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CONVERGENCE OF A SECOND-ORDER SCHEME FOR THE
NONLINEAR DYNAMICAL EQUATIONS OF ELASTIC RODS*

RICHARD S. FALK! AND JIAN-MING XUt

Abstract. A second-order, energy-preserving finite difference scheme to approximate the partial
differential equations governing planar, twist-free motions of inextensible, unshearable elastic rods is
presented and analyzed.

Key words. energy preserving, second order, dynamics of rods

AMS subject classifications. 35L70, 35Q72, 656M15, 73K05

1. Introduction. We consider the numerical approximation of the following
equations governing the planar motion of a class of inextensible elastic rods:

(1.1) (cos8)it = fsss
(1.2) (sin 0)¢ = gss,
(1.3) 0t — 0ss = — fsinf + gcosé.

The unknowns are 0, f, and g, which are each functions of two variables s and ¢. The
system is a generalization of Euler’s elastica to include inertial dynamics. We assume
that the rod is specified by a two-dimensional vector function r(s,t) = (z(s,t), y(s,t)).
At time t, s — r(s,t) gives the axial curve of the rod in terms of its arc-length
parameter s and hence, |rs|? = 22 + y2 = 1. In system (1.1)—(1.3), the variable 6 is
the angle between the unit tangent r, and the z-axis:

Ty = cosf, ys = siné6.

The functions f and ¢ are the stress resultants in the z- and y-directions. They
are a priori unknowns, i.e., “reactive forces” similar to the pressure in the theory
of incompressible fluid flow. If we assume a linear stress—strain relation, then the
dynamical system (1.1)—(1.3) is justified: Equations (1.1) and (1.2) are derived from
the balance of linear momentum in the z- and y-directions, and (1.3) is derived from
the balance of angular momentum. The three equations are written in dimensionless
units.

The system (1.1)—(1.3) was studied by Caflisch and Maddocks [1] in 1984. For fi-
nite length rods subject to appropriate boundary conditions, they derived the system
(1.1)-(1.3) from a variational principle, proved a global existence theorem, and ob-
tained the dynamical implications of an energy criterion for stability. More recently,
Coleman and Dill [2] also derived the system (1.1)—(1.3) from a variational principle,
obtained and classified all traveling wave solutions, and raised the question of whether
the system is completely integrable.

In this paper, we will present a second-order, energy-preserving scheme to approx-
imate the smooth solution of system (1.1)-(1.3) subject to the boundary conditions

(1.4) 8(0,t) + 21 = B(1,¢), 05(0,2) = 6,(L, 1),
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1186 R. S. FALK AND J.-M. XU

(15) f(O,t)=f(1,t), fS(O’t)=fS(1’t)i
(1.6) 9(0,¢) = g(1,1), g¢s(0,t) = gs(1,1),
and the initial conditions

(1.7) 0(s,0) = 0o(s), 0:(s,0) = 61(s).

The boundary and initial conditions are a simplified version of those boundary
and initial conditions used to perform solitary wave scattering experiments. The
solitary wave solutions found by Coleman and Dill are defined on (—o0, 00) and obey
the relations: § — 0 as s — —o0, 8 — 2w or —27m as s — 00, f — a as s — *o0,
and b, fs,9,9s — 0 as s — +o00, where «a is a constant. Since 8, f, and g approach
their limits at oo with an exponential rate, the interactions of solitary waves can
be well approximated over a sufficiently large interval L by the boundary and initial
conditions given above. Since the analysis does not really depend on the interval
length, we have simplified slightly by taking L = 1.

We note that many of the ideas for the analysis of the numerical scheme we
present here were obtained by finding appropriate discrete versions of the analysis
done in [1] for the continuous problem. The design of energy-preserving schemes has
a long history, and the energy-preserving property plays an essential role in proving
convergence of the schemes; e.g., see [5] and [6], and the references therein.

The scheme has been employed to determine the consequences of the interaction
of solitary traveling waves governed by the system (1.1)—(1.3). The numerical results
described in Coleman and Xu [3] strongly indicate the system is not completely in-
tegrable in the sense of soliton theory. The solitary traveling waves do not interact
as solitons; in particular, the change suffered by a solitary wave upon collision with
another such wave is more than a shift in phase.

To describe the numerical scheme, we let As=h = 1/N, (N € R), be the spatial
discretization, and At = 7 be the time step. Denote

s; =jh, t"=n1 (0<j<N, n>0),
O =005y, 8", S7 2 Fsit), g = gsy, ),

To discretize boundary conditions (1.4)~(1.6), a fictitious point j = N+1 is introduced
such that

71<{+1 =2+ O(Sl,tn), f17\l1+1 = f(slytn), g]T<I+~1 = g(slatn)‘

We choose the largest possible time step 7 as allowed by the classical Courant-
Friedrichs-Lewy (CFL) condition; i.e.,

(1.8) T =h/V2.

For any mesh function {u”}, we introduce the operators A2 and A?:
J T h
Af.u;‘ = (u;’J’1 - 2u} + u;.“l)/rz,
Aiu}‘ = (ujy — 2uf +u§~‘_1)/h2‘

Then the scheme we propose is
(1.9) A2 cosl} = A T
(1.10) AZsin6} = Afgy,
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SECOND-ORDER SCHEME FOR ELASTIC RODS 1187

cos97! — cos 7! sin@? ! —sin 77!
2 29n _ j J J
(1.11) A"ﬂ? - Ahe;l - f.;? grtl _ gn—T g;'l gntl _ en—lj ?
b J J j

for 1 < j < N and n > 1, subject to the boundary conditions

(1.12) gt +2m =Ont, o7t 4 om = gnht
(1.13) fo =1 = fusn
(1.14) 96 = 9Ny 97 = gN+1s

and the initial conditions
(1.15) 09 =9;, 6} =1;

Here {¢;} and {¢;} are mesh functions determined from 6y and 6; such that

N N

(1.16) Zcoswj = Zcosgoj,
Jj=1 j=1
N N

(1.17) Zsimﬁj = Zsimpj.
j=1 j=1

The existence of the mesh functions {¢;} and {¢;} will be discussed in §2. The
scheme is implicit; more precisely, at each time step n > 1, we are required to solve a
nonlinear algebraic system to find 0;’“, f7 g7 (0<j < N+1). An iterative scheme
is presented along with a convergence result for solving this nonlinear system.

The structure of the paper is as follows: In §2, we cite some results for the exact
solution 6, f, and § and prove the conservation of the discrete energy for the scheme
(1.9)-(1.15). In §3, we will rewrite system (1.9)—(1.11) as a second-order semilinear
finite difference equation for {0;} Its right-hand side is nonlocal but does not involve
second-order differences; bounds for the right-hand side are presented in §4. Results
on solvability are presented in §5, and an error estimate is derived in §6.

We conclude this section by introducing some notation Given a mesh function

u?, 1< <N, n >0, we write uff = (uf,ug,...,u})’, Afu? wtt — /7,
| [ @ —up)/h i =1
(118) Dh; ‘{ (W} —ul)/h i 2<5 < N;
— (u{‘—uN+27r)/h if j=1,

(1.19) Dh“f‘{(u —ur )k i 2<5 <N

(uf - 2u? + uf — 27)/h? if j=1,
(1.20) Diuy =< (uly, — 2u} +uf )/h? if 2<j<N -1,

(uh_y —2u® +u} +2m)/h? if j=N.

We remark that D; and D are the standard backward difference and second-order
centered difference, if we introduce the boundary terms ug = uy — 27 and uR,; =
u} + 2m. However, D; and D3 are helpful when we reformulate the scheme (1.9)-
(1.15) in §3, since it is easier to modify the operators than to retain the boundary
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1188 R. S. FALK AND J.-M. XU

conditions. We also define the norms || - |lco; || - [los || - [le; and functional | - |e:
N 3
_ _ 2
ot = s bl Bl = (A 32057)
Jj=

1 1
- 2 2
||u;:ne=(uum|8+uAruzn%+||Dhuhn%;) , 1ume=(11A:fum|3+|w;uh||3) .

Note that | - | is not a seminorm for u} = (u?,ug,...,uf)T. However, if we had
defined Dj as the usual backward difference operator, this quantity would be just a
rewriting of a standard seminorm on mesh functions (u?,u?,u3,...,u%)T for those
functions which satisfy the constraint uf = uy — 2.

Throughout the paper, C will denote a positive constant, independent of A, 7,
and unknown functions, but not necessarily the same at each occurrence.

2. The approximation scheme and the exact solution. We first cite some
results about the exact solution 8, f, and g [8].
DEFINITION 1. The class Cp,, is defined to be those functions in C™! that have

piecewise continuous derivatives of order n.
THEOREM 1. Let 8y € C2,,([0,1]) and 6, € Cp,,([0,1]) be given such that

(2.1) 00(0) + 27 = 6o(1),  6p(0) =6p(1),  61(0) = 6:(1),
1 1
(2.2) / 8, sin pds = 0, / 6, cosfods = 0.
0 0
Then there exists a unique 0 € C2,([0,1] x [0,00)) and f, § such that fos, Gss €
Cpuw ([0,1] X [0, 00)) satisfying equations (1.1)~(1.3) with the boundary conditions (1.4)-
(1.6) and initial condition (1.7).

Throughout the paper, we suppose 8 € C*([0,1]) and 6; € C3([0,1]) not only
satisfy (2.1), (2.2) but also the additional conditions:

(23)  65(0)=65(1), 65'(0)=6g"(1), 61(0)=01(1), 67(0)=67(1).

Since no regularity results are known so far, we assume that the exact solution 6, f ,
and § are all in C*([0, 1] x [0,T7]) for some T > 0.

There are four conserved quantities for the system (1.1)-(1.3) subject to boundary
conditions (1.4)—(1.6) (cf. [3], [7]). To express these quantities, let

s 1 pé
z(s,t) =/ cos 0(n,t)dn—/ / cos f(n, t)dndg,
0 o Jo
s 1 pé
y(s,t) = / sinf(n,t)dn —/ / sin 6(n, t)dnd§.
0 o Jo

Then we have the following.
1. Energy. dH/dt = 0, where

1 /!
H= §/ (62 + 62 + 22 + y2)ds.
0
2. Linear momentum. dM?®/dt =0 and dM¥/dt = 0, where

1 1
Mm=/ T:ds, My=/ yids.
0 0
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SECOND-ORDER SCHEME FOR ELASTIC RODS 1189

3. Angular momentum. dL/dt = 0, where
1
L= / (01 + xy, — yzt)ds
0
¢
+(x(1,t)—x(0,t))/ a(r)dr - (y(L,8) - y(0,1)) /f )dr,
0

in which f(t) = £(0,¢) = f(1,t) and §(t) = g(0,t) = g(1,1).

4. Linear tmpulse. dZ/dt =0, where

1
I= / (0:0s + T1x5 + yrys)ds.
0

Our scheme (1.9)-(1.15) preserves the discrete analogues of the first two quanti-
ties. To show this, we introduce the mesh functions z} and y;, which are the discrete
analogues of z and y. For 1 <j < N+ 1and n>0,

N k-1

(2.4) = —h? Z Zcos 0 + hZcosO
i

(2.5) —hzzZsm o7 + thmH"

k=1 i=1
It is clear from the definition, for 1 < j < N and n > 0, we have
(2.6) (z741 — x})/h = cos b},
(2.7) (Yi41 — ¥7)/h =sinb}.
For each n > 1 fixed, we solve boundary value problem (BVP) (1.9), (1.13) and
BVP (1.10), (1.14), respectively, in terms of {67}. It is not difficult to show that for
1<j<N,nz>1,
(2.8) Ny =057
(2.9) Azyj = AL g7,

where A} is the standard backward difference operator. If we define the discrete
linear momentums as

N
M7 (n hZA 7, Mi(n hZA*y],

then the identities M(n + 1) = M7 (n) and M}(n + 1) = MY(n) for n > 0 follow
directly from equations (2.8), (2.9), and the boundary conditions (1.13), (1.14).

To find the boundary conditions that z7 and )4 satisfy, we sum j from 1 to N
in equations (1.9) and (1.10). Using the boundary conditions (1.12), (1.13), we find

that for n > 1,
N N
N2 Z cosf7 | =0, AN Z sind} | =0.
Jj=1 Jj=1
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1190 R. S. FALK AND J.-M. XU

It follows that for n > 0,

N N
AN (Z cos 0;‘) = const, AN (Z sin 0;‘) = const.

7j=1 7=1

However, from equations (1.16) and (1.17), we see that for n > 0,

N N
A Zcos 07 | =0, AN Zsin g7 | =0.
Using these equations and the definitions (2.4), (2.5), we have
(2.10) xg/tll ait! = TN41 — B
(2.11) YRk — it = YR - o

We now define the discrete energy:

1

"_._ +gn\2
(2.12) E! = hZA 07)" +5

hz D;; 67)(D;, 07+1)

j=1
+ = hZ(A 242 hZ(A+

LEMMA 1. (i) For n >0, we have E**! = E?, and hence, E! = E°.
(ii) For every n > 0, E" is nonnegative and can be expressed in the form

N
E} = 3h §' (AF6m? + 7171' [(0 07 )7+ (67 —607))?

N
% ZA“"" + - hZA,y]

(iii) Forn >0,
(2.13) | Dy 67+ ||2 + |67)2 < 24E™.
Proof. To show part (i), we multiply equation (1.11) by h(0””rl 6" 1) and sum

j from 1 to N. Applying summation by parts to the second term on the left-hand
side, using boundary condition (1.12), and simplifying, we have

N
LHS = h Z(A*’On +h Y (D 62)(D; 67

j=1
N
~hY (6712 - hz D;, 6771 (D 67).
Jj=1

For the first term on the right-hand side, we use equation (2.6) to substitute cos 0;’“
and cos 0;-"1 and sum by parts. Using boundary condition (2.10), we have

N
R f7(cos ™! —cosfP) = - Z(f" )@ -,

=1
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SECOND-ORDER SCHEME FOR ELASTIC RODS 1191

Applying equation (2.8), we find

N N
han COSG'H-I COSH" 1 hZ A+ n)2+hz
j=1

Jj=1

Using a similar treatment for the second term, we get
N N
RHS = —h > (AFz})? —h > (AFy})’ +h Z (AFz; )2 +h Z (AFyr 2
i=1 j=1 j=1 Jj=1

Thus, we have conservation of the discrete energy
EMt!' = E! forn > 0.

To show part (ii), we first use boundary condition (1.12) and CFL condition (1.8)
to write

N N
1 n 1 - AQn —-Aan
5h§ (AFO7)? + §h§ (D;;67)(Dy 671

Jj=1 j=1
2 = [Z(Gn-H 1; Z(en-{-l 0n+1)(9n _ gn 1)}

We then calculate

1h[& 1 1h[&
2 ) SCAETAER DUART AR 6-0|= 575 | T -0
j=1

=1 =1 =

N
+ Z (0n+10n _ 197}-%—10_ . _0n+10n 1) 4= (03+10n 0k+101&)j|

9°3-17J
j=1
— Lhil Y 671+1 on 2 1 a 0n+1 2 on 2 9n+19n 9n+19n
=37 5 2.6 j>+§Z{<j )+ (67)2 - 672707 - 677167
Jj=1 j=1
Fp ey - 03|
1h (1l 1 & ul 1
— §ﬁ{-2- Z(QJTH-I _ 9;; 2 + i Z 6n)2 Z 0n+1 -3 Z n+10n
J=1 j=1 ] =1 j=1

N
1 "
+ZZ 0n+1 Z( 1)2 _ _Zoz+l
n-+142 1 n+1gn
(667")" — 56 6o

l
T3
[(0;14»1 L )2+( 0n+1) J

i—-1

In the last step, we used the equation 637! — 05 = gt — 0%, which is a direct

consequence of the boundary conditions 6"+1 + 271' = 0"“ and 67 + 27 = 6%.

This content downloaded from 128.6.62.8 on Fri, 23 Oct 2015 19:43:30 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

1192 R. S. FALK AND J.-M. XU

Part (iii) can be easily derived by making use of the identities

07 — 07, = (67 —67+Y) + (671! — 67_y),

5+ — g5 = (B = 7) + (6] - 7).

In the proof of conservation of the discrete energy (on which much of the analysis
of the approximation scheme depends), we have used the fact that approximate initial
data can be found which satisfies the discrete compatibility conditions (1.16) and
(1.17). We now show how such initial data can be determined which is also sufficiently
close to the true solution.

LEMMA 2. Let 6 € C*([0,1]) and 6, € C3([0,1]) satisfy conditions (2.1), (2.2),
and (2.3). Let 8 € C4([0,1] x [0,7T]) for some T > 0 be the true solution of initial
boundary value problem (IBVP) (1.1)—(1.7). We define

pj =0bo(jh)  for1<j<N.
Then, for T sufficiently small, there exists a mesh function 1y such that for1 < j < N,
¥j — 6(jh,7) = O(7%),

and 1y, satisfies equations (1.16) and (1.17).
Proof. We introduce the mesh function ¢;, 1 < j < N, defined by

)7z (7R, 0)7°.

(=2 N

1-
;= 00(jh) + 61 (GR)T + 507+ (jh, 0)7% +

Notice that 6., and 0,,, can be expressed in terms of 8y and 6, and their derivatives.
Let 07 = 6(jh,n7). Then, it is clear that for 1 < j < N,

(2.14) @; —6j = O(7*).

For any 7 > 0, since (0, 7) + 27 = (1, 7), there exist &, & € [0,1] (which may
depend on 7) such that

cos8(€,,7) =0, sin6(&3,7) = 0.

Hence, there is a 5> 0, such that for 7 < 5, there exist 1 < k,l < N, k # | (which
may depend on 7) such that

|sin | <

=
>

(2.15) | cos @x| <

Now we define 9; as follows:
V=@ ij#kl

and 9 and 1, are determined by the system (1.16) and (1.17). We claim that for 7
sufficiently small, 1, and ¢, are well defined and have the properties

Y — 0L =0(1%), -0 =0(°).
We begin by rewriting the system (1.16) and (1.17) as

(2.16) (cos g — cos @) + (cosy, — cos ;) = €1 (),
(2.17) (sin)g — sin @) + (siney; — sin @;) = ea(7),
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SECOND-ORDER SCHEME FOR ELASTIC RODS 1193

where
N : 5 N 3
e(r) = Z(cos@? — cosf}) — Z(cos @; — cos b)),
j=1 j=1
N ) 5 N N
= z(sin 0;’ — sin 011) - Z(sin p; —sin 0]1)

To solve this system for 1 and 1;, we define

1/i+ =Wk+v)/2, 97 = —%)/2
¢t =(dr+H)/2 & = (dk—)/2.

Then from simple trigonometric identities, we get:

2cosyht cosyp™ = 2cosdt cos ™ + €y,
2sinyt costy™ = 2singt cos ¢~ + €.

Dividing these equations, we easily obtain

2sin ¢t cosd~ + €
cos gt cosd— + €

tanyt =

We then choose

(2sin ¢+ cos ¢~ + €3)
(cos g+ cos = + €1)

¢t = tan™! + mm,

where m is an integer determined by the condition ¢t = tan~!(tan ¢*) +mm. (Recall
that the range of tan=! is [~7/2,7/2].)

Squaring and summing the original equations, applying a simple trigonometric
identity, and simplifying the result, we also obtain

cos(x — 1) = cos(@k — 1) + Ex,
where
E; = €1]cos @k, + cos ¢y] + e2[sin ¢y + sin dy] + €3 /2 + €2/2.
Using (2.15), we get that
lcos(ci;c - qzl)l = | cos gy cos @y + sin ¢y, siny| < %,
and hence that
4 Blel | Sleo] €&

polal & 4,

|COS ¢k—¢l)+E1| 4 4 2 2

for €; and ey sufficiently small. We then choose

" = (= )/2 = g {cos™ eos(Bx — B) + Bu] +
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1194 R. S. FALK AND J.-M. XU

where n is an integer determined by the condition ¢y — ¢; = cos™![cos(¢x — ¢1)] + n.
(Recall that the range of cos™! is [0,7].) Hence, ¥x = ¥+ + ¥~ and ¥ = vt — ¢~
are determined. :

We next show that 1; — 8(jh, 7) = O(73). Using our previous results, we get

2singt cosd™ + e,  singT cosd”
2cos dT cosd + €  cos ¢t cos -
_ €pCOS bt cosd™ — €1 singt cos ™

B (2 cos bt cosd + €1)(cos &t cos J)‘)

tanyt — tangt =

= Ez‘

Now 2cos ¢+ cos ¢~ = cos @y + cos ¢, and by (2.15),
i<l - - 15
|COS¢k|§Z, | cos ¢y| = 1—Sin2¢12—\/4:,

Hence, for €; and €, sufficiently small, it easily follows that |Ez| < C(|e1]| + |e2]). Now
by the mean value theorem, there exists a 8 such that

|tany)* — tan ¢*| = [ sec® BllY* - &7
(Note that ¥t and ¢~5+ belong to the same branch of the tangent.) Hence,
Y — @] < |cos B| tan g+ — tan§¥| < |Ez| < Cler] + Jeal).

Finally, from the identity cos(yx—1;) = cos(&;c —$1)+E1 and the mean value theorem,
we get

cos‘l[cos(z/),yc )] = cos_l[cos(<;~5;C - (131) + Eq] = cos‘l[cos(¢~>k — ¢l)] - B (1~ 52)_%,

where ¢ satisfies | cos(¢x — 1) — £| < |E1|. Since |cos(¢x — é1)| < 1/2 and |Ey| <
C(|e1] + |e2]), we get for |e1] and |e2| sufficiently small that |{| < 3/4. Hence,

[~ — ¢~ = 2/(x — 1) — (¢k — B1)| o
= 2| cos[cos(vr — ¥1)] — cos™cos(pk — ¢1)]| < C|E1| < C(|er] + |ezl)-

Since
[k — G| < [t — T+ v~ — 67, i — | < [t —H |+~ — o7

to obtain the desired error estimate, we need only show that €, and €2 are o(r3).
Since € C*([0, 1] %[0, T), it follows from equation (1.3) and boundary conditions
(1.4), (1.5), and (1.6) that

(218) éss(()’ t) = éss(ly t)a ésss(oy t) = ésss(ly t)-

Integrating equations (1.1) and (1.2) with respect to s over [0,1] and applying bound-
ary conditions (1.5) and (1.6), we find that for any 7 > 0,

1 1
(2.19) / cosf(s, T)ds =/ cos 8(s,0)ds,
0 0

1 1
(2.20) / sin (s, T)d8=/ sin §(s, 0)ds.
0 0
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Using (2.18), (2.19), and (2.20), we employ the Euler-Maclaurin summation formula
[4, pp. 297-302] to obtain

N N )
Zcos@? - Z cos 0} = 0(13),
j=1 j=1

N N
Zsin@? - Esin 6} = O(r®).
Jj=1 Jj=1

Hence, €; and €, are of order 73; i.e., there is a constant A > 0, which depends on
the initial data and the third- and fourth-order derivatives of the exact solution in a
neighborhood of ¢ = 0, such that for 7 sufficiently small,

lex(7)] < A7, lea(T)| < AT,

Combining our results completes the proof of the lemma.

3. Semilinear form. The most important step in deriving a convergent itera-
tion scheme for obtaining the approximate solution (and also proving its existence) is
to eliminate {f7'} and {g7} and to rewrite the system (1.9)-(1.14) as a single semi-
linear equation for {¢7}. We begin with solving equations (1.9) and (1.10) to express
f7 and g7 in terms of {67}. Let {K;;} be the discrete Green function defined by the
following: for 0 < j < N,

[ hi(l—hj) f 0<i<j-1,
(3:1) K“‘{hj(l—hz’) if j<i<N.

Then, we can write for 1 < j < N,

N
(3.2) fr=F"=h)_ KijAZcosty,
i=1
N
(3.3) gp=g"—hY Ki;Alsin6},
=1
where

fr=l=m =96 =d
with the compatibility conditions: for n > 1,
N N
(3.4) Z A2 cos 67 =0, Z AZsin 67 = 0.
j=1 Jj=1

Next, we introduce some notation and prove a lemma which we need in the next
step. Define

1
56 = [ sin(ndy + (1= n)oy )

_ [ —(cos 07t —cosO71) /(671 —077Y) if 67t £ 677,
sin 67! if 67+ =671,
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1
C™(05) = [ costay+t + (1 =)o)
_{ (Sin0?+1 _Sinag—l)/(0;+l _0;1,—1) if 0n+l #0“ 1

- cosH;’_1 if 0"+1 —0" 1
1 1
n(6;) =2 /0 /0 £5in (7EOTH + (1 — )€ + (1 - £)67~)dndg;

_ 1 pl
én(6;) =2 /0 /0 £ cos (nEBR + (1 — n)EOT + (1 — £)67~ ) dnd;
S"(G,',Hj) = —S"(OJ)C’"(OZ) + C"(GJ)S’"(O,),
E™(6:,8;) = S™(8;)5™(8:) + C™(6;)C™(8;).

LEMMA 3. For1<j< N andn > 1, we have
AZcosB} = —S™(0;)A267 — C™(6;) AT 67 AFOT,
AZsing} = C™(6;)A207 — S™(6;) AF6T AT

Proof. We calculate
AZ cos b + S™(8;) A267
1 1

= g (oSO = cos (6 205 +.67Y)
J J

(oo™t~ 2e0n 5 -+ con gy (0} - 057

1 2 13 70— 7 n—
i [—(cosej +1. cos §; 1)(9j — 6] b
J J

+(cos 8} — cos 7 1) (671! — 0;.‘-1)}
2 3 - ! . Y3 — . —_
=—(6; - 67 1)/0 [sm(goj o (1-€)6771) —sin(é87 + (1 - €)o7 1)] d¢
5@ - E - o)
/ / € cos (€T + (1= m)EBr + (1 — £)07" ) dnde
—Cm(0;) 056371 AF67.
The other formula can be proven in the same way.

Now, we put (3.2), (3.3) into equation (1.11) and apply Lemma 3 to obtain for
1<j<N,

D207 — AT = —frS™(6;) + " C™(6; hZK,JC"(G,,H NA2gr
=1
N
(3.5) +hY " KiS™(6:,0;) AT 67 A6
i=1
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To find the semilinear equation for {67}, we observe that a AZ0" term is needed
to accompany the A267 inside of the first summation on the right-hand side of (3.5).
Toward this end, we use summation by parts and boundary condition Ky; = Ko; =0
to derive for 1 < j < N,

(Kij ~ Ki—1,;)C™(8,0;)(67 — 67,)

S =
.MZ

N
B KiCr(6:,6)0367 = -
i=1 i

1
Y Kio1,;(C™(6:,6;) = C™(6:-1,6,)) (6} — 6}-y).

i
=z

(3.6) -

Now combining (3.6) and (3.5), we obtain

N
A0} — DROT +h Y Ki;C™(8:,0;)(A267 — AZOT)
i=1

N
= — frS™(9;) + §"C™(6;) + hZ Ki;S™(6:,0;)AterAter—?
=1
+ = ZKZ 1,;(C™(8:,8;) — C™(8;-1,6;)) (67 — 6,)
=2
1 .
- Z (Kij = Ki—1,))C™(0:,6;)(6 - 67,).

We then use the boundary conditions 8 = 0% — 27 and 0%, = 07 + 27 to eliminate
66 and 0%, ,. The above equation can be written in terms of 67,...,0% and the
operators Dj and D; defined at the end of §1:

(A%67 ~ Dj6y) + Ly, (A26] ~ DioR) = A™(6n),

in which
N A
(3.7) (L, un)j =h>_ KiC™(6:,6;)ui,
i=1
N
B™(6h); = h Y _ KijS™(6:,0;) AT 6 AF 07!
i=1
N 1. R
(3.8) +h Z Ki_l,jE(C"(Oi, ;) — C™(6;-1,0;))D;, 67
=2
N 4 )
+h Z E(Kw - Ki_l,j)C”(ei, QJ)D;HN'
i=1
(3.9) A™(0r) = - f"S™(6) + §"C™(6n) + B (6r)-

Note that A™(6}) contains no second-order differences. The quantities f“ and §" can
be expressed in terms of 6 and its first-order differences; the calculation is described
at the end of this section.
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The operator Ly, is analyzed in the next section, and in particular it is shown
that

(3.10) (I+Lg,) ' =I+Kj,
Accordingly, 6}, satisfies the equation
(3.11) A6y — DOy = (I+ K, )A™(0r).

Equation (3.11) is the main result of this section. It is a semilinear equation since
the right-hand side does not involve second-order differences, and it is equivalent to
(1.9)-(1.14).

At this point, we determine f" and §" in terms of 8. First let us suppose that
65, f™, and g™ form a solution triple to equation (3.11). Identity (3.9) implies that

A6 — DR = - fM(I+ K5, )S™(6r) + g™ (I + K5, )C™(6h) + (L + K5, )B" (65).

Multiplying this equation by hS™(8,)T and hC™(8,)T, respectively, and summing by
parts, we obtain the relations

N
~hS™(0r)T A207 — k> Dy S™(6;)D;, 6}

j=1
(3.12) = aly () " + ala(0n)3" — hS™ () (1 + K3, )B™(61),
N
—hC™(04)T D267 — Y Dy C™(6,)D; 67
j=1
(3.13) = a} (6n) f" + aBy(8r)§" — RC™(0,)T (I + K§,)B™(61),
where
(3.14) a? (0) = hS™(0,)T (1 + K3, )S™(6r),
(3.15) al(0r) = —hS™(0,)T(I + K§, )C™(6h),
(3.16) ag, (6n) = hC™(0r) (1 + K§,)S™(6h),
(3.17) a3 (8r) = —hC™(0r)T (I + K5, )C™(6n).

In the next section, it is shown that for h > 0, I + Kj is a positive definite operator
on RY and that for A > 0 sufficiently small and for any n > 1,

aty(0n)ag;(0n) — afa(0n)as; (6r) < 0.

Hence, the system (3.12) and (3.13) uniquely determines f and a".

Now the required solution 8, must satisfy the compatibility condition (3.4), and
must therefore satisfy the following equivalent forms, which are the results of Lemma 3;
namely,

(3.18) S™(0,)T D207 Z(‘“ ;) A0 AT,

(3.19 Cm(0,)TA207 = S" ,)aronntert.
h . J J J
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Accordingly, if we assume a priori that f" and §" have the dependence on 65 given
by the system

N
aly (0n)f™ + aly(6h)§ Z Cr0;) AT AT

L
MZ

-]
>3

(3.20) S™(6;)Dy, 67 + hS™(0x)T (I + K, )B™(64),

<.
Il
A

LR
M=
Uy

a3y (6) " + a3y (0n)3" = "(O)070r 0100

.
Il
_

1
M=
5

(3.21) C™(6;)D}, 07 + hC™(6n)" (I+ Kj, )B"(61),

<.
1l
—

and solve equation (3.11) as a function of 8}, only, we are guaranteed that the solution
arising satisfies compatibility condition (3.4). This statement is a consequence of the
fact that (3.12), (3.20) together and (3.13), (3.21) together imply (3.18) and (3.19).

4. Analysis of the semilinear equation. We next present an analysis of Ly,
and Kj, , and some bounds on A™(6,). We also derive a lower bound for the absolute
value of the determinant of the system (3.20) and (3.21). This bound is used to show
that f" and §" are uniquely determined and to obtain a priori estimates for these
quantities.

Recall that for any mesh function 6y, the operators Ly, and Kj, are defined by
(3.7) and (3.10), where Kj; is defined in (3.1). The operator Ly, maps R" to R¥ and

satisfies
(4.1) LG, unlloo < llunllo-

Since K;; and é"(o,-, 6;) are symmetric in ¢ and j, Ly, is symmetric. For any mesh
functions 6, and p, it is not difficult to show

(42) (LG, =L, Junllo < 20185 ~ op Hloo + 1657 = 0™ Hloo)llunlo-
To show that Lg, is positive semidefinite, we calculate

N-1N-1

thJ (Lg,vn); =h2 Y > Kij(C™(0:)C™(0;) + S™(6:)S™(8;))viv;
j=1 i=1
N~1N-1 N-1N-1
= h? Z Z Kijoiaj + h? Ki;8:8; 20

=1 i=1

<.

j=1 i=1
where
Qj = C"(L‘)j)vj, Bj = S’"(Oj)vj.

Here we have used the equation K,y = Ky; = 0 for 1 < 4,5 < N. The last step
follows from the fact that K;;, 0 < 4, < N is the discrete Green function for the

BVP:

2 _ —
—Apuj = wy, ug =uy = 0.
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Hence, summation by parts yields that ZJN;ll Zf_’__}l Kijw;w; > 0 for any mesh func-
tion {w;}.
It follows from the inequality 1 < I+ Ly < 2 that (I+Kj ) = (I+Lj, )" is

well defined. Moreover, Kg, is symmetric, negative, semidefinite and satisfies

(4.3) <I+Kj <1

N —

It follows from the equation Kg, = —Lg, (I+Lg, )" that
(4.4) K5, unlloo < llunllo-
Furthermore, for any mesh function 65, and ¢, since
6, —Kp, = @+Lg )7Ly, - Lg )X +Lg)™"
K§, is continuous in 6, and satisfies

(45)  [I(K5, — K5, Junlloe < 4(165F = 05 oo + 11657 — 05 ™ lloo)llunllo-

In order to show that the approximation scheme is well defined, we need to show
that f™ and g™ are uniquely determined by the system (3.20) and (3.21). We now
show how this can be done. For future reference, we state the following hypothesis.

Hypothesis (H). For each n > 0, there exists a 6, > 0 such that for 0 < h < 6,

- e 1

h(4|AT651§ + 41 256713 + 21D 6771 13) < 3

The key step is the following technical lemma, which is then used to give a lower
bound for the determinant of the system defining f™ and §".

LEMMA 4. Suppose that 0™ is a function of n which satisfies Hypothesis (H).

Then, for 0 < h < 6,, we have

N cos(0;‘+1 —fn) — cos(O;’_1 —-6m)72
hZ[ 97}-}*1 _ 97}—1 :|
J J

=1
1

> .
T 64(1 + 4| ATORNE + 41 ATORTHIE + 211 D5 677 MIR)

Proof. Fixn > 1. We write for 1 <j < N,

cos(7*! — m) — cos(671 —67) .
e !
J g

(4.6)

where
OF =& + (1 - €107 for some €] € [0,1].

A direct calculation shows that

N
- 1 1
107718 < 5 (7 = 9j) + 3 (6 = i + 2m)°
=2
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Il
S -

Il
)

2
g g —gept o+ 67 - 0|
J

2
F e - - - o + @ - oy )

D“I»—-*

Mz

J

[(07}.-{—1 _ 0}1—1) (9n+1 0?_—11)2 + (0;1-——1 _ 0;}_—%)2]

SN

D‘II\D ||

2
[ T O O = O 0 0 2
(4.7) S AIATORIG + 41 ATORHIE + 2Dy 077 IE = (M7
It follows that
ma (e, 167 = ol 1of = o + 201 ) < VM.
Let @ € [p% — 2m, ¢7;) be such that
sin(ph — ") = 1,
and denote by j,, an integer between 1 and N, such that
s — | < VRM.
Then, using Hypothesis (H), there exists a 6, > 0 such that for 0 < h < 6y,
VhMP < i.

Hence, for 0 < h < 6, we have

#!w

sin(i}, — 67) >

Now, we calculate for j, +1 <j < N,

J
sin(p] — 0") = sin ((so}‘,, -+ > (e - so?_l))

i=jr+1
J

Z (¢} —pim1)|2

i=jp+1

3 A R
7~ h2li = Jnl? D5 ehllo-

2

-Moo

The same inequality holds for 1 < j < jj. Hence, for 1 < j < N,
. A 3 U .
(48) sin(p} —6") 2 7 — h#|j — jal* |1 D5 ¢Rlo-

Let IV, denote the integer such that

1 1
= -1< N, < .
16(1 + || D, ¢rlIg)h 16(1 + || D ¢ lI3)h
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Note that N, < N/4. Then, for all j such that [j — jn| < Na,

Ll

[Bl5 — Gnl(1+ | D RI12)] ? <

It follows from (4.8) that for |7 — jn| < Np,

1
sin(p] — ™) > =
2°
We now observe that either
N Jn+Nn
thin My >h Z sm2(<p -6 > = (Nh +1)
j J=Jn

or

- h
2 2 n
h E sin® (¢} —6")>h E sin®(p} —60") > Z(Nh+1).

Jj=1 J=jn—Nn
But the definition of N implies

1
~ 16(1 + || Dy, S"h”o

h(Np+1) >

Hence, we obtain

N
N 1
h E sin?(p? — ™) > — .

The conclusion of the lemma follows from (4.6) and (4.7).

We are now ready to derive a lower bound for the determinant of the system
defining f™* and §". From this result, it is easy to see that these quantities are
well defined, and bounds for f* and §" may then be obtained in a straightforward
manner.

LeEMMA 5. If Hypothesis (H) holds, then

|a11(0n)azz (9n) — ata(On)az: (0n)]
1 1
2 514 n— R — )
2 (1 + 4| AFORIE + 4| AF 05713 + 2]D5 057 13)2

where a;(0r), 1 <4,j < 2, are defined in (3.14)-(3.17).
Proof. First, we write

|laTy (6r)ag,(0r) — ai2(0n)as; (6h)]
(4.9) = [1(S™(6r) = B"C™(6r))T (1 + K5, )(S™(64) — B C™(61))]
x [hC™(0,)T (T + K5, )C™(64)],

S"(Oh)T(I + K;’h)C”((}h)
C™(0n)T(I+Kg, )C™(0n)

g =
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Using the fact that I+ Kj, > 1/2 for any h > 0, we find that
h(S™(8r) — B7C™(64))T (1 + K3, )(S™(6n) — B*C™(6r))
(4.10) > 2(57(0) — B°C"(0))7(S™(0n) ~ BC" (),

(4.11) hC™(6n)T(I+ K5, )C™(6n) > gcn(oh)Tcn(oh ).
Next, we observe that for 1 < j < N,

cos((‘)’]"”’1 -6 — cos(é?;’"1 —6m)

Sn(oj) - [)mcm(gj) =—V1+(8")? gntl _ gn-1 '
J J
BN itV el et
i) = = n+1 n—1 ’
Oj - 0].
in which
. n
0™ = arcsin s

V1+(B")?
It follows that
h(S™(61) — B"C™(01))T(S™(05) — B"C™(61))

N n+1 on n—1 gn\q 2

cos(07T —0™) — cos(67 7 — ™)

ZhZ[ . 07}+1_9;z—11 :l ’
J

Jj=1

s~ et

N
BC™(0n)TC™(0n) 2 'S s
i i

=1

Therefore, the conclusion of the lemma is a consequence of Lemma 4, (4.9), (4.10),

and (4.11).
Finally, we state some estimates for A™(6}), which is defined in (3.9) with B"(63)

given by (3.8), and f™, §* determined by the system (3.20) and (3.21). The proofs of
these estimates employ standard methods but are quite technical, and the interested
reader can find the details in [8]. We suppose throughout that 8}, satisfies Hypothesis
(H). Then '

(4.12) IB"(0h)lloo < (1+ [ID5 613 + (6712 + 6771 12),
(413)  |f7) < C(L+ 072 + 1627 Y2)%(1 + || Dy 07+ 12 + 16712 + 1671 12),
(4.14) g™ S COL+|0p12 + 1077 122 (1 + 1Dy 65 THIZ + 16512 + 1677 112),

(4.15) [A™(07)]loc < C(L+ 16712 + 1677 12)?
x (14 | D702 + 16712 + 1627 Y)2),
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(416) [T+ K5, )A"(0n)llec < C(1 + 0712 + [657112)°
X (L+ || D 653 + 16712 + 10571 12),

in which || - ||, || - llo, and | - | are defined at the end of §1. Furthermore, if ¢ is
another mesh function satisfying Hypothesis (H), then

[A™(0r) — A" (pn)lloo
SCL+|612 + 10771220 + |opl2 + |0t 12)?
(4.17)  x(1+[|Dy 0pF G + 11D5 op G + 16512 + lohI2 + 1677112 + 10p 1 12)
x(1657" = optHlo + 1Dy 67" = Dy ont o
+167 — oRlle + 165 = or le)

and

[T+ K35, )A™(0n) — T+ K, )A™(@r)lloc
S CA+612 + 16,7 221+ b2 + |oh 1 2)?
(418)  x(1+ DO G + 1Dz on 11§ + 16R12 + R l2 + 167712 + 1eh ™' 2)
x(I105+ = oh* o + 1D 027" = Dy o
+67 = ehlle + 16271 = o le)-
5. Existence of the discrete solution. We next present an iteration scheme

for determining the approximate solution. The convergence of this scheme proves the
existence of this solution.

THEOREM 2. Let ¢p and vy, be the mesh functions given by Lemma 2. Then,
there ezists a 6 > 0 such that for 0 < 7 < 6, equation (3.11) subject to (1.15) has a
unique solution for n > 1.

Proof. The proof is by a standard iteration argument. Setting

G™MOpt, 07,07 ) = T+ K5, )A™(6r),

_ ; 1
Notik = 1D 62 o + 1= (657 = 7)o,

and
d(g:«kl,k,(p;ﬁl,k) _ ”D;92+1,k _ D;(pZ-H,k“O

1 k 1 k
SO = 00) = — (T =R + 16T = o o,

0
we define the iteration
1
= (6h —207 4+ 6371) = DGR = G™ (07, 07, 67,
grth0 =207 — gn1

It is then possible to show that there exists a § > 0, which depends on the initial
data and on the third- and fourth-order derivatives of the exact solution in a neigh-
borhood of ¢ = 0 as required by Lemma 2, such that for 0 < 7 < 6,
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(1) {Nn+1,k} is uniformly bounded, and

(i) {d(@pTHF, 67T F 1)} decreases with a geometric rate.
The details of this are quite technical and again we refer the reader to [8]. The
uniqueness is a consequence of the fact that any solution of (3.11) conserves discrete
energy, and hence, it satisfies Hypothesis (H) and estimates (4.12)-(4.18). Thus, if
0y, and @} are two solutions of (3.11), we can employ a similar argument as used in
proving the geometric rate decrease of the sequence {d(OZ’ 6, k= )} to show that for
0< 1<,

d( h’(ph) d(eh’(ph) for n=2,3,....

6. Error estimate. To obtain an error estimate for our approximation scheme,
we first estimate the local truncation error of the scheme.

LEMMA 6. Assume that 6, f, and g, the exact solution of IBVP (1.1)-(1.7), are
in C*([0,1] x [0,T]) for some T > 0. Then, for (1+n)r < T, we have

D267 — Difr = (I+ K3 )A™(6s) + O(72).
Proof. We first show that for 1 < j < N,

cos 9;“” — cos 0;7‘1

gn+1 _ gn—1
- 07

(6.1) = —sin 5;‘ +0(1?%),

sin 0;‘“ —sin 0;.‘_1

gn+1 _ gn—1
9]' 0]'

(6.2) = cos ff + O(r?).

Applying the Taylor series expansions, we have

. . . 1 . . 1 - . ~
cos 0}”’1 = cos 0;‘—sin0;7(0;-’+1 —0;‘)——5 cos 0;‘(0;‘+1—0?)2+6 sin 0;‘(0;““ —0;’)3+' N

cos é;-"‘l = cos 9;-‘——sin0~;-‘(0~;7'1 —9;-‘)—-3—003 é;‘(é;’”l —é?)2+é siné}‘(é}’_l =073 4.

It follows that
cos 0~;‘+1 cos 0" !'= —sin 0"(0;-""1 - 5;‘"1)

— 5 cos BB — )@ — 28 + 87 + (B - B0,

We then use the estimate 0~"+1 25;‘ + 5;‘—1 = O(1?) to obtain formula (6.1). (6.2)
can be proven in the same way ‘

Next, since 6, f, and § are in C*([0, 1] x [0, T]), it follows from the system (1.1)-
(1.3) that the following relations hold:

055(0,8) = B55(1,1), 0555(0,1) = Bs55(1, 1),
fss(O,t) =fss(1at), fsss(oat) f ( )
Gss(0, t) = éss(l, t), Gsss(0,t) = Gsss(1, t)‘

Hence, applying the Taylor series expansions at 1 < j < N, and using (6.1), (6.2),
we find that the truncation error for the system (1.1)-(1.3) is of order 72 after dis-
cretization. Following the procedure given in §3, and noticing that |Kj;| < 1, for
0<1,j < N, we obtain the equation

(I+Lj )(A267 — Di6R) = A™(6,) + O(72).
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The conclusion of the lemma then follows from the estimate ||I + Kj [ < 2.
LEMMA 7 (discrete Gronwall inequality). Let {u,} be a nonnegative sequence. If
forn>1,

n
up, <A+ BZUk,
k=1

where A, B > 0 and B < 1, then forn > 1,

A AB & 5
< (n—k) 15
un_]'—B+(1—B)2;e 1

Using these results, we now obtain an error estimate for our approximation

scheme.

THEOREM 3. Let pn and ¢ be the mesh functions given by Lemma 2. Let 6
denote the solution of equation (3.11) subject to (1.15) and denote by 6, f, and § g the
ezact solution. Then, for T sufficiently small, on any interval [0,T] in which 6, f,
and § € C*([0,1] x [0,T)), with (n + 1) = T, h = /27, there exists a constant Cr,
depending on the initial data, on the third and fourth derivatives of the exact solution,
and on T, such that

167 — 62l < Crr2.

Proof. To make the notation simple, we denote
Gh(0n) = 1+ K5, )A"(0n)
and write
N30k - DiOR = Gh(6n) + 77,

where 770 is the truncation error, which is of order 72 as shown in Lemma 6. We also
introduce ¥} = 6 — 0 and define
1

1 & 1 &L . 2
e = (3h Dot + 3 S Bru D)
. 2

J=1

in which D; is defined by (1.18). It is clear that D,: Yp = Dy 6y — D;é}; and
AFypr = AFO — AFO7. Using an argument similar to that used in proving Lemma I,
part (ii) and (iii), we can obtain the identity

N

1 11 ‘
=;hz atepr+ 3 2 [t - o s o -]
j=2

(,‘p +1 _ w?)2 + ZE( +1 /(/)N)27
and the estimate
(63) D5 wR*HIs + 1AF VRIS + I1D; wR1G < 24(ef,)*
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Proceeding with the error estimate, we find that 1), satisfies the following equa-
tions:
for j =1,

1 - 1 n n n n n(g n
-T—Z,(dJI“rl -2 +9r7) - 73 (W2 = 291 +Y) = (G7(0n) = GY(0n)) — 71"
for2<j<N-1,
1 1 -
-7—2(1/)?“ - 297 —y7 ) - 73 Wi = 295 —9_q) = (G (0n) = G (6n)) — 75
and for j = N,
1, _ 1 A
S WNT =208 + R — 5 (U7 — 2% + ¥R1) = (GR(0n) — GR(9n)) - 75

We multiply the jth equation by h(1,[1;-“"1 - 1/}?"1), 1<j< N, and sum j from | to
N to obtain for n > 1,

N N
(€p)? = (eh )2 =h> (GF(Oh) = GFOn)(WH =97~ —h D _ 7Pt —yfh).
j=1 j=1
Hence, it follows that
(€5,)% = (€5 < T(IGR(6n) — Gr(On)lloo + 177 lloo) (1T P ll0 + AT ¥R lo)-

Using the inequality ||Af¢p]lo < 4ej}, for n > 0, and cancelling e}, + e:/‘)h'l on both
sides, we find that for n > 1,

ep, — ept <AT(IGR(68) = GR(Bn)lloc + 177 lloo)-
Therefore, we get for n > 1,
n n
(6.4) e, <€ 4T TRl +47 Y GE(8R) = GE(Bh)llco-
k=1 k=1
Now, estimate (4.18) implies that for k > 1,

G (6r) = Gk (6h) oo

(65) < CE 5 (WA o + D5+ o + okl + 187w o

+ 1Dy 9 llo + lwE~lo + 1AF % o + 1D5 5~ lo),
where
Cy 5, = C(L+1051Z + 6811221+ 16512 + 1651 12)
(1 + |1 Dy 0513 + 1D 08 1§ + (0812 + 16512 + (657112 + 16571 [2).

Conservation of the discrete energy and conservation of the total energy for the con-
tinuous system imply that there exists a constant § > 0 and a constant C' > 0 such
that for 0 < 7 < 8, if (k+1)7 < T, then

k
Cehyéh <C
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Hence, putting (6.5) into (6.4), using Lemma 1 (iii), and rearranging the summation,
we obtain that for n > 1,

(6.6) e < A0 +7C Y (I o + €f,),
k=1

in which

k=1

Yo =C (ll«p,‘iuo + 105 %Rllo + AT YR N0 + Ibhllo + 1Dy wkllo +7) ||ni°||m) :
To estimate |9 ||o, we rewrite the equations for ¢, as follows:
for j =1,
Pt = —dfz +5 1/)N + (@7 =977 + (G (0k) — GT(8n)) — 727

for2<j<N—1,

Yt = wm + ¢y 1+ @F =977 + 4G () = GF (0n)) — 77
and for j = N,

M= —wl + z/zN 1+ @R =98 + 7GR (0r) — GR(Bn)) — 777

Multiply the jth equation by th;‘“, 1<j< N, and sum j from 1 to N to obtain
N 1 N-1
YW =5 | BBt + h Y uR Ut +
Jj=1 =2

N-1
4z (h’le’l/)n+l +h Z d,;), l,ll)n-H +h’l,/)N lwn-l-l)

j=2

N N
+h Y @ = g+ 72 ST (G OR) ~ GR (@)
j=1

=1

N
2 n,n+1
ThZTj’l/}j .
Jj=1

n+1

Applying the Cauchy-Schwarz inequality to the right side and cancelling ||y} |lo on

both sides, we obtain for n > 1,
Ien o = llwkllo < TIAFYR o + 721G (Bh) — G (Bn)llo + T2lIR oo

Hence, it follows that

n—1

g+ o < (nwhuo +aFvRlo + rZ 74 nx) 72 18200

472 Z ||Gﬁ(0h) - Gﬁ(éh)“oo
k=1
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Again, using (6.5), Lemma 1 (iii), and rearranging the summation, we find that for
n>1,

n
(6.7) 95+ o < 30 +7C > (lwElo + €5,),
k=1

in which

Jo=C (Ildfﬁllo + 1D whllo + AT R N0 + lbhllo + 1 D5 whllo + 7 llT;'flloo>

k=1

Combine (6.6) and (6.7) to obtain for n > 1,

lopt o + €5, <2 +7C Y (¥ lo +€8,),
k=1

where

Y% =C (deﬁ”o + D5 wRllo + 18T whllo + i llo + 1Dy whllo + 7 IITf'flloo) :

k=1

For 7 sufficiently small such that 7C < 1/2, the discrete Gronwall inequality implies
that for n > 1,

¥t lo + e}, < Cro.

From Lemmas 2 and 6, it is clear that v is of order 2. Using estimate (6.3), the
conclusion of the theorem follows.
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