree of e. Since
2% = 1 if and only if k is even, we conclude that Thurston’s equation has a solution in Z/3Z if
and only if each interior edge has even degree.

A related homogeneous version of Thurston’s equation incorporates the following definitions.

DEFINITION 2.3 (HTE). Suppose that (M,7) is a compact oriented triangulated pseudo
3-manifold and R is a commutative ring with identity. A function z : J(7) — R is called a
solution to the HTE if

(a) for each tetrahedron o € 7,

> 2(q) =0, (3)
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(b) for each interior edge e so that the set of all quads facing it is {q1,...,¢n},
112 =T[(-=").
i=1 i=1

where ¢; — ¢, — ¢}’ or simply

[1=)=TI(=="), (4)

gre gre

where ¢ — ¢ — ¢".

Note that if z solves HTE and k : 73 — R is any function, then w(q) = k(0)2(¢q) : 0 — R,
q C o, is another solution to HTE.

LEMMA 2.4. Suppose that R is a commutative ring with identity and R* is the group of
all invertible elements in R.

(a) If z:O— R* solves HTE, then x:0 — R given by x(q) = —z(¢")/z(¢"") solves
Thurston’s equation.

(b) Ifz : O — R solves Thurston’s equation, then there exists a solution z : 0 — R* to HTE
so that, for all ¢ € O, z(q) = —2(¢')/2(q").

(¢) If z: 0 — R* solves HTE, then z(q'),—2(q") and z(¢') + 2(¢")(= —2(q)) are in R*.
Furthermore, w : 0 — R? defined by w(q) = (fz((qq/,),)) € R? satisfies

w) =) T3] w. )

Proof. To see part (a), equation (2) follows immediately from (4) by division. To see that
(1) holds, we use z(q) = —z(q¢") — 2(¢’) for ¢ — ¢’ — ¢" and calculate z(q") = —2(¢")/2(q) =
2(q")/(2(d") + 2(¢') = 1/(1 + 2(¢") /2(¢")) = 1/(1 — z(q)).

To see part (b), by definition, x(¢q) and 1 — z(q) are invertible. Label the quads in each
tetrahedron o by ¢1,q2,q3 so that g1 — g2 — g3. We have x(q2) =1/(1 — z(q1)), z(q3) =
(x(q1) — 1)/x(q1). Define a map z:0 — R* by z(q1) =1 —x(q1), 2(q2) = 13((]1),2’([(]3) =-1
Then, by definition z(q) = —2(¢')/2(¢") for all g and >, 2(¢q) = 0 for each o € 7®). Due to
z(q) = —2(¢')/2(¢") and [],.. x(q) = 1, we see that [], . 2(¢') = [[,.(—2(¢"))

For part éc), the first statement follows from the definition that z(¢q) € R*. Now, w(q’)

(f(q)) ) _ Z(q;(gzgq,,)) = [9-1 (_z;gq),)) = [9 " w(g). O

3. Cross-ratio and projective line in a commutative ring

Let R be a commutative ring with identity and R* be the group of invertible elements in R. Let
GL(2, R) be the general linear group and PGL(2, R) = GL(2, R)/ ~, where M ~ AM, X € R*,
be the associated projective group. The group GL(2, R) acts linearly from the left on R?* =
{($)]a,
b,€ R}. Define the skew symmetric bilinear form (,) on R? by ((§), ($)) = ad — bc which
is the determinant of [ §]. We use the transpose to write () as (a, b)’.

By the basic properties of the determinant, we have the following lemma.

LEMMA 3.1. Suppose A, B, Ay,..., A, € R? and X € GL(2, R). Then

(a) (A, B) = —(B, A) and (XA, X B) = det(X)(A, B):
(b) (A1, Ag)Az + (A, A3) A1 + (A3, A1) Az = 0;
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(c) let Rijr = (Ai, Aj)(Ak, Ap); then Riji = Rjukr = Riiij = —Rjiri = —Rijin and Ry g +
Ririj + Riji = 0.

DEFINITION 3.2 (Cross-ratio). Suppose Ai,..., A4 € R?. Then their cross ratio, denoted

by (A, As; Az, Ag), is defined to be the vector (%gj) = (_Réfi?) € R?, where Riji =
(Ag, Aj) (Ak, Ai).

(o) 0):6)-G)) - (G2 ©

By Lemma 3.1, we obtain the following corollary.

For instance,

COROLLARY 3.3. Suppose A1, ..., A, € R? and {i1,i2,i3,i4} = {1,2,3,4}. Then

(a) (Al,AQ;A37A4) = (Ag,A4;A17A2) = (AQ,Al;A47A3) and (AilaAiQ;Ai;;yAu) = (Al,
(b) if(Al,AQ;A37A4) = (%), then (AQ,Al;A37A4) = (3);
(c) (A1, Ag; Az, Ag) + (A1, As; Ay, A2) + (Ar, Ag; Az, A3) = 0;
(d) (Al,A3;A4,A2) = [711 (1)] (Al,AQ;A3,A4) and
(Al,A4;A2,A3) = |:(£ _1:| (Al,AQ;A3,A4); (7)

(e) if X € GrL(Z,R)7 then (XAl,XAQ;XAg,XA4) = det(X)Q(Al,Ag;A37A4),
(f) lfB,C S R? and An+1 = Al, then

n n

[1UB, Aiga)(C, A) = TTUB, 4i)(C, Aipr)).

=1 i=1

The only part that is required to be proved is (d). In this case, we use (A1, Ay; Ao, A3) =
( 731%?3;4 ) = (RMf;ﬁglug ) = [(1) :}] (Al’ AQ; A3’ A4)

Corollary 3.3 shows that the cross-ratio (A1, Ag; Az, As) = (A;, A;; Ag, A;) whenever {3, j} =
{1,2},{k,j} = {3,4} and (i, j, k, ) is a positive permutation of (1,2, 3,4), that is, the cross-ratio
depends only on the partition {4, 5} U {k,{} of {1,2, 3,4} and the orientation of (1,2, 3,4). This
shows that if o is an oriented tetrahedron so that its ith vertex is assigned a vector A; € R?,
then one can define the cross-ratio of a quad ¢ C o to be (4;, Aj; Ai, A;) where g corresponds to
the partition {4, j} U {k,{} of the vertex set {1,2,3,4} and (i, j, k, 1) determines the orientation
of 0. Furthermore, equations (5) and (7) show that if ¢ corresponds to {1,2} LI {3,4}, then ¢’
corresponds to {1,4} U {2, 3}.

EXAMPLE 3.4 (Solutions of HTE by cross-ratio). Given any compact triangulated pseudo
3-manifold (M, 7T ) and f : A(7) — R? so that f(t) = f(t) when two normal triangles ¢, ¢’ share
a common normal arc, we define a map F : J(7) — R? by F(q) = (f(t1), f(t2); f(t3), f(ts)) =

(;EZ;;), where t1,...,t4 are the four normal triangles in the tetrahedron ¢ containing g so
that ¢ separates {t1,t2} from {t3,t4} and t; — to — t3 — t4 defines the orientation of o. Then

Corollary 3.3 shows that z: 0 — R is a solution to HTE. Note that y(¢") = —z(¢"’) with ¢ —
q/ N q//.

This example serves as a guide for us to solve Thurston’s equation and HTE. Indeed, the
goal is to solve Thurston’s equation by writing each solution = : J — R in terms of cross-ratio
in the universal cover.
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Let R?/ ~ be the quotient space where u ~ Au, u € R? and A € R*. If x = (a,b)’ € R?, then
[] = [a,b]" denotes the image of x in R?/ ~.

DEFINITION 3.5. Let the projective line PR! be {A € R?|there exists B € R? so that (A, B) €
R*}/ ~, where A ~ M\A for A € R*. A set of elements {A1,...,A,} (or {[A1],...,[A,]}) in R?
(or in PR') is called admissible if (A;, A;) € R* for all i # j. The cross-ratio of four points
a;,i=1,2,3,4 in PR, denoted by [a1, ag; a3, ay], is the element [(A;, Ag; A, Ag)] € R?/ ~
so that A; € a;. We also use [Ay, Ag; A3, A4] € PR! to denote [ay, ag; a3, oyl

PROPOSITION 3.6. Suppose {i1,i2,13,14} = {1,2,3,4}.

(a) Given an admissible set of three elements A;,, A;,, A;, € R* and v = (&) € R, there
exists a unique A;, € R? so that (Aj, As; A3, Ay) =v. Furthermore, Ai,...,A; form an
admissible set if and only if ¢1,c3,¢1 — ¢ € R*.

(b) Suppose A1, ..., A4, By,...,Bs € R? so that both {Ay,..., Ay} and {By,..., By} are
admissible and [A1, As; Az, A4] = [B1, Ba; Bs, Ba]. Then there exists a unique X € PGL(2, R)
so that [X A;] = [B,] for all i. In particular, if Y € GL(2, R) so that [YA;] =[4;], i=1,2,3,
then Y = Ml for A\ € R*.

Proof. To see the existence part of (a), by Corollary 3.3(a), we may assume for simplicity
that i3 =1, i =2, i3 =3. Let A; = (a;,b;)' and consider X = (1/(A1, A3)) Lb;l _aa12] €
GL(2,R). Then XA; = (1,0)" and X A5 = (0,1)". By Corollary 3.3(e), after replacing A; by
X A;, we may assume that A; = (1,0)", Ay = (0,1)". Then by identity (6), (A, Aa; A3, Ay) =
(—agbs, —asbs)t. By the assumption that (A4;, A3) € R* for i = 1,2, we see that ag, bz € R*. It
follows that agy = —c¢;/bs and by = —co/as. This shows that A4 exists and is unique.

Now given that {Ay, As, A3} is admissible, the set {Aj,..., A4} is admissible if and only
if (4;, A4) € R*. By the calculation above, ¢; = —bsay, ca = —agby and ¢1 — co = (A3, Ay). If
{Ay,..., A4} is admissible, then a;,b; € R*. Therefore ¢1,c¢a,¢1 — ca € R*. If {¢1,¢c0,¢1 — 2} C
R*, then a;,b; € R* for i = 3,4 and (A3, A4) € R*. This implies (A;, A4) € R*.

To see part (b), by the proof of part (a) and the assumption (Aj, As),(B1, B2) € R*,
after replacing A; by Y A; and B; by ZB; for some Y,Z € GL(2, R), we may assume that
A1 = B1 = (I,O)t and A2 = B2 = (0, l)t Let A3 = (a,b)t,A4 = (a’,b’)t, Bg = (C7 d)t and B4 =
(¢/,d")t. Then the admissible condition implies that a,b,c,d,a’,b’,c/,d" € R*. Furthermore,
[A1, Ag; A3, Ay] = [B1, Ba; Bs, B4] implies that there exists A € R* so that a’b= A¢'d and
ab’ = Aed’. This shows that the matrix X = [Céa d(;b} € GL(2, R) satisfies XAy = (¢/a)By,
XA2 = (d/b)BQ, XA3 = Bg and XA4 = )\(cd/ab)B4

To see the uniqueness, say Y A; = \;A; for A\; € R*. We claim that Ay = Ao = A3 and Y =
A11. Indeed, by definition, det(Y')(A4;, A;) = (Y A;, Y A;) = XN\ (A;, Aj). Since (A;, Aj) € R*,
we obtain A\;A; = det(Y"). This implies that A; = Ay for i = 2, 3. We conclude that Y[A4;, As] =
A1[A1, Ag]. Since the matrix [A;, A3] € GL(2, R), it follows that Y = A, 1. O

4. A proof of Theorem 1.1

We will prove a slightly general theorem which holds for compact oriented pseudo 3-manifolds
(M, T). The main idea of the proof is based on the methods developed in [13, 15, 17, 19] which
construct a pseudo-developing map and the holonomy associated to a solution to Thurston’s
equation over C.

Let M* be M with a small regular neighbourhood of each vertex removed and let 7* be the
ideal triangulation {s N M*|s € T} of the compact 3-manifold M*.
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THEOREM 4.1. Suppose that (M, T) is a connected triangulated pseudo 3-manifold with
OM = () and R is a commutative ring with identity so that Thurston’s equation on T is solvable
in R. Then each edge e € T* lifts to an arc in the universal cover M* of M* joining different
boundary components of M*. Furthermore, if M is a closed connected 3-manifold so that there
exists an edge e having the same end point, then there exists a representation of w1 (M) into
PGL(2, R) sending the loop [e] to a non-identity element.

4.1. Definition of a pseudo-developing map

Let m : M* — M* be the universal cover and 7 be the pull-back of the ideal triangulation 7*
of M* to M*. We use A and [J to denote the sets of all normal triangle types and quads in
T, respectively. The sets of all normal triangle types and quads in 7* are the same as those
of 7 and will still be denoted by A and [J. The covering map 7 induces a surjection 7, from
A and O to A and O, respectively, so that ,(dy) = 7, (dz) if and only if d; and dy differ by a
deck transformation element.

Suppose z : [0 — R solves Thurston’s equation on 7 and z : 0 — R* is an associated solution
to HTE constructed by Lemma 2.4. Let w: O — PR! be the map w(q) = [2(¢), —z(¢")]*,
where ¢ — ¢'. Let & = z7,, 2 = 2w, and @ = wm, be the associated maps defined on LJ. By the
construction, # and Z are solutions to Thurston’s equation and HTE on 7.

DEFINITION 4.2 (See [13, 15, 17, 19]). Given a solution z to Thurston’s equation on
(M,T), amap ¢: A — PR is called a pseudo-developing map associated to x if

(a) whenever ty,ts are two normal triangles in A sharing a normal arc, denoted by t; ~ t5
in the sequel, then ¢(t1) = ¢(t2),

(b) if t1,t2,t3,t4 are four normal triangles in a tetrahedron o, then {¢(t1),...,¢(t4)} is
admissible and the cross-ratio

[B(t1), d(t2); d(t3), P(ta)] = w(q), (8)

where t; — to — t3 — t4 determines the orientation of the tetrahedron o and ¢ C o is
the quad separating {t1,t2} from {t3,t4}.

The following theorem is the main result in this section, which implies Theorem 4.1.

THEOREM 4.3. Given any solution x to Thurston’s equation on a connected pseudo
3-manifold (M,T) with OM =, there exists a pseudo-developing map associated to x.
Furthermore, if ¢1 and ¢o are two pseudo-developing maps associated to x, then there exists
a unique A € GL(2, R) so that ¢ (t) = A¢s(t) for all t € A.

To prove it, we begin with a recall of Poincaré dual polyhedral decomposition of 7" and the
edge path groupoid.

4.2. Poincaré dual and edge paths

The Poincaré dual polyhedral decomposition X of the ideal triangulation T is a CW complex
defined as follows. Each simplex s € 7®*) of dimension k >1 corresponds to a (3 — k)-
dimensional (polyhedral) cell D(s) in X so that for each tetrahedron o € 7(®) the intersection
D(s) N o is the convex hull (in the natural linear structure on o) of the barycentres of simplexes
T < o with 7 > s. We use |X| to denote the geometric realization of X and consider it as a
subset of M*. By the construction, for each tetrahedron o, o N |X| is a strong deformation
retract of o; see Figure 2. Therefore, |X| is a strong deformation retract of M~. In particular,
| X | is simply connected.
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FIGURE 2 (colour online). Poincaré dual decomposition in each tetrahedron.

For an oriented edge e in X, we use orig(e) and end(e) to denote its starting and ending
vertices, respectively, and use e~! to denote the edge with the reversed orientation. An edge
path v in X is a finite sequence of oriented edges ey, ..., e, so that orig(e;+1) = end(e;). We
write 7 = ey - - - e,; call orig(er) and end(e,,) the starting and ending points of v and denote
them by orig(y) and end(y), respectively. The constant edge path (that is, n = 0) consists of
a single vertex v with orig(v) = end(v) = v. If orig(y) = end(y), then ~ is called an edge loop
based at orig(7y). The inverse of v is the edge path e;le ', - -62_161_1, denoted by y~1. If
0 =dy---dy, is another edge path starting at orig(d;) = end(7), then we define the product
of v and § to be the edge path v = ey ---e,dy - - - dp,. Suppose that f is a 2-cell in X; we use
Of = e1--- ek to denote a boundary edge loop of f where the initial edge e; and its orientation
are arbitrarily chosen.

DEFINITION 4.4. Two edge paths a and (3 in X are related by an elementary move, denoted

by a ~ g3, if one of the following holds:
(1) a=pyy ! or f=ayy™ !, or
(2) a=B6(0f)5 1t or B=ad(df)d~! for some 2-cell f in X.

A well-known fact from algebraic topology shows the following lemma.

LEMMA 4.5 (See [5]). Suppose « and (8 are two edge paths in a simply connected CW
complex X. Then the following two conditions are equivalent:

(1) orig(a) = orig(B) and end(a) = end(f3);
(2) there exists a sequence of edge paths a; = a, aa,...,a, = [ so that a; ~ a4 for all
indices 1.

Let X© be the set of all 0-cells in X. Fix a 0-cell o, € X(© and let P be the set of all edge
paths in X starting at o,.

COROLLARY 4.6. For a simply connected CW complex X, if F': P — Y is a function so that
whenever a ~ (3, F(a) = F(f3), then F(end(a)) = F(a) : X(© — Y is a well-defined function.
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Back to the Poincaré dual complex X, the 0O-cells can be identified with tetrahedra o €
T3, the oriented edges in X can be identified with the triple (01, f,02), where f € 7@ s a
triangular face adjacent to o1, o9 € T®) and oy is the starting vertex. A 2-cell D(e) in X dual
to an edge e € 7™ has the boundary edge loop of the form €; - - - €,, where n is the degree of
e, € = (04, fi,04i11), where f; > e and 0,41 = 01.

4.3. Construction of map ® : T®) — (PR)*

We will use Corollary 4.6 to define the map P by constructing ® : P — (PR')*. Label the
four normal triangle types in each tetrahedron o € 7®) by t,(0),t2(c), t3(c0) and t4(o) so that
ti1(0),t2(0),t3(0), ta(0) determine the orientation of o. Let the normal quad in o separating
{t1(0),t2(0)} from {t5(0),ts(o)} be q1(0).

For the initial tetrahedron o, let @w(q1(0.)) = [¢] € PR!. Define

ows= ([} L[ [ «vmr

By the construction, the cross-ratio of [1,0]%,[0,1]%,[1,1]%,[—b, —a]’ is w(q1(04)), that is, (8)
holds for ¢ (o).

By Lemma 2.4(b) and the fact that x solves Thurston’s equation, we have a,b,a — b € R*.
This shows that {[1,0]%,[0, 1], [1, 1], [~b, —a]'} is an admissible set.

Suppose ¥ = e1 - e, is an edge path so that ®(v) = (a1,az,as,as) € (PR')* is defined,
{a1,as,as3,a4} is admissible and e is an edge with orig(e) = end(y) = o1. We define ®(vye) as
follows. Let the edge e (in X) be (o1, f,02), where f € 7 and o; are tetrahedra adjacent
to f. Let the normal triangles in o7 (and o2) having a normal arc in f be ¢;,, t;,,t;, (and

Sj158js, Sjs iN 02) so that t;, ~ sj,, that is, ¢;, and s, share a common normal arc il?}”.zi)eﬁne
®(ve) = (b, ba, b3, by) € (PRY)* (10)

so that
bj, = ai, (11)

for k = 1,2,3 and the last entry b;, ({1,723, ja} = {1,2,3,4}) is determined by the cross-ratio
equation

[b1,b2; b3, b4] = w(q1(02))- (12)
Since {bj,,bj,,bj,} is admissible and w(qi(02)) = [c1,co]" satisfies ¢1,co,¢1 — c2 € R*, by
Proposition 3.6(a) there exists a unique bj, solving (12) so that {by,bs, b3, bs} is admissible.
Note that by (7) and (5), equation (12) implies that if g(o2) is any quad in o9 separating
{si,8;} from {sg, s;}, we have the cross-ratio equation

[bi, b3 bi, bi] = w(g(02)). (13)

By the initial condition (9) and above, we can define ® on any edge path starting at o.,.
The basic property of the function ® is the following lemma.

LEMMA 4.7. Suppose that v, are edge paths, e is an oriented edge and f is a 2-cell in X.
Assume all edge path multiplications are defined below. Then

(a) <I>(vee*1) = ®(v);

(b) (755 ) =2(y);

(c) @(v(9/))

(d) @( )

D(v);
v0(0f)071) = (7).

Proof. Part (a) follows from the definition (12) of ® and the uniqueness part of Proposi-
tion 3.6(a). Indeed, suppose ®(yee™ ') = (a},a}, as, a}). By definition, we have aj, = bj, = a;,,

S
I
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k=1,2,3. Now both cross-ratios [a},a},a},a}] = w(qi(01)) = [a1, a2, as,aq]. Therefore by
Proposition 3.6, all a; = a] for all i.

Part (b) follows from the induction. Write § = ey - - - e. If kK = 1, then the result follows from
part (a). Suppose it holds for k¥ — 1. Then, in the case of k, we have, by part (a),

-1 -1 - -1
O(yey---ep_1erey € - ey €1 ) =P(yer---ep_r1e, €5 €]

The right-hand side is ®(v) by the induction hypothesis.

Note by the same argument, part (d) follows from part (c¢) and part (b). It remains to prove
part (c).

Suppose the 2-cell f is the dual D(e) to an edge e € T of degree n so that the boundary
edge loop Of is €1€ - - - €, where ¢; = (0y_1, fi,04), [i > e, o, = 0 and end(y) = orig(e1) = op.
We will show that ®(yerea---€,) = D(7).

Let the end points of e be in the boundary components vy and vs, of M*.

Case 1. In the special case where the labelling of the normal triangles t;(o;) are such that:

(1) ti(04),ta2(03), t3(0;) have normal arcs in f;;

(2) t1(o;) is in vy and to(0;) 1S In Veo;

(3) ti(o) ~ ti(oi-1), t2(0i) ~t2(0i-1), ts(oi) ~ta(oi-1), i=0,1,2,...,n and o_1 =
On—1, 00 = On.

Let ®(vey €)= (a1,,a2;,as,,as;) € (PRY)* for i=1,...,n, ®(7)=(a1,0,a2,0,a3,0,a4,0)
and w(q1(0j)) = [¢j,d;]* € PR'. Our goal is to show ajo=a;, for i =1,2,3,4. By the
definition that ¢;(o;) separates t1(0;),t2(0;) from t3(0;),t4(o;) and that Z solves HTE, we
have the cross-ratio equation

[a1.4,a2,43a3,i, a4 = [ci, di]', i=0,1,...,n (14)

co = ¢y, dog = d,, and
ﬁci = ﬁdZ (15)
i=1 i=1

Now, by the construction a;; =a1,-1 and as; = az,;—1 and as; = aq,;—1 for i =1,...,n,
ay g, = aig,d2,n, = a2,0 and ago = g1

Choose A € GL(2, R) so that A sends (a1,0,a20) to ([1,0]*,[0,1]"). Then by a1, = a1,;—1
and az; = as;—1, we see that A sends (a1 4, a2,) to ([1,0]%,[0,1]*) for all i. For simplicity, if
D(8) = (x1, 22, x3,24), then we use AP() to denote (Axy, Axa, Axs, Axy). Replacing @ by
A® will not effect the cross-ratio equation (14) and ®(vy) = ®(ve; - - - €,) holds if and only if
A®(y) = AD(veq - - - €,). Therefore, we may assume, without loss of generality, that a; ; = [1,0]"
and as; = [0,1]". In this case, we have

1 0 x; Tia1 Ty Zo
P ceeg) = , , N and = .
el <M H H L/m]) {yn} [yo]
The cross-ratio equation (14) becomes

—Yir1Ti = ¢, and  —yiwip1 = d;.

Then identity (15) implies H?zl TilYir1 = H?zl y;iTir1. Therefore, y, 1121 = y12,41, that is,
[Tni1,Yns1]t = [x1,y1]" € PR, Together with [z,,yn]' = [10,%0], We have ®(yer---€,) =
(7).

Case 2. The general case of different labelling of the normal triangles in o; follows from the
case 1. Indeed, let ® be the function associated to the general labelling and ®( be the function
associated to the special labelling in case 1. For each o; (09 = 0,,), let 7; be the permutation of
{1,2,3,4} sending (1, 2,23, 24) to (Z,(1), Tr,(2)s T7,(3) Tr,(4)) Which rearranges the labelling
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of quads in o; so that, for¢ =0,1,...,n,
D(yerer---€;) = Ti®o(yere - - ).
Now
D(yerea - €n) = TnPo(Yer€2 -+ €n) = ThPo () = T0Po(y) = P(7),

where we have used case 1 in the second equality and 7,, = 7¢ in the third equality. ]

4.4. Proof of Theorem 4.3
By Corollary 4.6, we have the induced map ® : 73 — (PRY)%. Write

b(0) = (¢1(0), $2(0), $3(0), Pa()).
Define the map
¢: A — PR!

by ¢(ti(0)) = ¢i(0). We claim that ¢ is a pseudo-developing map.

Indeed, if t =t;(0) and t' =t;(c’) are two normal triangles sharing a common arc in
their boundary, that is, ¢ ~ ', let f be the common codimension-1 face of o and ¢’ which
contains the ¢ N¢. By definition, we have ®(0) = (¢1(0), ¢2(c), d3(0), d4(0)) and B(c’) =
(91(0"), p2(0"), d3(d’), pa(c”)). Using identity (11), we conclude that ¢(t) = ¢;(0) = ¢;(0’) =
¢(t'). This establishes condition (a) for pseudo-developing maps. The condition (b) for pseudo-
developing maps follows from (13) and the functional equations for solutions to HTE for @
and Corollary 3.3(d).

The uniqueness of the pseudo-developing map follows from the definition. Indeed, if ¢; and
¢- are two pseudo-developing maps associated to a solution z to Thurston’s equation, then,
by Proposition 3.6(b), there exists A € GL(2, R) so that, for all i =1,2,3,4,

P1(ti(0x)) = Ada(ti(o)).

By condition (a) of the definition of pseudo-developing maps, we see

P1(ti(0)) = Aga(ti(0))

holds for the three normal triangles t;, (o) in each tetrahedron ¢ which has a codimension-
1 face in common with o, and t;, (o) ~ t;, (0.). Now, by the cross-ratio equation (8) and
Proposition 3.6(b), we conclude that

$1(ti(0)) = Aga(ti(0))

fori=1,2,3,4.
Inductively and using the fact that M is connected, we see ¢1 = Agpo.

4.5. The holonomy representation

Suppose that z is a solution to Thurston’s equation on (M,7) in a ring R and ¢ : A — PR!
is an associated pseudo-developing map. Then there exists a homomorphism p: 71 (M*) —
PGL(2, R) so that, for all v € 71 (M™*), considered as a deck transformation group for the
universal cover , : M* — M *

() = p(7)o- (16)

We call p a holonomy representation of x. It is unique up to conjugation in PGL(2, R). Here is
the construction of p. Fix an element v € m(M*). By the construction, m (M*) acts on M*,
7*, A and O so that m.(vy) = m, for v € w1 (M*). This implies

[p(t1), B(t2); @(t3), p(ta)] = [B(vt1), p(vt2); B(Vt3), P(7ta)]
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for all normal triangles ¢4, ...,t4 in each tetrahedron o in T®) and

P(t(0)) = o(v(t(0)))

is a pseudo-developing map associated to x. By the uniqueness of the pseudo-developing map,
there exists an element p(y) € PGL(2, R) so that

Y(t(o)) = p(7)d(t(o)),
that is,
p(vt(o)) = p(v)o(t(o)).

Given 71,72 € m(M”), by definition, p(y172)¢ = ¢(1172) = p(11)d(v2) = p(11)p(12)¢ and
the uniqueness part of Proposition 3.6, we see that p(y172) = p(71)p(72), that is, p is a group
homomorphism from 71 (M*) to PGL(2, R). .

Note that the representation p is trivial if and only if ¢(yt) = ¢(t) for all t € A and
v € m(M*). In this case, the pseudo-developing map ¢ is defined on A — PR! so that
[6(t1), p(t2); @(t3), p(ta)] = [2(q'), —2(¢”)]*. This was the construction in Example 3.1. In
particular, the holonomy representations associated to solutions in Example 3.1 are trivial.

4.6. A proof of Theorem 4.1

Suppose otherwise that there exists an edge e € 7* whose lift in M* is an edge e* in 7 joining
the same boundary component of M*. Take a tetrahedron o containing e* as an edge and let
t1,ts,t3,t4 be all normal triangles in o so that ¢, to are adjacent to e*. By definition, the pseudo-
developing map ¢ : A — PR satisfies the condition that {¢(t1),...,¢(t4)} is admissible. In
particular, ¢(t1) # ¢(t2). On the other hand, since e* ends at the same connected component of
OM* which is a union of normal triangles related by sharing common normal arcs, there exists

a sequence of normal triangles s; = t1,82,...,8, =t in A so that s; ~ s;;31. In particular,
&(s;) = &(si+1). This implies that ¢(t1) = ¢(t2), contradicting the assumption that ¢(t1) #
(t2).

To prove the second part of Theorem 4.1 that M is a closed connected 3-manifold, we first
note that m (M™*) is isomorphic to w1 (M) under the homomorphism induced by inclusion. We
will identify these two groups and identify M* as a 7y (M )-invariant subset of the universal
cover M of M. If e is an edge in 7T ending at the same vertex vin 7, let v € m; (M, v) be the deck
transformation element corresponding to the loop e. We claim that p(v) # id in PGL(2, R).
Indeed, suppose that e* is the lifting of e. Then by the statement just proved, e* has two
distinet vertices u; and us in M and d(u1) # ¢(uz). By definition y(u1) = ug. It follows that
d(u2) = d(yu1) = p(y)d(u1). Since ¢(u1) # ¢(usz), we obtain p(vy) # id. This ends the proof.

5. A variational principle for solving homogeneous Thurston’s equation
over the real numbers

We show that solutions of the HTE are related to the critical points of a Boltzmann entropy
function of the form > | z; In|z;|.
5.1. Zs taut angle structures

Let us begin with the observation that if z : 0 — R is a solution to Thurston’s equation,
then the sign function s : 0 — {+1,—1} of z given by s(q) = sign(z(q)) satisfies the following
conditions:

(a) for each q € O, exactly one of s(q), s(¢’),s(q"”) is —1, and
(b) for each edge e € E, [, s(q) = 1.
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One defines a Zy taut angle structure on (M,7) to be a function s:0(7) — {+1,—1}
satisfying (a) and (b). Therefore, the existence of a Zy taut angle structure is a necessary
condition for solving Thurston’s equation over the real numbers. Fortunately, we have the
following lemma.

LEMMA 5.1 (Baseilhac-Benedetti [1]). For any triangulated closed pseudo 3-manifold
(M, T), there exists a Zy taut angle structure.

Indeed, Baseilhac—Benedetti proved a stronger result that each (M,7) has a Zs taut
structure which assigns each codimension-1 face of 7 a normal vector so that, in each
tetrahedron, there are exactly two normal vectors pointing inward. This later result can be
seen by taking the 4-valent dual graph of the triangulation 7 and orienting the edges of the
dual graph so that exactly two edges point towards each vertex. Now from Z, taut structure,
one constructs the associated Zo taut angle structure by assigning —1 to those quads ¢ facing
the edges that are adjacent to two codimension-1 faces with both outward (or both inwards)
normal vectors. In fact, a stronger result has been proved by Henry Segerman and us. Namely,
given any embedded normal surface S in (M, 7T), there exists a Zs taut angle structure s for
which the surface S is vertical, that is, all quads that appeared in S are assigned 1 in s.

5.2. The Boltzmann entropy
The Boltzmann entropy function Bol : RY — R is defined to be
Bol(z) = > «(q) In(|z(q)]),
qel

where 01n 0 = 0. To set up a variational framework, let us fix a Z taut angle structure s. Define
as:0—Rbyas(q) =1if s(q) = 1 and a,(q) = —2 if s(q) = —1. Define two non-empty closed
convex sets C' and W, as follows:

C = {z e RY|z(q)s(q) = 0,2(q) + z(¢) + z(¢") = 0, for all ¢ € O}, (17)
and
W, = {x eC Zx(q) = Zas(q),e € E} .

By the construction, «; is in the relative interior int(Ws) of W;. Let G be the restriction of
the Boltzmann function Bol to C' and F be the restriction of Bol to W,. Evidently F' = G|w..

THEOREM 5.2. For any closed triangulated pseudo 3-manifold (M, T),

(a) G is convex in C}

(b) if zy € int(Ws) is a critical point (that is, minimal point) of F on Wy, then z is a
solution to the HTE so that x¢(q) # 0 for all g;

(¢c) if xy € OW; is a minimal point of F' on W, then there exists a function | : E — R so
that, for all tetrahedra o which contain q,q’,q" with s(q) = —1,

exp (Zl(e)) > exp Zl(e) + exp Z le) |, (18)

e~q e~q’ e~q'’

that is, in the length [, each tetrahedron becomes a decorated ideal tetrahedron in the
anti-de Sitter space.
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Proof. To see the convexity of G, we write G(z) as >, crwe X, 2(q) In(|z(q)]), that
is, G(z) is the sum of function of the form ¢(z1,x2,z3) = Z?:l x; In(|z;|) defined on A =
{(w1,22,23) € R¥| w1 + 29 + v3 = 0,71, 22 > 0}. Thus it suffices to show that ¢ is convex in
A. This is the same as showing g(z1,22) = 21 Inx; + 23 lnxs — (21 + x2) In(z1 + x2) is convex

2
in {(x1,22) | 21,22 > 0}. Since the Hessian matrix of g is (1/x122(71 + 2 — 2)?) [ZT;Q 1;3202} )
1

which is semi-positive definite, the result follows.

To see (b), since xg € int(Ws), by definition xg(g) # 0 for all q. To check that zy solves
the HTE, we use the critical point equation. Recall that the tangent space of Wy at xg
can be identified with TAS = {v € RY|Vo € TG, dgcov(@) =0,Ve e E(T), >, . v(g) =0}
Therefore, for all v € TAS, (d/dt)|t=oF(p + tv) = 0. Now, for each edge e € E, define the vector
Ve : 0 — R by v, = que(q’)* —(¢")*, where ¢* : 0 — R is the map so that ¢*(¢) =1 and
q*(p) = 0 for p # q. It is well known that v, € T'AS; see, for instance, [11]. Thus, for each edge
e€ E(T),

d
0= —
dt

F(zo + tve) = Y (In(lzo(¢)] — In(|zo(q")))-

=0 de

Therefore

zo(q')
0(g")

On the other hand, by the assumption that zo(q)s(q) > 0 for all ¢ and that s is Zy taut angle

structure, we see that

sign (H xi?é//;) = sign (H S(ijg;) = sign (H s(q)> =1

q~e q~e

I1];

q~e

=1. (19)

Combining with (19), we see that [[, . zo(¢') =[,.(—z0(¢")). This shows that zo is a
solution to the HTE.

To see the last part (c), we need to use the following important theorem from convex
optimization. See, for instance, [2].

THEOREM 5.3. Suppose C C R" is convex, f: C — R is a convex function and h : R" —
R™ is an affine map so that there exists a point o € int(C) with h(a) =0. If 90 € D = {z €
C'| h(z) = 0} is a minimal point of f|p, then there exists yu € R™ so that

f(@) + (. W) = f(xo)

for all x € C, where (u,v) is the standard inner product of u,v in R™.

Take C to be given by (17), f = G and h : RY — R to be h(z)(e) = D oge(@(q) — as(q)) in
the above theorem. By the choice of a; € int(W), we have h(as) = 0. Therefore, there exists
a function [ : E — R so that, for all z € C,

— > " l(e)h(x)(e) > G(xo).
ecE
This is the same as
> a(@)n(lz()]) = Y Ue) D (x(q) — as(q) = Y zolg) n(Jzo(g)])-
qed e€E gr~e q
We can rewrite it as

> (@) In(lz(g)]) — 2(q) > i(e)] + (I, ko) (20)

oeT () g€o e~q



SOLVING THURSTON’S EQUATION IN A COMMUTATIVE RING 157

for some constant kg € R™. Since (20) holds for all 2 € C' which is a product of spaces A, this
shows, for all o € T() and for all z with >qco 2(g) =0 and z(q)s(q) = 0,

> a(g)In(jz(g))) = Y lle)x z0) + (1, ko). (21)

Due to the homogeneity that, for any A > 0,

> (a@) In(Az()]) = DD Ueda(g) =X | D x(g) n(lz(g)) = DY l(e)x

qeo qE€o e~q qeo qEo e~q

> z(g)In(lz(g))) =YY e (22)

qEo qEo e~q

for all z with x(g)s(¢) > 0 and >_ , x(q) = 0.
Now we use the standard Legendre—Fenchel duality for the function ¢(z1,x2,x3) defined on
A, that is, the following lemma (see [10, Lemma 2.7]).

we see (21) implies

LEMMA 5.4. Ifsln(s)+tIn(¢) — (s +t)In(s+t) = as + bt + ¢(—s — t) for all s,t > 0, then
€ > e + eb.

Applying this lemma to (22) with s = 2(¢’),t = z(¢") > 0, we obtain the result (18). O

Finally, we remark that the entropy function f(t)=tIn|t|: R — R satisfies a pentagon
relation (23) below. It suggests that one may produce a topological invariant of 3-manifolds
using triangulations and the Boltzmann entropy Bol. The quantum version of the pentagon
relation has been discovered recently by Kashaev, Vartanov and us in [9], which leads to a
construction of a topological quantum field theory.

LEMMA 5.5. Suppose ai,as,as,by,bs,b3 are real numbers so that Zl 1(a; +b;) =0,
T2, las| = [I2_, |bs| and all but one of ay, as, as, by, ba, bs are positive. Then, for f(t) = tIn |¢],

3 3
D flai+b) =) (flai) + F(bi)). (23)

The proof is a direct calculation and will be omitted. It also follows from the limiting case
of the pentagon relation for the Lobachevsky function — fé In |2 sin(u)| du.

6. A universal construction

Recall that (M, T) is a compact oriented triangulated pseudo 3-manifold. The boundary OM
of M is triangulated by the subcomplex 07 = {sNOM |s € T}. An edge in 7T is called interior
if it is not in 7. The goal of this section is to introduce the Thurston ring R(7) and its
homogeneous version Rp, (7).

We will deal with quotients of the polynomial ring Z[d] with ¢ € O as variables. As a
convention, we will use p € Z[O)] to denote its image in the quotient ring Z[]/Z.

The ‘ground’ ring in the construction is the following. Let o be an oriented tetrahedron so
that ¢ — ¢’ — ¢” are the three quads in it. Then the Thurston ring R(c) is the quotient of
the polynomial ring Z[q, ¢, ¢”] modulo the ideal generated by ¢'(1—¢q) — 1, ¢"(1 —¢') — 1,
and ¢(1 —¢") — 1. Note that this implies in R(o), ¢ =1/(1 —q) and ¢" = (¢ —1)/q and,
furthermore, R(0) & Z[z,1/x,1/(1 — z)], where z is an independent variable. Similarly, we
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defined Ry, (o) to be the quotient ring Z[q,q’,q"]/(q + ¢ + ¢"), where (¢ + ¢’ + ¢”) is the ideal
generated by g + ¢’ + ¢”’. Note that Ry (0)(0) = Z[z, y] the polynomial ring in two independent
variables.

Recall that the tensor product Ry ® Rs of two rings Ry and Rs is the tensor product of Ry
and Ry considered as Z algebras.

DEFINITION 6.1. Suppose that (M,7) is a compact oriented pseudo 3-manifold. The
Thurston ring R(7) of 7 is the quotient of the tensor product ®,c7@e R(0) modulo the
ideal generated by elements of the form W, — 1, where W, =[] groe 4 for all interior edges e.
The homogeneous Thurston ring Ry (7) is the quotient of ®,c7@ Ri(o) modulo the ideal
generated by elements of the form U =[] . ¢ —[[,.(—¢"), ¢ = ¢ — ¢", for all interior
edges e. The element W, = Hqu q is called the holonomy of the edge e.

By the construction, given a commutative ring R with identity, Thurston’s equation on 7°
is solvable in R if and only if there exists a non-trivial ring homomorphism from R(7) to R.
Therefore, Theorem 1.1 can be stated as follows.

THEOREM 6.2. Suppose that (M, T) is a triangulated closed connected 3-manifold so that
one edge in T is a loop. If R(T) # {0}, then w1 (M) # {1}.

Note that R(7) is also the quotient Z[(J]/Z, where Z is the ideal generated by ¢'(1 — ¢) — 1
for ¢ — ¢’ and W, — 1 for interior edges e, and R (7) is the quotient of Z[O]/Z},, where Zj
is the ideal generated by ¢+ ¢’ + ¢’ for ¢ — ¢’ — ¢ and U, for interior edges e. We remark
that if there is ¢ € O so that ¢ = 0 in R(7), then R(7) = {0}. Indeed, in this case the identity
element 1 =1 — ¢(1 — ¢”) is in the ideal Z, therefore R(7) = {0}. In particular, if 7 contains
an interior edge of degree 1 (that is, adjacent to only one tetrahedron), then R(7) = {0}.

The relationship between R(7) and R (7) is summarized in the following proposition. To
state it, recall that if S is a multiplicatively closed subset of a ring R, then the localization
ring Rg of R at S is the quotient R x S/ ~, where (r1,s1) ~ (12, s2) if there exists s € S so
that s(r182 —7251) = 0. If 0 € S, then Rg = {0}.

PROPOSITION 6.3. Let S ={q1 - ¢m|q € O} be the multiplicatively closed subset of
all monomials in O in Rp(7T). Then there exist a natural injective ring homomorphism F :
R(T) — Rin(T)s and a surjective ring homomorphism G : Ry(T)s — R(T) so that GF = id.
In particular, R(T) = {0} if and only if R,(T)s = {0}.

Proof. Define a ring homomorphism F : Z[0] — Rx(7T)s by F(q) = —¢'/q" where ¢ —
¢ — ¢". We claim that F(Z) = {0} and thus F induces a homomorphism, still denoted by
F, from R(T) to Rp(7T)s. The generators of Z are ¢'(¢ —1) — 1 and W, — 1. If ¢ — ¢’ — ¢”,
then F(¢'(1-¢q¢)—1)=—=(¢"/9)(1+¢'/¢")—1=—(¢+¢ +¢")/q=0. For an interior edge
e F([ljmed—1) = (U] e (=0") T ue ¢ — [1 e(—¢")) = 0. To construct the inverse of F,
we define G : Z[] — R(7) as follows. For each tetrahedron o containing ¢; — g2 — g3 where
q1 is specified, define G(¢q1) =1 — ¢1,G(g2) = ¢1,G(g3) = —1 in R(7). By the construction,
we have G(q) = —¢"G(¢'), G(¢') = —qG(¢") and G(¢") = —¢'G(q) for ¢ — ¢' — ¢" in U and
> _qco G(g) =0 for each tetrahedron . We claim that G(Z),) = {0}, that is, G induces a
ring homomorphism, still denoted by G : Rp(7) — R(7T). Indeed, we have just verified the
first equation associated to each o € 7. For the second type of equation, given any interior
edge e, due to G(g) = ~aGla"), G, @ — e (—0") = [0 G(@) — [T, (~G(a")) =
([jme(=G(@" NI e @ — 1] = 0. Note that by the construction of R(T), for ¢ € L, then g and
1 — g are invertible in R(7) with inverses 1 — ¢” and ¢’ where ¢ — ¢’ — ¢”. From the above
calculation, we see that G induces a homomorphism from Ry (7)g — R(T). To check GF = id,



SOLVING THURSTON’S EQUATION IN A COMMUTATIVE RING 159

it suffices to see that GF(q) = ¢ for ¢ € O. Let ¢ — ¢’ — ¢, where G(¢") = -1, G(¢') = ¢
and G(q) =1—q=—qq". Then GF(q) = G(—¢'/q") = —q/(-1) =q, GF(¢') = ( q"/q) =
1/(1 —q)=¢ and GF(¢") = G(—q/q) = (¢—1)/a=1".

To see the last statement, if R,(7)s = {0}, then R(7) = {0} since F is injective. On the
other hand, if R(7) = {0}, then we claim that ¢ = 0 in Rp(7) for some ¢ € . Indeed, if not,
then due to F(q) = —¢'/q" # 0, we see that ¢ # 0 in R(7). This contradicts the assumption.
Therefore, the multiplicatively closed set S contains 0. Hence Ry (7)s = {0}. O

Note that if 77 is obtained from 7 by a 2 — 3 or 0 — 2 move, then there exists a natural
ring homomorphism from R(7") to R(7"’).

7. Example of solving Thurston’s equation in finite rings

Suppose that (M, 7) is a closed oriented pseudo 3-manifold and R is a commutative ring with
identity and = : 0 — R solves Thurston’s equation. If p is a prime number, let Fj,» be the finite
field of p™ elements.

EXAMPLE 7.1. For R = F3, then z : 0 — F3 — {0,1} is the constant map x(¢) = 2. Thus,
as mentioned in § 1.1, Thurston’s equation is solvable if and only if each edge has even degree.

EXAMPLE 7.2. For R=F;=1{0,1,2,3,4}, we are looking for x:0 — {2,3,4}. Due
to 1/(1—-2)=4,1/(1-4)=3,4=223=2% so that 2 =1, we can write z(q) = 2*(%
where z € {1,2,3}. Thus Thurston’s equation is solvable if and only if, for ¢ — ¢’ — ¢”,
(2(9),2(¢'), 2(¢")) € {(1,2,3),(2,3,1),(3,1,2)} so that, for each edge e, >°, _, 2(¢) =0 mod 4.

EXAMPLE 7.3. For R= Fy> = {0,1,a,b} where b=a+ 1 = a? and a® = 1, we have 1/(1 —
a) = a and 1/(1 — b) = b. By writing solution = of Thurston’s equation as z(q) = a*(9 where
z(q) € {1,2}, we see that z(q) = z(¢’) if ¢ — ¢’. Therefore, Thurston’s equation is solvable if and
only if there is z : T(3) — {1,2} so that, for each edge e, |[{c € T®)|o > e, 2(c) = 1}| + 2|{c €
TO)o >e,2(0) =2} =0 mod 3.

EXAMPLE 7.4. For the field Fy, write x(¢) =3*@. Then Thurston’s equation
is solvable if and only if z:0—{1,2,3,4,5} satisfies that (2(q),2(¢),2(¢")) €
{(1,1,1),(5,5,5),(2,3,4),(3,4,2),(4,2,3)} when ¢q— ¢ —¢” and, for each edge e,
> gme #(@) =0 mod 6.

ExAMPLE 7.5. For the ring Z/9Z (not Fj32), since a solution z(g) must satisfy z(q)
and z(q) — 1 are invertible, we conclude that z(q) € {2,5,8} = {2,2%,23}. Write z(q) =
2%(4) Therefore, Thurston’s equation is solvable if and only if there is z:0 — {1,3,5}
so that (z2(q),2(¢'),2(¢")) € {(1,3,5),(3,5,1),(5,1,3)} if ¢ — ¢ — ¢” and, for each edge e,
> ge #(@) =0 mod 6. This implies that the degree of each edge must be even.

EXAMPLE 7.6. For the ring Z/15Z, the same argument as in Example 6.5 shows that
Thurston’s equation is solvable if and only if z : 0 — {2,8,14} satisfies (x(q), z(¢'), z(¢")) €
{(2,14,8),(14,8,2),(8,2,14)} if ¢ — ¢’ — ¢” and, for each edge ¢, [[,.. z(¢) =0 mod 15.
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