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Abstract

This paper provides a rigorous computer-assisted proof of the existence of gener-
alized transmission eigenvalues arising in nonlinear optics in the context of high-order
harmonic generation, a result conjectured in [11]. The analysis is carried out for a
one-dimensional nonlinear medium, where the problem reduces to a coupled system of
nonlinear homogeneous ordinary differential equations subject to nonstandard bound-
ary conditions. These eigenvalues correspond to probing frequencies ω for which there
exists a nontrivial incident ω-wave such that the second-harmonic field generated does
not persist outside the compact support of the nonlinear medium, thereby rendering its
nonlinear properties undetectable to an external observer. Building on earlier numer-
ical evidence, we establish that, in the low-frequency regime, there exist generalized
transmission eigenvalues whose associated eigenfunctions exhibit blow-up behavior as
the frequency tends to zero. The proof combines analytical arguments with validated
numerics, employing a Newton–Kantorovich framework together with interval arith-
metic to rigorously control approximation errors. The algorithmic implementation
underlying the computer-assisted proof is made available on GitHub [3].

1 Introduction

Higher-order harmonic generation is a nonlinear model describing higher-order optical har-
monic generation in bulk crystals [6, 27]. Such media, when probed with monochromatic
laser beams, generate waves at new frequencies. This process plays a central role in modern
optics, with applications ranging from frequency conversion to imaging and sensing. The
most common example is perhaps the green laser pointer, which emits frequency-doubled
green light based on an infrared laser source and an internal (second-harmonic generating)
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crystal. More specifically, the second-harmonic generation (SHG) process arises in crystals
with particular symmetries, in which the interaction of an incident wave of frequency ω
with this nonlinear medium produces a wave at frequency 2ω [11]. Mathematically, SHG is
described by a system of coupled nonlinear wave equations in the frequency domain with
quadratic nonlinearity, where interactions between different frequency components are deter-
mined by the material’s nonlinear susceptibilities. In laser technology, SHG is often modeled
as a one-dimensional problem by considering incident waves impinging on the nonlinear
medium at normal incidence [6]. This work focuses on a one-dimensional model of SHG
corresponding to wave propagation in a bounded nonlinear medium, and it is a follow-up to
the investigation in [11]. In [11], the authors investigated the existence of probing frequencies
ω that may yield a vanishing 2ω scattered field, given a second-harmonic generation inho-
mogeneity of compact support. In other words, frequencies at which the nonlinear effects of
the medium can be invisible to an external observer. A necessary condition for the existence
of such frequencies is the solvability of a nonlinear eigenvalue problem for a system of two
nonlinear PDEs on the support of the nonlinear medium. In the one dimensional case stud-
ied here this necessary condition is also sufficient to guarantee the existence of a nontrivial
incident ω-wave which generates no scattered 2ω wave. It should be pointed out that the
sufficiency is not true in the higher dimensions, except in special cases, such as a spherically
symmetric medium. The two functions associated with the eigenvalue problem represent
the total fields at frequency ω and 2ω linked through non-standard boundary conditions.
The corresponding eigenvalues are referred to as generalized second-harmonic transmission
eigenvalues, or for short, generalized transmission eigenvalues. In [11] it was conjectured
that for a one-dimensional medium a continuum of low-frequency generalized transmission
eigenvalues ω does exist and the corresponding eigenfunctions are unbounded (in an appro-
priate norm) as ω → 0.1 This conjecture was supported by numerical evidence. The goal
of the present paper is to provide a rigorous computer-assisted proof of the conjecture. Al-
though not presented here for reasons of brevity, the approach can be extended to the case
of a spherically symmetric nonlinear medium in higher dimensions, which leads to the same
type of nonlinear eigenvalue problem in the radial variable, with slightly modified boundary
conditions. As a result, the existence of a continuum of generalized transmission eigenvalues
(not necessarily located in the low-frequency regime) can be established. We note that the
generalized transmission eigenvalues for nonlinear media are conceptually related to trans-
mission eigenvalues and non-scattering frequencies in linear scattering theory, where, at such
probing frequencies, it is possible to have zero scattering from a given linear inhomogeneity
[4, 5, 10, 12, 13, 19, 31, 24, 23]. It is known that these special frequencies play a role for the
unique determination of material properties and for the success of reconstruction algorithms
[10], as well as for material design. We expect generalized transmission eigenvalues, together
with their associated energies, to play a similar role in inverse scattering for nonlinear optics,
as well as in nonlinear material design.

1We note, however, that taking linear and nonlinear dispersion into account may affect this unbounded
behavior of the eigenfunctions (cf. Remark 1.3).
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1.1 Preliminaries and the main result

Let us consider a nonlinear medium (typically a nonlinear crystal) occupying the interval
D = (0, 1). Let E1 and E2 denote the ω- and 2ω-components of the transmitted electric
field inside D. In [11], we asked whether there can exist incident ω-waves for which the
nonlinear medium does not scatter the second-harmonic 2ω-wave. For such incident waves
the nonlinear effects remain localized inside the medium and are invisible to an outside
observer. We introduced a nonlinear eigenvalue problem that provides necessary conditions
for the existence of such “second-harmonic nonscattering” frequencies and incident waves:

E ′′
1 + ω2qE1 = −ω2χ1E2E1 in D = (0, 1)

E ′′
2 + 4ω2qE2 = −ω2χ2E

2
1 in D

E2 = E ′
2 = 0 at ∂D = {0, 1},

(1.1)

where q denotes the relative permittivity of the medium, and χ1 and χ2 denote the non-
linear susceptibilities of the medium. Specifically, χ1 describes the interaction between a
2ω-wave and an −ω-wave (note the complex conjugation on E1), while χ2 represents the
self-interaction of an ω-wave. In general, these quantities are functions of x (and ω); how-
ever, for simplicity, we assume here that they are positive constants. Thus, if there exists a
nontrivial incident ω-wave such that the corresponding 2ω-wave does not scatter, then (1.1)
admits a nontrivial solution (E1, E2). Conversely if (1.1) admits a nontrivial solution, then
the total fields E1 and E2 may be extended to all of R, satisfying E ′′

j + ω2Ej = 0 outside D
and with Ej and E ′

j continuous across ∂D. Indeed E2 extends to zero outside D and E1 has
the extension

E1 =

{
a−e−iωx + a+eiωx for x < 0

b−e−iωx + b+eiωx for x > 1
.

This may be rewritten as

E1 = b−e−iωx + a+eiωx +

{
(a− − b−)e−iωx for x < 0

(b+ − a+)eiωx for x > 1
.

Here the first part represents the (everywhere defined) incident ω-wave and the second part
is the scattered part of the ω-wave, which satisfies the outgoing radiation condition. In [11],
we showed that a sufficiently small ω can be an eigenvalue of (1.1) only if the corresponding
eigenfunction blows up at a rate of 1/ω2. Namely, if

∥(E1, E2)∥H2(D)×L2(D) ≥
c

ω2
, (1.2)

where c > 0 depends on the material parameters q, χ1 and χ2, and H2 denotes the Sobolev
space of order 2. Based on numerical evidence, we conjectured that such eigenvalues exist.
However, a rigorous treatment of the existence of such (or any other) eigenvalues of (1.1)
remained open. In this work, we use computer-assisted techniques to prove this conjecture
and establish the following result:
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Theorem 1.1. Assume that q, χ1 and χ2 are positive constants. There exist δ, c > 0 such
that any ω ∈ (0, δ) is an eigenvalue of (1.1), with a corresponding eigenfunction (E1, E2)
satisfying (1.2).

In view of (1.2), let us rescale the eigenfunctions and set uj = ω2Ej for j = 1, 2. We then
obtain the problem 

u′′
1 + ω2qu1 = −χ1u2u1 in (0, 1)

u′′
2 + 4ω2qu2 = −χ2u

2
1 in (0, 1)

u2 = u′
2 = 0 at {0, 1}.

(1.3)

The desired result will follow once we show that (1.3) admits a nontrivial solution for any
ω ∈ (0, δ) such that (u1, u2) remains bounded away from zero as ω → 0. Let us make further
simplifications. Since χ1 and χ2 are constants, we may rescale the eigenfunctions and work
instead with

√
χ1χ2 u1 and χ1u2. These functions solve (1.3), but with χ1 = χ2 = 1.

Moreover, instead of ω, let us work with the eigenvalue parameter
√
qω. Thus, we may

equivalently study the following reduced problem:
u′′
1 + ω2u1 = −u2u1 in (0, 1)

u′′
2 + 4ω2u2 = −u2

1 in (0, 1)

u2 = u′
2 = 0 at {0, 1}.

(1.4)

Regarding this reduced problem, we obtain the following result, which implies Theorem 1.1:

Theorem 1.2. For any ω ∈ [0, 2.03] the problem (1.4) admits a nontrivial solution u =
(u1, u2) that depends smoothly (in fact, C∞) on ω. The norm ∥u∥H2(D)×L2(D) stays uniformly
bounded away from zero, and u has the following symmetries: Reuj is even and Imuj is odd
with respect to the midpoint x = 1

2
for j = 1, 2.

Remark 1.3. More generally, if q, χ1 and χ2 are positive functions of ω (but are independent
of x), the same rescaling argument leading to the reduced problem remains valid. Indeed,
for any ω

√
q(ω) ∈ [0, 2.03]

∥(E1, E2)∥H2(D)×L2(D) ≥
c

ω2max
{
χ1(ω),

√
χ1(ω)χ2(ω)

} ,

where c > 0 is some absolute constant independent of all the parameters involved.

1.2 Main ideas and outline of the paper

In [11], we observed that for sufficiently small ω, the problem (1.4) (or equivalently (1.1))
cannot admit a nontrivial real-valued solution. Consequently, both u1 and u2 must be
complex-valued functions. This can be seen easily by first setting ω = 0 in (1.4), then

integrating the second equation and using the boundary conditions to obtain
∫ 1

0
u2
1dx = 0,

which implies that any nonzero u1 cannot be real-valued. A perturbation argument then
yields the result for sufficiently small ω.
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The main difficulty in studying the eigenvalue problem (1.4) is that it possesses a con-
tinuous symmetry:

if (u1, u2) solves (1.4), then so does (eiθu1, e
i2θu2) for any θ ∈ [0, 2π]. (1.5)

As a result, nontrivial solutions of (1.4) cannot be isolated, and there is no local unique-
ness: in any neighborhood of a nontrivial solution, there exists another one. Consequently,
contraction-type arguments cannot be applied. The analysis is made possible by impos-
ing additional symmetries on the eigenfunctions, which break the continuous symmetry and
restore local uniqueness. Specifically, we impose

uj

(
1
2
+ x

)
= uj

(
1
2
− x

)
j = 1, 2 and x ∈

(
−1

2
, 1
2

)
. (SYM)

In other words, we require the real parts of uj to be even and the imaginary parts to be odd
with respect to the midpoint 1

2
. Our motivation for imposing (SYM) comes from preliminary

numerical analysis, which showed evidence for the existence of such symmetric solutions. The
nontrivial solutions of (1.4) that lie in the subset defined by the symmetry relation (SYM) do
not satisfy (1.5), and we are thus in a position to use a contraction-type argument combined
with computer-assisted methods to establish the existence of nontrivial solutions of (1.4).

The idea can be described as follows. The system (1.4), together with (SYM), can be
written as an abstract operator equation F (u) = 0 in an appropriate Banach space, where
u = (u1, u2). We first find an approximate solution p of this equation numerically. We then
study the operator equation near p by writing u = p + h, where h is small. Linearizing
the operator F near p, we show that this linearization is invertible (as a consequence of the
imposed symmetries). As a result, we can rewrite our operator equation as a fixed-point
equation h = T (h), where T is a nonlinear operator that we then show is a contraction on
a small ball around the origin. This implies the existence of a solution h, and consequently
of a true solution u near the approximate solution p. Moreover, T is a contraction on a ball
whose radius is small enough to ensure that the fixed point h ̸= −p. In other words, u is
sufficiently close to p, guaranteeing that the true solution u we obtain is nontrivial. This is
the celebrated Newton-Kantorovich approach, which has been widely used in the literature
[1, 7, 17, 30, 35, 29].

We now give an outline of the paper.

• We rewrite (1.4) as a first-order real system, in which case the unknown function
becomes an 8-dimensional vector, denoted by x = (x1, ..., x8). Indeed, we need to include u1

and u′
1 as well as u2 and u′

2, but each of these functions is complex-valued and corresponds
to two entries in the vector x. Furthermore, after an appropriate change of variables, we
expand each component function xj into a Chebyshev series, so that each xj now corresponds
to an infinite sequence of its Chebyshev coefficients. Thus, we are effectively working with
an 8-tuple of sequences of real numbers. This is done in Sections 3.1 and 3.2.

• In Section 2, we describe the classical Newton-Kantorovich theorem and its variation
needed to establish our result. We first consider the limiting case ω = 0 in (1.4) and prove
the existence of a nontrivial solution satisfying (SYM). This is done in Section 3.4.5, and in
the preceding subsections of Section 3, we present the necessary preliminaries for applying
the appropriate Newton-Kantorovich theorem. In particular, the approximate solution p
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is computed numerically using the shooting method (cf. Figure 1). The classical Newton-
Kantorovich theorem requires the invertibility of F ′(p). Here we use a slightly modified
version (cf. Theorem 2.2), which allows working with an approximate inverse. Invertibility
of F ′(p) follows as a consequence but is not needed directly.

As a result, when dealing with norm estimates, the computations are separated into
finite parts (which can be represented as vectors and matrices) and “tails”, which contain
the infinite parts corresponding to the infinite tails of the Chebyshev sequences. We use
analytic estimates to treat the tail parts, which are then combined with numerical estimates
of the finite parts. This allows us to rigorously estimate both the norms of elements in a
Banach space and the norms of operators. The numeric computations are performed on
a computer using interval arithmetic [28, 34], which controls rounding errors and provides
rigorous verification of inequalities; for example, that an appropriate operator is a contraction
and therefore has a fixed point, which then implies the existence of our desired nontrivial
solution.

• In Section 3.5, we treat the case ω > 0 using a parameter continuation approach, which
is again based on a version of the Newton-Kantorovich theorem requiring uniform estimates
with respect to ω (cf. Theorem 3.11). We obtain that, for any ω ∈ [0, 2.03], the problem (1.4)
has a nontrivial solution satisfying (SYM). We are unable to continue this solution branch
beyond ω = 2.03 using parameter continuation, as numerical evidence indicates a bifurcation
occurring between ω = 2.04 and ω = 2.06 (one branch consists of the conjugate solution
and returns toward ω = 0, while the other branch is purely real-valued). Furthermore, since
multiple branches exist, pseudo-arclength continuation also fails numerically. A rigorous
bifurcation analysis will require additional machinery, perhaps similar to [36], and is left for
future work.

Figure 1: Approximate solution of (1.4) for ω = 0 that satisfies the symmetry (SYM).

We note that the approach we adopt has been widely used in the area of computer-assisted
proofs [1, 7, 17, 30, 35]. We refer to [16] for a brief survey of other computer-assisted
proofs for PDE problems and more particularly to [21, 22] for application to eigenvalue
problems. Finally, we want to draw attention to [26] in which an essential hypothesis about
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embedded eigenvalues for the three-dimensional cubic NLS is verified using computer-assisted
techniques, as well as to the very recent work [15] in which a computer-assisted techniques
have been used to construct a counterexample to the Pompeiu–Schiffer conjecture in the
planar case.

2 The Newton-Kantorovich theorem

In this section, we describe in an abstract framework the functional-analytic tools that will
be used to obtain the desired existence result. We begin with a brief summary of the classical
Newton-Kantorovich theorem [29, 38] and introduce a slight modification, also referred to
as the radii polynomial theorem [18, 37].

Suppose that X and Y are Banach spaces, and let F : X → Y be a nonlinear operator
defined on the open ball Br0(p) of radius r0 > 0 centered at p ∈ X. Assume that F is
Fréchet differentiable in this ball and that its Fréchet derivative is Lipschitz continuous with
constant c > 0, i.e., for all x, x̃ ∈ Br0(p),

∥F ′(x)− F ′(x̃)∥B(X,Y ) ≤ c∥x− x̃∥X ,

where the subscript B(X, Y ) denotes the operator norm. Assume also that the derivative
L = F ′(p) : X → Y is an invertible linear operator (with continuous inverse). Our goal is to
find a zero of F near p. To this end, we expand

F (p+ h) = F (p) + Lh+ E(h), E(h) =

∫ 1

0

[F ′(p+ th)− F ′(p)]h dt, (2.1)

where E denotes the remainder term and we used its mean-value representation [38]. Con-
sequently, the zero-finding problem can be written as a fixed-point equation

h = T (h), T (h) = −L−1F (p)− L−1E(h).

The goal now is to derive conditions that guarantee that T maps the closed ball Br(0) into
itself and that it is a contraction on this ball (here 0 < r < r0). The contraction mapping
theorem then implies the existence of a unique fixed point h in this ball, which in turn yields
a solution to F (x) = 0 with x = p+ h. Suppose a and b are positive constants such that

∥L−1∥B(Y,X) ≤ a, ∥L−1F (p)∥X ≤ b.

The following estimates follow directly from the integral representation of the remainder
term: for all h, h1, h2 ∈ Br(0)

∥E(h)∥Y ≤ c

2
∥h∥2X , ∥E(h1)− E(h2)∥Y ≤ cr∥h2 − h1∥X .

Consequently,

∥T (h)∥X ≤ ac

2
r2 + b, ∥T (h1)− T (h2)∥X ≤ acr∥h2 − h1∥X .
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We want the right-hand side of the first estimate above to be bounded by r. Therefore, let
us introduce the quadratic

Q(r) =
ac

2
r2 − r + b.

We now state:

Theorem 2.1 (Newton-Kantorovich). Under the foregoing assumptions, suppose there exists
r ∈ (0, r0) such that Q(r) < 0. Then T has a unique fixed point in Br(0), or equivalently, F
has a unique zero in Br(p).

Proof. Since the quadratic Q takes a negative value at r ∈ (0, r0), and since Q(0) = b > 0,
it must have two real positive roots. Consider the smaller root

r− =
1−

√
1− 2abc

ac
.

Clearly, r− < r and T maps the ball Br−(0) into itself. Further, as acr− < 1, T is a
contraction in this ball. Thus, there exists a unique fixed point in this ball. In fact, the
uniqueness extends to the larger ball Br(0). For details, we refer to [38].

In practice, directly verifying the invertibility of F ′(p) may be inconvenient. To address
this, we now formulate a generalization of the above theorem, which uses an operator A that
serves as an approximate inverse of F ′(p).

Theorem 2.2. Let X and Y be Banach spaces, p ∈ X and r0 > 0. Let F : X → Y be
Fréchet differentiable in the ball Br0(p). Assume that A : Y → X is an injective, bounded
linear operator. Let Y0, Z1 and Z2 be nonnegative constants such that

(i) ∥AF (p)∥X ≤ Y0

(ii) ∥I − AF ′(p)∥B(X) ≤ Z1

(iii) ∥A [F ′(x)− F ′(x̃)] ∥B(X) ≤ Z2∥x− x̃∥X for all x, x̃ ∈ Br0(p)

Consider the quadratic

Q(r) =
1

2
Z2r

2 − (1− Z1)r + Y0.

If there exists r ∈ (0, r0) such that Q(r) < 0, then there exists a unique x ∈ Br(p) satisfying
F (x) = 0.

Proof. Since A is injective, it suffices to find x such that AF (x) = 0. Letting x = p + h
and expanding F as in (2.1), the zero-finding problem can then be written as the fixed-point
equation

h = T (h), T (h) = −AF (p) + [I − AF ′(p)]h− AE(h).

The proof then proceeds in exactly the same way as that of Theorem 2.1.
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Remark 2.3. Let us show that the assumptions of the above theorem imply that F ′(p) :
X → Y is an invertible operator. Since the quadratic Q takes a negative value, it must have
two real roots. Moreover, the fact that Q takes a negative value for some positive r > 0
implies that both roots are positive, which in turn yields Z1 < 1. Using part (ii) and a
Neumann series argument, it follows that the operator AF ′(p) : X → X is invertible. As
the range of AF ′(p) (which is the whole space X) is a subset of the range of A, we conclude
that A : Y → X is both injective and surjective, and thus invertible. Consequently, F ′(p)
is also invertible. Note that if we choose A = (F ′(p))−1, then the above theorem reduces to
Theorem 2.1 with Y0 = b, Z1 = 0 and Z2 = ac.

Remark 2.4. As already mentioned, p represents an approximate solution, F (p) ≈ 0. Thus,
the key ingredients in applying the above theorem are a good approximate solution p and a
sufficiently accurate approximate inverse A of F ′(p). The hypothesis Q(r) < 0 quantifies the
required accuracy of these approximations and guarantees the existence of a true solution x
near p.

Typically, as is also the case here, the space Y and its norm do not enter any of the
estimates and become irrelevant for the application of this result (note that all the quantities
in Theorem 3.11 are measured with respect to the X-norm). In our situation, Y is a larger
space with X ⊂ Y continuously embedded. The operator A (a finite-rank perturbation of
a diagonal operator) is not only a bounded linear operator from Y to X, but also from the
smaller space X to X. Furthermore: although F : X → Y , the approximate solution p ∈ X
satisfies F (p) ∈ X, and the difference F ′(p + h) − F ′(p) is also a bounded linear operator
from X to X. Because of these properties, in our estimates the space Y and its norm do not
appear (see Section 3 below).

3 Proof of Theorem 1.2

In this section we present the proof of our main result. We begin by rewriting (1.4), together
with (SYM), as a first-order system. We then expand the involved functions into Chebyshev
series and introduce the operator F as well as the appropriate function spacesX and Y . Next,
we derive estimates that are used in the application of the Newton–Kantorovich Theorem 2.2
for the case ω = 0. Finally, we conclude the section by studying the case ω > 0, in which
a different version of the Newton–Kantorovich theorem is used, together with the estimates
derived in the preceding subsections.

3.1 First order system

We can incorporate the symmetry (SYM) into the problem (1.4) by considering a reduced
problem on the half-interval

(
1
2
, 1
)
and imposing appropriate boundary conditions at 1

2
.

Indeed, recall that (SYM) implies that Reuj is even and Imuj is odd with respect to the
midpoint 1

2
for j = 1, 2. If f is a smooth function on (0, 1) that is even with respect to

the midpoint, then f ′ (1
2

)
= 0. Analogously, if f is a smooth odd function, then f

(
1
2

)
= 0.

Therefore, we consider the problem
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

u′′
1 + ω2u1 = −u2u1 in

(
1
2
, 1
)

u′′
2 + 4ω2u2 = −u2

1 in
(
1
2
, 1
)

Reu′
j

(
1
2

)
= Imuj

(
1
2

)
= 0 j = 1, 2

u2(1) = u′
2(1) = 0.

(3.1)

It is now clear that if u1, u2 solve (3.1), then extending Reuj to the interval (0, 1) as an
even function with respect to 1

2
, and Imuj as an odd function, for j = 1, 2, yields a solution

pair of (1.4) that satisfies (SYM). Conversely, any solution of (1.4) satisfying (SYM) also
satisfies (3.1).

It will be convenient to map the interval
(
1
2
, 1
)
onto (−1, 1). This can be achieved by

the change of variables t 7→ 4t− 3. Abusing notation, we keep the same notation uj for the
functions that are now defined on the interval (−1, 1). Note that this change of variables
affects the derivatives by introducing a multiplicative factor of 4. Therefore, the problem
(3.1) now becomes 

16u′′
1 + ω2u1 = −u2u1 in (−1, 1)

16u′′
2 + 4ω2u2 = −u2

1 in (−1, 1)

Reu′
j (−1) = Imuj (−1) = 0 j = 1, 2

u2(1) = u′
2(1) = 0.

To rewrite the above problem as a first order system, we introduce the notation

u1 = x1 + ix2, 4u′
1 = x3 + ix4

u2 = x5 + ix6, 4u′
2 = x7 + ix8

and setting x = (x1, ..., x8) we arrive at the first order system
x′ = f(x) in (−1, 1)

xj(−1) = 0 j = 2, 3, 6, 7

xj(1) = 0 j = 5, 6, 7, 8,

(3.2)

where, writing f as a column vector for convenience, we have

f(x) =



f1(x)
f2(x)
f3(x)
f4(x)
f5(x)
f6(x)
f7(x)
f8(x)


=

1

4



x3
x4

−x1x5 − x2x6 − ω2x1
x2x5 − x1x6 − ω2x2

x7
x8

−x21 + x22 − 4ω2x5
−2x1x2 − 4ω2x6


. (3.3)
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3.2 Chebyshev expansions and the operator F

Our goal is to expand the functions xj(t), for j = 1, ..., 8, in terms of Chebyshev polynomials
Tn(t) of the first kind and order n, and to rewrite the system (3.2) by regarding the Chebyshev
coefficients of these expansions as our unknowns. Approximating functions by Chebyshev
polynomials is a classic approach, and in fact any Lipschitz continuous function on [−1, 1]
has a Chebyshev series expansion that converges uniformly and absolutely [33]. Thus, we
write

xj(t) = xj,0 + 2
∞∑
n=1

xj,nTn(t), (3.4)

where xj = (xj,n)n≥0 denotes the sequence of Chebyshev coefficients, and we use the bold-
face notation x = (x1, ..., x8) to denote the 8-tuple of sequences of Chebyshev coefficients
corresponding to the vector function x(t).

Notation: To avoid any confusion, we use the font x (similarly f, etc.) to denote func-
tions, while x (resp. f , etc.) denotes the corresponding sequence of Chebyshev coefficients.
Further, given a sequence xj we use xj,n to denote its n-th term. At times, we also use
the alternative notation [xj]n to denote the n-th term. Finally, [x]n denotes the 8-tuple
consisting of the n-th terms of its component sequences.

Continuing, we expand the right-hand sides in (3.3) (which are quadratic expressions in
terms of xj) into their respective Chebyshev series:

fj(x(t)) = fj,0(x) + 2
∞∑
n=1

fj,n(x)Tn(t). (3.5)

Here the notation fj,n(x) indicates the dependence of these coefficients on the Chebyshev
coefficients x. We are going to integrate the ODE in (3.2). To that end, we will need the
following:

Lemma 3.1. Let f(t) = f0 + 2
∑∞

n=1 fnTn(t), then∫
f(t)dt =

∞∑
n=1

fn−1 − fn+1

n
Tn(t) + const.

Proof. Integrating the recurrence relation 2Tn = 1
n+1

T ′
n+1 − 1

n−1
T ′
n−1 for n ≥ 2 and using

that T0(t) = 1 and T1(t) = t, we obtain (suppressing the additive constant of integration in
the notation) ∫

f(t)dt = f0t+ f1t
2 +

∞∑
n=2

fn

(
Tn+1

n+ 1
− Tn−1

n− 1

)
.

In the above formula we then replace t = T1 and t2 = 1+T2

2
. We further separate the sum

into two parts and reindex them to obtain
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∫
f(t)dt =

f1
2

+ f0T1 +
f1
2
T2 +

∞∑
k=3

fk−1

k
Tk −

∞∑
k=1

fk+1

k
Tk

The first term can be ignored, as it is a constant and can be combined with the additive
constant of integration. The second and third terms can be included in the first sum if we
adjust the summation index to start from k = 1. We then combine this with the second sum
and conclude the proof.

Let us now integrate the differential equation x′j(t) = fj(x(t)) using the Chebyshev expansion
(3.5) and the above lemma to obtain, for j = 1, ..., 8,

2xj,n =
fj,n−1(x)− fj,n+1(x)

n
, n = 1, 2, ... (3.6)

Note that there is no condition on the zeroth-order coefficient xj,0 because of the free constant
of integration. Conditions on this coefficient arise through the boundary conditions (3.2).
In view of the formulas Tn(−1) = (−1)n and Tn(1) = 1, we can rewrite these boundary
conditions as 

xj,0 + 2
∞∑
n=1

(−1)nxj,n = 0, j = 2, 3, 6, 7

xj,0 + 2
∞∑
n=1

xj,n = 0, j = 5, 6, 7, 8.

(3.7)

Thus, the system (3.2) can be rewritten as (3.6) and (3.7) in terms of the Chebyshev coeffi-
cients. Let us now introduce F = (F1, ..., F8) so that the system can be conveniently written
as F (x) = 0. Each Fj is a sequence with terms Fj,n. The relation (3.6) can be written as
Fj,n(x) = 0 for n ≥ 1, while the boundary conditions (3.7) are incorporated at index n = 0
and rewritten as Fj,0(x) = 0. To rewrite the boundary conditions more conveniently, let us
introduce the sequences

αn =

{
1, n = 0

2, n ≥ 1
, βn = (−1)nαn (3.8)

and define

B1x =
∞∑
n=0

βnx2,n, B2x =
∞∑
n=0

βnx3,n, B3x =
∞∑
n=0

βnx6,n, B4x =
∞∑
n=0

βnx7,n, (3.9)

which correspond to the first four conditions in (3.7) and for the next four conditions set

Bjx =
∞∑
n=0

αnxj,n, j = 5, 6, 7, 8. (3.10)

In summary, (3.6) and (3.7) can be rewritten as

12



F (x) = 0, (3.11)

where, for j = 1, .., 8,

Fj,n(x) =

{
Bjx, n = 0

2nxj,n − fj,n−1(x) + fj,n+1(x), n ≥ 1
(3.12)

Let us next rewrite the above equations in a more convenient vector form. To that end,
we first introduce the linear operators M and S, defined on the space of sequences (for the
concrete function spaces, see the next section), as follows: for any sequence a = (an)n≥0,

[Ma]n = 2nan, n ≥ 0 and [Sa]n = −an−1 + an+1, n ≥ 1. (3.13)

Here recall that square brackets with subscript n denote the n-th term of the corresponding
sequence, and we also set [Sa]0 = 0. The second equation of (3.12) now becomes Fj,n(x) =
[Mxj + Sfj(x)]n for all n ≥ 1. Let us further set

Bx = (B1x, ..., B8x), f(x) = (f1(x), ..., f8(x))

and

Mx = (Mx1, ...,Mx8), Sx = (Sx1, ..., Sx8).

Then we can rewrite (3.12) in the vector form as

F (x) =

{
Bx n = 0

Mx+ Sf(x), n ≥ 1
(3.14)

where we have dropped [·]n from either side of the equation for notational convenience.

3.3 Function spaces

Let us now introduce the appropriate function spaces for analyzing the equation (3.11). For
ν ≥ 1, we define the Banach space of weighted ℓ1 sequences

ℓ1ν =
{
a = (an)n≥0 : ∥a∥ℓ1ν < ∞

}
, ∥a∥ℓ1ν = |a0|+ 2

∞∑
n=1

|an|νn.

Note that larger values of ν correspond to faster decay of the sequence an, and as a result, the
corresponding function whose Chebyshev coefficients are an is more regular. For instance,
if a function extends to a complex analytic function in an ellipse with foci at ±1, then its
Chebyshev coefficients decay exponentially [33]. It is clear that S : ℓ1ν → ℓ1ν is a bounded
operator. However, if a ∈ ℓ1ν , the sequence (nan)n≥0 does not, in general, lie in this space.
In other words, the operator M does not map ℓ1ν to itself. Therefore, we also introduce the
larger space
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ℓ̃1ν =
{
b = (bn)n≥0 : ∥b∥ℓ̃1ν < ∞

}
, ∥b∥ℓ̃1ν = |b0|+ 2

∞∑
n=1

|bn|
n

νn.

It is now evident that M : ℓ1ν → ℓ̃1ν is a bounded operator. We next introduce the product
Banach spaces

X =
(
ℓ1ν
)8

, ∥x∥X = max
j=1,...,8

∥xj∥ℓ1ν (3.15)

and

Y =
(
ℓ̃1ν

)8

, ∥y∥Y = max
j=1,...,8

∥yj∥ℓ̃1ν . (3.16)

Lemma 3.2. Let the nonlinear operators f and F be as in (3.3) and (3.14), then

(i) f : X → X is defined on all of X and is Fréchet differentiable there.

(ii) F : X → Y is defined on all of X and is Fréchet differentiable there.

Note that part (ii) directly follows from part (i). Indeed, sinceX ⊂ Y and this embedding
is continuous, the image of f also lies in Y . Further, M : X → Y and S : X → X are
bounded linear operators. Let us show that f is well defined on all of X and maps this
space into itself. Establishing Fréchet differentiability is straightforward, and we omit the
details (see Lemma 3.7 and (3.18) for the formula of the Fréchet derivative). Since the
components fj of f correspond to Chebyshev coefficients of products of two functions –
i.e., the nonlinearities in (3.3) are quadratic – the desired result follows from the following
Banach algebra property of the space ℓ1ν with respect to Chebyshev products, namely part
(i) of the lemma below (part (ii) of the lemma is used later, in part (ii) of Lemma 3.7).

Lemma 3.3. Let x(t), y(t) be two functions with Chebyshev coefficients x = (xn)n≥0 and
y = (yn)n≥0, respectively. Let z = (zn)n≥0 denote the Chebyshev coefficients of the product
z(t) = x(t)y(t), then the following hold true:

(i) ∥z∥ℓ1ν ≤ ∥x∥ℓ1ν∥y∥ℓ1ν
(ii) Let N ≥ 1 be an integer and assume that{

xn = 0, n ≥ N

yn = 0, n ≤ 2N − 1
, then zn = 0, n ≤ N.

Proof. Let us set x̃0 = x0 and x̃n = 2xn for n ≥ 1, so that x(t) =
∑

n≥0 x̃nTn(t). Similarly
define ỹn and z̃n. In view of the relation

2TnTm = Tn+m + T|n−m|,

which holds for all n,m ≥ 0, we obtain that for all k ≥ 0
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z̃k =
1

2

∞∑
n,m=0

x̃nỹm
(
δn+m,k + δ|n−m|,k

)
. (3.17)

Here δ denotes the Kronecker delta. Consequently,

∥z∥ℓ1ν =
∞∑
k=0

|z̃k|νk ≤ 1

2

∞∑
n,m=0

|x̃n| |ỹm|
(
νn+m + ν |n−m|) .

To conclude the proof of part (i), it remains to use the estimate ν |n−m| ≤ νn+m and separate
the double sums into a product of two sums using νn+m = νnνm.

Let us now turn to part (ii). By assumption, in the sum (3.17) we must have n ≤ N − 1
and m ≥ 2N , otherwise the corresponding terms in the sum are zero. In particular, m+n ≥
2N and |m− n| ≥ N + 1, and consequently, z̃k = 0 for all k ≤ N .

3.4 Application of Theorem 2.2

Our goal is to apply the Newton–Kantorovich Theorem 2.2 to the operator F defined in
(3.12), acting between the spaces X and Y as introduced in the previous section.

3.4.1 The point p and the operator A

To start, we need an approximate solution of the equation (3.11), namely, a point p ∈ X such
that F (p) ≈ 0. This is obtained numerically (see Section 3.4.5). In particular, p = (p1, ..., p8)
is a finite sequence – more precisely, an 8-tuple of finite sequences. For the purposes of this
part, this is the only information we need about the point p. Given an integer N ≥ 1, we
introduce the following truncation operators: for any sequence a ∈ ℓν1,

[πNa]n =

{
an, n = 0, ..., N

0, n > N
[πNa]n =

{
0, n = 0, ..., N

an, n > N.

We extend these operators to the product space X in the usual way: πNp = (πNp1, ..., πNp8),
and similarly for πN . Next, we introduce the operator A : Y → X, which serves as an
approximate inverse to F ′(p). Differentiating the equation (3.14) and using the fact that B,
M and S are linear operators, we obtain

F ′(p) =

{
B n = 0

M + Sf ′(p), n ≥ 1.
(3.18)

Remark 3.4. To be more precise, the second equation of (3.18) means that for all j = 1, ..., 8
and w ∈ X,

[F ′(p)w]j,n = [Mw + Sf ′(p)w]j,n n ≥ 1.

Here, [·]j,n denotes the n-th term of the j-th sequence in a given 8-tuple of sequences.
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We can write F ′(p) = πNF ′(p) + πNF
′(p). Since N ≥ 1, in the second term we can

use the second equation of (3.18), and the first term we can split again using the projection
operators to arrive at

F ′(p) = πNF ′(p)πN + πNM + πNF ′(p)πN + πNSf
′(p). (3.19)

Now, the first term above is the “finite part” of the operator F ′(p): it takes finite (8-tuples
of) sequences as input and returns finite (8-tuples of) sequences. In our later calculations,
when we numerically obtain p, we can then numerically invert this operator, since it can
be represented as a matrix. Note that the operator A in Theorem 2.2 must be injective.
Therefore, working only with the finite-part operator is not sufficient, and we must combine
the finite part with a “tail” operator to achieve injectivity. The second operator in (3.19)
defines a tail operator, whose nonzero terms start from index n = N+1. In particular, there
is no intersection with the finite-part operator. Thus, as the operator A, we take the inverse
of πNF ′(p)πN + πNM . More precisely, we now summarize the assumptions on p and A
that will be used to derive all the estimates for the application of Theorem 2.2.

(H1) p ∈ X is a finite sequence of size N , i.e. πNp = 0

(H2) A = AN +AN , where

(a) AN is a “finite” operator, i.e.

πNA
N = ANπN = 0 (3.20)

and it is injective in the space πNX of (8-tuples of) finite sequences.

(b) [ANa]n =

0, n = 0, ..., N

an
2n

, n > N
for any sequence a and AN is the extension of

AN to the product space X, obtained by applying it componentwise.

Remark 3.5. Note that the operator πN (resp. πN) can be applied from the left as well
as from the right of AN (resp. AN) without affecting it. We will use this property in the
calculations below. Further, AN is obtained by inverting the tail of the operator M :

ANM = πNI. (3.21)

Note that A : X → X is an injective, bounded operator and

∥AN∥B(X) ≤
1

2(N + 1)
. (3.22)

We are going to derive estimates for the quantities appearing in parts (i)–(iii) of the New-
ton–Kantorovich Theorem 2.2 under the hypotheses (H1) and (H2). In other words, we will
obtain expressions for the constants Y0, Z1 and Z2 in terms of “finite” quantities that can be
numerically evaluated by choosing p such that F (p) ≈ 0 and by taking AN to be a numerical
inverse of the finite part πNF ′(p)πN , which in particular satisfies assumption (H2). We will
then verify the hypothesis on Q in Theorem 2.2.
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3.4.2 Two auxiliary lemmas

Lemma 3.6. Let S : X → X be the operator defined by (3.13), then

∥S∥B(X) ≤ 2ν.

Proof. We remark that this operator was also used in [20], which contains the proof of the
above estimate. In fact, the proof is a simple application of the triangle inequality, therefore
we present it here as well to keep the exposition self-contained. For any a ∈ ℓ1ν ,

∥Sa∥ℓ1ν = 2
∞∑
n=1

|an+1 − an−1|νn ≤ 2

ν

∞∑
n=1

|an+1|νn+1 + 2ν
∞∑
n=1

|an−1|νn−1 =

=
1

ν

(
∥a∥ℓ1ν − |a0| − 2ν|a1|

)
+ ν

(
∥a∥ℓ1ν + |a0|

)
≤

(
ν +

1

ν

)
∥a∥ℓ1ν +

(
ν − 1

ν

)
|a0|.

Bounding |a0| ≤ ∥a∥ℓ1ν , the last expression simplifies to 2ν∥a∥ℓ1ν .

Lemma 3.7. Let f : X → X be as in (3.3).

(i) The Fréchet derivative f ′ is Lipschitz continuous: for any p,h ∈ X

∥f ′(p+ h)− f ′(p)∥B(X) ≤ ∥h∥X (3.23)

(ii) Let N ≥ 1 and assume p satisfies (H1), then πN+1f ′(p)π2N+1 = 0

(iii) Let p = (p1, ..., p8) ∈ X, then ∥f ′(p)∥B(X) ≤ C, where

C =
1

4
max

{
1; ∥p5 ± ω2e0∥ℓ1ν +

∑
j=1,2,6

∥pj∥ℓ1ν ; 4ω2 + 2
∑
j=1,2

∥pj∥ℓ1ν

}
(3.24)

and the sequence e0 = (e0,n)n≥0 is defined by e0,0 = 1 and e0,n = 0 for n ≥ 1.

Remark 3.8. In parts (i) and (iii), the point p is arbitrary and does not need to satisfy
the assumption (H1). Further, it does not appear on the right hand side of the Lipschitz
estimate (3.23), since the nonlinearities are quadratic (cf. (3.3)). This Lipschitz estimate is
used in part (ii) of Lemma 3.9, in the Z2 bound. Parts (ii) and (iii) of the above lemma are
used in Lemma 3.10, in the Z1 bound.

Proof. Let p = (p1, ..., p8) ∈ X, and with our notational convention from Section 3.2, let
p = (p1, ..., p8), where pj(t) denotes the function whose Chebyshev coefficients are given
by the sequence pj. Similarly, we use h and w to denote the 8-tuples of functions whose
corresponding sequences of Chebyshev coefficients are given by h,w ∈ X, respectively.
Finally, recall that f = (f1, ..., f8), where fj : X → ℓ1ν , and that fj(p) denotes the sequence
of Chebyshev coefficients of the function fj(p) defined by (3.3). Let us now compute the
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Fréchet derivative of f . First, from (3.3) we have f1(x) =
1
4
x3, and therefore f1(x) =

1
4
x3.

Similarly, f2, f5 and f6 are also linear in x, and consequently their Fréchet derivatives are
equal to themselves and do not depend on the point p, namely

f ′
1(p)w =

1

4
w3, f ′

2(p)w =
1

4
w4, f ′

5(p)w =
1

4
w7, f ′

6(p)w =
1

4
w8.

The nonlinearities in (3.3) appear in the components j = 3, 4, 7, 8. The Fréchet derivatives
of these components are given by the following formulas:

f ′
j(p)w is the sequence of Chebyshev coefficients of

the function
1

4


−(p5 + ω2)w1 − p1w5 − p6w2 − p2w6, j = 3

(p5 − ω2)w2 + p2w5 − p6w1 − p1w6, j = 4

−4ω2w5 + 2 (p2w2 − p1w1) , j = 7

−4ω2w6 − 2(p1w2 + p2w1), j = 8

Let us show this result for j = 8, the argument is completely analogous for the other
components. By definition f8(x) = −ω2x6 − 1

2
x1x2, therefore

f8(p+w)− f8(p) = −ω2w6 −
1

2
(p1w2 + p2w1)−

1

2
w1w2.

Dropping the last term, we obtain the linear part with respect to w, which corresponds
exactly to f ′

8(p)w.

(i) We need to show that for all j = 1, ..., 8 and any w ∈ X

∥f ′
j(p+ h)w − f ′

j(p)w∥ℓ1ν ≤ ∥h∥X∥w∥X .
The above estimate is trivial for j = 1, 2, 5, 6, since the left-hand side is zero in those cases.
Let us prove the result for j = 8 (the argument is analogous for the remaining values of j).
Note that f ′

8(p + h)w − f ′
8(p)w is equal to the sequence of Chebyshev coefficients of the

function

−1

2
(h1w2 + h2w1) .

Using Lemma 3.3 we can bound the ℓ1ν-norm of the Chebyshev sequence of the product of
two functions by the product of the norms of the individual Chebyshev sequences, so that

∥f ′
8(p+ h)w − f ′

8(p)w∥ℓ1ν ≤ 1

2

(
∥h1∥ℓ1ν∥w2∥ℓ1ν + ∥h2∥ℓ1ν∥w1∥ℓ1ν

)
≤ ∥h∥X∥w∥X .

(ii) Let w ∈ X be such that w = π2N+1w, in other words [wj]n = 0 for n = 0, ..., 2N +1
and all j = 1, ..., 8. Our goal is to prove that for all j,[

f ′
j(p)w

]
n
= 0, n = 0, ..., N + 1. (3.25)

Recall that in this part we also assume πNp = 0, i.e. [pj]n = 0 for n ≥ N + 1. Our previous
calculations show that f ′

j(p)w consists of two types of terms:
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• a linear term – wl for some index l. For this term (3.25) holds trivially.

• a quadratic term – the sequence of Chebyshev coefficients of the product plws for some
indices l, s. For this term, (3.25) follows directly from part (ii) of Lemma 3.3 (applied
with N + 1 in place of N).

(iii) The estimate follows directly from the formulas for f ′
j(p)w obtained above and from

Lemma 3.3, which bounds the Chebyshev coefficients of the product of two functions. We
simply observe that for j = 3, 4, the function p5 ± ω2 has Chebyshev coefficients given by
the sequence p5 ± ω2e0.

3.4.3 The Y0 and Z2 bounds

In this section, we derive bounds for the quantities (i) and (iii) in Theorem 2.2 and obtain
expressions for the constants Y0 and Z2.

Lemma 3.9. Assume (H1) and (H2). Then

(i) ∥AF (p)∥X ≤ Y0, where

Y0 = ∥ANF (p)∥X +
1

2(N + 1)
∥
(
π2N+1 − πN

)
Sf(p)∥X .

(ii) ∥A
[
F ′(p+ h)− F ′(p+ h̃)

]
∥B(X) ≤ Z2∥h− h̃∥X for all h, h̃ ∈ X, where

Z2 = 2ν

(
∥AN∥B(X) +

1

2(N + 1)

)
.

Proof. (i) By definition AF (p) = ANF (p) +ANF (p). In view of (3.14),

ANF (p) = ANMp+ANSf(p) = ANπNSf(p),

where in the last equation we used the fact that p is a finite sequence and that all terms
after index N are zero. Combining this with (3.22), we obtain the bound

∥AF (p)∥X ≤ ∥ANF (p)∥X +
1

2(N + 1)
∥πNSf(p)∥X .

It remains to use the equation πNSf(p) =
(
π2N+1 − πN

)
Sf(p), which holds because the

nonlinearities in f are quadratic and p is a finite sequence whose nonzero elements are at
indices n ≤ N . Indeed, all nonzero elements of f(p) occur at indices n ≤ 2N , while those
of Sf(p) occur at indices n ≤ 2N + 1, due to the index shift in the operator S (3.13).

(ii) In general, F ′(p) : X → Y . However, the difference F ′(p + h) − F ′(p + h̃) is
a bounded operator from X into itself (recall that X is a smaller space than Y ). This is
because, when taking this difference, the operator M whose range lies in Y , cancels. Indeed,
in view of (3.14)
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F ′(p+ h)− F ′(p+ h̃) = S
[
f(p+ h)− f(p+ h̃)

]
.

holds for indices n ≥ 1. For n = 0, F is given by the boundary conditions B, which define a
linear operator. Hence, the above difference of derivatives is zero. Moreover, by definition,
S is equal to zero at n = 0, so the above equality also holds for n = 0. It is now clear that

∥A
[
F ′(p+ h)− F ′(p+ h̃)

]
∥B(X) ≤ ∥A∥B(X)∥S∥B(X)∥f(p+ h)− f(p+ h̃)∥B(X).

The result then follows by combining this with Lemma 3.6, Lemma 3.7 and the estimate
(3.22).

3.4.4 The Z1 bound

Lemma 3.10. Assume (H1) and (H2), then ∥I − AF ′(p)∥B(X) ≤ Z1 = Z1,1 + Z1,2 + Z1,3,
where

Z1,1 = ∥πN (I −AF ′(p))π2N+1∥B(X), Z1,2 =
2

ν2N+2
∥AN∥B(X), Z1,3 =

νC

N + 1
,

with C given by (3.24).

Proof. Using the definition of the operator A and the formula (3.18), we may write

AF ′(p) = ANF ′(p) +ANF
′(p) = ANF ′(p) +ANM +ANSf

′(p).

Next I = πNI + πNI, and taking the difference of these two identities, and using that
ANM = πNI (cf. (3.21)), we obtain

I −AF ′(p) = πN (I −AF ′(p))−ANSf
′(p) =

= πN (I −AF ′(p))π2N+1 −ANR−ANSf
′(p),

In the last step we used that πNIπ2N+1 = 0 and have set

R = πNF ′(p)π2N+1.

F ′(p) : X → Y is a bounded operator, and it is easy to see that the projection πN : Y → X
is also bounded, since the infinite sums reduce to finite ones. Consequently, R is a bounded
operator on X, and therefore, using Lemma 3.6, part (iii) of Lemma 3.7 and the estimate
(3.22), we immediately obtain

∥I −AF ′(p)∥B(X) ≤ Z1,1 + ∥AN∥B(X)∥R∥B(X) +
νC

N + 1

To conclude the proof we need to show that ∥R∥B(X) ≤ 2/ν2N+2. To that end we will show
that
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πN [M + Sf ′(p)]π2N+1 = 0, (3.26)

which in view of (3.18) implies that

R =

{
Bπ2N+1, n = 0

0, n ≥ 1.

Recall that B : X → R8 and for a given element of X it returns a single 8-tuple of numbers
given by (3.9) and (3.10). By definition for any w = (w1, ..., w8) ∈ X = (ℓ1ν)

8

B1π2N+1w =
∞∑

n=2N+2

βnw2,n,

where the sequence βn is defined by (3.8), and w2,n denotes the n-th term of the sequence
w2. Since |βn| ≤ 2 and ν ≥ 1 we may estimate

|B1π2N+1w| =

∣∣∣∣∣
∞∑

n=2N+2

βn

νn
w2,nν

n

∣∣∣∣∣ ≤ 2

ν2N+2
∥w2∥ℓ1ν ≤ 2

ν2N+2
∥w∥X .

Obviously, the same estimate also holds with B2, ..., B8 in place of B1, which then implies
the desired estimate. To conclude the proof, it thus remains to verify (3.26). The definition
(3.13) immediately gives that πNMπ2N+1 = 0. On the other hand, part (ii) of Lemma 3.7
implies that

f ′(p)π2N+1 = πN+1f
′(p)π2N+1

Consequently, (3.26) follows from the identity

πNSπN+1 = 0, (3.27)

which in turn follows directly from the definition of the operator S (see (3.13)).

3.4.5 Existence of a solution for ω = 0

We now conclude the application of Theorem 2.2 to the operator F (3.12) for ω = 0, using
the constants Y0, Z1 and Z2 obtained in the previous sections, and we verify the hypothesis
that for some r > 0,

Q(r) =
1

2
Z2r

2 − (1− Z1)r + Y0 < 0.

Theorem 2.2 then guarantees the existence of a point x ∈ Br(p) such that F (x) = 0. As
discussed in Section 3.4.1, our starting point is to choose p ∈ X such that F (p) ≈ 0. We
do this by considering, equivalently, the ODE system (3.2). We use the shooting method to
obtain an unrefined or rough approximate solution p(t), followed by an interpolation process
to obtain the approximate Chebyshev coefficients p. We then apply Newton’s method to
refine the approximation. Thus, we obtain a finite (8-tuple of sequences) p of size N , i.e.,
πNp = 0, and in particular, the assumption (H1) of Section 3.4.1 holds. The truncation
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size N is determined by our numerical approximation, and we take N = 70. The code and
numerical tools needed to compute the necessary quantities are available on Github at [3].

We next take AN to be a numerical inverse of the finite part πNF ′(p)πN , which in
particular satisfies the assumption (H2) of Section 3.4.1. Choosing ν = 1.08, we estimate

∥AN∥B(X) ≤ 27.08.

Using Lemmas 3.9 and 3.10 we further estimate

Y0 ≤ 2.5 · 10−12, Z2 ≤ 58.5 and Z1 ≤ 0.965.

Taking r = 10−10 we check that Q(r) < −0.9 · 10−12 < 0. Finally, we also check that

∥p∥X ≥ 112.33 ≥ r.

This guarantees that the origin lies outside of the ball Br(p), and the obtained solution x
is nontrivial. For our implementation, we used the Julia programming language [2] and the
RadiiPolynomial.jl [25] package, which allows for easy manipulation of sequences. We also use
the interval arithmetic package IntervalArithmetic.jl [32] to rigorously evaluate mathematical
expressions.

Thus, we conclude that the system (1.4) for ω = 0 has a nontrivial solution satisfying
the symmetry (SYM).

3.5 Existence of solutions for ω > 0

Our goal now is to prove the existence of a branch of (nontrivial) solutions to the equation
Fω(x) = 0, or equivalently to (1.4) with (SYM), for ω ≥ 0. Note that, to emphasize the
dependence of the operator on the parameter ω, we use the notation Fω. For methods to
perform rigorous continuation with respect to a parameter, we refer to [7, 9, 14, 8]. The
approach is again based on a parameter-dependent version of the Newton-Kantorovich The-
orem 2.2, which we state below and whose proof is a precise analogue of that of Theorem 2.2.

Theorem 3.11. Let X, Y be Banach spaces, r0 > 0 and b > a be given. For each ω ∈ [a, b]
let pω ∈ X, Fω : X → Y be Fréchet differentiable in the ball Br0(pω) and let Aω : Y → X be
an injective, bounded linear operator. Assume that Y0, Z1 and Z2 are nonnegative constants
such that

(i) sup
ω∈[a,b]

∥AωFω(pω)∥X ≤ Y0,

(ii) sup
ω∈[a,b]

∥I − AωF
′
ω(pω)∥B(X) ≤ Z1,

(iii) sup
ω∈[a,b]

∥Aω[F
′
ω(pω + h)− F ′

ω(pω + h̃)]∥B(X) ≤ Z2∥h− h̃∥X for all h, h̃ ∈ Br0(0).

Consider the quadratic

Q(r) =
1

2
Z2r

2 − (1− Z1)r + Y0.

22



If there exists r ∈ (0, r0) such that Q(r) < 0, then for every ω ∈ [a, b] there exists a unique
xω ∈ Br(pω) such that Fω(xω) = 0.

We are going to apply the above theorem to our operator Fω between the spaces X and
Y as defined in Sections 3.2 and 3.3. To avoid multiple subscripts, instead of pω and Aω,
we will write p(ω) and A(ω), respectively. For the construction of these quantities, we will
use Chebyshev expansions with respect to the variable ω ∈ [a, b]. To that end, let us change
the variable to t ∈ [−1, 1] using

ω =
b− a

2
t+

b+ a

2
⇐⇒ t = 2

ω − b

b− a
+ 1.

To construct p(ω), we first fix an integer Ncheb ≥ 1 and discretize the interval [a, b] using the
Chebyshev nodes

ωn =
b− a

2
cos

(2n− 1)π

2Ncheb

+
b+ a

2
, n = 1, ..., Ncheb.

For each of these finitely many values, we can find p(ωn) = (p1(ωn), ..., p8(ωn)) ∈ X and
a finite-part operator AN(ωn), precisely as in Section 3.4.5, except that instead of ω = 0,
we now perform the calculations with ω = ωn. In particular, each pj(ωn) ∈ ℓ1ν is a finite
sequence of size N . We now define pj(ω), for j = 1, ..., 8, to be a finite Chebyshev series

pj(ω) = cj,0 + 2

Ncheb∑
n=1

cj,nTn

(
2
ω − b

b− a
+ 1

)
,

where each of the coefficients cj,n ∈ ℓ1ν is also a finite sequence. These coefficients are obtained
by fitting the above function to the calculated set of values {pj(ωn) : n = 1, ..., Ncheb} using
FFT. We then set p(ω) = (p1(ω), ..., p8(ω)), which clearly lies in X for any ω ∈ [a, b]. Next,
since |Tn(t)| ≤ 1 for t ∈ [−1, 1], we have the estimate

sup
ω∈[a,b]

∥p(ω)∥X ≤ max
j=1,...,8

{
∥cj,0∥ℓ1ν + 2

Ncheb∑
n=1

∥cj,n∥ℓ1ν

}
.

Similarly,

AN(ω) = aj,0 + 2

Ncheb∑
n=1

aj,nTn

(
2
ω − b

b− a
+ 1

)
,

where each aj,n : X → X is a finite-part operator (and can be represented as a matrix) and
is computed in a similar way from the values AN(ωn) for n = 1, ..., Ncheb. We again have
the uniform estimate

sup
ω∈[a,b]

∥AN(ω)∥B(X) ≤ max
j=1,...,8

{
∥aj,0∥B(X) + 2

Ncheb∑
n=1

∥aj,n∥B(X)

}
.

Finally, we define A(ω) = AN(ω)+AN , where the tail operator AN is defined as in (H2)
in Section 3.4.1 and is independent of ω. With the above two estimates and our Y0, Z1 and
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Z2 bounds from Lemmas 3.9 and 3.10, we now apply Theorem 3.11. More specifically, we
take a = 0, b = 2.03, choose Ncheb = 50, N = 90 and ν = 1.08. We then obtain

sup
ω∈[a,b]

∥AN(ω)∥B(X) ≤ 27.6

and

Y0 ≤ 2 · 10−9, Z2 ≤ 59.6 and Z1 ≤ 0.7.

Taking r = 0.005 gives Q(r) ≤ −0.0007. Consequently, Theorem 3.11 implies that for each
ω ∈ [0, 2.03] there exists x(ω) ∈ X such that Fω(x(ω)) = 0, moreover

sup
ω∈[0,2.03]

∥x(ω)− p(ω)∥X ≤ 0.005.

We also estimate

inf
ω∈[0,2.03]

∥p(ω)∥X ≥ 129.4 ≥ r,

which implies that x(ω) is a nontrivial solution. Finally, the mapping ω 7→ x(ω) is smooth
because all the quantities p(ω), A(ω) and Fω(p(ω)) depend smoothly on ω, as they are
given by finite Chebyshev sums with respect to ω. Further, the operator Fω(x) depends
smoothly on (ω,x). Consequently, its zero x(ω), obtained through a fixed-point equation,
also depends smoothly on ω. From the above estimates on p(ω) and x(ω), and the fact
that πNp(ω) = p(ω) it follows that πNx(ω) are uniformly bounded away from zero in any
norm. We may conclude that the functions x(ω) are uniformly bounded away from 0 in
L2(D)× L2(D) and therefore in H2(D)× L2(D) for ω ∈ [0, 2.03].
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