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Abstract
We consider the transmission eigenvalues for a bounded scatterer with a periodically varying index of refraction, and
derive the first-order corrections to the limiting transmission eigenvalues. We assume the scatterer contrast to be of one
sign, in which case the transmission eigenvalue problem can be written in terms of operators corresponding to a fourth-
order partial differential equation with periodic coefficients. We perform two scale asymptotics for this biharmonic-
type homogenization problem and show convergence estimates, which require a boundary corrector function, and this
boundary corrector function appears in the formula for the transmission eigenvalues correction.
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1 Introduction
The transmission eigenvalue problem plays a fundamental role in scattering theory for inhomogeneous media. Transmis-
sion eigenvalues correspond to interrogating frequencies at which there exists an incident field that does not scatter by
the medium. Despite its deceptively simple formulation—two elliptic partial differential equations (PDEs) in a bounded
domain (one governing wave propagation in the scattering medium and the other in the background that occupies the
support of the medium) that share the same Cauchy data on the boundary—the problem presents a remarkably intri-
cate mathematical structure. In particular, it is a non-self-adjoint eigenvalue problem for a non-strongly elliptic operator,
making the investigation of its spectral properties highly challenging. We refer the reader to Cakoni et al. (2023) for the
significance of this problem in scattering phenomena and inverse scattering theory.

More precisely, let n(x) denote the refractive index of an inhomogeneous medium of bounded support, which is a
perturbation of the homogeneous background medium with refractive index scaled to one. Define D := supp(n − 1). The
transmission eigenvalue problem is then formulated as finding v ≠ 0 and w ≠ 0 satisfying

⎧
⎪
⎪
⎨
⎪
⎪
⎩

Δw + k2n(x)w = 0 in D,

Δv + k2v = 0 in D,
w − v = 0 on 𝜕D,

𝜕w
𝜕𝜈

− 𝜕v
𝜕𝜈

= 0 on 𝜕D,
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Figure 1. Inhomogeneity D of bounded support with periodic refractive index n(x∕𝜖) with period cell of size 𝜖.

where k > 0 is the wave number, proportional to the interrogating frequency 𝜔. In this formulation, u := w−v corresponds
to the scattered field, which by virtue of the boundary conditions (provided 𝜕D has some regularity), can be extended by
zero into the exterior of D, whereas v is the restriction to D of the incoming incident wave. This formulation shows
that a necessary condition for an incident wave to remain unscattered by the inhomogeneity (D, n) is the existence of
a nontrivial solution to (1). The transmission eigenvalue problem is known to be non-self-adjoint (Cakoni et al., 2023),
and complex transmission eigenvalues may occur, although only the real ones are physically relevant to nonscattering.
Values of k ∈ ℂ for which (1) admits nontrivial solutions (w, v) are called transmission eigenvalues. Note that it can be
shown that real transmission eigenvalues can be determined from measured scattering data (Cakoni, Colton, et al., 2010,
2023; Kirsch & Lechleiter, 2013), hence they can be used to determine information about refractive index n when solving
the inverse scattering problem. There is a vast literature on the spectral analysis of the transmission eigenvalue problem.
The discreteness of the spectrum, completeness of eigenfunctions, and Weyl’s asymptotics have been established under
various assumptions on n − 1 in Fornerod and Nguyen (2023), Kirsch (2016), Robbiano (2013), and Vodev (2018, 2025).
In particular, if n−1 has a fixed sign uniformly in D, then there exists an infinite sequence of real transmission eigenvalues
accumulating only at +∞.

In this work, we deal with the perturbation analysis of transmission eigenvalues when the inhomogeneous medium
(D, n), with D ⊂ ℝd for d = 2, 3 bounded, is periodic and highly oscillating. More precisely, let 𝜖 > 0 denote the
characteristic size of the periodic unit cell, which is assumed to be small relative to the size of D, and let Y = [0, 1]d be
the rescaled unit cell. We assume that the refractive index is given by

n
𝜖
(x) := n(x∕𝜖) ∈ L∞(D),

with n periodic in y = x∕𝜖 with period Y . That is, inside D, n
𝜖

is the restriction of a periodic function with cell size 𝜖 to the
bounded domain D, while outside of D, n

𝜖
≡ 1. We note that the domain D does not itself depend on 𝜖. See Figure 1 for a

sketch of the geometry. Our concern is how the real transmission eigenvalues perturb as 𝜖 → 0. The homogenization theory
for the corresponding direct scattering problem has been developed in Cakoni et al. (2019, 2020), while the convergence
of the real transmission eigenvalues to those of the homogenized medium was proven in Cakoni, Haddar, et al. (2015).
The main goal of this paper is to provide an explicit first-order correction term in the asymptotic expansion of the real
transmission eigenvalue. Since the correction to the homogenized transmission eigenvalue can be determined, the hope
is that this correction term captures microstructural information of the periodic medium. Such asymptotic analyses have
been carried out for transmission eigenvalue problems in media containing small-size perturbations as the perturbation
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size tends to zero in Cakoni, Moskow, et al. (2015) and Cakoni et al. (2017). Our perturbation analysis is based on the
work of Osborn (1975), extended to nonlinear eigenvalue problems in Moskow (2015) and Furia and Moskow (2025). In
particular, our approach makes use of the expression given in Furia and Moskow (2025).

In this paper, we formulate the transmission eigenvalue problem as a nonlinear eigenvalue problem for a fourth-order
partial differential operator given by (10). Using two scale asymptotics for the resolvent of the bi-Laplacian-type oper-
ator, we establish higher-order convergence estimates as 𝜖 → 0. While homogenization for periodic higher-order PDEs
is known (Francfort, 1992; Niu et al., 2018; Niu & Xu, 2019; Pastukhova, 2017), these higher-order estimates, including
boundary corrector functions, appear to be new. We show first that the homogenized problem reduces to the eigenvalue
problem with cell-averaged refractive index n, recovering (Cakoni, Haddar, et al., 2015). We then construct higher-order
correctors: the first-order expansion includes only a boundary correction (consistent with the homogenization of direct
scattering problems Cakoni et al., 2019, 2020), while higher orders involve both bulk and boundary terms. The resolvent
estimates yield asymptotics for simple real transmission eigenvalues, based on the formula in Furia and Moskow (2025,
Theorem 3.2). The leading correction involves the boundary corrector integrated against the scaled eigenfunction. The
boundary corrector satisfies a fourth-order boundary value problem with oscillatory coefficients, and it is highly desir-
able to understand the limiting behavior of the boundary corrector as 𝜖 → 0. This is a delicate issue in the theory of
homogenization, and for the state-of-the-art of this question for second-order PDEs is discussed in Gérard-Varet and Mas-
moudi (2011, 2012), Moskow and Vogelius (1997a), and Santosa and Vogelius (1993). Here, although we can prove that
the boundary corrector is L2-bounded with respect to 𝜖, and thus admits weak subsequential limit(s), we characterize its
(nonzero) limit only in one dimension. We find that the first-order corrections are not unique and depend on the interaction
of the boundary of the scatterer with the microstructure. The two- and three-dimensional cases, which are technically more
involved, will be addressed in a subsequent paper.

2 Description of Problem
We assume that the bounded domain D ⊂ ℝd has C2 boundary, and as stated in the introduction, we assume that n(y) is a
bounded periodic function of y in the cell Y = [0, 1]d. Let H2

0(D) denote the Sobolev space given by

H2
0(D) :=

{
u ∈ H2(D) : u = 𝜕u

𝜕𝜈
= 0 on 𝜕D

}
,

or, equivalently, the H2 closure of C∞
0 (D) functions, equipped with the inner product

(u, v)H2
0 (D) = (Δu,Δv)L2(D).

Consider now the interior transmission eigenvalue problem (1) formulated above, which has a periodic coefficient with
period 𝜖 > 0, small compared to its support D. Letting 𝜏 := k2, we wish to find nontrivial w, v ∈ L2(D) with w−v ∈ H2

0(D)
satisfying

Δw + 𝜏n(x∕𝜖)w = 0 in D, (2)
Δv + 𝜏v = 0 in D, (3)

w = v on 𝜕D, (4)
𝜕w
𝜕𝜈

= 𝜕v
𝜕𝜈

on 𝜕D. (5)

Note that the boundary conditions are equivalent to saying that w − v ∈ H2
0(D). Here the eigenvalue parameter is 𝜏 := k2.

As already mentioned, the transmission eigenvalue problem is not self-adjoint, and in the spherical symmetric case it is
known to have complex eigenvalues (Cakoni et al., 2023, Chapter 6). Here, we are concerned only with the real transmis-
sion eigenvalue, since they are the ones which can be measured from scattering data. More precisely, here transmission
eigenvalues refer to values of 𝜏 ∈ ℝ+ for which the problems (2)–(5) have a nontrivial solution. In this work, we limit
ourselves to the case when n(x∕𝜖) − 1 is of one sign, and for the calculations, we assume that n(x∕𝜖) − 1 ≥ c > 0, with c
independent of 𝜖. In this case, an infinite number of real transmission eigenvalues are known to exist (Cakoni, Gintides,
et al., 2010). We are interested in the behavior of these transmission eigenvalues as the period size 𝜖 approaches zero. It is
known from the work (Cakoni, Haddar, et al., 2015) that the real transmission eigenvalues {𝜆

𝜖
} (omitting indexing) con-

verge to those corresponding to {𝜆0} for the “homogenized” transmission eigenvalue problem, that is, those corresponding
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to

Δw + 𝜏nw = 0 in D, (6)
Δv + 𝜏v = 0 in D (7)

w = v on 𝜕D, (8)
𝜕w
𝜕𝜈

= 𝜕v
𝜕𝜈

on 𝜕D, (9)

where n denotes the period cell average

n = 1
|Y| ∫Y

n(y)dy.

Our motivation here is to find the next order term, that is, the corrections 𝜏(1), where each

𝜏
𝜖
= 𝜏0 + 𝜖𝜏(1) + o(𝜖).

From the work (Cakoni, Gintides, et al., 2010), for this setup, we have that the transmission eigenvalue problem (2) is
equivalent to the fourth-order nonlinear eigenvalue problem: Find 𝜏 such that there exist nontrivial u = w − v ∈ H2

0(D),
such that

(Δ + 𝜏n
𝜖
) 1
n
𝜖
− 1

(Δ + 𝜏)u = 0, (10)

where we use n
𝜖

to denote the periodic

n
𝜖
= n(x∕𝜖).

We can state this in variational form as follows: Find u ∈ H2
0(D) such that

∫D

1
n
𝜖
− 1

(Δu + 𝜏u)(Δ𝜙 + 𝜏n
𝜖
𝜙) dx = 0 for all 𝜙 ∈ H2

0(D). (11)

Following Cakoni, Gintides, et al. (2010), we rewrite this in terms of variationally defined operators. Let us define the
bounded bilinear forms on H2

0(D) × H2
0(D),


𝜏,𝜖(u,𝜙) =

(
1

n
𝜖
− 1

(Δu + 𝜏u), (Δ𝜙 + 𝜏𝜙)
)

L2(D)
+ 𝜏2(u,𝜙)L2(D) (12)

and

(u,𝜙) = (∇u,∇𝜙)L2(D). (13)

By the Riesz representation theorem, these bilinear forms define bounded operators 𝔸
𝜏,𝜖 : H2

0(D) → H2
0(D) and 𝔹 :

H2
0(D) → H2

0(D), which are such that


𝜏,𝜖(u,𝜙) = (𝔸

𝜏,𝜖u,𝜙)H2
0 (D) and (u,𝜙) = (𝔹u,𝜙)H2

0 (D), (14)

for all u,𝜙 ∈ H2
0(D). We may also find it convenient to write these variationally defined operators using PDE notation. For

given f ∈ H2(D), we have that

𝔸−1
𝜏,𝜖 f =

(

(Δ + 𝜏) 1
n
𝜖
− 1

(Δ + 𝜏) + 𝜏2
)−1

ΔΔf
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and

𝔹f = (ΔΔ)−1Δf ,

where the inverses of the fourth-order operators have range in H2
0(D), where solutions are unique. We also note that the

operator 𝔹 : H2(D) → H2
0(D) has a bounded extension on L2(D); for any f ∈ L2(D), Δf is understood in the sense of

H−2(D), the dual of H2
0(D). We continue to use 𝔹 to denote this operator 𝔹 : L2(D) → H2

0(D), so that 𝔹 is clearly compact
from L2(D) to itself. Furthermore, 𝔸

𝜏,𝜖 is invertible on H2
0(D) for positive real 𝜏, and the coercivity constant is independent

of 𝜏 (Cakoni & Haddar, 2009). The variational form (11) of the transmission eigenvalue problem is equivalent to finding
u ∈ L2(D) such that

(I − 𝜏𝔸−1
𝜏,𝜖𝔹)u = 0. (15)

Define the linear operator T
𝜖
(𝜏) : L2(D) → L2(D) for 𝜖 ≥ 0 and 𝜏 ∈ ℂ such that

T
𝜖
(𝜏) := 𝔸−1

𝜏,𝜖𝔹

=
(

(Δ + 𝜏) 1
n
𝜖
− 1

(Δ + 𝜏) + 𝜏2
)−1

Δ, (16)

so we can write (15) as

𝜏T
𝜖
(𝜏)u = u, (17)

and its limiting problem

𝜏T0(𝜏)u = u. (18)

Here T0 is defined as

T0(𝜏) := 𝔸−1
𝜏,0𝔹

=
(
(Δ + 𝜏) 1

n − 1
(Δ + 𝜏) + 𝜏2

)−1
Δ, (19)

where A
𝜏,0 is defined as in (14), but with n

𝜖
replaced with its limiting value n0 = n.

We have now rephrased the problem as a nonlinear eigenvalue perturbation problem. That is, a transmission eigenvalue
𝜏
𝜖

is a value for 𝜏 such that there exists a nontrivial u ∈ L2(D) satisfying

𝜏
𝜖
T
𝜖
(𝜏
𝜖
)u = u

for 𝜖 > 0. A limiting transmission eigenvalue is a value 𝜏0 such that there exists nontrivial u ∈ L2(D), such that

𝜏0T0(𝜏0)u = u.

In order to find a correction formula for the transmission eigenvalues of the perturbed problem in terms of the eigenvalues
and eigenvectors of the background problem, we will apply a result in Moskow (2015), an application of Osborn’s theorem
for approximating the eigenvalues of compact operators (Osborn, 1975). Let 𝜏

𝜖
be the eigenvalue associated with the

nonlinear eigenvalue problem (17) and let 𝜏0 be the eigenvalue corresponding to the limiting eigenvalue problem (18). In
this paper, we will derive an expression for the next order correction term 𝜏

(1) in the asymptotic expansion

𝜏
𝜖
= 𝜏0 + 𝜖𝜏(1) + o(𝜖).
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Remark 1. For the sake of presentation, we present the calculations for the case when n
𝜖
> 1 uniformly in D. A similar

analysis can be done in the case 0 < n
𝜖
< 1 uniformly in D. In this case, the definition of the coercive part (12) is replaced

(see Cakoni et al., 2023, Section 4.2)

̃
𝜏,𝜖(u,𝜙) =

(
1

1 − n
𝜖

(Δu + 𝜏n
𝜖
u), (Δ𝜙 + 𝜏n

𝜖
𝜙)
)

L2(D)
+ 𝜏2(n

𝜖
u,𝜙)L2(D),

with the corresponding operators defined accordingly.

3 Operator Convergence: A Fourth-Order Homogenization Problem
In order to apply the eigenvalue correction theorem, we will need to explore the convergence of T

𝜖
(𝜏) to T0(𝜏), or more

precisely, we will need an asymptotic expansion with respect to 𝜖 for T
𝜖
(𝜏) and corresponding norm estimates. We need

to focus on 𝔸−1
𝜏,𝜖 , since all of the 𝜖 dependence is in this operator. Note that if

u
𝜖
= 𝔸−1

𝜏,𝜖 f ,

then u
𝜖
∈ H2

0(D) is the variational solution to

(Δ + 𝜏) 1
n(x∕𝜖) − 1

(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= ΔΔf in D, (20)

where n(y) is periodic on the period cell Y . For simplicity of exposition, we let

a(x∕𝜖) = 1
n(x∕𝜖) − 1

(21)

and

h = ΔΔf ,

so that u
𝜖
∈ H2

0(D) solves

(Δ + 𝜏)a(x∕𝜖)(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= h in D; (22)

the periodic homogenization problem, which is the subject of this section. We note that such fourth-order periodic prob-
lems have been studied in the past, see, for example, Pastukhova (2017) and Francfort (1992), and so the expansion of the
main part of the operator is not new. Here, we focus on obtaining high enough order L2 norm estimates, which we will
need to apply the eigenvalue perturbation theorem. These estimates require the introduction and analysis of a fourth-order
boundary corrector function.

3.1 Formal Asymptotics
We proceed by assuming that a(y) ≥ a0 > 0 is positive, bounded in L∞, and periodic, and we do standard two scale
asymptotic expansions. Let y = x∕𝜖 so that from the chain rule

∇ = ∇x +
1
𝜖
∇y,

and assume the ansatz for the solution u
𝜖

of (22)

u
𝜖
≈ u0(x, y) + 𝜖u(1)(x, y) + 𝜖2u(2)(x, y) +… , (23)

where each u(i)(x, y) is periodic in the fast variable y in the sense of H2
♯
(Y), where H2

♯
(Y) is defined to be H2 functions on

the torus, defined in terms of the decay of the Fourier coefficients. Equivalently, this is all H2(Y) functions, which are also
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in H2 across the matching boundaries (the closure of smooth functions on the torus in the H2 norm). We note that

Δ = Δx +
2
𝜖
∇y ⋅ ∇x +

1
𝜖2
Δy.

We could proceed by plugging the ansatz (23) into (22); however, we will instead rewrite (22) as a second-order system.
The use of a lower-order system both simplifies the derivation of the terms in the ansatz and potentially allows for lower
regularity assumptions. To this end, we let v

𝜖
= a(x∕𝜖)(Δ + 𝜏)u

𝜖
so that the pair (u

𝜖
, v
𝜖
) solves

a(x∕𝜖)(Δ + 𝜏)u
𝜖
= v

𝜖
, (24)

(Δ + 𝜏)v
𝜖
+ 𝜏2u

𝜖
= h,

and so we also expand

v
𝜖
≈ v0(x, y) + 𝜖v(1)(x, y) + 𝜖2v(2)(x, y) +… . (25)

We plug the ansatz into the system,

a(y)
(
Δx +

2
𝜖
∇y ⋅ ∇x +

1
𝜖2
Δy + 𝜏

)
(u0 + 𝜖u(1) + 𝜖2u(2) + …)

= v0 + 𝜖v(1) + 𝜖2v(2) + …
(
Δx +

2
𝜖
∇y ⋅ ∇x +

1
𝜖2
Δy + 𝜏

)

× (v0 + 𝜖v(1) + 𝜖2v(2) + …) + 𝜏2(u0 + 𝜖u(1) + 𝜖2u(2) + …) = h, (26)

and set equal the coefficients of like powers of epsilon to obtain the equations

1
𝜖2

: aΔyu0 = 0,

Δyv0 = 0,
(27)

1
𝜖

: 2a∇x∇yu0 + aΔyu(1) = 0,

2∇x∇yv0 + Δyv(1) = 0,
(28)

𝜖
0 : a(Δx + 𝜏)u0 + 2a∇x ⋅ ∇yu(1) + aΔyu(2) = v0,

(Δx + 𝜏)v0 + 2∇x ⋅ ∇yv(1) + Δyv(2) + 𝜏2u0 = h,
(29)

𝜖 : a(Δx + 𝜏)u(1) + 2a∇x ⋅ ∇yu(2) + aΔyu(3) = v(1),

(Δx + 𝜏)v(1) + 2∇x ⋅ ∇yv(2) + Δyv(3) + 𝜏2u(1) = 0,
(30)

𝜖
2 : a(Δx + 𝜏)u(2) + 2a∇x ⋅ ∇yu(3) + aΔyu(4) = v(2),

(Δx + 𝜏)v(2) + 2∇x ⋅ ∇yv(3) + Δyv(4) + 𝜏2u(2) = 0,
(31)

and, in general, for n ≥ 1, the equation corresponding to 𝜖n is

𝜖
n : a(Δx + 𝜏)u(n) + 2a∇x ⋅ ∇yu(n+1) + aΔyu(n+2) = v(n), (32)

(Δx + 𝜏)v(n) + 2∇x ⋅ ∇yv(n+1) + Δyv(n+2) + 𝜏2u(n) = 0.

First, we observe that the first two sets of equations (27) and (28) imply that the first terms do not depend on y, that is,
u0 = u0(x), v0 = v0(x), u(1) = u(1)(x), and v(1)(x) = v0(x). Since v0(x) does not depend on y, the first equation in (29)
suggests that we should take

u(2)(x, y) = 𝜒(y)(Δx + 𝜏)u0(x), (33)

where

a + aΔy𝜒 = c,
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for some constant c. Periodicity implies that we must have c = a−1
−1

, leading to

Δy𝜒(y) = a−1
−1
∕a − 1. (34)

We note that a priori u(2) could still have an additive function of x. Taking the Y cell average of (29) and using the formula
for 𝜒 , we find the homogenized problem

(Δx + 𝜏)a−1
−1
(Δx + 𝜏)u0 + 𝜏2u0 = h, (35)

accompanied by

v0 = a−1
−1
(Δx + 𝜏)u0. (36)

Now, if we take

u(3) = 𝛾(y) ⋅ ∇x(Δx + 𝜏)u0, (37)

where the vector 𝛾 has cell average zero and solves

−Δy𝛾 = 2∇y𝜒(y), (38)

we see that the first equation of (30) is satisfied with

u(1) = v(1) = 0.

The second equation of (30) is also satisfied if we take

v(2) = v(3) = 0.

If we do this, to satisfy the first equation of (31), we can take

u(4) = 𝛼(y)(Δx + 𝜏)(Δx + 𝜏)u0 + Bij(y)(D2
x)ij(Δx + 𝜏)u0, (39)

where the 𝛼(y) has cell average zero and solves

−Δy𝛼 = 𝜒 , (40)

and matrix B(y) has components with cell average zero satisfying

−ΔyBij = 2
𝜕𝛾i

𝜕yj
. (41)

In (39), Einstein summation notation is employed, with D2 denoting the Hessian. We find then to satisfy the second
equation in (31), we need a nonzero v(4), and taking

v(4) = 𝜏
2
𝛼(y)(Δx + 𝜏)u0 (42)

will work. To summarize, we have thus far derived

u
𝜖
≈ u0 + 𝜖2u(2) + 𝜖3u(3) + 𝜖4u(4) ⋯ ,

v
𝜖
≈ v0 + 𝜖4v(4) +⋯ ,
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with u(2), u(3), u(4), v0, and v(4) given by (33), (37), (39), (36), and (42), respectively. We need to emphasize, however, that
beyond second order these choices are not necessarily optimal; there may be other third- and fourth-order terms necessary
if one wanted estimates of higher order.

Our solutions u
𝜖

and u0 are in H2
0(D), but due to the corrections, our approximation to u

𝜖
is no longer in H2

0(D). Hence,
in order to obtain high enough order convergence estimates, will need the boundary corrector functions at each order. Let
𝜃
(n)
𝜖

denote the unique H2(D) solution to

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)𝜃(n)
𝜖

+ 𝜏2
𝜃
(n)
𝜖

= 0 in D, (43)

𝜃
(n)
𝜖

= −𝜖u(n) on 𝜕D,

𝜕𝜃
(n)
𝜖

𝜕𝜈
= −𝜖 𝜕u(n)

𝜕𝜈
on 𝜕D,

and define its second-order system counterpart

𝜓
(n)
𝜖

= a(x∕𝜖)(Δ + 𝜏)𝜃(n)
𝜖

. (44)

Then, the pair (𝜃(n)
𝜖

,𝜓 (n)
𝜖
) solves

a(x∕𝜖)(Δ + 𝜏)𝜃(n)
𝜖

= 𝜓
(n)
𝜖

, (45)

(Δ + 𝜏)𝜓 (n)
𝜖

+ 𝜏2
𝜃
(n)
𝜖

= 0.

Remark 2. Since for our transmission eigenvalue problem a = 1∕(n − 1), we have that

Δy𝜒(y) =
n(y) − n

n − 1
, (46)

which means that

𝜒 = 𝛽

n − 1
,

where 𝛽 is the first-order cell function from the homogenization of the standard transmission problem corresponding to n;
which is Y-periodic, has cell average zero, and solves

Δy𝛽(y) = n(y) − n, (47)

see, for example, Cakoni et al. (2019, 2020).

3.2 Norm Estimates
We note that for all of the two scale functions, including the boundary data for 𝜃(n)

𝜖
(x), we set y = x∕𝜖, and subsequently

all resulting approximations and errors are considered as functions of the single variable x ∈ D. The following lemma will
be useful for showing convergence estimates.

Lemma 1. Assume that z
𝜖
, 𝜂
𝜖

are in H2
0(D) and L2(D), respectively, and that they satisfy the second-order system

a(x∕𝜖)(Δ + 𝜏)z
𝜖
− 𝜂

𝜖
= e, (48)

(Δ + 𝜏)𝜂
𝜖
+ 𝜏2z

𝜖
= f .

Then, there exists C independent of 𝜖 such that

‖z
𝜖
‖H2

0 (D) ≤ C(‖e‖L2(D) + ‖ f‖H−2(D)). (49)
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Proof. Consider

∫D
a(Δ + 𝜏)z

𝜖
(Δ + 𝜏)z

𝜖
=
∫D
𝜂
𝜖
(Δ + 𝜏)z

𝜖
+
∫D

e(Δ + 𝜏)z
𝜖

=
∫D

(Δ + 𝜏)𝜂
𝜖
z
𝜖
+
∫D

e(Δ + 𝜏)z
𝜖

= −𝜏2
∫D

z
𝜖
z
𝜖
+
∫D

fz
𝜖
+
∫D

e(Δ + 𝜏)z
𝜖
,

where in the second line we integrated by parts and used the fact that z
𝜖

has zero boundary data. Using ellipticity and
Cauchy–Schwartz, we have

c‖z
𝜖
‖2

H2
0 (D) ≤ ∫D

a(Δ + 𝜏)z
𝜖
(Δ + 𝜏)z

𝜖
+ 𝜏2

∫D
z
𝜖
z
𝜖

=
∫D

fz
𝜖
+
∫D

e(Δ + 𝜏)z
𝜖

≤ ‖ f‖H−2(D)‖z
𝜖
‖H2

0 (D) + ‖e‖L2(D)‖z
𝜖
‖H2

0 (D). (50)

Dividing through by ‖z
𝜖
‖H2

0 (D) the result follows.

The next result gives us first-order convergence in 𝜖, which we will need to show convergence of the operators.

Proposition 1. Let u
𝜖
, u0 ∈ H2

0(D) be the solutions to

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= h (51)

and

(Δx + 𝜏)a−1
−1
(Δ + 𝜏)u0 + 𝜏2u0 = h, (52)

respectively. Then

‖u
𝜖
− (u0 + 𝜖2u(2) + 𝜖𝜃(2)

𝜖
)‖H2

0 (D) ≤ C𝜖‖u0‖H4(D),

where u(2)(x, x∕𝜖) is given by (33) and where the boundary correction 𝜃(2)
𝜖
(x) is defined by (43) for n = 2.

Proof. Let

z
𝜖
= u

𝜖
− (u0 + 𝜖2u(2) + 𝜖𝜃(2)

𝜖
)

and

𝜂
𝜖
= v

𝜖
− (v0 + 𝜖𝜓 (2)

𝜖
),

where 𝜓 (2)
𝜖

is given by (44) and we recall that v0 is given by (36). Thanks to the boundary corrections, z
𝜖
∈ H2

0(D). We
calculate

a(x∕𝜖)(Δ + 𝜏)z
𝜖
− 𝜂

𝜖
= −2𝜖a∇x ⋅ ∇yu(2) − 𝜖2a(Δx + 𝜏)u(2) (53)

and

(Δ + 𝜏)𝜂
𝜖
+ 𝜏2z

𝜖
= −𝜖2

𝜏
2u(2). (54)

The residual contains derivatives of u0 of fourth order or lower, and so the result follows from Lemma 1.
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Corollary 1. Let u
𝜖
, u0 ∈ H2

0(D) be the solutions to

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= h (55)

and

(Δx + 𝜏)a−1
−1
(Δ + 𝜏)u0 + 𝜏2u0 = h, (56)

respectively. Then, the boundary correction 𝜃(2)
𝜖

given by (43) with n = 2 satisfies

‖𝜃(2)
𝜖
‖H2(D) ≤ C𝜖−1∕2‖u0‖H4(D)

and hence

‖u
𝜖
− u0 − 𝜖2u(2)‖H2(D) ≤ C𝜖1∕2‖u0‖H4(D),

where u(2) is given by (33).

Proof. From the direct calculation of derivatives on the boundary and standard interpolation, we get that

‖𝜖u(2)‖H3∕2(𝜕D) ≤ C𝜖−1∕2‖u0‖H4(D)

and

‖
‖
‖
‖
‖
𝜖
𝜕u(2)

𝜕𝜈

‖
‖
‖
‖
‖H1∕2(𝜕D)

≤ C𝜖−1∕2‖u0‖H4(D),

and so the bound on the boundary corrector follows from standard elliptic estimates. The result then follows from
Proposition 1.

To get higher-order estimates, we need to use further terms in the asymptotic expansion.

Proposition 2. Let u
𝜖
, u0 ∈ H2

0(D) be the solutions to

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= h (57)

and

(Δx + 𝜏)a−1
−1
(Δ + 𝜏)u0 + 𝜏2u0 = h, (58)

respectively. Then

‖u
𝜖
− (u0 + 𝜖2u(2) + 𝜖𝜃(2)

𝜖
+ 𝜖3u(3) + 𝜖2

𝜃
(3)
𝜖
)‖H2

0 (D) ≤ C𝜖2‖u0‖H5(D),

where u(2) and u(3) are given by (33) and (37), and where the boundary corrections 𝜃(n)
𝜖

are defined by (43) for n = 2, 3.

Proof. Let

z
𝜖
= u

𝜖
− (u0 + 𝜖2u(2) + 𝜖𝜃(2)

𝜖
+ 𝜖3u(3) + 𝜖2

𝜃
(3)
𝜖
)

and

𝜂
𝜖
= v

𝜖
− (v0 + 𝜖𝜓 (2)

𝜖
+ 𝜖2

𝜓
(3)
𝜖
),
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where 𝜓 (2)
𝜖

is given by (44) and we recall that v0 is given by (36). Thanks to the boundary corrections, z
𝜖
∈ H2

0(D). We
calculate

a(x∕𝜖)(Δ + 𝜏)z
𝜖
− 𝜂

𝜖
= −2𝜖2a∇x ⋅ ∇yu(3) − 𝜖2a(Δx + 𝜏)u(2) − 𝜖3a(Δx + 𝜏)u(3) (59)

and

(Δ + 𝜏)𝜂
𝜖
+ 𝜏2z

𝜖
= −𝜖2

𝜏
2u(2). (60)

Again, the residual contains up to fifth derivatives of u0, and so the result follows again from Lemma 1.

We have that the boundary corrector terms, 𝜖n−1
𝜃
(n)
𝜖

, with 𝜃(n)
𝜖

given by (43), are of order 𝜖n−1 in general.

Lemma 2. The boundary correctors 𝜃(n)
𝜖

given by (43) for n = 2, 3 satisfy

‖𝜃(n)
𝜖
‖L2(D) ≤ C‖u0‖Hn+2(D),

where C is independent of 𝜖 and u0.

Proof. We prove this for n = 2; the proof for n = 3 follows in the same way. Given any f ∈ L2(D), consider the solution
w
𝜖
∈ H2

0(D) of

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)w
𝜖
+ 𝜏2w

𝜖
= f in D, (61)

w
𝜖
= 0 on 𝜕D,

𝜕w
𝜖

𝜕𝜈
= 0 on 𝜕D. (62)

Using the equations for 𝜃(2)
𝜖

and w
𝜖

and the second Green’s identity twice, we obtain

∫D
𝜃
(2)
𝜖

f =
∫D

[
(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)w

𝜖
+ 𝜏2w

𝜖

]
𝜃
(2)
𝜖

dx

=
∫
𝜕D
𝜃
(2)
𝜖

𝜕

𝜕𝜈

(
a(x∕𝜖)(Δ + 𝜏)w

𝜖

)
− a(x∕𝜖)(Δ + 𝜏)w

𝜖

𝜕𝜃
(2)
𝜖

𝜕𝜈
ds. (63)

The boundary conditions for 𝜃(2)
𝜖

then yield

∫D
𝜃
(2)
𝜖

f =
∫
𝜕D
𝜖𝜒(x∕𝜖)(Δ + 𝜏)u0

𝜕

𝜕𝜈

(
a(x∕𝜖)(Δ + 𝜏)w

𝜖

)

−
∫
𝜕D
𝜖a(x∕𝜖)(Δ + 𝜏)w

𝜖

𝜕

𝜕𝜈

(
𝜒(x∕𝜖)(Δ + 𝜏)u0

)
ds. (64)

From Proposition 1 applied to the homogenization problem for w
𝜖
, we found that

‖w
𝜖
− w0 − 𝜖2w(2) − 𝜖𝜃 f

𝜖
‖H2(D) ≤ C𝜖‖w0‖H4(D), (65)

where w0 is the homogenized solution for (61), w(2) is the corresponding bulk correction, and 𝜃 f
𝜖 is its corresponding

boundary corrector (for order n = 2). From line (53) in the proof of the same proposition, we have that 𝜂
𝜖

is O(𝜖) in L2.
Likewise, Δ𝜂

𝜖
is also bounded by the same right-hand side in L2(D) from (54). Hence, we have that

‖𝜂
𝜖
‖L2(D,Δ) ≤ C𝜖‖w0‖H4(D),

where we use the space (see, e.g., Valli, 2023)

L2(D,Δ) = {v ∈ L2(D)|Δv ∈ L2(D)}
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with norm

‖v‖L2(D,Δ) = ‖v‖L2(D) + ‖Δv‖L2(D).

It is known (see Appendix A.2) that L2(D,Δ) has bounded boundary traces in H−1∕2 and bounded normal derivative
boundary traces in H−3∕2. From this and the proof of Proposition 1, we can conclude that

‖a(Δ + 𝜏)w
𝜖
− a−1

−1
(Δ + 𝜏)w0 − 𝜖a(Δ + 𝜏)𝜃 f

𝜖
‖H−1∕2(𝜕D) ≤ C𝜖‖w0‖H4(D) (66)

and

‖
‖
‖
‖

𝜕

𝜕𝜈
(a(Δ + 𝜏)w

𝜖
) − a−1

−1 𝜕

𝜕𝜈
(Δ + 𝜏)w0 − 𝜖

𝜕

𝜕𝜈
(a(Δ + 𝜏)𝜃 f

𝜖
)
‖
‖
‖
‖H−3∕2(𝜕D)

≤ C𝜖‖w0‖H4(D). (67)

Thanks to these estimates, we can replace the w
𝜖

terms in (64), with the remainder bounded by

C𝜖2‖𝜒(x∕𝜖)(Δ + 𝜏)u0‖H3∕2(𝜕D)‖w0‖H4(D)

for the first term and

C𝜖2
‖
‖
‖
‖
‖

𝜕

𝜕𝜈
𝜒(x∕𝜖)(Δ + 𝜏)u0

‖
‖
‖
‖
‖H1∕2(𝜕D)

‖w0‖H4(D),

for the second term. Both of these are bounded by C𝜖1∕2‖u0‖H4(D)‖w0‖H4(D), where we abuse notation and continue to use
C for the constant. Since we have assumed that D is smooth, we use the standard elliptic estimate that

‖w0‖H4(D) ≤ C‖ f‖L2(D),

so the remainder is bounded by C𝜖1∕2‖ f‖L2(D)‖u0‖H4(D). Hence (64) becomes

∫D
𝜃
(2)
𝜖

f =
∫
𝜕D
𝜖𝜒(x∕𝜖)(Δ + 𝜏)u0

𝜕

𝜕𝜈

(

a−1
−1
(Δ + 𝜏)w0

)

ds

×
∫
𝜕D
𝜖

2
𝜒(x∕𝜖)(Δ + 𝜏)u0

𝜕

𝜕𝜈

(
a(x∕𝜖)(Δ + 𝜏)𝜃 f

𝜖

)
ds

−
∫
𝜕D
𝜖a−1

−1
(Δ + 𝜏)w0

𝜕

𝜕𝜈

(
𝜒(x∕𝜖)(Δ + 𝜏)u0

)
ds

−
∫
𝜕D
𝜖

2a(x∕𝜖)(Δ + 𝜏)𝜃 f
𝜖

𝜕

𝜕𝜈

(
𝜒(x∕𝜖)(Δ + 𝜏)u0

)
ds + o(1)

= I + II + III + IV + o(1), (68)

where the tail is bounded in absolute value by C𝜖1∕2‖ f‖L2(D)‖u0‖H4(D). The first term I is clearly bounded by the same, as
it in fact goes to zero O(𝜖). For the third term III, the normal derivative produces a 1∕𝜖 when applied to 𝜒 , which cancels
with the 𝜖, yielding that the absolute value of III is bounded by C‖ f‖L2(D)‖u0‖H4(D). For the other two terms, we note that
a(x∕𝜖)(Δ + 𝜏)𝜃 f

𝜖 is bounded by C𝜖−1∕2‖w0‖H4(D) in L2(D,Δ) by Corollary 1 and the equation for 𝜃 f
𝜖 . Hence, we have by

trace estimates for L2(D,Δ) (see, e.g., Appendix A.2) that

‖a(x∕𝜖)(Δ + 𝜏)𝜃 f
𝜖
‖H−1∕2(𝜕D) ≤ C𝜖−1∕2‖ f‖L2(D)

and

‖
‖
‖
‖
‖

𝜕

𝜕𝜈
a(x∕𝜖)(Δ + 𝜏)𝜃 f

𝜖

‖
‖
‖
‖
‖H−3∕2(𝜕D)

≤ C𝜖−1∕2‖ f‖L2(D).
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Using the duality pairing,

|II| ≤ 𝜖
2‖𝜒(Δ + 𝜏)u0‖H3∕2(𝜕D)

‖
‖
‖
‖
‖

𝜕

𝜕𝜈
a(x∕𝜖)(Δ + 𝜏)𝜃 f

𝜖

‖
‖
‖
‖
‖H−3∕2(𝜕D)

≤ C𝜖2
𝜖
−3∕2‖u0‖H4(D)𝜖

−1∕2‖ f‖L2(D) (69)

and

|IV| ≤ 𝜖
2
‖
‖
‖
‖
‖

𝜕

𝜕𝜈
𝜒(Δ + 𝜏)u0

‖
‖
‖
‖
‖H1∕2(𝜕D)

‖a(x∕𝜖)(Δ + 𝜏)𝜃 f
𝜖
‖H−1∕2(𝜕D)

≤ C𝜖2
𝜖
−3∕2‖u0‖H4(D)𝜖

−1∕2‖ f‖L2(D), (70)

from which we can conclude that

|
|
|
|∫D

𝜃
(2)
𝜖

f
|
|
|
|
≤ C‖u0‖H4(D)‖ f‖L2(D),

from which the result follows.

Corollary 2. Let u
𝜖
, u0 ∈ H2

0(D) be the solutions to

(Δx + 𝜏)a(x∕𝜖)(Δ + 𝜏)u
𝜖
+ 𝜏2u

𝜖
= h (71)

and

(Δx + 𝜏)a−1
−1
(Δ + 𝜏)u0 + 𝜏2u0 = h, (72)

respectively. Then

‖u
𝜖
− (u0 + 𝜖𝜃(2)𝜖 )‖L2(D) ≤ C𝜖2‖u0‖H5(D)

and

‖u
𝜖
− u0‖L2(D) ≤ C𝜖‖u0‖H4(D),

where the boundary correction 𝜃(2)
𝜖

is given by (43) with n = 2.

Proof. The first estimate follows from Proposition 2 and Lemma 2 applied to 𝜃
(3)
𝜖

, and the second follows from
Proposition 1 and Lemma 2 applied to 𝜃(2)

𝜖
.

4 Transmission Eigenvalue Expansions
The following result about nonlinear eigenvalue perturbations is an extension of a special case of the results in Osborn
(1975). This is a slight modification of Corollary 4.1 in Moskow (2015) for the case where we assume only that the opera-
tors themselves converge pointwise (strongly), without assuming convergence of the adjoints. The necessary modifications
were shown in Furia and Moskow (2025).

Theorem 1. Let X be a Hilbert space with sesquilinear inner product ⟨, ⟩ and {T
𝜖
(𝜏) : X → X} be a set of compact linear

operator valued functions of 𝜏, which are analytic in a region U of the complex plane, such that T
𝜖
(𝜏) → T0(𝜏) pointwise

as 𝜖 → 0 uniformly for 𝜏 ∈ U, and that {T
𝜖
(𝜏)} are collectively compact, uniformly in U. Let 𝜏0 ≠ 0, 𝜏0 ∈ U be a simple

nonlinear eigenvalue of T0, define T0(𝜏0) to be the derivative of T0 with respect to 𝜏 evaluated at 𝜏0, and let 𝜙 be a
normalized eigenfunction. Then for any 𝜖 small enough, there exists 𝜏

𝜖
a simple nonlinear eigenvalue of T

𝜖
, such that if

1 + 𝜏2
0 ⟨T0(𝜏0)𝜙,𝜙⟩ ≠ 0,
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there exists a constant C independent of 𝜖 such that

|
|
|
|
|
|

𝜏
𝜖
−

(

𝜏0 +
𝜏

2
0

⟨(
T0(𝜏0) − T

𝜖
(𝜏0)

)
𝜙,𝜙

⟩

1 + 𝜏2
0 ⟨T0(𝜏0)𝜙,𝜙⟩

)|
|
|
|
|
|

≤ C sup
𝜏∈U

‖(T0(𝜏) − T
𝜖
(𝜏))|R(E)‖2, (73)

where R(E) is the one-dimensional eigenspace spanned by 𝜙.

Now, let us consider our operators

T
𝜖
(𝜏) : L2(D) → L2(D), T

𝜖
(𝜏) = 𝔸−1

𝜏,𝜖𝔹, (74)

where 𝔸−1
𝜏,𝜖 : H2

0(D) → H2
0(D) is given by

𝔸−1
𝜏,𝜖 f =

(

(Δ + 𝜏) 1
n
𝜖
− 1

(Δ + 𝜏) + 𝜏2
)−1

ΔΔf

and 𝔹 : L2(D) → H2
0(D)

𝔹f = (ΔΔ)−1Δf ,

so that

T
𝜖
(𝜏)f =

(

(Δ + 𝜏) 1
n
𝜖
− 1

(Δ + 𝜏) + 𝜏2
)−1

Δf (75)

and

T0(𝜏)f =
(
(Δ + 𝜏) 1

n − 1
(Δ + 𝜏) + 𝜏2

)−1
Δf , (76)

where the inverses of the fourth-order operators have range in H2
0(D). We note that T

𝜖
(𝜏) and T0(𝜏) are well defined and

compact on L2(D). This follows because Δf makes sense in H−2(D), the dual of H2
0(D), so that the range of both operators

is in H2
0(D), which embeds compactly in L2. We can therefore take X = L2(D), with the usual inner product, when applying

the above theorem.
For the denominator in the correction theorem, we must compute the derivative of T0(𝜏) with respect to 𝜏, T0(𝜏). In

fact, this derivative is computed in Cakoni, Moskow, et al. (2015), and we include the computations in Appendix A.1 for
the reader’s convenience. In our case, formula (89) simplifies since our n0 = n is constant. In particular, the derivative
T0(𝜏) : L2(D) → L2(D) is given by T0(𝜏)u = −v, where v ∈ H2

0(D) solves

ΔΔ𝔸
𝜏,0v = 2

n̄ − 1
(Δ + 𝜏n̄)𝔸−1

𝜏,0𝔹u. (77)

Note that the range of T0(𝜏) and its derivative is H2
0(D). Next, we compute ⟨T0(𝜏0)𝜙,𝜙⟩, where 𝜙 is an eigenvector

corresponding 𝜏0. To this end, let us denote by L
𝜏,0 : H2

0(D) → H−2(D) the mapping

L
𝜏,0u =

(
(Δ + 𝜏) 1

n − 1
(Δ + 𝜏) + 𝜏2

)
u. (78)

Thus, we have

T0(𝜏) = L−1
𝜏,0Δ.
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Note that L
𝜏,0 is coercive, which means that ⟨L

𝜏,0u, u⟩H−2,H2
0
≥ 𝛼‖u‖H2

0
, and its inverse is well defined with range in H2

0(Ω).
Recalling also that 𝔸−1

𝜏0,0 = L−1
𝜏,0ΔΔ, we have 𝔸

𝜏0,0 = (ΔΔ)−1L
𝜏,0, and equation (77) becomes

L
𝜏,0v = 2

n̄ − 1
(Δ + 𝜏n̄)T0(𝜏)u, (79)

and hence

T0(𝜏)u = −L−1
𝜏,0

2
n̄ − 1

(Δ + 𝜏n̄)T0(𝜏)u. (80)

If we now take 𝜏 = 𝜏0 and u = 𝜙 to be the L2-normalized homogenized transmission eigenfunction corresponding to the
transmission eigenvalue 𝜏0, this gives

T0(𝜏0)𝜙 = − 1
𝜏0

2
n̄ − 1

L−1
𝜏0,0(Δ + 𝜏0n̄)𝜙,

since we know that

𝜙 = 𝜏0T0(𝜏0)𝜙.

The above calculations yield

1 + 𝜏2
0⟨T0(𝜏0)𝜙,𝜙⟩ = 1 −

2𝜏0

n̄ − 1
⟨L−1

𝜏0,0(Δ + 𝜏0n̄)𝜙,𝜙⟩

= 1 −
2𝜏0

n̄ − 1
⟨T0(𝜏0)𝜙,𝜙⟩ −

2𝜏2
0 n̄

n̄ − 1
⟨L−1

𝜏0,0𝜙,𝜙⟩

= 1 − 2
n̄ − 1

−
2𝜏2

0 n̄

n̄ − 1
⟨L−1

𝜏0,0𝜙,𝜙⟩

= 1
n̄ − 1

(
n̄ − 3 − 2𝜏0n̄⟨L−1

𝜏0,0𝜙,𝜙⟩
)

. (81)

This expression is obviously nonzero if 1 < n̄ ≤ 3, since L−1
𝜏0,0 is nonnegative and 𝜏0 > 0. To compute L−1

𝜏0,0𝜙 for the given
transmission eigenpair (𝜏0,𝜙) of the homogenized problem, one must solve

(Δ + 𝜏0)
1

n − 1
(Δ + 𝜏0)w + 𝜏2

0 w = 𝜙 for w ∈ H2
0(D).

Thus, it is easy to numerically check if (n̄−3−2𝜏0n̄⟨w,𝜙⟩) ≠ 0. In order to evaluate the numerator, we use the asymptotic
estimate developed above. To this end, we have

T0(𝜏0)𝜙 − T
𝜖
(𝜏0)𝜙 = L−1

𝜏0,0Δ𝜙 − L−1
𝜏0,𝜖Δ𝜙,

where u
𝜖

:= L−1
𝜏0,𝜖Δ𝜙 and u0 := L−1

𝜏0,0Δ𝜙 and u
𝜖

:= L−1
𝜏0,𝜖Δ𝜙 are the solutions of

(Δ + 𝜏) 1
n(x∕𝜖) − 1

(Δ + 𝜏0)u𝜖 + 𝜏2
0 u

𝜖
= Δ𝜙

and

(Δ + 𝜏) 1
n̄ − 1

(Δ + 𝜏0)u0 + 𝜏2
0 u0 = Δ𝜙,

respectively. From Corollary 2, we have that

⟨T0(𝜏0)𝜙 − T
𝜖
(𝜏0)𝜙,𝜙⟩ = −⟨𝜖𝜃

𝜖
,𝜙⟩ + O(𝜖2), (82)
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where 𝜃
𝜖

is the solution of

(Δ + 𝜏0)
1

n(x∕𝜖) − 1
(Δ + 𝜏0)𝜃(2)𝜖 + 𝜏2

0𝜃
(2)
𝜖

= 0 in D,

𝜃
(2)
𝜖

= −𝜖u(2) on 𝜕D,

𝜕𝜃
(2)
𝜖

𝜕𝜈
= −𝜖 𝜕u(2)

𝜕𝜈
on 𝜕D,

with u(2) = 1
𝜏0
𝜒(y)(Δx + 𝜏0)𝜙 𝜒 = 𝛽

n − 1
, (83)

where 𝛽 is Y-periodic, has cell average zero, and solves

Δy𝛽(y) = n(y) − n,

where we used that u0 = 𝜙∕𝜏0.

Theorem 2. Assume n
𝜖

:= n(x∕𝜖) ∈ L∞(D) is periodic in y := x∕𝜖 for y ∈ Y = [0, 1]d, and n(y) − 1 is positive uniformly
in Y. Let 𝜏0 be a simple transmission eigenvalue of the homogenized problem with constant refractive index n̄, and 𝜙 the
corresponding eigenfunction normalized such that ‖𝜙‖L2(D) = 1. We assume that 𝜕D is smooth enough so that 𝜙 ∈ H5(D).
Then for any 𝜖 > 0 sufficiently small, there exists a simple transmission eigenvalue 𝜏

𝜖
> 0 of the periodic media with

refractive index n(x∕𝜖), which satisfies the following asymptotic expansion:

𝜏
𝜖
= 𝜏0 + 𝜖

𝜏
2
0 (1 − n̄)

⟨
𝜃
(2)
𝜖

,𝜙
⟩

L2(D)

n̄ − 3 − 2𝜏0n̄⟨L−1
𝜏0,0𝜙,𝜙⟩L2(D)

+ O(𝜖2) (84)

provided that ⟨L−1
𝜏0,0𝜙,𝜙⟩L2(D) ≠ (n̄ − 3)∕(2𝜏0n̄), where 𝜃(2)

𝜖
is given by (83) and L

𝜏0,0 is given by (78).

Proof. First, we note that Corollary 2 gives us that for any given f ∈ L2(Ω),

‖(T
𝜖
(𝜏) − T0(𝜏))f‖L2(Ω) ≤ C

𝜏
𝜖. (85)

For 𝜏 given in a bounded region of the complex plane, C
𝜏

can be bounded independently of 𝜏 from the explicit coercivity
of the fourth-order operator (Cakoni & Haddar, 2009). Hence, we have strong pointwise convergence of the operators in
L2(Ω). Furthermore, the operators {T

𝜖
(𝜏)} are collectively compact, since {u

𝜖
= T

𝜖
(𝜏)f } satisfy

‖u
𝜖
‖H2(Ω) ≤ C‖ f‖L2(Ω),

where C is independent of 𝜖 and 𝜏. Hence, we can apply Theorem 1. Furthermore, (85) says that the right-hand side of (73)
is O(𝜖2), since the eigenspace R(E) is finite dimensional (in fact one-dimensional in our case). We have already calculated
the expressions on the left-hand side of (73); the denominator is given by (81) and the numerator is given by (82). The
result follows from inserting these formulas into (73).

Remark 3. It would be desirable to have the correction value in formula (88) be independent of 𝜖. Note that from Lemma
2, we have that the term

⟨
𝜃
(2)
𝜖

,𝜙
⟩

is bounded with respect to 𝜖, so any sequence of 𝜖k → 0 will have subsequential limits.
We would like to characterize its limit points, or at least rewrite it in a more explicit form. For similar eigenvalue problems
in second-order homogenization in bounded domains (Gérard-Varet & Masmoudi, 2011, 2012; Moskow & Vogelius,
1997a, 1997b; Santosa & Vogelius, 1993), the precise value of the boundary corrector limit is complicated by two factors:
(i) The limit may not be unique if the domain has a boundary with flat parts of rational or infinite slope. We expect that
the limit will be unique for smooth D in which the boundary has no flat parts. (ii) Even when the limit is unique, there is
no known explicit characterization of the limit. It may very well be the case that the first-order transmission eigenvalue
corrections exhibit both of these complications. One needs to study the behavior of the boundary correctors for fourth-
order homogenization problems, and this is the subject of future work. In the next section, we consider the one-dimensional
case, which is easier to analyze, and demonstrates that the corrector is not generically zero. Furthermore, if the scatterer
has flat parts with rational or infinite slope, the one-dimensional study suggests that the corrector will depend on how the
boundary cuts the microstructure.
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5 The One-Dimensional Case
Although we explicitly took the dimension d = 2 or d = 3, the same results clearly hold for d = 1. Let us take D = (0, 1)
for simplicity, while noting that the following can easily be extended with small modifications to general intervals (a, b).
Recalling that the eigenfunction has zero Cauchy data at the boundary, the one-dimensional boundary corrector function
𝜃
(2)
𝜖

here satisfies

(
d2

dx2
+ 𝜏0

)
1

n(x∕𝜖) − 1

(
d2

dx2
+ 𝜏0

)

𝜃
(2)
𝜖

+ 𝜏2
0𝜃

(2)
𝜖

= 0 on (0, 1),

𝜃
(2)
𝜖
(0) = −𝜖 𝛽(0)

𝜏0(n − 1)
d2
𝜙

dx2
(0),

𝜃
(2)
𝜖
(1) = −𝜖

𝛽(1∕𝜖)
𝜏0(n − 1)

d2
𝜙

dx2
(1),

(𝜃(2)
𝜖
)′(0) = − 1

𝜏0(n − 1)
d𝛽
dy

(0)d2
𝜙

dx2
(0) − 𝜖 𝛽(0)

𝜏0(n − 1)
d3
𝜙

dx3
(0),

(𝜃(2)
𝜖
)′(1) = − 1

𝜏0(n − 1)
d𝛽
dy

(1∕𝜖)d2
𝜙

dx2
(1) − 𝜖

𝛽(1∕𝜖)
𝜏0(n − 1)

d3
𝜙

dx3
(1). (86)

In the limit, the boundary terms with 𝜖 will disappear, and so the limit will be dominated by the first terms of the Neumann
data. Notice that as 𝜖 → 0, this first term is fixed on the left but changing with 𝜖 on the right. We see here that the limit of
this boundary data is not unique, and depends on the sequence 𝜖k → 0. Assume that

𝜖k =
1

Nk + 𝛿
,

where Nk → ∞ are integers, so that 1∕𝜖k − ⌊1∕𝜖k⌋ = 𝛿, and

d𝛽
dy

(1∕𝜖k) =
d𝛽
dy

(𝛿),

due to periodicity. The sequences 𝜖k for which the boundary corrector has a limit are those for which this cutoff 𝛿k has
a limit 𝛿. We see that for a fixed cutoff, the equation for the corrector becomes a standard fourth-order homogenization
problem. Hence, the corrector converges in L2 at order 𝜖 to 𝜃∗, the solution to

(
d2

dx2
+ 𝜏0

)
1

n − 1

(
d2

dx2
+ 𝜏0

)

𝜃
∗ + 𝜏2

0𝜃
∗ = 0 on (0, 1), (87)

𝜃
∗(0) = 0,
𝜃
∗(1) = 0,

(𝜃∗)′(0) = − 1
𝜏0(n − 1)

d𝛽
dy

(0)d2
𝜙

dx2
(0),

(𝜃∗)′(1) = − 1
𝜏0(n − 1)

d𝛽
dy

(𝛿)d2
𝜙

dx2
(1).

We therefore have an explicit formula for the transmission eigenvalue corrector in one dimension, summarized in the
following theorem.

Theorem 3. Assume the dimension d = 1 with period cell Y = [0, 1], and n
𝜖

:= n(x∕𝜖) ∈ L∞(D) is periodic in y := x∕𝜖
such that n(y) − 1 is positive uniformly in Y. Let 𝜏0 be a simple transmission eigenvalue of the homogenized problem with
constant refractive index n̄, and 𝜙 the corresponding eigenfunction normalized such that ‖𝜙‖L2(D) = 1. Assume

𝜖k =
1

Nk + 𝛿
,
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where Nk → ∞ are integers. Then, for any k sufficiently large, there exists a simple transmission eigenvalue 𝜏
𝜖
> 0 of the

periodic media with refractive index n(x∕𝜖), which satisfies the following asymptotic expansion:

𝜏
𝜖
= 𝜏0 + 𝜖

𝜏
2
0 (1 − n̄) ⟨𝜃∗,𝜙⟩L2(D)

n̄ − 3 − 2𝜏0n̄⟨L−1
𝜏0,0𝜙,𝜙⟩L2(D)

+ O(𝜖2) (88)

provided that ⟨L−1
𝜏0,0𝜙,𝜙⟩L2(D) ≠ (n̄ − 3)∕(2𝜏0n̄), where 𝜃∗ is given by (87) and L

𝜏0,0 is given by (78).

6 Conclusions
In this article, we derived an asymptotic expansion for the transmission eigenvalues of a scatterer with periodically varying
index of refraction in the case when the contrast does not change sign. In this situation, we were able to use the fourth-order
formulation for the transmission eigenvalue problem, and its analysis required us to study a fourth-order homogenization
problem. The two-scale asymptotics reveal a boundary corrector as the largest microstructure effect, and this boundary cor-
rector appears in the correction formula for the transmission eigenvalues. It appears that this boundary corrector function
may exhibit all of the difficulties of the boundary correctors in many second-order homogenization problems; in partic-
ular, the lack of an explicit formula for its limit for dimension d ≥ 2, even in the case of smooth domains. An explicit
formula would allow us to determine what information about the microstructure of the medium can be extracted from the
transmission eigenvalues. The analysis of these fourth-order boundary correctors is therefore of great interest, and is the
subject of our future work.
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which exists and is bounded due to Riesz representation. Further, define for u ∈ H2
0(D),

u
𝜏
= 𝔸−1

𝜏,0u. (90)

Notice that by construction,

(𝔸
𝜏,0𝜏u,𝜙)H2

0 (D) =
(

1
n0 − 1

u
𝜏
,Δ𝜙

)

L2(D)
+
(

1
n0 − 1

Δu
𝜏
,𝜙

)

L2(D)

+ 2𝜏
((

1
n0 − 1

+ 1
)

u
𝜏
,𝜙

)

L2(D)
. (91)

Proposition 3. Let  be defined by and 𝜏 > 0. Then, the derivative of 𝔸−1
𝜏,0 with respect to 𝜏 is −

𝜏
, that is, 𝔸−1

𝜏,0 = −
𝜏
.

Proof. Observe since 𝔸
𝜏+h,0u

𝜏+h = 𝔸
𝜏,0u

𝜏
= u,

(𝔸
𝜏+h,0(u𝜏+h − u

𝜏
+ h

𝜏
u),𝜙) = (𝔸

𝜏+h,0u
𝜏+h −𝔸

𝜏+h,0u
𝜏
+ h𝔸

𝜏+h,0𝜏u,𝜙)H2
0 (D)

= (𝔸
𝜏,0u

𝜏
−𝔸

𝜏+h,0u
𝜏
+ h𝔸

𝜏+h,0𝜏u𝜏 ,𝜙)H2
0 (D)

= −(2th + h2)
∫D

(
1

n0 − 1
+ 1

)

u
𝜏
𝜙 dx

− h
∫D

1
n0 − 1

(u
𝜏
Δ𝜙 + Δu

𝜏
𝜙) dx

+ h(𝔸
𝜏+h,0𝜏u,𝜙)H2

0 (D). (92)

From the definition of the bilinear form, there exists a constant depending on 𝜏 and D such that

(𝔸
𝜏+h,0u,𝜙)H2

0 (D) = (𝔸
𝜏,0u,𝜙)H2

0 (D) + h
(

Δu + 𝜏u, 1
n0 − 1

𝜙

)

L2(D)

+ h
(

1
n0 − 1

u,Δ𝜙 + 𝜏𝜙
)

L2(D)
+ 2h(𝜏 + h)

((
1

n0 − 1
+ 1

)

u,𝜙
)

L2(D)

= (𝔸
𝜏,0u,𝜙)H2

0 (D) + O(h‖u‖H2
0 (D)‖𝜙‖H2

0 (D)), (93)

where the above estimate uses that H2
0 is embedded in C0. Using the above inequality and (91), we obtain

(𝔸
𝜏+h,0𝜏u,𝜙)H2

0 (D) =
(

1
n0 − 1

u
𝜏
,Δ𝜙

)

L2(D)
+
(

1
n0 − 1

Δu
𝜏
,𝜙

)

L2(D)

+ 2𝜏
((

1
n0 − 1

+ 1
)

u
𝜏
,𝜙

)

L2(D)
+ O

(
h‖u

𝜏
‖H2

0 (D)‖𝜙‖H2
0 (D)

)
. (94)

Substituting this into (92) yields

(𝔸
𝜏+h,0(u𝜏+h − u

𝜏
+ h

𝜏
u),𝜙) = −h2

∫D

(
1

n0 − 1
+ 1

)

u
𝜏
𝜙dx + O(h2‖𝜙‖H2

0 (D))

≤ Ch2
(

1
n0 − 1

+ 1
)

‖u
𝜏
‖L2(D)‖𝜙‖H2

0 (D)

+ O
(

h2‖u
𝜏
‖H2

0 (D)‖𝜙‖H2
0 (D)

)
. (95)

Of course, we have the bound

‖u
𝜏
‖L2(D) ≤ C‖u

𝜏
‖H2

0 (D) ≤ C‖A−1
𝜏,0‖(H2

0 (D))‖u‖H2
0 (D). (96)
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Choosing 𝜙 = u
𝜏+h − u

𝜏
+ h

𝜏
u, we have by coercivity that

C‖u
𝜏+h − u

𝜏
+ hhu‖H2

0 (D) = O
(

h2‖u‖H2
0 (D)

)
, (97)

where C can be chosen to be independent of 𝜏. To finish, we divide by h‖u‖H2
0 (D)C and take the supremum over u ∈ H2

0(D),

‖𝔸−1
𝜏+h,0 −𝔸−1

𝜏,0 + h
𝜏
‖(H2

0 (D))

h
= O(h). (98)

Therefore, the Frechet derivative D𝔸−1
𝜏,0(𝜏) = −

𝜏
.

A.2 A Trace Theorem
We define here the traces of the Cauchy data of functions on L2

Δ(D), where

L2
Δ(D) :=

{
u ∈ L2(D) : Δu ∈ L2(D)

}
.

More precisely, their trace and their normal derivative on the boundary live in H−1∕2(𝜕D) and H−3∕2(𝜕D), respectively.
Indeed if u ∈ L2

Δ(D), then its trace u ∈ H−1∕2(𝜕D) is defined by duality using the identity

⟨u, 𝜏⟩H−1∕2(𝜕D),H1∕2(𝜕D) = ∫D
(uΔw − wΔu) dx,

where w ∈ H2(D) is such that w = 0 and 𝜕w∕𝜕𝜈 = 𝜏. Similarly, the trace of 𝜕u∕𝜕𝜈 ∈ H−3∕2(𝜕D) is defined by duality
using the identity

⟨
𝜕u
𝜕𝜈

, 𝜏
⟩

H−3∕2(𝜕D),H3∕2(𝜕D)
= −

∫D
(uΔw − wΔu) dx,

where w ∈ H2(D) is such that w = 𝜏 and 𝜕w∕𝜕𝜈 = 0. The above shows that the trace operator

u ∈ L2
Δ(D) ↦

(
u
𝜕D, 𝜕u

𝜕𝜈
|
𝜕D

)
∈ H−1∕2(𝜕D) × H−3∕2(𝜕D)

has a continuous right inverse, that is,

‖u‖H−1∕2(𝜕D) +
‖
‖
‖
‖

𝜕u
𝜕𝜈

‖
‖
‖
‖H−3∕2(𝜕D)

≤ C
(
‖Δu‖L2(D) + ‖u‖L2(D)

)

with C > 0 independent of u.


	1 Introduction
	2 Description of Problem
	3 Operator Convergence: A Fourth-Order Homogenization Problem
	3.1 Formal Asymptotics
	3.2 Norm Estimates

	4 Transmission Eigenvalue Expansions
	5 The One-Dimensional Case
	6 Conclusions
	Acknowledgments
	ORCID iD
	Funding
	Declaration of Conflicting Interests
	References
	A Appendix: Technical Lemmas
	A 
	A.1  Derivative of T0() With Respect to 
	A.2 A Trace Theorem



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


