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Poincaré has posed the problem as to whether every simply connected
closed 3-manifold (triangulated) is homeomorphic to the 3-sphere, see [18]
for example. This problem, still open, is usually called Poincaré’s conjec-
ture. The generalized Poincaré conjecture (see [11] or [28] for example)
says that every closed n-manifold which has the homotopy type of the n-
sphere S™ is homeomorphic to the n-sphere. One object of this paper is
to prove that this is indeed the case if » = 5 (for differentiable manifolds
in the following theorem and combinatorial manifolds in Theorem B).

THEOREM A. Let M" be a closed C~ manifold which has the homotopy
type of S*, m = 5. Then M" is homeomorphic to S™.

Theorem A and many of the other theorems of this paper were announ-
ed in [20]. This work is written from the point of view of differential
topology, but we are also able to obtain the combinatorial version of Theo-
rem A.

THEOREM B. Let M" be a combinatorial manifold which has the homo-
topy of S™, n = 5. Then M" is homeomorphic to S™.

J. Stallings has obtained a proof of Theorem B (and hence Theorem A)
for » = 7 using different methods (Polyhedral homotopy-spheres, Bull.
Amer. Math. Soc., 66 (1960), 485-488).

The basic theorems of this paper, Theorems C and I below, are much
stronger than Theorem A.

A nice function f on a closed C=~ manifold is a C~ function with non-
degenerate critical points and, at each critical point 3, f(8) equals the in-
dex of 8. These functions were studied in [21].

THEOREM C. Let M" be a closed C*~ manifold which is (m — 1)-con-
nected, and n = 2m, (n, m) # (4, 2). Then there is a nice function f on
M with type numbers satisfying My = M, = 1 and M; = 0 for 0<i1<m,
n—m<t<n.

Theorem C can be interpreted as stating that a cellular structure can
be imposed on M™ with one 0-cell, one n-cell and no cells in the range
o<i<m,n — m<i<n. We will give some implications of Theorem C.

*The author is an Alfred P. Sloan Fellow.
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First, by letting m = 1 in Theorem C, we obtain a recent theorem of
M. Morse [13].

THEOREM D. Let M™ be a closed connected C= manifold. There exists
a (nice) non-degenerate function on M with just one local mazimum
and one local minimum.

In §1, the handlebodies, elements of #(n, k, s) are defined. Roughly
speaking if He H(n,k,s), then H is defined by attaching s-disks, k in
number, to the n-disk and ‘‘thickening’’ them. By taking n = 2m + 1
in Theorem C, we will prove the following theorem, which in the case of
3-dimensional manifolds gives the well known Heegard decomposition.

THEOREM F. Let Mbe a closed C~ (2m + 1)-manifold which is (m—1)-
connected. Then M =HUH', HNH' = 6H = 6H' where H, H' ¢
H(2m + 1, k, m) are handlebodies (0V means the boundary of the mani-
fold V).

By taking n = 2m in Theorem C, we will get the following.

THEOREM G. Let M*™ be a closed (m—1)-connected C = manifold, m+2.
Then there is a nice function on M whose type numbers equal the cor-
responding Betti numbers of M. Furthermore M, with the interior of
a 2m-disk deleted, is a handlebody, an element of H(2m, k, m) where k
1s the m™ Bettt number of M.

Note that the first part of Theorem G is an immediate consequence of
the Morse relation that the Euler characteristic is the alternating sum of
the type numbers [12], and Theorem C.

The following is a special case of Theorem G.

THEOREM H. Let M*™ be a closed C= manifold m + 2 of the homotopy
type of S*™. Then there exists on M a non-degenerate function with one
maximum, one minimum, and no other critical point. Thus M is the
union of two 2m-disks whose intersection is a submanifold of M, diffeo-
morphic to S*™ 1, ‘

Theorem H implies the part of Theorem A for even dimensional homo-
topy spheres.

Two closed C= oriented n-dimensional manifolds M, and M, are J-equiv-
alent (according to Thom, see [25] or [10]) if there exists an oriented
manifold V with 8V diffeomorphic to the disjoint union of M, and — M,,
and each M; is a deformation retract of V.

THEOREM 1. Let M, and M, be (m — 1)-comnnected oriented closed
C= (2m+1)-dimensional manifolds which are J-equivalent, m +1. Then
M, and M, are diffeomorphic.
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We obtain an orientation preserving diffeomorphism. If one takes M,
and M, J-equivalent disregarding orientation, one finds that M, and M,
are diffeomorphic.

In studying manifolds under the relation of J-equivalence, one can use
the methods of cobordism and homotopy theory, both of which are fairly
well developed. The importance of Theorem I is that it reduces diffeo-
morphism problems to J-equivalence problems for a certain class of mani-
folds. It is an open question as to whether arbitrary J-equivalent
manifolds are diffeomorphic (see [10, Problem 5])(Since this was written,
Milnor has found a counter-example).

A short argument of Milnor [10, p. 33] using Mazur’s theorem [7] ap-
plied to Theorem I yields the odd dimensional part of Theorem A. In fact
it implies that, if M*™*' is a homotopy sphere, m # 1, then M*™*' minus
a point is diffeomorphic to euclidean (2m+ 1)-space (see also [9, p. 440]).

Milnor [10] has defined a group 4" of C~ homotopy n-spheres under
the relation of J-equivalence. From Theorems A and I, and the work of
Milnor [10] and Kervaire [5], the following is an immediate consequence.

THEOREM J. If m is odd, n + 3, " is the group of classes of all dif-
ferentiable structures on S™ under the equivalence of diffeomorphism.
For n odd there are a finite number of differentiable structures on S™.
For example:

n ‘3]5 7|9 11 13[15

Number of Differentiable
Structures on S”

0 0 28 8 992 3 ‘ 16256

Previously it was known that there are a countable number of differen-
tiable structures on S for all » (Thom), see also [9, p. 442]; and unique
structures on S” for n < 3 (e.g., Munkres [14]). Milnor [8] has also es-
tablished lower bounds for the number of differentiable structures on S*
for several values of n.

A group I'" has been defined by Thom [24] (see also Munkres [14] and
Milnor [9]). This is the group of all diffeomorphisms of S*~' modulo those
which can be extended to the n-disk. A group A" has been studied by
Milnor as those structures on the n-sphere which, minus a point, are dif-
feomorphic to euclidean space [9]. The group I'" can be interpreted (by
Thom [22] or Munkres [14]) as the group of differentiable structures on S”
which admit a C= function with the non-degenerate critical points, and
hence one has the inclusion map 4: I'" — A" defined. Also, by taking J-
equivalence classes, one gets a map p: A" — 9.
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THEOREM K. With notation as in the preceding varagraph, the follow-
ng sequences are exact:

(@) A" H—0, n=+3,4
() m—5A"—50, rnmeven=4
) 0— A" 59", nodd + 3.

Hence, if n is even, n #+ 4, I'" = A" and, if % is odd = 3, A" = (",
Here (a) follows from Theorem A, (b) from Theorem H, and (¢) from
Theorem 1.

Kervaire [4] has also obtained the following result.

THEOREM L. There exists a manifold with no differentiable structure
at all.

Take the manifold W, of Theorem 4.1 of Milnor [10] for £ = 8. Milnor
shows W, is a homotopy sphere. By Theorem A, 8 W, is homeomorphic
to S". We can attach a 12-disk to W, by a homeomorphism of the bound-
ary onto @ W, to obtain a closed 12 dimensional manifold M. Starting with
a triangulation of W, one can easily obtain a triengulation of M. If M
possessed a differentiable structure it would be almost parallelizable, since
the obstruction to almost parallelizability lies in H (M, (SO (12)))=0. But
the index of M is 8 and hence by Lemma 8.7 of [10] M cannot possess any
differentiable structure. Using Bott’s results on the homotopy groups of
Lie groups [1], one can similarly obtain manifolds of arbitrarily high di-
mension without a differentiable structure.

THEOREM M. Let C*™ be a contractible manifold, m+2, whose bound-
ary is simply connected. Then C*™ is diffeomorphic to the 2m-disk. This
tmplies that differentiable structures on disks of dimension 2m, m = 2,
are unique. Also the closure of the bounded component C of a C= im-
bedded (2m — 1)-sphere in euclidean 2m-space, m + 2, is diffeomorphic
to a disk.

For these dimensions, the last statement of Theorem M is a strong
version of the Schoenflies problem for the differentiable case. Mazur’s
theorem [7] had already implied C was homeomorphic to the 2m-disk.

Theorem M is proved as follows from Theorems C and I. By Poincaré
duality and the homology sequence of the pair (C, 8C), it follows that 6C
is a homotopy sphere and J-equivalent to zero since it bounds C. By
Theorem I, then, 0C is diffeomorphic to S*. Now attach to C* a 2m-disk
by a diffeomorphism of the boundary to obtain a differentiable manifold
V. One shows easily that V is a homotopy sphere and, hence by Theorem
H, Vis the union of two 2m-disks. Since any two 2m sub-disks of V are
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equivalent under a diffeomorphism of V (for example see Palais [17]), the
original C*™ C V must already have been diffeomorphic to the standard
2m-disk.

To prove Theorem B, note that V = (M with the interior of a simplex
deleted) is a contractible manifold, and hence possesses a differentiable
structure [Munkres 15]. The double W of V is a differentiable manifold
which has the homotopy type of a sphere. Hence by Theorem A, Wis a
topological sphere. Then according to Mazur [7], 8V, being a differentiable
submanifold and a topological sphere, divides W into two topological cells.
Thus V is topologically a cell and M a topological sphere.

THEOREM N. Let C*™, m + 2, be a contractible combinatorial manifold
whose boundary is simply connected. Then C*™ is combinatorially equiv-
alent to a simplex. Hence the Hauptvermutung (see [11]) holds for
combinatorial manifolds which are closed cells in these dimensions.

To prove Theorem N, one first applies a recent rosult of M. W. Hirsch
[3] to obtain a compatible differentiable structure on C*™. By Theorem
M, this differentiable structure is diffeomorphic to the 2m-disk D*". Since
the standard 2m-simplex ¢°™ is a C' triangulation of D**, Whitehead’s
theorem [27] applies to yield that C*™ must be combinatorially equivalent
to o™,

Milnor first pointed out that the following theorem was a consequence
of this theory.

THEOREM O. Let M™, m # 2, be a combinatorial manifold which has
the same homotopy type as S*™. Then M*™ is combinatorially equivalent
to S*™. Hence, in these dimensions, the Hauptvermutung holds for
spheres.

For even dimensions greater than four, Theorems N and O improve
recent results of Gluck [2].

Theorem O is proved by applying Theorem N to the complement of the
interior of a simplex of M*™,

Our program is the following. We introduce handlebodies, and then
prove ‘‘the handlebody theorem’’ and a variant. These are used together
with a theorem on the existence of ‘‘nice functions’’ from [21] to prove
Theorems C and I, the basic theorems of the paper. After that, it re-
mains only to finish the proof of Theorems F and G of the Introduction.

The proofs of Theorems C and I are similar. Although they use a fair
amount of the technique of differential topology, they are, in a certain

sense, elementary. It is in their application that we use many recent re-
sults.
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A slightly different version of this work was mimeographed in May
1960. In this paper J. Stallings pointed out a gap in the proof of the
handlebody theorem (for the case s=1). This gap happened not to affect
our main theorems.

Everything will be considered from the C= point of view. All imbed-
dings will be C=. A differentiable isotopy is a homotopy of imbeddings
with continuous differential.

Er={x = (2, -, @)}, 2| = (25, @),
D*={xeE"|||x| =1},0D" =S""'={xeE"|||z] =1};
D? ete. are copies of D™,
A. Wallace’s recent article [26] is related to some of this paper.

1. Let M" be a compact manifold, @ a component of 8M and

fioDixDv — Q1= 1,--,k
imbeddings with disjoint images, s = 0, n > s. We define a new compact
C= manifold V = y(M, Q; f., -+ +, f; 8) as follows. The underlying topo-
logical space of V is obtained from M, and the D:x D* * by identifying
points which correspond under some f;. The manifold thus defined has a
natural differentiable structure except along corners 8D:x 8D** for each
1. The differentiable structure we put on V is obtained by the process
of ‘‘straightening the angle’’ along these corners. This is carried out in
Milnor [10] for the case of the product of manifolds W, and W, with a
corner along 6 W, x @ W,. Since the local situation for the two cases is es-
sentially the same, his construction applies to give a differentiable struc-
ture on V. He shows that this structure is well-defined up to diffeomor-
phism.

If @ = 9M we omit it from the notation y(M, Q; f,, « -+, fi; ), and we
sometimes also omit the s. We can consider the ‘“handle’” Dix D *cC V
as differentiably imbedded.

The next lemma is a consequence of the definition.

(1.1) LEMMA. Let f;: 0D;x D} *—Q and f!: 0D;x D *—Q, i=1,--+,k
be two sets of imbeddings each with disjoint images, Q, M as above.
Then (M, Q; f1,+++, fr; ) and x(M, Q; f1,+++, fi; 8) are diffeomorphic if

(a) there is a diffeomorphism h: M — M such that f! = hf;, i =1,---,
k; or

(b) there exist diffeomorphisms h;: D* x D** — D* x D" * such that
fi=fhi,i =1, k;or

(c) the fi are permutations of the f;.

If V is the manifold (M, Q; f1,+ - -, fi; 5), wesay ¢ = (M, Q; f1,* * +, fe; S)
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is a presentation of V.

A handlebody is a manifold which has a presentation of the form
(D*; fiy +++, fi; 8). Fixing n, k, s the set of all handlebodies is denoted by
H(n, k,s). For example, H(n, k, 0) consists of one element, the disjoint
union of (k+1) n-disks; and one can show (2, 1, 1) consists of S*x I and
the Mobius strip, and (8, k, 1) consists of the classical handlebodies [19;
Henkelkorper], orientable and non-orientable, or at least differentiable
analogues of them. The following is one of the main theorems used in
the proof of Theorem C. An analogue in § 5 is used for Theorem I.

(1.2) HANDLEBODY THEOREM. Let m = 2s + 2 and, iof s =1, n = 5;
let He J(n, k,s), V=y(H;f, -+, fris+1),and (V) =0. Also, if
s =1, assume m(X(H; f1, +++, fr-1:2) =1. Then VeH(n,r — k,s + 1).
(We do not know if the special assumption for s = 1 is necessary.)

The next three sections are devoted to a proof of (1.2).

2. Let G, =G,(s) be the free group on r generators D,,---, D, if s=1,
and the free abelian group on r generators D,, -+, D, if s > 1. If ¢ =
(M, Q; f1, ++-, fr; s + 1) is a presentation of a manifold V, define a homo-
morphism f,: G, — 7(Q) by f.(D;) = ®;, where @, € 7(Q) is the homotopy
class of f;: 8D**' x 0—Q, the restriction of fi. To take care of base points
in case m,(Q) + 1, we will fix ,€0D°*'x0, y, € Q, Let U be some cell
neighborhood of ¥, in Q, and assume fi(x,) ¢ U. We say that the homomor-
phism f, is induced by the presentation o.

Suppose now that F': G, — 7(Q) is a homomorphism where Q is a com-
ponent of the boundary of a compact n-manifold M. Then we say that a
manifold V realizes F' if some presentation of V induces F. Manifolds
realizing a given homomorphism are not necessarily unique.

The following theorem is the goal of this section.

(2.1) THEOREM. Let n = 2s + 2, and if s =1,n=5; let 0 = (M, Q;
Ji 2+, fr; s+ 1) be a presentation of a manifold V, and assume m(Q) =
1 of m =2s+2. Then for any automorphism a: G, — G,, V realizes
fo.

Our proof of (2.1)is valid for s = 1, but we have application for the
theorem only for s > 1. For the proof we will need some lemmas.

(2.2) LEMMA. Let Q be a component of the boundary of a compact
manifold M" and f,: 8D°x D"* — Q an imbedding. Let f,: 8D*x0 — Q
be an imbedding, differentiably isotopic in Q to the restriction f, of f,
to 0D*x0. Then there exists an imbedding f,: 0D*x D" *— Q extending
f» and a diffeomorphism h: M — M such that hf, = f,.
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PROOF. Let f;:0D° x 0 » Q,1 <t <2, be a differentiable isotopy be-
tween f, and f,. Then by the covering homotopy property for spaces of
differentiable imbeddings (see Thom [23] and R. Palais, Comment. Math.
Helv. 34 (1960)), there is a differentiable isotopy F,:8D°*x D" *— @,
1<t <2, with F, = f, and F, restricted to 8D*x 0 = f,. Now by apply-
ing this theorem again, we obtain a differentiable isotopy G,: M — M,
1 <t <2, with G, equal the identity, and G, restricted to image F; equal
F,F*. Then taking h = G;*, F, satisfies the requirements of f, of (2.2);
iLe., hf, = G;'F, = F\F;'F, = fi.

(2.3) THEOREM (H. Whitney, W.T. Wu). Let n = max (2k+ 1, 4) and
f, g: M* — X" be two imbeddings, M closed, M connected and X simply
connected if n = 2k + 1. Then, if f and g are homotopic, they are dif-
ferentiably isotopic. ~

Whitney [29] proved (2.3) for the case n = 2k + 2. W.T. Wu [30] (us-
ing methods of Whitney) proved it where X" was euclidean space, n =
2k + 1. His proof also yields (2.3) as stated.

(2.4) LEMMA. Let Q be a component of the boundary of a compact
manifold M», n =2s + 2 and if s=1,n=5, and 7(Q) =1 if n =
2s+ 2. Let f,: 8D x D" ' —Q be an imbedding, and f,: 0D**'x0—Q
an imbedding homotopic in Q to f,, the restriction of f,to 8D***x0. Then
there exists an imbedding f,: 0D**' x D" — Q extending f» such that
(M, Q: f,) is diffeomorphic to (M, Q; f1)-

Proor. By (2.3), there exists a differentiable isotopy between f: and
Fo Apply (2.2) to get f,: 8D**' x D"~ — Q extending f,, and a diffeo-
morphism h: M — M with & f, = f.. Application of (1.1) yields the de-
sired conclusion.

See [16] for the following.

(2.5) LEMMA (Nielson). Let G be a free group on r-generators

{D,, -+, D,}, and A the group of automorphisms of G. Then S is gen-
erated by the following automorphisms:
R: D, — D', D,— D, 1>1
T:D —D, D —D, D;— D, F#ELIFLT=2,00,7T
S: D, — D,D,, D,— D, 1> 1.

The same is true for the free abelian case (well-known).

It is sufficient to prove (2.1) with « replaced by the generators of A of
(2.5).

First take @ = R. Let h: Ds*'x D" *' — D***x D"*~! be defined by
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h(x, y) = (r, x, y) where r: D**' — D**' is a reflection through an equa-
torial s-plane. Thenlet f! =fh. If ' = (M, Q; f1, fo =+, fr; s +1), x(0")
is diffeomorphic to ¥V by (1.1). On the other hand x(¢’) realizes f, = f.a.

The case a = T; follows immediately from (1.1). So now we proceed
Wi the Bl A G Wi = Q.

Define V; to be the manifold y(M, Q; f,, -+, fr; s + 1) and let Q, €V,
be @, =0V, — (0M—Q). Let p,em(Q),i=1, ---, r denote the homotopy
class of f;: 9D x 0 — @, the restriction of f;. Let v: 7(Q N @) — 7,(Q)

and B: 7(Q NQ,) — 7(Q,) be the homomorphisms induced by the respec-
tive inclusions.

(2.6) LEMMA. With notations and conditions as above, @, € ¥ Ker 8.

ProOF. Let g €0D;* ! and 4r: 8D;" x ¢ — QN Q, be the restriction of
f,. Denote by ¥ € 7(Q N Q,) the homotopy class of y. Since 4 and f, are
homotopic in @, Y4 = ®,. On the other hand By =0, thus proving (2.6).

By (2.6),let ¥ € 7,(Q N Q,) with vy = ¢, and By = 0. Let g =y ++
(or y¥ in case s = 1; our terminology assumes s>1) where y € 7,(Q N Q,)
is the homotopy class of f: 0D:"'x0 — QNQ,. Let g:0D*"'x0—Q N @,
be an imbedding realizing g (see [29]).

If n = 2s + 2, then from the fact that 7,(Q) = 1, it follows that also
7(Q,) = 1. Then since § and f, are homotopic in Q,, i.e., Bg = By, (2.4)
applies to yield an imbedding e: 8D**' x D"*~'—@), extending g such that
2 Vi, Qy; e) and x(V,, Q;; f1) are diffeomorphic.

On one hand V = x(V, Q; f1,---, fy) = (V3 Q; f1) and, on the other
hand, x(V, Q; e, f3, -+, f+) = x(V,, Q; €), so by the preceding statement,
Vand x(V, Q; e, fs,+++, f,) are diffeomorphic. Since vg=¢,+9,, foa(D,)=
fo(Dy + D,) = g, + 0o, fo(D) = 9Dy = g1 + 9, fo® = [or, where ¢’ =
(V,Q; e, fs -+, fy). This proves (2.1).

3. The goal of this section is to prove the following theorem.

(8.1) THEOREM. Let m = 2s + 2 and, tf s =1,n = 5. Suppose H €
I(n, k,s). Then given r =k, there exists an epimorphism 9:G, —
w(H) such that every realization of g is in H(n,r — k, s + 1).

For the proof of 3.1, we need some lemmas.

(8.2) LEMMA. If H(n,k,s) then w(H) is

(a) a set of k + 1 elements if s =0,

(b) a free group on k generators if s =1,

(¢) a free abelian group on k generators if s > 1.
Furthermore if n = 2s + 2, then n(0H) — n,(H) is an isomorphism for
1 <s.

PrROOF. We can assume s > 0 since, if s =0, H is a set of n-disks k+1
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in number. Then H has as a deformation retract in an obvious way the
wedge of k s-spheres. Thus (b) and (c) are true. For the last statement
of (3.2), from the exact homotopy sequence of the pair (H, 0H), it is suf-
ficient to show that 7 (H,0H) = 0,7t < s + 1.

Thus let f: (D! 6D*) — (H, #H) be a given continuous map with 7 <
s + 1. We want to construct a homotopy f,: (D}, 0D*) — (H, 0H) with
fo=fand fi(D")CoH.

Let f1: (DY, 8DY)—(H, 0H) be a differentiable approximation to f. Then
by a radial projection from a point in D” not in the image of fi, f; is homo-
topie to a differentiable map f,: (D?, 8D') — (H, 0H) with the image of f,
not intersecting the interior of D" H. Now for dimensional reasons f,
can be approximated by a differentiable map f;: (D¢, 6D*)—(H, 0H) with
the image of f; not intersecting any D:x 0 H. Then by other projections,
one for each %, f, is homotopic to a map f,: (D¢, 8D*) — (H, 8H) which
sends all of D! into 8H. This shows n,(H,9H) = 0, © < s+ 1, and proves
(3.2).

If Bezm,(O(n — s)), let Hy be the (n — s)-cell bundle over S* deter-
mined by 3.

(3.3) LEMMA. Suppose V = y(Hg; f; s + 1) where B € w,_,(O(n — s)),
n=2s+2,0rifs=1,n=5. Let also (V) =0. Then V is diffeo-
morphic to D™,

ProoF. The zero-cross-section ¢: S°® — Hp is homotopic to zero, since
7(V) = 0, and so is regularly homotopic in V to a standard s-sphere S;
contained in a cell neighborhood by dimensional reasons [29]. Since a reg-
ular homotopy preserves the normal bundle structure, ¢(S*) has a trivial
normal bundle and thus 8 = 0. Hence H; is diffeomorphic to the product
of S®and D™*,

Let 0,: S* — 0H, be a differentiable cross section and f: 8D*+ x 0—0H,
the restriction of f:8D*"'x D"+ — §Hs. Then o, and f are homotopic
in @H, (perhaps after changing f by a diffeomorphism of D**'x D"
which reverses orientation of 8D**' x 0) since 7w(V) = 0, and hence dif-
ferentiably isotopic. Thus we can assume f and s, are the same.

Let f. be the restriction of f to 8D x Dy ** where D;*"' denotes
the disk {x = D"**| || z ||<¢}, and €>0. Then the imbedding g.: 9D**' x
D' — 9H, is differentiably isotopic to f where g.(x, y) = f.r:(x, y) and
r{x,y) = (x, ey). Define k.: 0D x D"*' — 8H; by p.g.(x, y) where p,:
g(x x D**') — F, is projection into the fibre F, of 6H; over o7'g.(x, 0).
If ¢ is small enough, k. is well-defined and an imbedding. In factif ¢ is
small enough, we can even suppose that for each z, &k, maps x x D" 5!
linearly onto image k. N F, where image k. N F, has a linear structure
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induced from F,.

It can be proved k. and g, are differentiably isotopic. (The referee has
remarked that there is a theorem, Milnor’s “‘tubular neighborhood
theorem’’, which is useful in this connection and can indeed be used to
make this proof clearer in general.)

We finish the proof of (3.3) as follows. Suppose Vis as in (3.3) and
V' =x(Hg f'; 8+ 1), (V') = 0. It is sufficient to prove Vand V' are
diffeomorphic since it is clear that one can obtain D" by choosing f’ prop-
erly and using the fact that H, is a product of S* and D**. From the
previous paragraph, we can replace f and f’ by k. and k. with those prop-
erties listed. We can also suppose without loss of generality that the
images of k. and k! coincide. It is now sufficient to find a diffeomorphism
h of Hg with hf=f'. For each z, define h on image f N F, to be the linear
map which has this property. One can now easily extend & to all of H,
and thus we have finished the proof of (3.3).

Suppose now M} and M} are compact manifolds and f;: D™ 'x i — oM,
are imbeddings for ¢ = 1 and 2. Then y(M, U M,; f, U fy; 1) is a well de-
fined manifold, where f, U f,: 8D*x D' —8M, UM, is defined by £, and f,,
the set of which, as the f; vary, we denote by M, + M,. (If we pay at-
tention to orientation, we can restrict M, + M, to have but one element.)
‘The following lemma is easily proved.

(3.4) LEMMA. The set M + D™ consists of one element, namely M.

(3.5) LEMMA. Suppose an imbedding f: 8D x D" — oM" is null-
homotoric where M is a compact manifold, n = 2s + 2 and, if s =1,
n = 5. Then Y(M; f)e M + Hg for some B e w,_(O(n — s)).

PROOF OF (3.5). Let f: 8D* x q — M be the restriction of f where ¢
is a fixed point in @D"~*. Then by dimensional reasons [29], f can be ex-
tended to an imbedding ¢: D* — @M where the image of @ intersects the
image of f only on f. Next let T be a tubular neighborhood of @(D?) in
M. This can be done so that T isa cell, TU(D*x D™ ) is of the form H,
and Ve M + H,. We leave the details to the reader.

To prove (3.1), let H = x(D*; f, -+, fx; 8). Then f; defines a class
Yien(H, D). Let v,en(0H) be the image of v; under the inverse of
the composition of the isomorphisms 7 (0H) — w(H) — m(H, D") (using
(3.2)). Define g of (3.1) by gD, = v;,© <k, and gD, = 0,4 > k. That g
satisfies (3.1) follows by induction from the following lemma.

(3.6) LEMMA. x(H; g,;s + 1)e JH(n, k — 1, s) if the restriction of g, to

4Dt x 0 has homotopy class v, € w(0H).
Now (3.6) follows from (8.8), (3.4) and (3.5), and the fact that g, is dif-
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ferentiably isotopic to g; whose image is in 6 Hz N 0H, where Hp is defined
by (3.5) and f,.

4. We prove here (1.2). First suppose s = 0. Then H e H(n,k, 0) is
the disjoint union of n-disks, k+1 in number, and V=y(H; fi, + -, f; 1).
Since 7,(V) = 1, there exists a permutationof 1, --., 7, %, +--, %, such
that Y = x(H; fi, *++, fi,; 1) is connected. By (3.4), Y is diffeomorphic
to D*. Hence V = x(Y; fi., -+, fi; D isin H(n, r — k, 1).

Now consider the case s =1. Choose, by (3.1), 9: G,—7,(6H) such that.
every manifold derived from g is diffeomorphic to D". Let Y = y(H; f3,
eee, frw). Then 7(Y)=1 and by the argument of (3.2), 7, (dY)=1. Let
g.: 0D?*x 0—0H be disjoint imbeddings realizing the classes g(D;) € 7,(6H)
which are disjoint from the images of all f;, 7 = 1,--., k. Then by (2.4)
there exist imbeddings g, « -+, 9,: 0D*x D" ? — 8H extending the g; such
that V = x(Y; fr—isr, =+, fy) and (Y5 9, - -+, 9;) are diffeomorphic. But.

XY, 91, 0+, 00) = X(H; 91,0+, Gy S1y0 2 o)
= x(D", fi,*+, fr-e) e, r — k, 2) .
Hence so does V.
For the case s > 1, we use an algebraic lemma.

(4.1) LEMMA. If f, 9: G — G’ are epimorphisms where G and G’ are
finitely generated free abelian groups, then there exists an automorphism
a: G — G such that fa = g¢.

PrROOF. LetG" be a free abelian group of rank equal to rank G — rank G’,
and let p: G’ + G"— G’ be the projection. Then, identifying elements
of G and G’ + G” under some isomorphism, it is sufficient to prove the
existence of a for ¢ = p. Since the groups are free, the following exact
sequence splits

0— f(0) — G 15 G —0.
Let h: G — f*(0) be the corresponding projection and let k: f~*(0) — G""

be some isomorphism. Then a: G — G’ + G" defined by f + kh satisfies
the requirements of (4.1).

REMARK. Using Grusko’s Theorem [6], one can also prove (4.1) when
G and G’ are free groups.

Now take ¢ = (H; f1,- -+, fr; s + 1) of (1.2) and g: G, — 7 (8H) of (3.1).
Since 7 (V) =0, and s > 1, f,: G, — 7(0H) is an epimorphism. By (3.2)
and (4.1) there is an automorphism a: G, — G, such that f,a = g. Then
(2.1) implies that Vis in (%, r—k, s+1) using the main property of g.

5. The goal of this section is to prove the following analogue of (1.2).
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(5.1) THEOREM. Letn =28+ 2, 0rif s=1,n=5, M* " be a simply
conmected, (s — 1)-connected closed manifold and Hy(n, k, s) the set of
all manifolds having presentations of the form (Mx[0,1], Mx1; f, -,
S 8). Now let He Hy(n, k,s),Q@ =0H — Mx0, V=x(H Q;9, +, 9
s+1) and suppose T(Mx0)— (V) is an isomorphism. Also suppose if

s =1, that 7,(x(H, Q; 91, ***,9, 4, 2)) =1. Then Ve Hyn,r—k,s+1).

One can easily obtain (1.2) from (5.1) by taking for M, the (n — 1)-

sphere. The following lemma is easy, following (38.2).

(5.2) LEMMA. With definitions and conditions as in (5.1), 7(Q) = G,
ifs=1,and if s > 1, 7(Q) = n (M) + G,.
Let p,;: 7(Q) — (M), p,: T(Q) — G, be the respective projections.

(56.3) LEMMA. With definitions and conditions as in (5.1), there exists
a homomorphism g: G,—7(Q) such that p,g is trivial, p.g is an epimor-
phism, and every realization of g isin Hy(n, r — k,s + 1), each r = k.

The proof follows (3.1) closely. :

We now prove (5.1). The cases s = 0 and s = 1 are proved similarly to
these cases in the proof of (1.2). Suppose s > 1. From the fact that
(M x0)—m(V) is an isomorphism, it follows that p,f, is trivial and p,f.
is an epimorphism where ¢ = (H, Q; g,, -+, 9,, s + 1). Then apply (4.1)
to obtain an automorphism a: G, — G, such that p,f,a = p,g where g is
as in (56.3). Then f,a = g, hence using (2.1), we obtain (5.1).

6. The goal of this section is to prove the following two theorems.

(6.1) THEOREM. Suppose f is a C= function on a compact manifold W
with mo critical points on f~'[—e, ] = N except k non-degenerate ones
on f740), all of index N, and NN 86W = @. Then f'[— , ¢] has a pre-
sentation of the form (f[— oo, —&], f7H(—€); f1, ==+, fu; ).

(6.2) THEOREM. Let (M, Q; fi, + -+, fi; 8) be a presentation of a mani-
Jold V, and g be a C= function on M, regular, in a neighborhood of @,
and constant with its maximum value on Q. Then there exists a C=
Sunction G on V which agrees with g outside a meighborhood of Q, is
constant and regular on 8V — (0M — Q), and has exactly k new critical
points, all non-degenerate, with the same value and with index s.

SKETCH OF PROOF OF (6.1). Let 83; denote the critical points of f at level
zero, 1 =1, ---, k with disjoint neighborhoods V,. By a theorem of
Morse [13] we can assume V; has a coordinate system x=(zx,,- - -, x,) such
that for ||z || <&, some & >0, f(w) = — 3 #? + 2.7, % Let E, be

the (x,,- -+, x,) plane of V;and E, the (xy,,,* -+, ,) plane. Then for >0
sufficiently small E,Nf~'[—¢, €] is diffeomorphic to D*. A sufficiently
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small tubular neighborhood T of E, will have the property that T’ =
TNnf7'[ — &, &]is diffeomorphic to D* x D" with T' N f~(—¢,) corres-
ponding to 9D* x D™ *,

As we pass from f'[— o, —¢] to f![— o, ¢], it happens that one
such 7" is added for each ¢, together with a tubular neighborhood of
S7(—e&) so that f~'[— =, ¢] is diffeomorphic to a manifold of the form
X(f =0, —&l, f(—¢); fi,* + +» fi; M). Since there are no critical points
between —e and —¢,, ¢, and ¢, ¢ can be replaced by ¢ in the preceding
statement thus proving (6.1).

Theorem (6.2) is roughly a converse of (6.1) and a sketch of the proof
can be constructed similarly.

7. In this section we prove Theorems C and I of the Introduction.
The following theorem was proved in [21].

(7.1) THEOREM. Let V™ be a C> compact manifold with 8V the dis-
Jjoint union of V, and V,, each V; closed in 8V. Then there exists a C=
Sunction f on V with non-degenerate critical points, regular on 0V,
(V) =—@1/2), (V) =n + (1/2) and at a critical point B of f, f(B) =
index 3.

Functions described in (7.1) are called nice functions.

Suppose now M" is a closed C= manifold and f is the function of (7.1).
Let X, = f7"[0,s + (1/2)],s =0, +--, n.

(7.2) LEMMA. For each s, the manifold X, has a presentation of the
form (Xs—l;fh ) fk; 3)°
This follows from (6.1).

(7.3). LEMMA. If He Y((n, k, s), then there exists—a C = non-degener-
ate function f on H, f(0H) = s+(1/2), f has one critical point of index
0, value 0, k critical points of index s, value s and no other critical
points.

This follows from (6.2).

The proof of Theorem C then goes as follows. Take a nice function f
on M by (7.1), with X, defined as above. Note that X, € 4(n, q, 0) and
wy(X,) = 0, hence by (7.2) and (1.2), X, € H(n, k, 1). Suppose now that
7(M) =1 and » = 6. The following argument suggested by H. Samel-
son simplifies and replaces a complicated one of the author. Let X} be the
sum of X, and k copies H,, ---, H, of D"*x S2 Then since 7,(X,) = 0,
(1.2) implies that X;e H(n, r, 2). Now let f;: 8D*x D** — 0H,N 68X, for
t =1, ---, k be differentiable imbeddings such that the composition

7,(0D*x D) — m,(0H, x 9X!) — m,(3H,)
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is an isomorphism. Then by (3.3) and (3.4), x(X., fi, **+, fx; 3) is diffeo-
morphic to X,. Since X; = x(X,; 95, *++, 9:; 3) we have

Xs = X(X;’fly ”’yfky G, ***, 9y, 3) ’
and another application of (1.2) yields that X;e H(n, k + |l — 7, 3).

Iteration of the argument yields that X, € 9(n, r, m). By applying
(7.3), we can replace g by a new nice function 2 with type numbers satis-
fying M, =1, M; =0,0 < i < m. Now apply the preceding arguments
to —h to yield that A'[n — m — (1/2), n] = Xie d(n, k, m). Now
we modify h by (7.3) on X} to get a new nice function on M agreeing
with h on M — X} and satisfying the conditions of Theorem C.

The proof of Theorem I goes as follows. Let V™ be a manifold with
oV =V,— V,,n =2m + 2. Take a nice function f on V by (7.1) with
f(V)) = —(1/2) and f(V,) = n + (1/2).

Following the proof of Theorem C, replacing the use of (1.2) with (5.1),
we obtain a new nice function g on V with ¢g(V}) = — (1/2), g(V,) =
n -+ (1/2) and no critical points except possibly of index m + 1. The fol-
lowing lemma can be proved by the standard methods of Morse theory
[12].

(7.4) LEMMA. Let V be as in (7.1) and f be a C >~ non-degenerate func-
tion on V with the same boundary conditions as in (7.1). Then

X =22(=11M, + ¥, ,
where Yy, Xy, are the respective Euler characteristics, and M, denote the
q" type number of f.
This lemma implies that our function g has no critical points, and hence
V., and V, are diffeomorphic.

8. We have yet to prove Theorems F and G. For Theorem F, observe
by Theorem C, there is a nice function f on M with vanishing type num-
bers except in dimensions M,, M,,, M,,.,, M,,, and M, = M, = 1. Also, by
the Morse relation, observe that the Euler characteristic is the alternat-
ing sum of the type numbers, M,,=M,,.,. Then by (7.2), f~[0, m+(1/2)],
fm + (1/2), 2m + 1] e H(2m + 1, M,,, m) proving Theorem F.

All but the last statement of Theorem G has been proved. For this just
note that M — D*™ is diffeomorphic to /[0, m + (1/2)] which by (7.2) is
in H(?2m, k, m).
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