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Introduction |

Using supersymmetric quantum Yang-Mills field theory, Maring,
Moore, and Peradze (1999) also showed that a certain low-degree
polynomial part of the Donaldson-Seiberg-Witten series always
vanishes [20, 21], a consequence of their notion of superconformal
simple type.

Marind, Moore, and Peradze noted that this vanishing would
confirm a conjecture (attributed to Fintushel and Stern) for a
lower bound on the number of (Seiberg-Witten) basic classes of a
four-dimensional manifold.

The purpose of our second lecture in this series is to describe a
proof using SO(3) monopoles that all four-manifolds with RUTGERS
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Seiberg-Witten simple type are necessarily superconformal simple
type.

It is not known whether all four-manifolds also have
Seiberg-Witten simple type.

Our lecture is primarily based no

@ P. M. N. Feehan and T. G. Leness, The SO(3) monopole
cobordism and superconformal simple type, arXiv:1408.5307
(submitted October 2014).

That article is in turn based on methods and results described
earlier in
RUTGERS
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@ P. M. N. Feehan and T. G. Leness, A general
SO(3)-monopole cobordism formula relating Donaldson and
Seiberg-Witten invariants, Memoirs of the American
Mathematical Society, in press, arXiv:math/0203047,

@ P. M. N. Feehan and T. G. Leness, Witten’s conjecture for

many four-manifolds of simple type, Journal of the European
Mathematical Society 17 (2015), 899-923.

with supporting results and background material with earlier
published articles with Leness cited therein.

As we shall see in our next lecture, the concept of superconformal
simple type is important since it leads to a proof of Witten's
formula relating Donaldson and Seiberg-Witten invariants: RUTGERS

6/118



Introduction and main results

Introduction
Statements of main results

Introduction IV

@ P. M. N. Feehan and T. G. Leness, Superconformal simple
type and Witten's conjecture, arXiv:1408.5085 (submitted
October 2014).

Our proofs of these conjectures rely on an assumption of certain
analytical properties gluing maps for SO(3) monopoles (see
Hypothesis 2.5), analogous to properties proved by Donaldson and
Taubes in simpler contexts of gluing maps for SO(3) anti-self-dual
connections.

Verification of those analytical gluing map properties is work in

progress [6] and appears well within reach.
RUTGERS
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A closed, oriented four-manifold X has an intersection form,
QX : H2(X;Z) X H2(X;Z) — 7.

One lets b*(X) denote the dimensions of the maximal positive or
negative subspaces of the form Qx on Hx(X;Z) and

e(X):=> (-1)'bi(X) and o(X):=b"(X)— b (X)
i=0

denote the Euler characteristic and signature of X, respectively.
RUTGERS
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We define the characteristic numbers,

c2(X) = 2e(X) 4 30(X),
(1) Xh(X) = (e(X) + (X)) /4,
c(X) == xa(X) = £(X).

We call a four-manifold standard if it is closed, connected,
oriented, and smooth with odd b™(X) > 3 and b;(X) = 0.

For a standard four-manifold, the Seiberg-Witten invariants
comprise a function,

SWx : Spin°(X) — Z, RUTGERS
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on the set of spin® structures on X.

The set of Seiberg-Witten basic classes, B(X), is the image under
c1 : Spin€(X) — H?(X;Z) of the support of SWy, that is

B(X) = {K € H*(X;Z) : SWx(K) # 0}.
A manifold X has Seiberg-Witten simple type if
K? = }(X), VK e B(X).

RUTGERS
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As defined by Marifio, Moore, and Peradze, [21, 20], a manifold X
has superconformal simple type if ¢(X) < 3 or ¢(X) > 4 and for
w € H?(X;Z) characteristic,

(2) SWY'(h)y=0 for0<i<c(X)-4

and all h € Ho(X;R), where

SWEIh) = Y (—1)Fa@W SWy(s) (e (s), B
s€Spin(X)

From [5], we have the RUTGERS
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Theorem 1.1 (All standard four-manifolds with Seiberg-Witten
simple type have superconformal simple type)

(See F and Leness [5, Theorem 1.1].) Assume Hypothesis 2.5. If X
is a standard four-manifold of Seiberg-Witten simple type, then X
has superconformal simple type.

Hypothesis 2.5 asserts certain analytical properties of local gluing
maps for SO(3) monopoles constructed by the authors in [7].

Proofs of these analytical properties, analogous to known
properties of local gluing maps for anti-self-dual SO(3) connections
and Seiberg-Witten monopoles, are being developed by us [6]. RUTGERS
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Global gluing maps are used to describe the topology of
neighborhoods of Seiberg-Witten monopoles appearing at all levels
of the compactified moduli space of SO(3) monopoles and hence
construct links of those singularities.

Marind, Moore, and Peradze had previously shown [21, Theorem
8.1.1] that if the set of Seiberg-Witten basic classes, B(X), is
non-empty and X has superconformal simple type, then

(3) [1BOX)/{£1}] > [¢(X)/2]. |

RUTGERS
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For example, suppose X is the K3 surface. It is known that
B(X) = {0}, so |B(X)/{£1}| =1, while

bi(X) =0, bT(X)=3, b (X)=19,
which gives e(X) = 24, o(X) = —16, cZ(X) =0, x4(X) = 2, and
c(X) =2, so [¢(X)/2] =1 and equality holds in (3).

Because ¢(X) < 3, the K3 surface is superconformal simple type
by our definition.

Theorem 1.1 and [21, Theorem 8.1.1] yield a proof of the following

result, first conjectured by Fintushel and Stern [15].
RUTGERS
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Corollary 1.2 (Lower bound for the number of basic classes)

(See F and Leness [5, Corollary 1.2]) Let X be a standard
four-manifold of Seiberg-Witten simple type. Assume Hypothesis
2.5. If B(X) is non-empty and c(X) > 3, then the number of basic
classes obeys the lower bound (3).

On the other hand, we recall the

RUTGERS
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Conjecture 1.3 (Witten's Conjecture)

Let X be a standard four-manifold. If X has Seiberg-Witten simple
type, then for any w € H2(X;Z) the Donaldson invariants satisfy

(4) D¥%(h) = 22—(xn—cf) o Qx(h)/2

Y (—1)2(W+al) W) Gy (5)elarlehh)
5€Spin©(X)

From [8] (and as we discuss in the next lecture), we have the
RUTGERS
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Theorem 1.4 (Superconformal simple type = Witten's
Conjecture holds for all standard four-manifolds)

(See F and Leness [8, Theorem 1.2].) Assume Hypothesis 2.5. If a
standard four-manifold has superconformal simple type, then it
satisfies Witten's Conjecture 1.3.

Combining Theorems 1.1 and 1.4 thus yields the following

RUTGERS
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Corollary 1.5 (Witten's Conjecture holds for all standard
four-manifolds)

(See F and Leness [8, Corollary 1.3] or [5, Corollary 1.4].) Assume
Hypothesis 2.5. If X is a standard four-manifold of Seiberg-Witten
simple type then X satisfies Witten's Conjecture 1.3.

RUTGERS
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Seiberg-Witten invariants |

The Seiberg-Witten invariants comprise a map with finite support,
SWx : Spin°(X) — Z,

from the set of spin€ structures on X.

A spin® structure s = (W¥, py/) on X consists of a pair of
complex rank-two vector bundles, W* — X, and a Clifford
multiplication map, pw : T*X — Homc(W™, W™).

If 5 € Spin°(X), then ci(s) := ci (W) € H?(X; Z) is an integral
lift of wa(TX) € H3(X;Z/27).
RUTGERS
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Seiberg-Witten invariants ||

One calls ci(s) a Seiberg-Witten basic class if SWx(s) # 0. Define
(5) B(X) :={ci(s) : SWx(s) # 0}.

If H2(X;Z) has 2-torsion, then c¢; : Spin°(X) — H?(X;Z) is not
injective.

Because we will work with functions involving real homology and
cohomology, we define

(6) SWy : H (X Z) » Z, K > SWx(s).
5chl(K)
RUTGERS
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Seiberg-Witten invariants Il

Thus, we can rewrite the expression for SW)'Q”i(h) in (2) as

(1) Swi(hy = > (-1 RS (K)(K, B
KeB(X)

A four-manifold, X, has Seiberg-Witten simple type if SWx(s) # 0
implies that c1(s)? = c2(X).

RUTGERS
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Spin“structures and SO(3) monopoles |

A spin structure t = (V*, p) on a four-manifold, X, is a pair of
complex rank-four vector bundles, VE — X, with a Clifford
module structure, p: T*X — Hom¢(V*1, V7).

In more familiar terms, for a spin® structure s = (W*, pyy/) on X,
a spin” structure is given by V¥ = W* ® E, where E — X is a
complex rank-two vector bundle and the Clifford multiplication
map is given by p = py ® idg.

RUTGERS
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Spin“structures and SO(3) monopoles I

We define characteristic classes of a spin” structure
t=(W*=®E,p) by

pi(t) == pi(su(E)),  a(t) == a(WF) + a(E),
wa(t) := c1(E) (mod 2).

RUTGERS
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Spin“structures and SO(3) monopoles Il

Lemma 2.1 (Spin“ structures with prescribed characteristic classes)

(See F and Leness [5, Lemma 2.1].) Let X be a standard four-manifold.
Given p € H*(X;Z), N € H*(X;Z), and w € H?(X;Z/27Z), there is a
spin” structure t on X with p1(t) = p, ci(t) = A, and wa(t) = w if and
only if:

@ There is a class w € H?(X; Z) with o = w (mod 2),
Q A=+ wy(X) (mod 2),
Q o =1w? (mod 4).

RUTGERS
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Space of SO(3) monopoles and S?! fixed points |

For a spin” structure t = (W* ® E, p) on X, the moduli space .,
of SO(3) monopoles on t is the space of solutions, modulo gauge
equivalence, to the SO(3)-monopole equations (see F and Leness
[9, Equation (1.1)] or [10, Equation (2.32)]) for a pair (A, ®)
where A is a unitary connection on E and ® € Q°(V).

Complex scalar multiplication on the section, ®, defines an S!
action on .#; with stabilizer {£1} away from two families of fixed
point sets:
@ zero-section points, [A, 0], where & =0 and
e reducible points, [A, ®], where A is a reducible connection.
RUTGERS
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Space of SO(3) monopoles and S?! fixed points |l

The subspace of zero-section points is a manifold with a natural
smooth structure diffeomorphic to the moduli space of
anti-self-dual connections on su(E) which we denote, following the
notation of [19], by M} where x = —p1(t)/4 and w = ¢1(E) (see
F and Leness [10, Section 3.2]).

By [10, Lemma 2.17], the subspace of reducible points where A is
reducible with respect to a splitting V = (W ® L1) & (W ® Lp) is
a manifold, M;, which is compactly cobordant to the moduli space
of Seiberg-Witten monopoles associated with the spin® structure s
where c1(s) = al(W' ® Ly).

RUTGERS

27 /118



SO(3)-monopole cobordism formula for link pairings Spin" structures and SO(3) monopoles
Moduli space of SO(3) monopoles and S fixed points
(’ompsdmcanon of moduli | sp. )f SO(3) monopoles
of The moduli s E al connections

n monopoles
monopo|>~ cobordism formula for link pairings

Space of SO(3) monopoles and S?! fixed points Il

By [11, Lemma 3.32], the possible splittings of t are given by
Red(t) = {s € Spin° : (c1(s) — c1(t))* = p1(t)}.

Hence, the subspace of reducible points is

red U M,.

s€Red(t)
We define

ME = MN\NMY M= MNME, and a0 = O
We recall the RUTGERS
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Space of SO(3) monopoles and S?! fixed points IV
(Theoem22 .. ...

Theorem 2.2

(See F [3], F and Leness [9], or Teleman [23].) Let t be a spin“ structure
on a standard four-manifold, X. For generic perturbations of the SO(3)
monopole equations, the moduli space, ///t*’o ,is a smooth, orientable
manifold of dimension

dim . = 2d,(t) + 2n,(t),

where, for x5(X) and c?(X) as in (1),

(8a) da(t) :== =dim M} = —p1(t) — 3xa(X),

(8b) na(t) == = (pu(t) + cr(t)® — £ (X) + 8xn(X)) .

SERS
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The moduli space .#; is not compact but admits an Uhlenbeck
compactification as follows (see F and Leness [10, Section 2.2] or
[9] for details).

For ¢ > 0, let t(¢) be the spin” structure on X with
p1(t(0)) = p(t) + 4L, a(t(l)) = alt), wa(t(l)) = wa(t).

Let Sym‘(X) be the /-th symmetric product of X (that is, X*
modulo the symmetric group on ¢ elements).
For £ = 0, we define Sym*(X) to be a point.
RUTGERS
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The space of ideal SO(3) monopoles is defined by

N
| = U Mgy X Sym*(X).
(=0

We give |.#; the topology defined by Uhlenbeck convergence (see
F and Leness [9, Definition 4.9]).

[9] (See F and Leness [9].) Let X be a standard four-manifold with
Riemannian metric, g. Let .4y C |.#; be the closure of .#; with respect
to the Uhlenbeck topology. Then there is a non-negative integer, N,
depending only on (X, g), pi(t), and ci(t) such that .4, is compact.

SERS
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The following figure illustrates the S_O(3)—mon_opo|e cobordism
between codimension-one links in .#;/S* of M? and
M, x Sym*(X).

RUTGERS
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Compactification of moduli space of SO(3) monopoles V

The St action on .#; extends continuously over /.#; and ., in
particular, but .#; contains fixed points of this S* action which are
not contained in .#;.

The closure of MY in ., is M, the Uhlenbeck compactification
of the moduli space of anti-self-dual connections as defined in [2].

There are additional reducible points in the lower levels of /.
(where ¢ > 1). Define

Red(t) := {s € Spin°(X) : (c1(s) — c1(t))® > pr(¥)}.
If we define the level, £(t,5), in .# of the spin® structure s by

1

(9) l(t,s) = a ((Cl(g) —a(t)? - p1(t)> ’ RUTGERS
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then the set of strata of reducible points in .#, are given by

(10) vired .= U M, x Sym‘®)(X).
s€Red(t)

Note that for s € Red(t), we have £(t,5) > 0 by the definitions of
Red(t) and £(t,s).

By analogy with the corresponding definitions for .#;, we write
M = MN\MY, M= MN\ME, A = a0 A
and observe that the stabilizer of the S action on //ZL*’O is {il}l{[ITg;pRs
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Cohomology classes and geometric representatives |

The cohomology classes used to define Donaldson invariants
extend to . /St.

For 5 € He(X;R), there is a cohomology class,
pp(B) € H=* (A /ST R),

with geometric representative (in the sense of Donaldson [1],
Kronheimer and Mrowka [19, p. 588] or F and Leness [11,
Definition 3.4]),

V(B) C /S
RUTGERS
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Cohomology classes and geometric representatives |l

For h; € Ha(X;R) and a generator x € Hy(X;Z), we define

pp(hi ... hs—omx™)

= pip(M) = - = pp(hs—am) — fip(x)" € H* (M /S'R),
”//(hl e h(;,zmxm)

=Y (h)N--- N (hs—am) NV (x)N--- N Y (x),

m copies

and let

7/(h1 Ce h5,2me)

be the closure of ¥ (hy ... hs_omx™) in /St RUTGERS
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Cohomology classes and geometric representatives |l

Denote the first Chern class of the S action on ///_t*’o with
multiplicity two by

fie € K (A0 /S5 2).

This cohomology class has a geometric representative % .

RUTGERS
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Link of the moduli space of anti-self-dual connections |

Proposition 2.4 (Vanishing of pairing with link of the moduli space of
anti-self-dual connections)

(See F and Leness [11, Proposition 3.29] or [5, Proposition 2.4].) Let t be a
spin” structure on a standard four-manifold X. For 6,nc,m € N, if

(11a) d—2m >0,
(11b) 5 me = 3 dim L = 6y() + ma() — 1,
(11c) 5> %dim MY = d,(t) >0,
then

# (77(h5‘2"’x"’) nN#" N L?Sd) -0,

where # denotes the signed count of the points in the intersection. SERS
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Link of a moduli space of Seiberg-Witten monopoles |

Hypothesis 2.5 (Properties of local SO(3)-monopole gluing maps)

The local gluing map, constructed in [7], gives a continuous
parametrization of a neighborhood of M; x ¥ in .# for each smooth
stratum ¥ C Sym‘(X).

Hypothesis 2.5 is discussed in greater detail in [4, Section 6.7].

The question of how to assemble the local gluing maps for
neighborhoods of M, x ¥ in .#,, as ¥ ranges over all smooth
strata of Sym®(X), into a global gluing map for a neighborhood of
. x Sym®(X) in . is itself difficult — involving the “overlap
problem” described in [12] — but one which we solve in [4]. RUTGERS

40 /118



s-Witten invariants
SO(3)-monopole cobordism formula for link pairings Spin" structures and SO(3) monopoles
Moduli space of SO(3) monopoles and S fixed points
Compactification of moduli space of SO(3) monopoles
Link of the moduli space of anti-self-dual connections
Link of a moduli space of Seiberg-Witten monopoles
SO(3)-monopole cobordism formula for link pairings

Link of a moduli space of Seiberg-Witten monopoles Il

Theorem 2.6 (Pairing with link of moduli space of Seiberg-Witten monopoles)

(See F and Leness [4, Theorem 9.0.5] or [5, Theorem 2.6].) Let t be a
spin” structure on a standard four-manifold X of Seiberg-Witten simple type
and assume Hypothesis 2.5. Denote A = c1(t) and K = ci(s) for s € Red(t).
Let 6,mc, m € Z>q satisfy § —2m > 0 and

547 = 2 dim L = dy(6) + na(t) — L

Let £ = ((t,s) be as defined in (9).

RUTGERS
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SO(3)-monopole cobordism formula for link pairi

Link of a moduli space of Seiberg-Witten monopoles Il|

Theorem 2.6 (Pairing with link of moduli space of Seiberg-Witten monopoles)
Then, for any integral lift w € H*(X;Z) of wa(t), and any h € Hy(X;R) and
generator x € Ho(X; Z),
# (”/7(h5_2"’x'") N#" N Lt,s)
(12) = SW(s) D7 ausuloens b K- AN m, D)KL B) (A, b Qx(h)¥,
i+j+2k

=6—2m

where # denotes the signed count of points in the intersection and where for
each triple of non-negative integers, i, j, k € N, the coefficients,

Aijk  LXLXLXZXNxXxN-—R,

are universal functions of xn, ¢z, ci(s) - A, A2, m, £ and vanish if k > £(t,s).
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Link of a moduli space of Seiberg-Witten monopoles IV

The right-hand side of (12) is obtained by computing the
intersection numbers for geometric representatives on .#;/S! with
the links of the moduli subspace My x Sym*(X) of ideal
Seiberg-Witten monopole appearing in .#/S*.

One uses the fiber-bundle structure of the link over the
Seiberg-Witten moduli subspace, M; x Symf(X), to compute the
intersection number and show that this is equal to a multiple of
the Seiberg-Witten invariant, SWx(s).
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SO(3)-monopole cobordism formula for link-pairings |

The compactification //Zt*’o/Sl defines a compact cobordism,
stratified by smooth oriented manifolds, between

Lt and (| Les
s€Red(t)

For 6 +1c = 5 dim L34, this cobordism gives the following equality
(see F and Leness [4, Equation (1.6.1)]),

# (7 (R°~27x™) N e N L)
(13) - _ Z (—1)2 (W =)t (wHw—a()-als)

sERed(t)
X (”17(h572’”x"’) NH" N Lt,s) . RUTGERS
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SO(3)-monopole cobordism formula for link-pairings I

The left-hand side of (13) is obtained by computing the
intersection number for geometric representatives on .#/S* with
the link of the moduli subspace M* of anti-self-dual SO(3)
connections.

The right-hand side of (13) is obtained by computing the
intersection numbers for geometric representatives on ./ /S with
the links of the moduli subspaces M, x Sym‘(X) of ideal
Seiberg-Witten monopoles appearing in ///_t/Sl.

Ru
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45 /118



SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢(t) =0
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SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) =0 |

We will derive a formula (see the forthcoming (18)) relating the
Seiberg-Witten polynomials SWy"' defined in (2) and the
intersection form of X.

We do so by applying the cobordism formula (13) in a case where
Proposition 2.4 (vanishing of intersection number with link of ASD
moduli space) implies the left-hand-side of (13) vanishes.

To extract a formula from the resulting vanishing sum that
includes the Seiberg-Witten polynomials, SW,"", we apply
Theorem 2.6 (intersection number with link of Seiberg-Witten
moduli space) to the terms on the right-hand-side of (13).
RUTGERS
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SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) =0 Il

In the resulting sum over Red(t), the coefficients, a; ; x, appearing
in equation (12) in Theorem 2.6 depend on ci(t) - c1(s).

This dependence prevents the desired extraction of SW)';V’i from
the cobordism sum (this is a technical point arising in the
calculation — see F and Leness [5, Remark 3.4]).

To ensure that ci(t) - ci1(s) is constant as ci(s) varies in B(X)
without further assumptions on B(X), we shall assume c;(t) = 0.

We begin by establishing the existence of a family of
spin’ structures with c;(t) = 0.

RUTGERS
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SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) = 0 Il

Lemma 3.1 (Existence of a family of spin” structures)

(See F and Leness [5, Proposition 3.1].) Let X be a standard
four-manifold. For every n € N there is a spin" structure t, on X
satisfying

(14) al(ty) =0, p(t,) =4n+ c12(X) —8xn(X), wa(ts) = wa(X),

and such that n,(t,) = n, where n,(t) is the index defined in (8b).

To apply Theorem 2.6 to the cobordism formula (13) for a
spin structure t, satisfying (14), we compute the level in ., of a
spin© structure s.

RUTGERS

49 /118



SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) =0 IV

Lemma 3.2 (Computation of the level of Seiberg-Witten moduli space in
a compactified moduli space of SO(3) monopoles)

(See F and Leness [5, Lemma 3.2].) Let X be a standard four-manifold
of Seiberg-Witten simple type. For a non-negative integer, n, let t, be a
spin” structure on X satisfying (14). For c¢i(s) € B(X), the level

¢ = U(ty,s) in My, of s is

(15) U(tn,8) = 2xn(X) — n.

RUTGERS
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SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) =0V

Combining
e Equation (13) (SO(3)-monopole cobordism formula),
@ Proposition 2.4 (vanishing of intersection number with link of
ASD moduli space),
@ Theorem 2.6 (intersection number with link of Seiberg-Witten
moduli space),

then gives the following

RUTGERS
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SO(3)-monopole cobordism with ¢j(t) = 0

SO(3)-monopole cobordism with ¢;(t) = 0 VI

Theorem 3.3 (SO(3)-monopole cobordism formula vanishing)

(See F and Leness [5, Theorem 3.3].) Let X be a standard four-manifold of
Seiberg-Witten simple type. Assume that m,n € N satisfy

(163) n < 2Xh(X)a
(16b) 1<n,
(16c) 0<c(X)—n—2m—1.

We abbreviate the coefficients in equation (12) in Theorem 2.6 by
(17) a0 = ai0.k(xh(X), &f(X), 0,0, m, 2x4(X) — n).
Then, for A= c(X) —n—2m —1 and w € H*(X;Z) characteristic,

2xp(X)=n

(18) 0= > aarok02x,00-nk SWR () Qu ()P,

k=0

sERS
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Leading term in cobordism formula for link pairings

and duality
leading-order term computation

Computation of the leading-order term in the
SO(3)-monopole cobordism formula for link pairings
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Leading term in cobordism formula for link pairings

Leading term in cobordism formula for link pairings |

To show that equation (18) is non-trivial, we now demonstrate, in
a computation similar to that due to Kotschick and Morgan [18,
Theorem 6.1.1], that the coefficient of the term in (18) including
the highest power of Qx is non-zero.

RUTGERS
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Leading term in cobordism formula for link pairings il il

Outline nder of leading-order term computation

Leading term in cobordism formula for link pairings Il

Proposition 4.1 (Leading-order term in the SO(3)-monopole cobordism
formula (18) for link pairings)

(See F and Leness [5, Proposition 4.1].) Continue the notation and
assumptions of Theorem 3.3. In addition, assume that there is K € B(X)
with K # 0. Let m and n be non-negative integers satisfying the
conditions (16). Define A := c¢(X) —n—2m—1, and

§:=c(X) +4xn(X) —3n—1, and £ = 2xu(X) — n. Then

(20)  aa0.e(xn(X), E(X),0,0,m,€) = (—1)™2 ‘5%

Although the computation of the precise value of the coefficient in
(20) is delicate, we need only show that a4 ¢ is non-zero. RUTGERS
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Leading term in cobordism formula for link pairings

Leading term in cobordism formula for link pairings Il

The methods discussed below allow one to compute the
coefficients a; j ¢ in greater generality (for example, without the
assumption that ¢;(t) = 0), but not complete generality (mainly
due to the complicated stratified-space structure of the symmetric
products, Sym‘(X)).

Because Theorem 1.1 does not require greater generality and
indeed requires the assumption that c;(t) = 0 (as one can show),
we omit the proof of a more general result in the interest of clarity.

RUTGERS
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Topo_logy of a neighborhood of Mg x {x} C .#

Leading term in cobordism formula for link pairings Multil

r term computation

Topology of a neighborhood of M, x {x} C . |

The proof of Proposition 4.1 requires knowledge of the topology of
an open neighborhood of

M, x {x} C .4/S",

where x € Sym‘(X).

While we need to consider arbitrary lower levels, £ > 0, in the
Uhlenbeck compactification,

N
M C | Ay x Sym*(X),
=0 RUTGERS
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Topology of a neighborhood of Mg x {x} C .
Leading term in cobordism formula for link pairings M‘
r term computation

Topology of a neighborhood of M, x {x} C . Il

the proof of Proposition 4.1 only requires us to consider points,

x € Sym‘(X),

in the top stratum of Sym*(X) (all points distinct).

Although the definition of the intersection numbers appearing in
the SO(3)-monopole cobordism formula (13) (and thus defining
the coefficient (20)) requires a smooth structure on the link L,
the forthcoming equality (35) turns these intersection numbers
into a cohomological pairing.

RUTGERS
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Topology of a neighborhood of Mg x {x} C .
Leading term in cobordism formula for link pairings M, ; and du ality
ing-order term computation

Topology of a neighborhood of M, x {x} C . Il

Lower-level Seiberg-Witten moduli spaces and invariants

Because dim M; = 0 (by our simple type hypothesis), the virtual
normal bundle construction of [10, Theorem 3.21] (F and Leness)
gives a homeomorphism between a neighborhood in ///t(g)/Sl of a

point in M, and Xt(e (0)/S?, where
(21) Xi(e)s - C™ — C=

is a continuous, S!-equivariant map with 0 € gt(é) (0) and which
is smooth away from the origin and vanishes transversely away
from the origin.
RUTGERS
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Topology of a neighborhood of Mg x {x} C .
Leading term in cobordism formula for link pairings M‘

r term computation

Topology of a neighborhood of M, x {x} C .#; IV

The dimensions satisfy
1 1
(22) ry—r== 5//4(5) = 5//4 — 3/

We further note that because dim M; = 0 and M, is compact and
oriented, M; is a finite set of points.

If 1 € H°(M,;Z) is a generator given by an orientation of M, then
(23) (1, [Ms]) = SWx(s),

as this pairing is just the count with sign of the points in the

oriented moduli space M;. R
UTGERS
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Topology of a neighborhood of Mg x {x} C .
Leading term in cobordism formula for link pairings M‘

r term computation

Topology of a neighborhood of M, x {x} C .4 V

Open neighborhood of M, x {x} in .#

In [4, Chapter 5] (F and Leness), we constructed a virtual
neighborhood .Z" of M, x Sym‘(X) in .4, admitting a

t,s
continuous, surjective map (see F and Leness [4, Lemma 5.8.2]),

(24) TX : //_t‘;r — Sym*(X).

The space, _tV;r is stratified by smooth manifolds and contains a

subspace, 5}75, which is homeomorphic to a neighborhood 022{5 of
M, x Sym*(X) in ..

Let O, be the intersection of &, with the top stratum of .Z";".
; , > RUTGERS
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Topology of a nelghborhood of Mg x {x} C .y
Leading term in cobordism formula for link pairings

Outline of remainder of leading-order term computation

Topology of a neighborhood of M, x {x} C ., VI

Then Oy is the zero locus of a transversely vanishing section of a
vector bundle of rank 2r= 4 2¢ over the top stratum of ///‘”r
O s is diffeomorphic to the top stratum of @Zs.

The top stratum of //l‘”r has dimension determined by
1
fdlm///‘“r = Edlm//lt—l— r=+/.

There is an S action on //l‘”r which restricts to the St action on
M, discussed earlier.

This S action is free on the complement of its fixed point set,
M, x Sym‘(X) ///‘”r. RUTGERS
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ighborhood of Mg x {x} C .

Leading term in cobordism formula for link pairings _ _
s and duality

inder of leading-order term computation

Topology of a neighborhood of M, x {x} C .#, VII

Let A C Sym®(X) be the big diagonal, given by points {xy,...,x;}
where x; = x; for some i # j.

For x € Sym‘(X) \ A, let U be an open set,
x € U € Sym‘(X)\ A,

and let U c X! be the pre-image of U under the branched cover
X! — Sym*(X).

Let CSO(3) be the open cone on SO(3).
For U sufficiently small, we define
(25) N(t,s, U) == My x C™ x CSO(3)" xe, U, RUTGERS
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Topology of a neighborhood of Mg x {x} C .
Leading term in cobordism formula for link pairings M‘

r term computation

Topology of a neighborhood of M, x {x} C ., VIII

where Gy is the symmetric group on ¢ elements, acting diagonally
by permutation on the ¢ factors in CSO(3)* and U.

Because U is contained in the top stratum of Sym*(X), the
construction of .Z" in [4, Section 5.1.5] (F and Leness) and the
map 7x in [4, Lemma 5.8.2] (F and Leness) imply that there is a

commutative diagram,

2 7 Vir
N(t,s,U) —— s

(26) l ﬂxl
U —— Sym‘(X)
where RUTGERS
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Leading term in cobordism formula for link pairings Multil

r term computation

Topology of a neighborhood of M, x {x} C ., IX

o
2]
o
o

The horizontal maps are open embeddings,
The vertical map on the left is projection onto the factor U,
The image of ~ is a neighborhood of M, x {x} in .4

t,s
The embedding ~ is equivariant with respect to the diagonal
St action on the factors of C and SO(3) in (25) and the S*

action on Z'}".

RUTGERS
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Leading term in cobordism formula for link pairings

Topology of a neighborhood of M, x {x} C .4 X

Observe that because U is in the top stratum of Sym‘(X), the
group &y acts freely on U.

Hence, for x € U the pre-image of x under the left vertical arrow in
the diagram (26) is

M, x C™ x CSO(3)¢ x {x}.

The commutativity of the diagram (26) implies that for x € U, the
embedding ~ defines a homeomorphism,

(27) Ms x C™ x CSO(3)" x {x} = m*(x).

Note that for x € U represented by {xi,...,x¢}, each x; has

S . RUTGERS
multiplicity one, by definition of A, for 1 </ < /(. .
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Leading term in cobordism formula for link pairings 5 vl clvelfisg
inder of leading-order term computation

Topology of a neighborhood of M, x {x} C ., XI
For the cone point ¢ € CSO(3), define ¢, € CSO(3)* by

ce = {c} x {c} x--- x {c} € CSO(3)".

£ copies

Because c; is a fixed point of the &, action on CSO(3)¢,

(28) ~! <I\/Is X symf(X)) — M, x {0} x {c/} x U
C M, x C™ x CSO(3)" ¢, U,
where « is the embedding in (26).
RUTGERS
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Topology of a neighborhood of Mg x {x} C .#
M

Leading term in cobordism formula for link pairings
er term computation

Topology of a neighborhood of M, x {x} C ., XII

The link and its branched cover

In [4, Proposition 8.0.4] (F and Leness), we constructed a link,
Z’ir VlI‘/Sl

of
M, x Sym*(X) C//ltlr/Sl

We will need the following description of
X ( )m LVII‘

and a branched cover of this space. RUTGERS
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Topology of a neighborhood of Mg x {x} C .

Leading term in cobordism formula for link pairings I 1‘ il dlifsg

of leading-order term computation

Topology of a neighborhood of M, x {x} C ., Xl

(See F and Leness [5, Lemma 4.5].) For x € Sym*(X)\ A, the space

Tl (x) N [‘{fgr is homeomorphic to the link of

M, x {0} x {c/} x {x} in M, x C™ xg CSO(3)* x {x}.

The computations in our proof of Proposition 4.1 require the
following branched cover of this link.

RUTGERS

69 /118



Topology of a neighborhood of Mg X {x} C .
Multiline. ebra

asses and duality
Outline ainder of leading-order term computation

Leading term in cobordism formula for link pairings

Topology of a neighborhood of M, x {x} C .#, XIV

Lemma 4.3

(See F and Leness [5, Lemma 4.6].) There is a degree (—1)*2m+¢-1
branched cover

fi My x CPMH27T o M (x) NLYE.

If v is the first Chern class of the S* action on ///_t";r then

(29) Fru=1x2p,

where 1 € H°(Ms; Z) satisfies (23) and i € H?>(CP™+2¢=1: 7)) satisfies

(30) <ﬂrN+2€—1, [(CIP)rN+2€—1]> — (_1)rN+2£—1-

= GERS
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Leading term in cobordism formula for link pairings nd duality

Outline r of leading-order term computation

Multilinear algebra |

The proof of Proposition 4.1 requires us to consider the
intersection number with L¢s in (12) as a symmetric multilinear
map on H>(X;R) rather than a polynomial.

We thus introduce some notation to translate between the two
concepts.

For a finite-dimensional, real vector space V/, let S4(V) be the
vector space of d-linear, symmetric maps, M : V®9 — R, and let
P4(V) be the vector space of degree-d homogeneous polynomials
on V.

RUTGERS
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X {x} C A

Leading term in cobordism formula for link pairings

g-order term computation

Multilinear algebra Il

The map @ : S54(V) — P4(V) defined by ®(M)(v) = M(v,...,v)
is an isomorphism of vector spaces (see Friedman and Morgan [16,
Section 6.1.1]).

For M; € S (V), we define a product on S4(V) = ©g>0S4(V) by

(M1M2)(h17 ceey hd1+d2)
1
(3]_) = (dl —|—d2)| Z Ml(ho(l)w'who(dﬂ)
J€6d1+d2

X M2(ha(d1+1)a cees ho’(d1+d2))7

where G4 is the symmetric group on d elements. RUTGERS
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Leading term in cobordism formula for link pairings Whvilituez? el

Multilinear algebra IlI

When S,(V') has this product and P,(V/) has its usual product, ¢
is an algebra isomorphism.

RUTGERS
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Topology of a neighborhood of Mg

Multilinear algebra

Cohomology classes and duality

Outline of remainder of leading-order term computation

Leading term in cobordism formula for link pairings

Multilinear algebra 1V

Lemma 4.4

(See F and Leness [5, Lemma 4.7].) Continue the assumptions and notation of
Proposition 4.1. For n € N as in Proposition 4.1 let t, be a spin“ structure
satisfying (14). Then,

# (7 (h1 ... hs—omx™) N Ly,.s)
G 2 3 a0, 00.0.0m0)

(32) 327‘( ma€C5 om

(6—2m—i)/2

X H(K, ha(u)) H Qx (hy (i+2u—1)5 ho(ivou))
u=1 u=1

where Gs5_om is the symmetric group on (0 — 2m) elements and K = c1(s).
SGERS
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g P & Cohomo a and duality

Outline o ainder of leading-order term computation

Multilinear algebra V

The following corollary will yield the coefficient appearing in (20)
in Proposition 4.1.
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Multili
Coho gy classes and duality

Outline of remainder of leading-order term computation

Leading term in cobordism formula for link pairings

Multilinear algebra VI

Corollary 4.5 (Intersection pairing)

(See F and Leness [5, Corollary 4.8].) Continue the notation and
hypotheses of Lemma 4.4 and abbreviate A= § —2m — 2{. There is a
class h € Ker K C Ha(X;R) with Qx(h) =1 and if

(33) hy=heKerK C Hy(X;R) for A+1<u<§—2m,

then
# (7 (h1- .. hs_omx™) N Lys)
A
(34) = WQA,O,Z(Xh(X)’C%(X)’O)Ov mvf)H<K7 hu)'

v GERS
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Leading term in cobordism formula for link pairings eeees el alielfisy

Outline nainder of leading-order term computation

Cohomology classes and duality |

By [4, Proposition 8.0.4] (F and Leness), there are a topological
space, L C ///‘“r/Sl with fundamental class [LY¥] and
cohomology classes

folh). fie, &, &€ H (/S (Mex Sym'(X)) ).

such that

(35) # (7/(/71 e h5_2me) N Lt75)
= (fip(h1) — -+ — fip(hs—2m) — fip(x)" — & — &, [LVHr )-

We note that the cohomology classes fiy(h;i) and fip(x) are
extensions of the classes pp(hj) and pp(x) defined earlier. RUTGERS
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Leading term in cobordism formula for link pairings

Outline of remainder of leading-order term computation

Cohomology classes and duality Il

For B € He(X;R), the cohomology class
SY(B) € H**(Sym‘(X); R)

is defined by the property that, for 7 : X! — Sym*(X) denoting
the degree-¢! branched covering map,

#°54(8) = _ = PD[A],
i=1

where 7; : X! — X is projection onto the i-th factor.
RUTGERS
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Leading term in cobordism formula for link pairings

of remainder of leading-order term computation

Cohomology classes and duality Il

Thus (compare Kotschick and Morgan [18, p. 454]),

(S () — -+ — S*(hae+x), [Sym" (X)])

(36) _ %Qﬁ(hl,...,h%)m[x] if k =0,

0 if k>0,

where x € Sym‘(X) \ A is a point in the top stratum.

Note that if h, = hfor u=1,...,2¢, then by the definition of the
product in (31),

(37) Qk(hy,- . ha) = Qx(h)". RUTGERS
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Leading term in cobordism formula for link pairings

of remainder of leading-order term computation

Cohomology classes and duality 1V

From [4, Equations (8.3.21), (8.3.24), and (8.3.25)] and [4,
Lemma 8.4.1] (F and Leness) we have, denoting

K= Cl(ﬁ), A= Cl(f), he H2(X;R),

and a generator x € Hy(X; Z),
1
fip(h) = ,(A — K, by + 7 S'(h),
(38) fip(x) = — 32 + 7 S'(x),
és = (_I/)YE,

where v is the first Chern class of the ST action on //l‘”r

UTGERS
pix : ///‘”r — Sym®(X) is defined in (24). Rute!
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asses and duality

ainder of leading-order term computation

Outline of remainder of leading-order term computation |

We now outline the proof of Proposition 4.1.

For n € N as in Proposition 4.1 (leading-order term in the
SO(3)-monopole cobordism formula (18) for link pairings), we
choose t, be a spin” structure satisfying the condition (14).

We apply Corollary 4.5 (intersection pairing) to verify the
expression (20) for the coefficient aa ¢ to give

# (’77(/‘)1 - h(s_gmxm) N Ltmg)

wa/\p,é(){h(x)v C12(X)’ 0,0, m, 6),

39) AS
= () =50
RUTGERS

81/118



orhood of My X

Leading term in cobordism formula for link pairings _ _
asses and duality

ainder of leading-order term computation

Outline of remainder of leading-order term computation Il

We now compute the left-hand-side of (39), namely
# (77(}11 o h5_2me) N Lt,,,s) .

From the proof of Corollary 4.5, there are homology classes
ho, hy € Ho(X; R) which satisfy

(40) (K,ho) =0, Qx(ho) =1, (K, hp)=—L1.

We define

(41) hy =

hy for 1 <u<A,
hg forA+1<u<d—2m.
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Outline of remainder of leading-order term computation Il

Using the topology of the link we compute that, under the
assumptions (40) on hy,

# (7 (hy ... hs—omx™) N Ly, )
(42) _ (20)!

— ot (_1)m+r5+rN+127A72m5WX(5)'

Comparing (39) and (42) gives

SW; () (25)

20)!
- (Klz)e(—l)m+rz+r“’+12A2m5Wx(5)a

an0,0(xn(X), c£(X),0,0, m, ¢)
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Leading term in cobordism formula for link pairings - _ _
Coho asses and duality
ainder of leading-order term computation

Outline of remainder of leading-order term computation IV

which we solve to get

(43) aA,07é(Xh(X)’ C12(X)7 0,0, m, g)

(0 =2m)!  \Atmtretry+1o—A-2m—t
(_1) m--r=—+ry 2 m .
21A

We can arrange that
—A-2m—{=0-§
while dimension counting implies that
A+m+r=+rmy+1=0+m (mod2).

Hence, (43) yields the desired equality (20), completing the proo(%]TGERS
of Proposition 4.1.
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Vanishing coefficients in the SO(3)-monopole
cobordism formula for link pairings
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Vanishing coefficients in formula for link pairings |

We now determine the coefficients a; o x with i > ¢(X) — 3
appearing in Equation (18) in Theorem 3.3, namely

2xp(X)—n

0= Z 3A+2k,o,2x,,(x)_,,_kSW)V{’A“k(h)Qx(h)2><h(X)—n+k
k=0

The techniques used in the proof of [13, Proposition 4.8] (F and
Leness) also determine the coefficients aj o 4 with i > c(X) — 3
appearing in (18).
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Vanishing coefficients in formula for link pairings Il

Proposition 5.1 (Vanishing coefficients in SO(3)-monopole cobordism
formula for link pairings)

(See F and Leness [5, Proposition 5.1].) Continue the hypothesis and
notation of Theorem 3.3. In addition, assume c¢(X) > 3 and

(44) n=1 (mod2).

Then for p > ¢(X) — 3 and k > 0 an integer such that
p+ 2k =c(X)+4xn(X)—3n—1—-2m,

ap707k(Xh(X), C12(X),0,07 m, 2Xh — n) = (0,
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Vanishing coefficients in formula for link pairings Il

We prove Proposition 5.1 by showing that on certain standard
four-manifolds, the following vanishing result arising in the proof of
Theorem 3.3 (SO(3)-monopole cobordism formula vanishing),

(45) 0= 3 (~)THRISUL(K)
KEB(X)
x> aiox(xa(X), 6 (X),0,0,m, 2xs(X) — n)(K, h)' Qx(h)*.

i+2k

=0—2m
forces each of the coefficients in the sum to be zero by using the
following generalization of [16, Lemma VI.2.4] (Friedman and
Morgan). RUTGERS
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Vanishing coefficients in formula for link pairings 1V

Lemma 5.2 (Algebraic independence)

(See F and Leness [13, Lemma 4.1] or [5, Lemma 5.2].) Let V be a
finite-dimensional real vector space. Let Ty,..., T, be linearly
independent elements of the dual space V*. Let Q be a quadratic form
on V which is non-zero on N_; Ker T;. Then Ty,...,T,, Q are
algebraically independent in the sense that if

F(zo,.-.,2zn) € Rlzo,...,2,] and F(Q, T1,..., T,) : V — R is the zero
map, then F(zy,...,z,) is the zero element of R|z, ..., z,].

In [13, Section 4.2], we used the manifolds constructed by
Fintushel, Park and Stern in [14] to give the following useful family
of standard four-manifolds. RUTGERS
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Vanishing coefficients in formula for link pairings V

Lemma 5.3 (Fintushel-Park-Stern family of standard four-manifolds with
Seiberg-Witten simple type)

(See F and Leness [5, Lemma 5.3].) For every integer q > 2, there is a
standard four-manifold X, of Seiberg-Witten simple type satisfying

(46a) x(Xy) =g and c(Xy) =3,
(46b) B(Xq) ={£K} and K #0,
(46¢) The restriction of Qx, to Ker K C Ha(Xq; R) is non-zero.
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Vanishing coefficients in formula for link pairings VI

We write the blow-up of Xg at r points as Xq(r), so

Xn(Xq(r)) = xa(Xq) = q;
F(Xe(r)) = (Xq) .
(X)) = c(Xg) 4 r=r+3,
where we recall from (1) that ¢(X) := xp(X) — c2(X).

We consider both the homology and cohomology of X, as
subspaces of the homology and cohomology of X,(r), respectively.

Let e} € H?(X4(r); Z) be the Poincaré dual of the u-th exceptional
class. RUTGERS
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Vanishing coefficients in formula for link pairings VII

Let m, : (Z/27)" — 7Z/27Z be projection onto the u-th factor.
For v € (Z/2Z)" and K € B(Xy), we define

.
(47) K, _K+Z ””“")e and Ky ::K—i—Zej.
u=1

Then, by the blow-up formula for Seiberg-Witten invariants (see
Frgyshov [17, Theorem 14.1.1]),

(49) B/(X(r) = (K, : v € (2/22)' ),
SWx,(n(Ky) = SWx, (K).
In preparation for our application of Lemma 5.2, we have the RUTGERS
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Vanishing coefficients in formula for link pairings VIII

Lemma 5.4 (Algebraically independent functionals and intersection form
on Ha(Xy(r)i )

(See F and Leness [5, Lemma 5.4].) Let g > 2 and r > 0 be integers. Let
Xq(r) be the blow-up of the four-manifold X, given in Lemma 5.3 at r
points. Then the set

{K.el,.... e, Qx )}

is algebraically independent in the sense of Lemma 5.2 for the vector
space Hy(Xq(r); R).
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Vanishing coefficients in formula for link pairings IX

Outline of the Proof of Proposition 5.1.
Because ¢(X) > 3, if g = xn(X) and r = ¢(X) —3 > 0, then
(49)  xa(X) = xa(Xg(r)) and  F(X) = cf(Xq(r))
by Lemma 5.3 and so
(50) a;0.k(xn(X), c£(X),0,0,m,¢)
= 3i,0,k(Xh(Xq(r)): C]?(Xq(r))a 0,0, m, 6)

As in the proof of Theorem 3.3, the assumptions on m and n allow
us to apply the SO(3)-monopole cobordism formula (13) with a RUTGERS
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Vanishing coefficients in formula for link pairings X

spin“ structure t, on X,(r) satisfying (14), w € H?(X,(r); Z)
characteristic,

d:=c(X)+4xn(X)—3n-1
c(Xq(r)) + 4xn(Xq(r)) —=3n =1 (by (49)),

and {(tp,s) = 2xh(Xq(r)) — n from (15) to get (see (45))

_ L(w2+w-K) /
0= > (-1 SWi, (1 (K)
KeB(Xq(r))

X Z ai,O,k(Xh(Xq(r))7 C12(Xq(r)), 07 Ov m, £)<K7 h>iQXq(r)(h)k'

i+2k
=6—2m

(51)
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Vanishing coefficients in formula for link pairings XI

Because SWx(—K) = (—1)X)SWx(K) by [22, Corollary 6.8.4],
the set B(Xy(r)) is closed under the action of {£1}.

Let B'(X4(r)) be a fundamental domain for the action of {£1} on
B(Xq(r))-

We rewrite (51) as a sum over B/(X4(r)) by combining the terms
given by K and —K.

To apply Lemma 5.2 to (51) and get information about the
coefficients a; g x, we will replace B'(Xy(r)) with the set
{K,ef,...,ef} appearing in Lemma 5.4,

By Lemma 5.4, the set {K, €], ..., e/, Qx, ()} is algebraically
independent and, after some calculation, we eventually see that RUTGERS

96 /118



Vanishing coefficients in cobordism formula for link pairings
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(51) implies that the coefficient a, o x must vanish, for
p > c(X) — 3 as in the statement of Proposition 5.1. O
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Simple Type = Superconformal Simple Type
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Simple Type = Superconformal Simple Type |

We shall prove Theorem 1.1 (simple type = superconformal
simple type) by applying the computations of the coefficients in

o Proposition 4.1 (formula for aa o.¢(xn(X), c2(X), 0,0, m,?)),
e Proposition 5.1 (a0« (xs(X), c3(X),0,0, m,2xs — n) = 0),
to the vanishing sum formula (18), namely

2xp(X)—n

0= Z A4 2k.02x5(X)—n—k SWx T2 (R) Qx ()2 (X)=—ntk,
k=0
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Simple Type = Superconformal Simple Type Il

To apply Proposition 4.1, we need to assume that there is a class
K € B(X) with K # 0.

This assumption is valid if we can replace X with its blow-up X.

In the following, we show that the superconformal simple type
property is invariant under blow-up, allowing the desired
replacement of X with X in the proof of Theorem 1.1.

The “only if” direction in Lemma below was proved by Marifio,
Moore, and Peradze as [21, Theorem 7.3.1].
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Simple Type = Superconformal Simple Type IlI

Lemma 6.1 (Invariance of the superconformal simple type property
under blow-up)

(See F and Leness [5, Lemma 6.1] and Marifio, Moore, and
Peradze [21, Theorem 7.3.1].) Let X be a standard four-manifold
of Seiberg-Witten simple type with c(X) > 3. Then X has
superconformal simple type if and only if its blow-up X does.

Half of the polynomials SW)‘Q’"’ vanish for the parity reasons.

(This observation appears in the remarks following [21, Proposition
6.1.3] due to Marifio, Moore, and Peradze.) RUTGERS
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Simple Type = Superconformal Simple Type IV

Lemma 6.2 (Vanishing of half of the polynomials SW)'?"’" by parity)

(See F and Leness [5, Lemma 6.2] and Marifio, Moore, and
Peradze [21].) If a standard four-manifold X has Seiberg-Witten
simple type, i > 0 is any integer obeying c¢(X)+i =1 (mod 2),
and w € H?(X;Z) is characteristic, then SWy"' vanishes.

The vanishing sum formula (18) will give information about the

Seiberg-Witten polynomial SW)'?”A of degree
A=c(X)—n—-2m—1

which appears in this sum with a non-zero coefficient. RUTGERS
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Simple Type = Superconformal Simple Type V

We write A = ¢(X) — 2v where v is a non-negative integer such
that 2v = n+4+2m+ 1 as in the statement of Theorem 3.3 and
note some of the values for this degree to which we can apply
Theorem 3.3 and Proposition 5.1.

If n =3, then the equality 2v =n+2m+ 1 implies m=v — 2.

(See F and Leness [5, Lemma 6.3] Let X be a standard four-manifold
with ¢(X) > 3. For any v € N with 4 < 2v < ¢(X), the natural numbers
n =3 and m = v — 2 satisfy the conditions (16) in Theorem 3.3 and the
parity condition (44) in Proposition 5.1.
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Simple Type = Superconformal Simple Type VI

Outline of Remainder of Proof of Theorem 1.1 (simple type —-
superconformal simple type)

By Lemma 6.1, it suffices to prove that the blow-up of X has
superconformal simple type.

Because c2(X) = c?(X) — 1, we can assume c?(X) # 0 by
replacing X with its blow up if necessary.

If we assume c2(X) # 0 and K € B(X), then K2 = c?(X) # 0 by
our assumption that X has Seiberg-Witten simple type, so K # 0.

Thus, we can assume 0 ¢ B(X) by replacing X with its blow-up.
We now abbreviate ¢ = ¢(X) and xp, = xn(X). RUTGERS
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Simple Type = Superconformal Simple Type VII

If we H2(X;Z) is characteristic, then SW)‘Q'"' vanishes unless
i = c (mod 2) by Lemma 6.2 (vanishing of half of the polynomials
SWy"" by parity).

Thus, it suffices to prove that SW)‘Q”CQV =0for4<2v<cg,
which we will do by induction on v.

By Lemma 6.3, the values n = 3 and m = v — 2 satisfy the
conditions (16) in Theorem 3.3 (SO(3)-monopole cobordism
formula vanishing).
RUTGERS
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Simple Type = Superconformal Simple Type VIII

Substituting these values into (18) (noting that
A=c—n—-2m—1=c—2v), yields

(52) 0
2xp—3

c—2v42k Dxh—3+k
= Z c—2v12k,0,2xy—3—kSWy ST T (R Qx (h)PXh 3 TR,
k=0

where the coefficients aj o x are defined in (17).

Because n = 3 satisfies the assumption (44), Proposition 5.1
implies that

(53) dc_2v12k02x, 3k =0 for 2k —2v > 3. RUTGERS
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Simple Type = Superconformal Simple Type IX

Because of our assumption that 0 ¢ B(X), an application of
Proposition 4.1 (leading-order term in the SO(3)-monopole
cobordism formula (18) for link pairings) with n = 3 gives

(54) ac—2v,02x,—3 7 0.
We now begin the induction on v.
If 2v = 4, the identity (52) becomes

2Xh_3

0= Z acf4+2k:072Xh*3*k5W)|2/’C_4+2k(h)Qx(h)2xh_3_k
k=0

= ac_4,0.2v,-3SWy THM)Qx ()P 3  (by (53)), RUTGERS
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Simple Type = Superconformal Simple Type X

that is,
(55) 0 = ac-402y,—3SWy 4 (h) Qx (h)?Xh—3.
Because 2v = 4, equations (54) and (55) imply that

SWy S *(h)Qx(h)?*=3 =0 for all h € Ha(X;R).

If Z C Ha(X;R) is the (codimension-one) zero locus of Qx, the
preceding equality implies that the polynomial SW)‘Q/’C*4 vanishes
on the open, dense subset Ha(X;R) \ Z of Ha(X;R).

Hence SW)'?/’C_4 vanishes on Hp(X;R), completing the proof of
the initial case of the induction on v. RUTGERS
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Simple Type = Superconformal Simple Type XI

ol
For our induction hypothesis, we assume that SWy* 2 — 0 for
all v/ with 4 <2V <2v < c.

Calculation then reveals that
(56) 0 = SWy"“"(h)Qx (h)**~3.

If Z is the zero locus of Qx, then (56) implies that SWy ™"
vanishes on the open dense subset Ho(X;R)\ Z of Hy(X;R).

Hence SW)'Q”C*zV vanishes identically on Ho(X;R), completing the
induction and the proof of Theorem 1.1.
I@ngERS

109 /118



Simple Type = Superconformal Simple Type

Thank you for your attention!
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