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A rajor difficulty in the firrite element method
for appr.oxi,rating Stokes equ,ations is the treatment of
the incompressibility conclition div ? = O. fn this
paper we use a penal-fz method apprrcach to elirrinate
this pr.oblem and then show how e>-crapolation ca:r be
used to compute appr.cxi,nate scfutioni with hieher order
of accr-rracy using natrices with lower canditi5n nu_rnbers
than arise in the sinrple pena_ltv rethod.

Introduction

In using finite elenent nethods to annrexim-fe the
solution of Stokes eqLrations, u o"i"-Ji;il;;-i; ;;
constrltction of trial fr.rrrctions satisfying div i = O,
or some other condition which approxi,rates it.

. In this paper \re analyze a "penallz nettrod" for
avoiding.this problem ard shcn^r how extr.apolation car be
used to i:rpr.cve the orrler of acci:racv of the
:nnmwiruJo cnl"t i^-

The idea is based on a paper of J.T. Klng4, where
extrapoJarion procedur"es are used to achieve cnr.iru-
-..r'icy in th; eulin-eabuEk"-;;"rt-;t# ;:; ;;
approxi,retion of eff:n*in lnrrr r:n' ":1'.- -r.bl.ns with
oiri *Lret tlpe uounaafi 

-;";-i-;;'=.

. 
In this paper we consider the appr.oxi,ration of the

stationary Stokes equations, i.e.

Problem (P): Find [ = r.' ,, ) t-)
s) such thar 

I = (ul'''' 
'\) and p definec on

-vAu+gradp=f i.'11 0

divi=O irr a
++u:0 on aA

ryher€ il i" th. fluid velocity, p is the pressure,
f are the body forces per unit rass a:rd v>0 is the
dyrranric viscosity.

The fiterature on the theory and nunerical
analysis of the Navier-Stokes equations is i_mnense. 

"Wercntian nn'l rr t}la rcna,---nt work of Cr.oLLzeix a.nd Raviartr
on a finite elenent nethod for the pr.oblem we consider
here and a_lso the vrcrk of Tenamo which contains nesu]ts
+L-+,,^ ..^^ i- !L:- -rnar r,,/e use an tnl-s paper and al-so a-r1 exceflent

An outfine of the paper is as fol_Iows. In Section
2 we descri_be the notation to be used in the renainder
of the paper. Section 3 contains the descriotion of
the approxjJnate problem and the derivalion oi the error
estjnates. Finally, in Section 4, we nake sone brief
comrEnts about the nEthod.

-
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] l"l lO the nom {,y,,1)'". L€t m be a non-nega-
tive integer a:rd fet f(O) denote the set of infi-.
nitely differentiabfe functions on n. Then Hm(A)
wilf denote tlie completion of C-(R) in the nozm

ll"ll = ( t llno',ll?t''rr rtm .,L, t" " la,
i0l:m

Now let 6(n) be the set of infinitely differ.entiablr
functions with compact support in e and denote the
corpletion of q(A) in the above norrn by p,f(CI).

For m a negati\ze integer we define Hm(Q) as
lee completion of C-(e) with r.espect tc the norm

1..1 _ bup (v.w)rvrm - wec;(n) Ilil]-,, '-n
lrie norv define corresponding spaces for vector

valued functicns i = tv1,...,rrf).' tu4 p1219y1lt bethe space of S witn^conpgnents v;ELz(a), The
scafar product in [Ll(f.)]N .is givi:n ty

{il,i) = / itx).i<x)d" = { .} ur(x)vrtxtcx.
Il ll a- L

l€t [gt(n)]N be the space of i wittr corrponents
v.eHn(e) andret llillr= r.l_ ll,ilifrl".

l: _L

Finally, for convenience we introduce the
bilinear forrr

Nti
a(u,v)=v I I Il--l

^_! 
(_1 )l

cefinect on fglrc t lli'Tql rot rll".,^..,0..,,1'Ll'C\J'/J,

norm | illli = a(i,i).

3u av,

--oX
dXn dXnxx,

anri rtp --rc<r ^-l:nuvvr ! ! uYv| vrr ,a

l€t Q be a bounded donail in RN. Denn-e t-v., .t/^\ .(u,v) the LL(Sl) rnner prcduct.

ApDroxjrate F\.oblem and Error EstinEtSS

We begin our djscussion with a statement of a
regularity r.esult for the solution of F:c,blen.i (p) ard
an approxi.rability assurption on the subspaces we wil-l
use in its approxirerion.

knma 1 (see Teran4). l€t Q be a:i open set of classG-,=5-l; analt- . ;ss-21p11N ad' e ;-is:i(;t*"-
be given wilh /o gdx = O. Then there "ri=t r'.,r-qu"
functjons I and p (p is unicue up to d consrart)
which are sofutions of the generalizLd Stokes pr.oblem

-vAu*gradp=1 in C

u on d\l

Notation

Ia u(x)v(x)dx, and by

66



,ind satisfy i e [Hs(n)]N, p . H"-l{n) a:rd the esti-
' '*,,rates il,jll" * 11n]1"_yr. 1co tllrll"_z * l1sll"_rl

sll where C^ is a constart depending only on v,
s, at.ld A. u

t I lrl l=-r7 * I lp+cl l_ . )

Tha :nnmwiruhi li frr rq<r rrml inn an tha...- -rr. --.- opprox-;--+;-^ -"L^^-^^^ -'^ allow car be described as foffows.!'qLfrrts -(!-Posc> wc 
'Let h, 0<h<1 be a paranpter ard SB " any one

nirFff+or':nj-" nf fj_ni-re dj,renSjOna]- Sl$.r.rc. e'
H*(a) satisfyi-ngU-

(,!) For any u e Hs(el)nultnl, 2<s5r there exists
L- ^O f | | -r r ^ . S-[ r r r ru c \ sucn rnar I lu-ul l. < L. fl. ,_ _ a ,l"its.

References for the consttliction of such subspaces can
be found in (1).

The annreximte Droblem we wil-l consider for the"'- -r r'
vLrgrr \r / rr Srvcrr uJ.

r 
^ 

n ll
Prrcblem (Pr): Find % e tq 'l"
a\Lh'\h, + Yn (dIv 1-1h, C.l-V Vh,
,, + r-O f-NV t4.' e L$ - J.' where y>0, and

such that
(f ,vi)

o>0 ar.e constants.

\,/e now turn or.rr attention to the derivation of
esti.'rntes v,trich relate the cualltities ,i and i.
These will inrrediatet| ;;.-;;;";;;i;i"" for the
nen:lt1/ rcthod (R) arrd also wifl serve aS the..n,
cnrcial nrcl iminaru r.esult for the derivation of the
error estin'ates for extraDolation:nnlied to Pr.oblem
rp )'^h"

Theorem I. L€t (u,p) be the solution of hoblem (P)

and % the solutiqr of Problem (I|,). Define
(iT,pt) ni.t as sol-utiors of t-j-ie generalized Stokes

PrvpaErlr \-cE kllula a/

+-
-vAu"+gradp"'=0 jn A

civ ilm = _p*-f in a

I on(x)dx = o

a

-m+
u-' = O on aQ, where

(u"rp") = (,j,p).
Then

| | + * + r r I | - ,) )
llq-u-u1(r)l p l TL (u,r^1(r);o) v o c [], l'"

.k
where t{ <r> = I ty-}holn.tm ar.c

n-l

-,+++.+r++TO (u,w;S) = {a(c-u-we 6-u-w)
, r-o | ,-.-. r-. + i 1..,-1*o-rk+1*k+1 ., I 121le+Yr.- lLclv(o-u-w-LY'n'J u ,lOJ

'Procf. The exact solution (i,p) satisfies
/+ +\ .+. +. + Ia(rj,v) + (grdC p,v) = (f ,v) V v e [Hi(n) 

-Ji\ 
and

drv u = 0. The appr.oxi.:rete solution q.r satisfies
/ + . -fi t ,. t , - +,a\u6:\) + Yn " (C-LV th, dlv r,,1tl = (1,\hJ

- ^ 
nlT

V v1,'' r tSfi 'J". hence:

.+ + + ,- +, ., +. ,-=j ^.?r _ 
^a(Lh-u,vhi + yn -(drv (h-ul , drv vh) - (grad p,vh) = u

,' ? r-o rrll /-.+1 +\v \41 c L>i - .1.'. >rnce -(grao p: vL) = (p' drv vh)

+-^r-ll
V ,.; c 11" ' _'", rne hdve

a\ervh, + Yn " (clv € + I -fl"P: otv vhi
r-On-rr+++vvh€L+t 1", wr.ere e=Lh-u.

By the definition ot Jt, pn, atilm,i) +

{grEa pm,i) = o v i . tH}<nltll so rhar

a(u"',v) - (p"', div v) = 0 or
ati*,i) + (div it*l, di.,, i) = o v i. tu|<nllll.
Ilultiplying rhe above equation by ;r-l5oJm and
surrning from h=f,,,.,k-J, we obtain:

r- f
,"r- r -f. orn).fla(/LYnlu,

v_1. , -o ' ,. "r- . -L e-m*l+m+l+ Yh ' (drv ) Lr .'h-J" -u." -

--l

so that a(
k
r
L " -f. o.nrm +\

LY N J U , V/

k-r r -LO:lTPlnL Ly niu,

-a(tr-lt]olkik, i) - yh-o(v-lho di' iI, d.iv i)=0
- I nt

v v c [Hj(a)1".
rl-rl-rrl-fl

Now -(iK,i) = (pk, di'., i) = (-di,, iK*1 , dry i) _""a
div ul = -p0 = -p. Abbreviating 4(i) = i tv-\ot\*
by *, we n*y rer,rite tl-re above as m=l

"<*,il + yh-o (div *, aiv i) + ([t-]to]k ai,, ik*r,di,, i)
+ yh-o (y-lhop, div i) = o v i e tu|<nllN.

Sul:tracting this from the equation for a, we obtain:
ara-*,.i) * yh-o ,ot"r,i*.,;#]X-tO-tt, div*.,h) = 0

....r\l
lnas ITID-L1eS tnat UL ]TD-nITILZeS over L5h I tne

functionar (in 6) n- <i,*;61 = {-(6-i,*, f-i-*l4wr!r+vlsr \frr Y/

+ yh-ol lai" <i-i-* - 1r-1no1k+1ik*11 I 1fr12.
Honcer.rch:\/6rh:i Ilif-t| -r-ri-+- aattLz -

t re-w I l; = Ld(€-W; e-w,, .l - <

r,, <i,*;G,t . r,. (ili;d) v d . tsR "lN.N r, - N

theorem 2. l-et {in,p*) , il=O, . . . ,k+1 and Qttl be

as defined in Theorem 1, Suppose i . [us-2ta)]N,
25s5r, and ho and yo satisfy Cero-\,.o.1. Then

for all h9-ro ard y)yo,

I lu;-i-{(y) | lu:crt (l+[yh-o]2hs-1*[cov-]ho]k*11| l?l l=-z

wherc C- ie indemndent of o, h, i, and k."2

A.mf Ao:in rrqins the :hhrcrriation # ftl +

h:r ra fmm 'ftranrcm Ir r r!vr vrr, ! t
rr* +*tt 

- ,++*r .,? --Of.N
I lr_1-,-u-w1 lr 5 ,l (u,w;0r v 0 e L% .r .

Nor ro fi,*;q')
-.++++++\: ta(o-u-wr o-u-w,

+ yh-o ltlai,, r$'-il-* + ["y-ho]k+1#*1111frrZ

: I l6-i-*l Ir*tvr,-ol%l lai" 16-3-* + ;r-{o1k+J*L*}ll b.

inf
^ ^]P

r
F:

t;
a
'?,

b/



k+l
C'hoose 0=Q-+ I [y-h"j:6.r

j=f
vfrer.e 60,...,6k*I . f{ "tt ar€ to be determined.

tr+++t Irnen | 15-u-w1 1a
k.

: .)^ tr-lho1i 11;i-6jIl,_ * ;r-1olu*t Il6^*t'L
l=U - r, k+l+ [yh-e]'? .l_ ["-'r,o]: I laiv fil:-{:;; 10.j=o

Using the easily established inequality
I larv ?l l6 : ,/trzv I l;i lE

and the tria:rgle inequality
r r?k*f" ,,lk+f_ik+f11 * l ti,k+IrllO"-lls: llu - r,r ,ru ,lr

we obtain

lli-i-*11t :
n, , ,- k*f(r + [! .yh-of'2 .l- tr-+,o1: I lir_di I I,j=o L

+ 1r-r6o1k+t I lilk*r I lr.
By lennu 1, (il,pt) . [us(a)]N ' Hs-l(n) v m > I
and llil'll= * llp*l l=_r 1 C. llpt-rll._, so that
llilll= * llp'll._, :-co' ll;ll=_i 1 c"n,ir ll?ll"_z
(again using l,enrm 1).

- rr k+lrr ^k+f,, ,,blrltarly, llu -lh 1 , Co" - lllllg
< \J ,- k*2 I l?t t r'+o +

' 
"".,.., 

for appropriate ctroices of tre dj, we
have by our appro).irEbilitSr assunption ('!), that

rr?i -tirr ^,s-l- rr+'i,'llu'_Q-llg : vurn llu,lls
< '' t. fc 'lj+r Ls-l '?+' '.. - llfll=_z j=0,...,k+1.

iiffi',...'Tli,;l[ ;:rP;: f ,.o.,-'no,j ;5s-1 *

[coy-]ho]k+1] | lil l=_2. 
J-u

Since C.r]fh^o.I we have V h<h^ and y>y^
,,+++',-::.^1.r-9.,.r+-u
I l5-r-"1 l6:c2{ (1+[rh-u]-?)hD-r+lcov-'ho]"'] 

| | i I l=_2.

corollary 2.1. I li-t-4{v) | l. : c:hr llill=_z where
l=n'in (s-1-o/2, o(k+t)) and cg is a constant
independent of h and il, but dependent on y and
k. (l,ihen useful- we will- wr.j-te Cr=Cr(f ,k) ).

Renark l. One easily sees that Theorerns f and 2 hold
a_lso when k=0 wirh .the l"!".pplglion that 4(v)=0.Hence we have ll,i-illlr 1 c. frs llill._, where
B=nrill (s-l--o /2, o), We achieve optinnl"iiy when
a=2.(s-I)/3, for which we obtain
llr;-fr1_11 1 c. i.'2(s-l)/3 lli' l=_r. rhLrs this special
case of our theorem gives an oid6r of convergence
estilrate for the "penalty nethod" without
^-*-^^r -!i ^-cxLt dI!IdLaull.

Usi:tg Theonem 2 ancj Corollary 2.1, we can now sho!^/
L^,, ^.+*-^^lnc\{ ex-rr-dpo_Larron cir be used to obtain approxi,rate
soLutions with hlgher order of accuracy tiran given
a-bove,

l€t y1>...ry; be distinct and choose d^,....,
-^ +L:t U'

k

I <i<k

fn the case that yi=2ry for sone y>0 we cd_rl
an e>plicit definition of the kth ertrapolate,

f-
r'-n

k
f -t

ft

we define {to',r, ='X. -, ifo)rrr> uhere {r.,1 |

ttre solution of Problem "(qr) h,ith weight yh-o. Wcrenerk that the coefficients ai exists and ar.e uniqr-r,
as the above system is a Var-rderiicnde.

gr_ve an elp
*(k)
% \Yr. uerrne

*(k), .
% (Y':

,u {,u-.,,rr, q(t-r),r,
k>].

We carr then

1-
aAt

nm\/a f]^'6 f^lI^r'i-^.

Theorrem 3. Assune the hypotheses of Theorem 2 hold.
,.+ -i'1-lfhen llu-u"''"(v)ll- < c (,.r.)'.^ llrll
" -h .',rrE I uutY'Krn llllls_2 where

l:rrin (s-1-o/2, o(k+I)) and CL is a constart
independent of h arrd u, but-dependent on y a:td
k.

Proof . From the definition of the a-. , !.re have that, l'
I l.f :.^. l1u_un(r)ll'.

k - 1-

= ll I "'; 
(il-4\"(2ry) + I tr-lr-tnotrijl l t_i=0 I rr jlf -'"L
k

t,i^ lu,1 ll;-ifo)(2iy) + "]tzivlll,
k

. t l-.lc^ll ,lilt (r.ci--r,, .3t I lr I l"_2 (uslng Corollary 2.1)

< cu(y,k) hi llill=_2
where l=nrin (s-t-o/2, s(k+I)).

Renark 2. For fixed k, the optimal choice of o
occr.:rs when

s_I_o/2 = o(k+l), i.e
o = (s-7)/(k+3/2)

for r^i-rich we obtain
rr+ +(k), .,,
I lur,-%"'(r) I lr < cu (v,k) t-'" I rf I i=_z

where U=(s-])(k+1) / (k+3/D.

lst*"k ?. _From.the pr-evious renark, one observes th.attne optl-nEl chotce o{ o depends on the regularity ofthe solution and the nunber of exhrapolations to beperforrned. A natura_l question then is whether the
convergence of the nethod is affected j.f one over._
estinates the regularit,r of the solution. From Theoren
3 one has that the method will converge if s_I_o/2>A.
I_f one mistakenly asslrrres additionaf regularity for
the sofution, then using the criterion of F.emark 2 a,rd
the-approximability assr_inption (,1-), one may droose o
as lar.ge as G-I)/G.+3/2). If s is knoi,n to be atleast 2, then for convergence we recuire (r_1)/(2k+3Xt,
i.e. k>(n-4)/2. Using piecewise cubics, for exanple,
one extrapolation will Epa-rantee convergence.
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F:r k=0,1,2, ani 3 ard rtre correspondi:rp opLi_ml
'.' ices of or r^re ger the roJlowing error bourd- for

'*(k)..,,.-u \Y, I r- o.L tne form chu.n "i

koI
, lG-L I =7 

<=-r>
JJ

r $ts-r) ft'-l
tFa , t- )\ v /^ r\L T\.--) 7\b--/

Comrients

As rernrked earlier, the advartage of using the
extrapolated penalty method is that one can achieve
higher accuracy w)^.ile r.rsir.g nrar.rices wjth lorver
condition nurnbers,

Although several ljnea: systens musr be solved tc
obtain the exrrapolated appr"oxi,rnLe solution, no othcr
irLner n"n.lt:c-. need ta comrraec rh:n rhe one<:]rc:rirrvrr\-L e-r v_uj

rccrtircd in the rrqrr:l nen:l rrr rcrhnJ

Finally, we renrark again lhat sj_:rce wl^.at we have
DT esented hcrc i q :r :q\ma -i i r cmr :-: l 'a. aJ-.r - -, *.*r'SlS,
numerical studies would be usefuf to deternine \,'hat
choices of y and k ar.e reasonable to r.lse in
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: $ rs-rt
q

Thus extrapo-lation gives an improvernent in the
'':, r of accuracy and also, sjnce o is decreasing,

.r, dre condition nurnber of tl.e ratrix used to compute
, L, annreXi mte so l r tr i ^- r'| :- i -- -+ --, -# tF.Ln i -r ro<',. uf-!v^-r.u \ur!ttB -Lqlu4u
;r is easy to show the condition nLi:rber is O(h-z-o).. -.,-*f f : ^ ..-:-- _,^__-.,.su cubics), E^orLprs, wrrqt- \4.s. u>rtLE I)lcqcwl
..ru obtains C(hr) for k.0 aid 0(hb/ r) for k=3.
1 Ii;e best possible is O(hJ) ). Thg .condition nt.r,'rber

irproveb fron 0(h-1) ro gqh-B/3;.

. t.irk L. Fr"Om the a_r.].-";. rrcce-1od- i- llRv ar [irsr
' ffi .i..^ ;;^t;;;.*.t .:".ir iJiv,''"-,1..y .il i' 

" 

'' - '

,rirl large k rray be desirable to adtieve a fow
nditjon nurnber and higfr accuracy. F-rtting aside t-he

r',ctical difficr-rlties of r:sing a large val-ue for I ,' rrust be ren"ember€d d:rat the constart Ca depends
: ) dnd jn facq car. be sho'm to approach infiniry. ^r r,.k-' a rate >uLf I )"),

Hence sonre nurerical- e>,peri-rents will be needed
r.. find what choices of k are r.easonabl-e to use tn
;,; ,rctice.

Iicino : rz:r'i:nf of fha Nircnho drr:'l inrul(!r Ly iltlulEttL,
,r' car1 der.ive the folfowing et:Fri3r estinate in fcwer

r mq for the cw-J-r:nn"l : io.l non: l irr mol-hn,i
_ 
yLr lqf LJ

'r,Lorenr+. Suooose F. [U=-2(n)]N 2<scr a:rd'.'_i1:::_'

.' : v q:ficfrr a --l,o ----'-J -o ,ot ho" t f' Then for alL

I l^ anC a>2>
. /+\

I r* +\ L/. . | |

I lu-\ (r) | | 2_o 
. C,(r,t,o)h" I lfl ls_2

:,' re B=nin (c-I-o/2 + rr, o(t.l)) and

,, =rjn (s-l--6/2, o(t+L)).

ho
h zl-l
- o'

,,rr.rrk 5. If r = frL , (the opti.tal choice for
;il' I l. I lE norn estimate), ttren there wiII be no

j;:: rovercnt in :ccrrnacy in lcmer nonnS r.:n1ess t>k.
; L>k, \- = s-I-o/2 which impties thdt

,,* j(t),,r, _ A,,-:,.llu-y, (v)llr_*:coh- llfl s_z

t:.rl'e 6:rrin (s+o-2-o, o(t+I) ),
.r-evFrre ;. n=-!:]-.2 and ,rsk+2-?/2. ./_\ K+3/.2

I t+ +\ L/. . r I

' ,L.l'-%"(")|lo:9s f:- llrll=-:' v"trire

i-if^'(v) | l1 : c. hs-r-o/' tlillr_2.

Aq


