FORCING, GENERICITY, AND CBERS

FILIPPO CALDERONI AND DIMA SINAPOVA

AsstrACT. In this paper we continue the study of equivalence of generics filters
started by Smythe in [Smy22]. We fully characterize those forcing posets for which
the corresponding equivalence of generics is smooth using the purely topological
property of condensation. Next we leverage our characterization to show that there
are non-homogeneous forcing for which equivalence of generics is not smooth.
Then we prove hyperfiniteness in the case of Prikry forcing and some additional
results addressing the problem whether generic equivalence for Cohen forcing is
hyperfinite.

1. INTRODUCTION

Let M a countable transitive model of a sufficient fragment of ZFC, and fix a
partial order P in M.

We can define the Polish space Gen(M, P) of M-generic filters for P. This space
has a basis of clopen sets of the form N, = {G € Gen(M,P) | p € G} for all
p € PN M. We say that two generic filters G, H € Gen(M, P) are equivalent (in
symbols, G =P H) if and only if they produce the same generic extension. Le., we
define

G=h H = M|[G] = M[H].
P
=M
Borel complexity theory by Smythe [Smy22]. By the definability of the forcing rela-

The equivalence relation was first analyzed from the point of view of the
tions, this is a countable Borel equivalence relation on the Polish space Gen(M, P).
(See [Smy22, Lemma 2.6].) The case where P is the Cohen forcing C is particularly
compelling, and it is motivated by a long-standing open problem in descriptive set
theory. Recall that a Borel equivalence relation is hypefinite if is the increasing
union of a sequence of Borel equivalence relations with finite equivalence classes.
While [Smy22, Theorem 3.1] proves that =, is an increasing union of hyperfi-

nite equivalence relations, it is unclear whether E](\:/I is hyperfinite. Therefore, the

C
M

problem posed as early as [DJK94]. And people have wondered whether =$; con-

question whether =%, is hyperfinite is a specific instance of the (increasing) union

stitutes a counterexample. (For a discussion about this, we refer the reader to
[Kec24, Page 82]).
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In addition to that, Smythe [Smy22, Question 1] asks to determine the Borel
complexity of equivalence of generics for other forcings.

In Section 3 we provide a new characterization of smoothness for EE/I' In Sec-
tions 4 we prove that =P is hyperfinite in the case of Prikry. In Section 5 we prove
some additional results about genric equivalence and we discuss some equivalence
relations closely related to Ezc\:/{' We believe that these would be useful to address
the problem of finding the Borel complexity of =}, and other forcing in the future.

2. PRELIMINARIES

2.1. Forcing. Recall that P is weakly homogeneous if for all pairs of conditions
q,1, there is an automorphism e: P — P, such that e(g) is compatible with r. Note
that this implies that there are generic filters G, H, such that ¢ € G,r € H and
V[H] = V[G]. Also, recall that if, on the other hand G and H are two generic filters
for P with V[H] = V[G], and P is the Boolean completion of the poset, then there
is an automorphism e: P — P, such that ¢”G = H.

Weak homogeneity can be used to detect non-smoothness in the following pre-
cise sense. Recall that a poset is atomless if and only if every condition has
incompatible extensions.

Theorem 2.1 (Smythe [Smy22, Theorem 2.12]). If P is atomless and weakly homoge-

neous, then =2 is not smooth.

M

In fact, Smythe [Smy22, Lemma 2.11] proved that P is weakly homogeneous if
and only if the action of Aut™(P) on Gen(M, P) is generically ergodic. In Proposi-
tion 3.4 below, we show that the sufficient condition in Theorem 2.1 is not necessary.

We will say that P is densely weakly homogeneous if for densely many p, P<, is
weakly homogeneous (i.e., the poset {g € P | g < p}). Clearly, weak homogeneity
implies densely weak homogeneity.

For an example of densely weakly homogeneous poset that is not weakly ho-
mogeneous, take a lottery sum of non isomorphic weakly homogeneous forcings.
Recall that the lottery sum of a collection {P; : i € I} of forcing posets is the poset
P, Pi ={(i,p):i €I and p € P;} U{1}, ordered with 1 weaker than everything
elseand (i, p) < (j,q) wheni = jand p <p, q. Then for all (i, p), the forcing below
(i, p), the poset P | (7, p) is isomorphic to P; | p, which is just P;by homogeneity,
and therefore weakly homogeneous, and so the full forcing is densely weakly ho-
mogeneous. On the other hand, since the P;’s are no isomorphic, the full forcing
is not weakly homogeneous

2.2. Countable Borel equivalence relations. An equivalence relation E is count-
able if every E-class is countable. It is finite if every E-class is finite.
Let X = 2N. Then the eventual equality relation

xEpy & dmVYn = m(x, =y,).
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It is immediate that Ey is hyperfinite because Eg = | Ji € NF;, where x F; y <
Xn = Yn for all n > i. Clearly each F; class has cardinality 2,

Let I' be a countable group with the discrete topology. If X is a Polish space and
a: I'x X — X isa continuous action of I on X we say that X is a Polish I-space. In
which case, we denote by R(I' ~ X) the corresponding orbit equivalence relation.
Given a Polish I'-space X, a point x € X is condensed if x is an accumulation
point of its orbit. That is, for all open neighborhoods U of x, |U N [x]| = 2. In the
sequel, we make use of the following well-known fact. For a proof see e.g. [CC24,
Proposition 2.2].

Fact 2.2. Let X be a Polish I'-space. The orbit equivalence relation R(I' ~ X) is not
smooth if and only if there is a condensed point.

3. CHARACTERIZATION OF SMOOTHNESS

The main goal in this section is to present a characterization of non-smoothness
for E;I. (Theorem 3.3 below.) First we spell out condensation in the case when X
is Gen(M,P) and I' = Aut™(P). Recall that N, ={G € Gen(M,P) | p € G}. Itis
crucial for us that the set {N, | p € P N M} is a basis for the space Gen(M, P). (For
the details see [Smy22, Lemma 2.3].) Therefore we can refer to the basic (cl)open
sets N, rather than referring to all open subset of the space.

Definition 3.1. An M-generic filter G € Gen(M, P) is condensed if for all N, with
G € Ny, thereis H # G, such that M[H] = M[G] and H € N,,.

Definition 3.2. Let P be a forcing poset in M. For any p € P define the statement
(tp) as follows:

(ty) Forall p’ < p, there are incompatible g, 7 < p’,
such that there exists distinct generic filters G, H,
such that g € G,r € H and V[H] = V[G]}.
In other words condition (t,) says that we can find instances of homogeneity

densely often below p. Clearly, densely weakly homogeneous implies (1), for all p.
We will show that this is strictly weaker than being densely weakly homogeneous.

Theorem 3.3. For any forcing poset P, we have
for some p € P.

=" is not smooth if and only if (t,) holds

Proof. For the forward direction, if E]F\’A is not smooth, there is a condensed filter
G € Gen(M, P). It follows that (t,) holds for all p € G. (Use Definition 3.1.)

For the right to left direction, assume (t,) for some p € P. Let G be a generic
filter with p € G. We want to show that G is condensed. Namely, for all p’ € G
there is H # G with and M[G] = M[H]and H > p’.
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Fix p” € G. By strenghtening if necessary, we may assume p’ < p. First we prove
the following density lemma.

Claim. The set D = {g : Je € Aut(P) N M such thate(q) L q,e(q) < p’} is dense in
P below p’.

Proof. Given q < p” < p by (1,) we can find incompatible conditions g’, r < g such
that
q' € Hy r € Hp M[H;] = M[H,].
Then thereis e € Aut(P)NM such thate”H; = Hj. So, e(q’) and r are compatible.
Then let * < e(g’), r and denote by ¢* = e~ 1(r*). It follows that g* < ¢’ and also
that g* and e(g*) = r* are incompatible. Then g* € D. ]

Choose g € D N G so that g < p’. Let e € Aut(P) N M witness that g € D. By
letting H = ¢”G we get M[G] = M[H] and since q and e(q) are incompatible it
follows that G, H are different. And since both g and e(g) are below p’, both G, H
contain p’, as desired. ]

Using condensation we show the following:
Proposition 3.4. Thereis a poset P that is not weakly homogeneous, but EZF\’/I is not smooth.

Towards the proof of Proposition 3.4, we will define P, such that P, is not densely
weakly homogeneous, but it satisfies (1,) for all p € Py. The idea is to take lottery
sums of nonisomorphic weakly homogeneous forcings in a tree like fashion. Let Py
be a weakly homogeneous forcing poset. For ease of exposition we take a constant
sequence of forcing {Pé 1 i € N} with Pé = Py. Let { Pi : i € N} be a sequence of
nonweakly homogeneous forcings such that no P} projects’ into P]l' for i # j. For
nonempty o € 2<% let P, be Hn<|g| Pz(n), so that Pg; = Pg X P}, Pi1 = P(l) X P}, P11o =
P(l) X P% X Py, etc. Finally we define Py as follows: Conditions in P; are of the form
(0,p) for some g € 2<“ and p € P,, and

(o,p) < (7,9) — c27andp ' 7<p, q.

Lemma 3.5. Py is not densely weakly homogeneous, but (t,) holds for all p. Therefore,
=Mm,p, is not smooth.

Proof. Since Pi are not weakly homogeneous, we can find conditions 41,71 € Pi
such that for all P{-generics G1 3 q1 and Hy 3 r1 we have V[G1] # V[Hy]. It
follows that the poset P, is not weakly homogeneous because any condition (o, p)
can be extended to incompatible conditions (61, p " ¢q1) and (671, p"r1). Then
if G, H are Py-generic containing (671,p " q1) and (671, p~r1) respectively, and

IHere Po projects onto P1 means that whenever G is generic for Py, one can define a generic for P;
in V[G].
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V[G] = V[H], then the projections of G, H on the |o| coordinate must produce the
same model.

On the other hand, any condition (o, p) can be extended to conditions (¢70, ),
(670,r) such that q,r € Ps~gand g | |o| = r | |o| = p. Using homogeneity
of Pyp we can find generics containing these conditions that produce the same
extension. Therefore, we conclude that R(Aut(P;) ~ Gen(P;, M)) is not smooth
by Lemma 3.3, and neither =y p, is. O

4. PRIKRY IS HYPERFINITE

Let k¥ be a measurable cardinal and fix a normal measure U on x (i.e. U is a
K-complete non principal normal ultrafilter on «). In this section P will be the a
Prikry forcing at x with respect to U. Le. conditions are of the form (s, A), where
s is a finite increasing sequence of points in x and A € U. We will refer to set in U
as “measure one". For (s, A) € P, we call s the stem of the condition, and [s]| is the
length. We say g is a direct extension of p, denoted g <* p if 4 < p and they have
the same stem.

Let M be a countable model satisfying enough of ZFC, containing « and P.

A generic filter for P induces a generic Prikry sequence & = (a, : 1 < w) cofinal
in «x, and it is actually defined from it as follows: given such a sequence &, define
G as the set of conditions (s, A), such that for some n, s = (ag,...,a,-1) and for
alli > n, a; € A. We say that a is a generic sequence if the filter induced from
it is generic. We will be identifying generic filters with the corresponding generic
Prikry sequences.

By identifying M with its transitive collapse, we can assume that M is transitive
without any loss of generality.

Theorem 4.1. = is hyperfinite.
We will use the following fact about Prikry forcing.

Fact4.2. (1) Ifaand E are both P-generic sequences over M, then M[a] = M [E] if and
only if a and E coincide on a tail.
(2) (The Prikry lemma). For any condition p and a dense open set D, there is a direct
extension q <* p and k < w, such that every r < q of length k is in D.
(3) Prikry forcing is weakly homogeneous. In particular, for any P-generic G over M
and any condition p € M, there is a P-generic H over M, such that p € H and
M[G] = M[H].

Fact 4.2(1) implicitly follows from the results [GKK20]. Since this work is un-
published, for completeness we provide a proof below.

Proof. One direction is clear. For the other direction, suppose for contradiction
that @ and y are two generic Prikry sequences over M, such that M[a] = M[Y],
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but the symmetric difference of these sequences is infinite. It follows that there is
a subsequence of 7, which is disjoint from a. Let E enumerate this subsequence.
Note thatﬁ € M[a].

Let p in the generic filter induced by &, force that ﬁ is disjoint from the generic
Prikry sequence.

For each n, let D, be the dense set of conditions deciding a value for ﬁn. By the
Prikry lemma, there is a direct extension p’ <* p, and k < w, such that every k-step
extension of p’ is in D,,. Le., for every r < p’ with length Ih(r) = lh(p) + k, there is
5 < x,suchthatr IF 6 = B,.

Claim 4.2.1. Fix n, and suppose that k is minimal such that the above holds for some
p’ <* p and D, and denote p’ = (h, A). Then there is a measure one set B C A, such that
for all increasing s in BX, if 55 is the unique such that (h"s, B \ max(s) + 1) I 6 = f,,,
we have that max(s) < ds.

Proof. Suppose otherwise. Since p’ forces that f8, is not on the Prikry sequence,
each 65 ¢ s. Let ¢: [A]¥ — {0, 1} be the function defined as follows

o(s) = {O if max(s) < O

1 if max(s) > 0s.

By measurability, ¢ is homogeneous on a measure one set, namely, thereis B C A,
B € U, such that for all k, ¢ T [B]* is constant. So, for all k-length stems s taken
from B, 6; < max(s). Then for each t € [B]¥71, the function gt > Op—g is
regressive. By Fodor’s Theorem (e.g., see [Jec03, Theorem 8.7], there is a measure
one set B; C B and 6; < «, such that for all s of the form t ~a with a € By, 65 = 0.
Let B’ = AB; = {a | @ € Nmax(t)<a Bt}- Then if r < (h, B’) is any condition with

length Ih(p) + k — 1; denote r = (h"t, C). We may assume that max(t) < min(C).
Then C C B, and sor I+ ﬁn = 0;. Contradiction with the minimality of k. ]

Using the above claim and inductively applying the Prikry lemma? for each 7,
we can find a condition p’ = (h, A) <" p, and a sequence (k, : n < w), such that:
(1) for each n, every k,-step extension of p’ decides the value of f,,,
(2) for each stem s of points in A of length k,, setting 6; to be such that
(h™s, A\ max(s) + 1) IF B, = 65, we have that 65 > max(s).

Now, let G be the generic filter induced by @. Since we can do this densely often,
we can find such a condition in G. Now go back to M[G]. Let n, be such that
Bn € A. Let g < p be the (unique) weakest k,-step extension of p in G. Denoting
g =(h"s, A\ max(s) + 1), we have that g I [%n = 0;. Since g € G, then 6, = 8, € A.
And since max(s) < 0s, we can further extend g to r = (h"s U{0},A\ 6+ 1).
But then r forces that f, is on the Prikry sequence. Contradiction with our initial
assumption. O

2cf. Fact 4.2(2)
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Proof of Theorem 4.1. Since M is countable, we identify (x N M)® with the Baire
space. Roughly, speaking we encode EI?/I into a hyperfinite equivalence relation on
the standard Borel space of G of generic Prikry sequences in (x N M)®. Precisely,
since there is a one-to-one Borel function f: Gen(M, P) — (k N M)“ associating to
any filter the corresponding generic Prikry sequence, let G = f”Gen(M, P) which
is injective image of a Borel set, therefore Borel.
Working in V, enumerate M N« by (v, : n < w). Define E, as follows: for two

M-generic Prikry sequences X and ¥/ in G, let X E,, ¥/ if and only if

o xi =y, forall k > n, and

e X=yorforallk <mn,xi,yr€{yi|i<n}
Then each E, is a finite equivalence relation. In fact, |[X]g,| < n!. Moreover,
E, C Epy1,and =8, = U, E,. So =% is hyperfinite, and in particular =} ~3 Eo. O

5. TOWARDS HYPERFINITENESS AND MUTUAL GENERICITY

Let M be the ground model, and let P € M be a poset. Let X = Gen(M, P), the
set of M-generics for P. Note that X ¢ M, but X c 2° and 2P € M. Throughout
this section we analyze the equivalence relation =/, on X and discuss hyper-
hyperfiniteness. We simplify our notation by letting E be EIF\’/I'

Following the analysis in Smythe, we have that E is generated by the countable
group Aut™(P), where P is the Boolean algebra completion of P. (E.g., see [Smy22,
Theorem 2.16].) Let {y, | n < w} enumerate the automorphisms in Aut"(P). For
each n, let I'; be the group generated by {y; | i < n}. Let Er, be the induced
orbit equivalence relation on 2°. (We note that the full 2P may not be a Polish
space, so we take the restriction just to P.) Note that while the full enumeration of
the automorphisms is not in M, for each #, both I, and Er, are in M. Moreover
Er, CEr and E = Un Er,.

Let {I, | n < w} € M be an increasing family of infinite subsets of w, such

n+1

that U, I, = w and I,41 \ I, is infinite. Find Borel involutions {gx | k < w}
on 27 (possibly with repetitions), such that for each n, {gx | k € I,} € M and
Er, = Ukel, graphgr. We do this by applying Feldman-Moore for Er, in M for
each n. Then, also E = | J; graphgx.

Next we define finite Borel equivalence relations Es, for s € <%, so thatifs C s’,
then E; C E; and each E; C E with a cascade argument as in [KM04, Theorem 12.1].

More precisely, we first fix a Borel linear ordering < on 2P, Then, for each n < w,
let fr(x) = min{x, gr(x)}. And fors = (sp,...,Si-1) € ©@=<?, set

XEsz — fSl-lO"'ofslOfso(x):fsz-lO"'Ofslofso(z)-

Note that each E; € M and the sequence (E; | s C I,;) € M for each n € w.
Next, fix n and let z Er, x and s € I;“. Let

x,:sz 00 fg 0 fo(x) and Z,:fsl—l 00 fs 0 f5(z)
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where | = |s|. Then x’ Er, z’, and so gx(x’) = z’, for some k € I,,. Lets’ = s"k.
Then we have that z Es» x. Take say the mimimun such s’ and denote it by s? ..
Note that the function (x, z,s) > s} , is in M.

Now, for any x, z such that x Ez, and s € w=¢, let s’ , = s} , where n is the least
such that z Er, x and s c I,. Of course, the map ®: (x,z,s) — sy, isnot in M,
however, ® restricted to s € I;;¥ and x, z with z Er, x is in M.

For x,z,such that x E z, let Dy, = {s’ , | s € @=“}. This is a dense subset of the
poset (w<?, 2) (which can be identified with Add(w, 1)). And define:

Cyz = U /Vs;,Z-
SEW<Y
Here we use the notation N; := {y € w® | s C y}. Clearly, C, . is dense open. For
each x, let Cy = (), ye[x]; Cw,z- Then C, is comeager in w®. Also, for each n and
x,z,such that xEr, z, define
Cglz = U NS?,Z'
sel;®
Furthermore, for each x, let CY = (1, ;e[y] b, Cl, .- Note that C} is comeager in I ;.
We will say that y € w® is N-generic for some model N, if it is generic for the
poset (w=¥,2) over N. Recall that X = Gen(M, P) is the the set of M-generics for
some poset P.

Definition 5.1. We say that f: X — w® is an invariant E-mutual generic function
for P if and only if

(i) f(x)is M[x]-generic for all x € X; and
(i) xEf y = f(x) = f(y).

Theorem 5.2. If there is an invariant P-mutual generic function ¢: X — w®, then =%,
is hyperhyperfinite.

Proof. Let E denote EIF\’/I and suppose that g is such a function.
For each n and y € w®, let Ej be defined as above, with respect to the Borel
involutions generating Er,. Now, define E, by setting

xE,z — xEz and xE" . z.
g(x)

Then E, is a hyperfinite relation because E,, = | J; Fyx where x F, y z &= «xE
n

z and x Eg(x)rk z.

Moreover, if x Er, z, then since g(x) is M[x] = M[z]-generic and D}, € M[x],

we have that x E; z. It follows that E]'\D/I =, E,, and foreachn, E, C E,y1. O

(x)
Corollary 5.3. There is no invariant B-mutual generic function, when B is the random
forcing.
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Proof. The equivalence relation is not Fréchet amenable by [Smy22, Theo-

=B
=M
rem 4.4]. Since every hyperfinite equivalence relation is amenable, every hyper-
hyperfinite equivalence relation is Fréchet amenable (e.g., see Proposition 9.11(v) of

[Kec24]). Therefore the corollary is an immediate consequence of Theorem 5.2. O

Proposition 5.4. Suppose that y € w® and x € X are M-mutually generic. (Le.
y X x is M-generic for o<“ x P.) Suppose also that {g, | n < w} € M[y] are Borel
involutions, such that =%, =,

to Gen(P, M[y]) is hyperfinite.

graphs(g,). Then [x]E;»/I = [x]E,. Namely, EIF\;I restricted

Proof. As above, denote E;I by E. The inclusion is [x]g 2 [x], is clear. For the
nontrivial direction, suppose z € X is such that z E x. Then y is M[z] generic
(as M[x] = M|z]), Dy, € M]z], and so for some s € Dy ., s C y. It follows that
z € [x]g, € [x]g,. The hyprfiniteness of E restricted to Gen(P, M[y]) follows since
every Gen(P, M[y]) is mutually generic with y. ]

Next we look at the Cohen forcing C = Add(w, 1) to add one real. Recall that
this poset is isomorphic to (w<%,2). Let h: 2°“ — w=¥ code that isomorphism,
h € M. Note that then for any M’ 2 M, x € 2% is M’-generic iff h”x is M’-generic.
In slight abuse of notation we use h(x) to denote h”x.

Let evens, odds denote the sets of even and odd natural numbers respectively.
For x € 2¢,let x; = x | evens and x, = x [ odds. Note that if x is M-generic, then
both x; and x, are also M-generic and moreover, they are mutually generic, i.e., x;
is M[x,]-generic and vice versa. Finally, Let /i: 2°V*" — @® be some isomorphism
in M. Note that if x € 2°V*" is M-generic, and y = h(x), then so is y.

Let E denote EICVI’ By Feldman-Moore, E is induced by a countable group gener-
ated by some Borel involutions {g, | # < w}. Let N D M be a countable model,
such that the {g, | » < w} € N.

Define the following subequivalence relations of E (both defined on X):

e xE*ziff x; = z; and x,Ez,.
e xENziff x = z or xEz, x; = z;, and x is N -generic.

Note that if there is an invariant P-mutual generic function, then E <p E*.
Lemma 5.5. EN is hyperfinite.

Proof. We first make some observations. First note that for every x € X, x; and
x, are mutually generic. Suppose now that xENz, x # z, and denote w = x; = z;.
Then M[x] = M[w][x,] = M[w][z,] = M[z]. So x, E]F\’/ij
and therefore z are also N-generic. It follows that x,, z, are N-generic, and w is

N{[x,] = N[z,]-generic.

Z;. By assumption x

Define a sequence of equivalence relations E,;, n < w as follows. Set

xE,z — x EN z and x, Eyn zr,
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for y = h(x;). Then the E,’s are increasing finite equivalence relations. To show
that their union is EN, suppose x EN z. Let w = x; = z; and y = h(w). Then the
dense set Dy, ., is in N[x,] and by mutual genericity, y is N[x,]-generic. It follows
thaty [ n € Dy, -, for some n, and so x; Eyy z;. |

We end this section with some questions, that may be stepping stones for settling
whether equivalence of generics is hyperfinite for the Cohen forcing and other
posets.

Question 5.6. For which posets P, is there an invariant P-mutual generic function? Is
there such a function for the Cohen poset?

Note that by Corollary 5.3 there is no invariant mutually generic function for
the Random forcing. On the other hand, if EIF\,/I is finite, then one can define such a
function.

Question 5.7. Suppose that E?/I is hyperfinite. Must there be a P-invariant mutual generic
function?
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