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Standard approach to error estimates for affine
families of finite elements:

Let K̂ be a reference element, K = F(K̂), JF
the Jacobian of F.

‖v − πKv‖L2(K) = |JF |1/2‖v̂ − π̂v̂‖L2(K̂)

≤ |JF |1/2C(K̂)|v̂|r+1,K̂

≤ |JF |1/2C(K̂)hr+1|J−1
F |

1/2|v|r+1,K

≤ C(K̂)hr+1|v|r+1,K.

Quadrilateral Finite Elements:

Mapping F now bilinear isomorphism from
unit square to convex quadrilateral K.

Affine maps from reference square only
produce parallelograms.

Define V̂ set of shape functions on reference
element K̂. For x = F(x̂), x̂ ∈ K̂:

Define VF (K) = {v : v(x) = v̂(x̂) : v̂ ∈ V̂ }.
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Approximation theory estimates using previous

approach:

Now have scaling problem from reference to

physical element:

Example: r = 1.

|v̂|22,K̂ =
∫
K̂

(
∂2v̂

∂x̂2
+

∂2v̂

∂x̂∂ŷ
+
∂2v̂

∂ŷ2

)

Now

v̂(x̂, ŷ) = v(x, y) = v(F1(x̂, ŷ), F2(x̂, ŷ)).

Writing Fi = ai + bix̂+ ciŷ + dix̂ŷ,

∂Fi
∂x̂

= bi + dix̂ = O(h),
∂Fi
∂ŷ

= ci + diŷ = O(h)

∂2Fi
∂x̂2

= 0,
∂2Fi
∂ŷ2

= 0,
∂2Fi
∂x̂∂ŷ

= di = O(h).

Applying the chain rule, we find:
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∂2v̂

∂x̂2
=
∂v

∂x

∂2F1

∂x̂2
+
∂v

∂y

∂2F2

∂x̂2

+
∂2v

∂x2

(
∂F1

∂x̂

)2
+ 2

∂2v

∂x∂y

∂F1

∂x̂

∂F2

∂x̂
+
∂2v

∂y2

(
∂F2

∂x̂

)2

∂2v̂

∂ŷ2
=
∂v

∂x

∂2F1

∂ŷ2
+
∂v

∂y

∂2F2

∂ŷ2

+
∂2v

∂x2

(
∂F1

∂ŷ

)2

+ 2
∂2v

∂x∂y

∂F1

∂ŷ

∂F2

∂ŷ
+
∂2v

∂y2

(
∂F2

∂ŷ

)2

∂2v̂

∂x̂∂ŷ
=
∂v

∂x

∂2F1

∂x̂∂ŷ
+
∂v

∂y

∂2F2

∂x̂∂ŷ

+
∂2v

∂x2

∂F1

∂x̂

∂F1

∂ŷ
+
∂2v

∂y2

∂F2

∂x̂

∂F2

∂ŷ

+
∂2v

∂x∂y

(
∂F1

∂x̂

∂F2

∂ŷ
+
∂F1

∂ŷ

∂F2

∂x̂

)
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Problem: first order terms scale like h, not h2.

Solution well known: use special semi-norm.

If error functional exact for Q1, instead of only

P1, no mixed partial derivatives occur in appli-

cation of Bramble-Hilbert lemma and scaling

is correct.

Consider another approach:

Avoid use of a special semi-norm
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Approximation Theory Using

Families of Reference Elements

Consider shape-regular sequence of

quadrilateral meshes.

Theorem: Suppose

πKv(x) = π̂v̂(x̂),

‖π̂v̂‖L2(K̂) ≤ C(K̂)‖v̂‖r+1,K̂,

v̂ − π̂v̂ = 0 ∀v̂ ∈ Qr.

Then for all v ∈ Hr+1(K),

||v − πKv||L2(K) ≤ Ch
r+1
K |v|r+1,K,

C depends only on shape-regularity constant.
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Proof:

K̂ → GK̃

V̂
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→ K̃ → MK

VG̃

¢
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©©
©

£
£
££

→ K

VF

Let K̃ denote quadrilateral related to K by K =

MK(K̃), where MK(x̃) = xK + hKx̃, hK =

diameter of K, xK = vertex of K.

Define GK̃ so that FK = MK ◦ GK̃,

i.e., x̃ = GK̃(x̂) = M−1
K FK(x̂).

Define

ṽ(x̃) := v( MK(x̃)) = v(x) = v̂(x̂).

and

VG(K̃) = { ṽ : K̃ → R | v ∈ VF (K)}.
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Since Th shape-regular, consider elements K̃ as

set of reference elements of diameter O(1) and

obtain the desired error estimate by Bramble-

Hilbert lemma (with K̃ as reference element),

provided (for C independent of K̃).

(i) Pr(K̃) ⊆ VG(K̃),

(ii) ṽ − π̃K̃ṽ = 0 if ṽ ∈ Pr(K̃),

(iii) ‖π̃K̃ṽ‖L2(K̃) ≤ C‖ṽ‖r+1,K̃,

To establish (i), enough to show that if ṽ ∈
Pr(K̃), then v̂ ∈ Qr(K̂) = V̂ , since then v ∈
VF (K) and so ṽ ∈ VG(K̃).

Components of F(x̂, ŷ) are bilinear functions of

x̂ and ŷ, so if ṽ(x̃, ỹ) (and hence v(x, y)) ∈ Pr,
then v( F(x̂, ŷ)) is of degree at most r in x̂ and

ŷ separately, i.e., v̂(x̂, ŷ) = v ◦ F ∈ Qr(K̂) = V̂ .

Using this result, (ii) follows from exactness of

interpolant on K̂ for v̂ ∈ Qr(K̂) and identity

ṽ(x̃)− π̃ṽ(x̃) = v̂(x̂)− π̂v̂(x̂).

7



Inequality (iii) follows from analogous estimate

for π̂ on K̂, assumed in theorem, and a change

of variables.

Check: all norms on mapping GK̃ and its Ja-

cobian, which enter due to change of variable,

are bounded by a constant independent of K̃.

For family of shape-regular meshes, constant

only depends on shape-regularity constant σ.
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Example 2: Quadrilateral

Raviart-Thomas (RT) elements

Same problem in proof: Use of full semi-norm
in Bramble-Hilbert lemma produces mixed
derivatives which do not scale correctly under
change of variable.

Using cleverly chosen semi-norm, Thomas
showed for quad RT elements of order r:

‖u− π u‖L2(Ω) ≤ Ch
r+1(‖u‖r+1+h‖div u|r+1).

Optimal order of h, but requires more than
optimal regularity.

Define R̂Tr = RT elements of order r on K̂,
i.e., R̂Tr = Pr+1,r × Pr,r+1

For functions in H( div,Ω), the natural way to
transform functions from K̂ to K is via Piola
transform.

Given û : K̂ → R2, define u : K → R2 by

u(x) = J(x̂)−1DF(x̂) û(x̂) = PF û.
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Theorem: Suppose

(πK v)(x) = PFK π̂ v̂(x̂).

If V̂ = R̂Tr and π̂ satisfies

‖ π̂ v̂‖L2(K̂) ≤ C(K̂)‖ v̂‖r+1,K̂

and v̂ − π̂ v̂ = 0 for all v̂ ∈ V̂, then for all

v ∈ Hr+1(K,R2),

||v − πK v||L2(K) ≤ Ch
r+1|v|r+1,K,

where C depends only on shape-regularity con-

stant.

Proof: Following proof of previous theorem,

enough to establish the analogues of (i)-(iii),

i.e.,

(i) Pr(K̃,R2) ⊆ VG(K̃),

(ii) ṽ(x̃)− π̃K̃ ṽ(x̃) = 0 if ṽ ∈ Pr(K̃,R2),

(iii) ‖ π̃K̃ ṽ‖L2(K̃) ≤ C‖ ṽ‖r+1,K̃

.
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To establish (i), enough to show that if ṽ ∈
Pr(K̃,R2), then v̂ ∈ R̂Tr = V̂. Writing F in

form (a1+b1x̂+c1ŷ+d1x̂ŷ, a2+b2x̂+c2ŷ+d2x̂ŷ),

straightforward calculation shows

v̂1 = DF22v1 −DF12v2

= (c2 + d2x̂)v1 + (−c1 − d1x̂)v2,

v̂2 = −DF21v1 +DF11v2

= (−b2 − d2ŷ)v1 + (b1 + d1ŷ)v2.

From these formulas, easy to see that if ṽ ∈
Pr(K̃,R2) (and hence v ∈ Pr(K,R2)), then v̂ ∈
Pr+1,r × Pr,r+1 = R̂Tr.

Using this result, analogue of (ii) follows from

the exactness of interpolant on K̂ for v̂ ∈ R̂Tr

and identity

ṽ(x̃)− π̃K̃ ṽ(x̃) = PGK̃
[ v̂(x̂)− π̂ v̂(x̂)],
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The analogue of (iii) follows a similar argu-

ment to the scalar case. Although change of

variables complicated by introduction of Piola

transform, constants in estimates will only de-

pend on shape-regularity constant.

Remark: To obtain approximation theory esti-

mates in H( div,Ω), one also needs estimates

for ‖div v − div π v‖L2(K). Unfortunately, on

quadrilaterals, Raviart-Thomas elements give

an approximation of div v that is suboptimal

by one power of h.
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Example 3: Argyris triangular element

Used for approximation of plate problems.

Degrees of freedom: value of function and its

derivatives up to order two at triangle vertices

and value of normal derivative at midpoints of

triangle edges.

P5 on each triangle and resulting finite element

space ∈ C1(Ω) ∩H2(Ω).

Problem: Normal derivative not preserved un-

der affine mappings – so not an affine family

of finite elements.

Proof given in Ciarlet compares approximation

error by Argyris element to approximation er-

ror by Hermite triangle of type (5) – replaces

normal derivative degrees of freedom at mid-

points of edges by ∇u(bi)·(ai−bi), where ai and

bi denote triangle vertices and edge midpoints,

respectively.

13



Latter is an affine family and so its approxima-

tion theory error derived by standard method.

Then use ad hoc method to bound error be-

tween interpolation operators in two finite ele-

ment spaces.

Instead, consider previous ideas. In this case,

can not build up space from reference element,

but simply use degrees of freedom and inter-

polation operator πK defined directly on K.

Leads directly to definition of function ṽ : K̃ →
R defined by ṽ(x̃) = v(x) and an interpola-

tion operator π̃K̃ satisfying π̃K̃ṽ(x̃) = πKv(x).

Since the triangles K̃ and K are similar, the

normal derivative degrees of freedom are pre-

served under the simple mapping MK. Get for

shape-regular triangulations:

Theorem: For all v ∈ H6(K) and 0 ≤ m ≤ 2,

||v − πKv||Hm(K) ≤ Ch6−m|v|6,K,

where C depends only on the shape-regularity

constant.
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Proof: Need only establish (i)-(iii) for r = 5. In

this case, (i) and (ii) are trivial since VF (K) is

defined directly as P5(K) and the interpolation

operator, defined directly on the degrees of

freedom on K, is exact for functions in P5(K).

This implies analogous properties for VG(K̃),

since the two spaces are related by simple map-

ping MK.

In particular, although normal derivative de-

gree of freedom not preserved for general affine

map, it is preserved for mapping MK.

Since K̃ has diameter O(1), (iii) follows in stan-

dard way by the Sobolev embedding theorem.

Although constant will in general depend on

K̃, for shape-regular meshes, it depends only

on shape-regularity constant.
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Example 4: Arnold-Winther

mixed elasticity element

Approximate symmetric stress tensor by finite

element defined locally on each triangle K by

ΣK = { τ ∈ P3(τ, S)| div τ ∈ RM(K)},

where P3(τ, S) denotes symmetric 2 × 2 ma-

trices with entries in P3 and RM(K) denotes

the space of infinitesimal rigid motions on K,

i.e., functions of the form (a − by, c + bx) (for

constant a, b, c).

Dimension of ΣK is 21 and a unisolvent set

of degrees of freedom given by values of three

components of τ(x) at each vertex x of K (9

degrees of freedom) and values of moments of

degree 0 and 1 of two normal components of τ

on each edge e of K (12 degrees of freedom).

Standard approach to deriving error estimates:

map back to a reference element.
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In mixed formulation approach, seek symmetric

stress tensor in space H( div,Ω), so natural

mapping is matrix Piola transform.

Defined for F(x̂) = Bx̂+ b by τ(x) = B τ̂(x̂)BT .

Simple calculation: div τ(x) = B d̂iv τ̂(x̂).

Problem: condition div τ ∈ RM(K) not

preserved by Piola transform associated to

mapping B.

Approach fails. If instead, we use family of

reference elements, then only mappings B of

form hKI enter into calculations. These pre-

serve condition div τ ∈ RM(K).

Theorem: For all τ ∈ H2(K, S),

|| τ − πK τ ||L2(K) ≤ Ch
2| τ |2,K,

where C depends only on the shape-regularity

constant.
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Proof: Only new element is to check which de-

gree polynomials are included in space ΣK and

hence in corresponding space on K̃. A straight-

forward computation shows that P1(K, S) (
ΣK ( P2(K, S).

Remark: For plate application, also need esti-

mate

|| τ − πK τ ||L2(K) ≤ Ch| τ |1,K.

Cannot be obtained with this interpolant be-

cause of vertex values of τ . Get estimate with

modified interpolant.
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