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ABSTRACT. We study the approximation properties of some finite element subspaces of
H (div; Q) and H (curl; ) defined on hexahedral meshes in three dimensions. This work ex-
tends results previously obtained for quadrilateral H (div; ) finite elements and for quadri-
lateral scalar finite element spaces. The finite element spaces we consider are constructed
starting from a given finite dimensional space of vector fields on the reference cube, which is
then transformed to a space of vector fields on a hexahedron using the appropriate transform
(e.g., the Piola transform) associated to a trilinear isomorphism of the cube onto the hexa-
hedron. After determining what vector fields are needed on the reference element to insure
O(h) approximation in L*(R2) and in H(div;Q) and H(curl;Q) on the physical element,
we study the properties of the resulting finite element spaces.

INTRODUCTION

In the series of papers [1], [2], and [3], the approximation properties of finite elements
on quadrilateral meshes in R? was considered. Papers [1] and [3] examine the case of scalar
approximation and paper [2] the approximation of vector functions in the space H (div; Q) =
{v e L*(Q) : dive € L*(Q)} (see also [10]).

For scalar problems, the finite element spaces are constructed in the standard way, starting
with a given finite dimensional space of functions on a square reference element K which
is then transformed to a space of functions on each convex quadrilateral element K via
a bilinear isomorphism of the square onto the element. It was well known that for affine
isomorphisms, a necessary and sufficient condition for approximation of order r 4+ 1 in L?
and order r in H' is that the given space of functions on the reference element contain
PT(K ), all polynomial functions of total degree at most r on K. In the case of bilinear
isomorphisms, it was also well known that the same estimates hold if the function space
contains Q,(K), all polynomial functions of separate degree r on K. In [1], it is shown
by means of a simple and non-pathological counterexample, that this latter condition is
also necessary. This result was then used to show that various methods that are successful
on rectangular meshes lose accuracy when applied on quadrilateral meshes. This includes
the use of serendipity finite element spaces, the combination of bilinearly mapped piecewise
continuous quadratic elements for the two components of velocity and bilinearly mapped
piecewise linear elements for the pressure in the approximation of the Stokes problem, and
certain nonconforming finite elements defined on quadrilateral meshes.

In [2], results were obtained on the approximation properties of quadrilateral finite ele-
ment spaces of vector-valued functions defined by the Piola transform, extending the results
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described above for scalar approximation. These finite element spaces are also constructed
in the standard way, starting with a given finite dimensional space of vector-valued func-
tions on a square reference element, which is then transformed to a vector-valued space of
functions on each convex quadrilateral element via a Piola transform associated to a bi-
linear isomorphism of the square onto the element. Such spaces are important in defining
finite element approximations of H (div;). In [2], it is shown that for optimal order L2
approximation, the space of functions on the reference element must contain the space S,
generated by the standard basis functions for the local Raviart-Thomas space of degree
r, but replacing the basis functions (2”14, 0) and (0, 279" ") by the single basis function
(2" 1g", —z"g" ). Additional functions must be added to obtain optimal approximation of
the divergence. A consequence of the results obtained is that while the Raviart-Thomas
space of index r achieves order r + 1 approximation in L? for quadrilateral meshes as for
rectangular meshes, the order of approximation of the divergence is only of order r in the
quadrilateral case (but of order r + 1 for rectangular meshes). Thus, in the case r = 0, there
is no convergence in H (div; Q2). For the Brezzi-Douglas—Marini and Brezzi-Douglas—Fortin—
Marini spaces, the order of convergence is severely reduced on general quadrilateral meshes
not only for divau but also for w itself. Also contained in [2] is a construction of a new
quadrilateral finite element space that provides optimal order approximation in H (div;(2).
As a further application of these results, it is established that despite the loss of accuracy
in the approximation of the divergence, one still retains optimal order approximation in L?
to both the vector and scalar variable when the standard mixed method is applied to the
solution of the Dirichlet problem for Poisson’s equation using mapped Raviart-Thomas el-
ements of index r to approximate the vector variable and mapped discontinuous piecewise
polynomials of degree r to approximate the scalar variable. Of course, there is a degrada-
tion in the approximation of the divergence. By contrast, it is demonstrated in numerical
computations that when such elements are used in a least-squares formulation in which the
functional J(¢,v) = ||v — grad qHQLQ(Q) + || dive + fH2La(Q) is minimized over v in the lowest
order Raviart-Thomas space and ¢ in the space of mapped piecewise bilinear elements, the
loss of accuracy in the approximation of the divergence results in lack of convergence for
both the scalar and vector variable.

In this paper, we consider the extension of these results to hexahedral meshes in three
dimensions. In this case, in addition to the space H(div;(), there is another important
space H(curl;Q) = {v € L*(Q) : curl v € L*(Q)}, that arises naturally in many applica-
tions (e.g., Maxwell’s equations). The finite element spaces studied are defined on irregular
hexahedral elements obtained by trilinear mappings from a reference cube. These maps are
considerably more complicated than bilinear maps in two dimensions, since a general trilin-
ear map of the unit cube produces a solid that can have hyperboloid as well as planar faces.
Recent progress has been made on the questions of invertibility of these maps and positivity
of their Jacobians on the reference element (e.g., see [17], [18],[19]). Although there has been
a fairly extensive study of tetrahedral finite elements, most elements defined on cubes have
not been studied to determine if they maintain key approximation properties when mapped
to general hexahedrons, despite the fact that this is implicitly assumed, since meshes of
regular hexahedrons are quite restrictive in their use. One exception is the case of almost
affine elements, (nearly parallelepipeds) which can result from nested refinement strategies,
and which have the same approximation properties as elements defined on parallelepipeds
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(e.g., see [16], [5]). For the reader interested in additional background material, a set of
hierarchical basis functions for the spaces H(div) and H(curl) of arbitrary order for the
most commonly used reference domains in two and three dimensions can be found in [14].

Following the approach of [1] and [2], we shall consider the question of what functions
are necessary on the reference element to guarantee optimal order approximation by finite
element subspaces of H (div;2) and H (curl; ). In particular, we will show that the space
obtained by a general trilinear mapping of the Raviart-Thomas-Nédélec element of lowest
degree defined on a cube, i.e., a space defined locally by vectors of the form (a; + b1, as +
b2y, as + b3Z) does not contain constants, and hence does not have good approximation
properties. We then seek to construct the simplest space that does have this property. As
we shall see, the resulting space is already quite complicated (a 21 dimensional subspace
of the dimension 36 second lowest degree Raviart-Thomas-Nédélec space RT'), even in the
lowest order case, and hence we restrict the paper only to this case. We then ask a similar
question about what functions are needed to produce an O(h) approximation to div u.

The fact that mapped linears do not approximate well is noted in [12] and [13]. In these
papers, an alternative approximation is constructed which gives good approximations in the
case when the primary (boundary) faces and also appropriately defined “secondary faces,”
(internal to the element) are planar. The approach taken is to seek a space on the physical
element so that u - n is constant on each boundary face, where n denotes the face normal.
The advantage of this approach is that the local dimension of the spaces (6) is the same as
for the lowest order Raviart-Thomas space on cubes. The disadvantage is that the standard
use of the reference element to simplify computations is lost.

In the case of H(curl; ), a natural place to begin is to consider mappings of the lowest
order Nédélec space Ng = {a1 + 015+ c12+d192, asZ + by + co2 + doi 2, a3t + b + c3 + d327)
defined on the reference cube. For @ of this form, we define u(Fg(z)) = DF " (z)a(z),
where F i (&) is a trilinear map taking the reference cube to the physical element and DF g
is the matrix of first partial derivatives of F' . We show that this procedure produces a space
which contains constant vectors, and hence provides an O(h) approximation in L?. However,
the curl of the space does not contain constant vectors, so one no longer has optimal order
approximation of curl w. Thus, we construct a new space that does have optimal order
convergence.

An outline of the paper is as follows. In the next section, we introduce the notation to be
used and collect some preliminary results. In § 2, we consider the case of uniform meshes,
and state the three dimensional analogue of results obtained in [1] and [2] in two dimensions.
In § 3, we consider what function space is necessary on the reference element in order to
produce a mapped H (div; Q) finite element space providing O(h) approximations in L*(Q),
and then derive such as space. We then consider in the following section what additional
functions must be added to also produce an O(h) approximation to the divergence. In § 5,
we combine these results to derive an H (div; () finite element space that also produces
an O(h) approximation to the divergence. Analogous results for the lowest order mapped
H (curl; Q) space are derived in § 6. In § 7, we show that the discrete de Rham diagram
involving these spaces commutes, a key property in the analysis of finite element methods,
and then use these results in § 8 to obtain error estimates for the finite element H (div;2)
and H (curl;()) spaces derived in the previous sections. In § 9, we make some remarks
about the application of these spaces to mixed finite element methods. Since the spaces we
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construct involve a substantial number of degrees of freedom, we consider in the final section
whether there are simpler spaces that give optimal order approximation for special classes
of hexahedrons.

1. NOTATION AND PRELIMINARIES

Throughout the paper, we suppose that €2 is a polyhedron and that it is covered by a
hexahedral mesh 7}, consisting of elements K of maximum diameter h obtained from a single
reference element K = [0, 1] by the application of a trilinear diffeomorphism F : K — R3
such that K = F K(f( ). To simplify notation, we shall often drop the subscript K on Fx
when only a single element is under consideration.

For functions in H (div;(2), the natural way to transform functions from K to K is via
the Piola transform. Namely, given a function @ : K — R3, we define u = Pra : K — R3
by
(1.1) u(z) = JF(2) 'DF(z)u(z),

where & € K, & = F(&), and DF (&) is the Jacobian matrix of the mapping F and JF (&)
its determinant. We shall assume that sgn(JF'(x)) > 0. The transform has the property
that if w = Ppat, p = po F~! for some p : K — R, and n and 7 denote the unit outward
normals on faces f and f of K and K , respectively, then
(1.2) /divupdx:/divaﬁdﬁ;, /u.npdA:/a-ﬁﬁdA,
K K f 7

where we have used the fact that
[DF (2)]""n(2)
[DF(z)]"Tn(z)|
Since continuity of w - 1 is necessary for finite element subspaces of H (div;(2), use of the
Piola transform facilitates the definition of finite element subspaces of H (div;2) by mapping
from a reference element.

Using the Piola transform, a standard construction of a finite element subspace proceeds

as follows. Let V. H (div, K ) be a finite dimensional space of vector fields on K, typically
polynomial, the space of reference shape functions. Now suppose we are given a mesh 7},

n(x) =

consisting of elements K of maximum diameter h, each of which is the image of K under
some given diffeomorphism: K = F K(f( ). We assume the mesh family is shape-regular and
non-degenerate in the following sense:

(SR-ND1): There exists a constant o independent of h and K such that the shape constants
ok = hi/px < o, where h denotes the diameter of K and pg is the diameter of the largest
ball By contained in K such that K is star-shaped with respect to Bg.

(SR-ND2): There exists a constant v > 0 independent of h and K, such that JFg(z) >

vR3, for all & € K.

Remarks. 1) The parameter o in (SR-ND1) is termed the “chunkiness” of the element. A
uniform bound on chunkiness implies that certain constants in the Bramble-Hilbert lemma
are independent of the domain (see [9], [6]). We shall use this fact when we prove interpola-
tion error estimates. Assumption (SR-ND2) guarantees that various estimates for Fx and
its derivatives can be proved.
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2) In the case when F'f is an affine map, condition (SR-ND2) follows from (SR-ND1). In
two dimensions, when F'k is a bilinear map, condition (SR-ND1) is not enough to guarantee
(SR-ND2). In that case, one may follow [11](pp 105), and instead define shape-regularity
as condition (SR-ND1) with a modified definition of px = 2min;<;<4 {diameter of circle
inscribed in S;}, where S; is the subtriangle of K connecting the vertices a; 1, a; and a;41.
This modified definition implies (SR-ND2). The authors of this paper are not aware of a
simple geometric condition guaranteeing (SR-ND2) in the case of a hexahedron in three
dimensions. Some results in this direction that indicate some of the complexity and other
references on the subject can be found in [19]. It is also possible to weaken (SR-ND1) so
that K is only assumed to be a finite union of star-shaped domains (see [9]).

Via the Piola transform, we then obtain the space V(K) = Pp, V of shape functions on
K. Finally we define the finite element space as

Viy={ve H(div;Q) :v|g € V(K), VK € T, }.
Recall that V;, may be characterized as the subspace of
Vi :={veL*Q) :v|xe PV, VK T},

consisting of vector fields whose normal component is continuous across interelement faces.

AIAI analogous approach is used for functions in H (curl; ). In this case, given a function
@ K — R3, we define u = Rpu : K — R? by
(1.3) u(x) = Rpu = (DF) 7 (2) a(z),
where again, @ = F(&). The transform has the property that if u = Rrpu, w = Rpw,
p:poFfl, q= PFA(A:%
edge e and ¢é of K and K, respectively, then

(1.4) /u-tpds:/'&-iﬁdé, /uxn-wdA:/ﬁxﬁ-wdA, /u-qdw:/ u-qdzx,
e é f f K K

where we have used the fact that
[DF(2))"t(2)

t(x) = .
[DF ()]t ()]

The above results are used to establish continuity of the tangential components of u, neces-
sary for finite element subspaces of H (curl; ().

Using the transform (1.3), a standard construction of a finite element subspace of the space
H (curl; Q) proceeds in the same manner as for H (div; Q). Let U € H(curl, K) be a finite
dimensional space of vector fields on K. Using the given mesh 7, consisting of elements K,
each of which is the image of K under some given diffeomorphism: K = F K(f( ), we define
U(K) = Ry, U and the finite element space as

U,={ueH(curl;Q)| ulx € Rp, U, VK € T, }.
Similarly to divergence conforming elements, U}, may be characterized as the subspace of
U,:={uecL*Q)| ulxcRr,U, VK € T;, },

consisting of vector fields whose tangential components are continuous across interelement
faces.

), and t and ¢ denote unit tangent vectors in the direction of an
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2. APPROXIMATION THEORY OF VECTOR FIELDS ON UNIFORM MESHES

In this preliminary section of the paper, we state the three dimensional analogue of some
results obtained in [1] and [2] for approximation of scalar functions and vector fields on
rectangular meshes.

Let K be any cube with edges parallel to the axes, i.e., K = DK(K) with

Dk (2) = xx + hi,

where & € R? is the corner of K with smallest (x,v,2) coordinates and hx > 0 is its
side length. The Piola transform (1.1) of & € L*(K) is easily seen to be (Pp, @)(x) =
hi2a(i), where & = Dy (&). We also have that div(Pp, @)(x) = h divan(a). If we apply
the transform (1.3) to @ € L*(K), then (Rp,@)(x) = hila(z) and curl (Rp, @)(z) =
hileurl @)

We denote the unit cube by both Q (when we think of it as a domain) and K (when we
think of it as a reference element). For n a positive integer, we let U, be the uniform mesh
of Q) consisting of n® subcubes of side length h = 1/n. Given a subspace V of L*(K), we
define, as in the previous section, V/(K) = Pp, V, U(K) = Rp, U,

(2.1) Vi ={veL*Q) :vx € V(K),VK €Uy},
(2.2) U, ={veL*Q):vx c UK)VK €lU,}.

Then the analogue of Theorems 2.1 and 2.2 of [2] for the space H (div; () is as follows. Since
we only consider a simple special case, we include the proof of the first theorem. The second
is proved in in a similar manner.

Theorem 2.1. Let V be a finite dimensional subspace of L2(K). The following conditions
are equivalent:

(i) There is a constant C such thatinf, g [[u—v||2q) < Ch|[Vul g2 for allu € H'(Q).
(i1) inf e i, [[u — v g2y = o(1) for all u € Py(2).

(iii) V 2 Po(K).

Proof. Clearly (i) implies (ii) since if u € Py(£2), then the right hand side of (i) equals zero.
By the Bramble-Hilbert lemma, (iii) implies (i). Thus, we need only show that (ii) implies
(iii). We have

inf [lu— 'U||2L2(Q) = Z inf [lu— 'UK||2L?(K) = h’ Z inf |h~2[a — "AJ]Hiﬁ(jgy

vgeV
veEV), Kel, K K Kely, veEV

where we have used the Piola transform and the fact that the mesh is uniform to make
the change of variable u(x) = h™2a(2) and vx = h™20 in the last step. In particular, for
u = e;, where e; is any one of the three unit vectors, @ = h’e;. If we set @ = h%®, then the
quantity
R .2 2 N
G - ﬁilelf‘:/HeZ wHLQ(K)

is also independent of K. Hence,

inf fle; — v} =h* Y inf e — W[5 5y = 1 Y o a=a

vEVR Keu, Y€V Kelly,
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The hypothesis that this quantity is o(1) implies that ¢; = 0, i.e., that the constant functions
belong to V. O

Theorem 2.2. Let V be a finite dimensional subspace of L2(K). The following conditions
are equivalent:
(i) There is a constant C such that inf ¢ || divu — divv|[z2) < Ch||V divul|g2q) for all
u € H'(Q) with divu € H'(Q).
(ii) inf e, || divu — divvl|2) = o(1) for all w with divu € Py(Q2).
(iii) divV D Po(K).

Since we do not impose interelement continuity in the definition of V'), we interpret div v

as the elementwise divergence of v. Analogous results hold for the space H(curl; ), and
are stated below.

Theorem 2.3. Let U be a finite dimensional subspace of Lz(_f(). The following conditions
are equivalent:

(i) There is a constant C' such that inf g7 ||[u—v||g20) < Ch||Vulg2q) forallu € H'(Q).
(i1) inAfveth ||uA— V|2 = o(1) for all uw € Po(2).

(iii) U D Py(K).

Theorem 2.4. Let U be a finite dimensional subspace of L2(K). The following conditions
are equivalent:

(i) There is a constant C' such that inf,,.g; |lcurl w—curl v|| g2 ) < Ch|[Veurl g2 q) for
all w € HY(Q) with curl w € H'(Q).

(i1) infyefhi ||curl u— curl v||z2q) = o(1) for all w with curl u € Py(Q).

(#ii) curl U DO Py(K).

3. NECESSARY CONDITIONS FOR OPTIMAL L?(£)) APPROXIMATION OF H (div; ()
ELEMENTS ON HEXAHEDRAL MESHES

In this section, we consider finite element spaces defined by the mapping (1.1) and de-
termine necessary necessary conditions for O(h) approximation of a vector field on shape-
regular /non-degenerate hexahedral meshes. We begin by letting F' be a general trilinear
mapping from the unit cube K to a general hexahedron K. Hence F' is defined by

Fi=a+0Z+cy+dizZ+ ey + fiyz + 122 + hi2y2,
Fy = ay + boZ + coff + doZ + €22y + [2)2 + go2T + hayZ,
F3 = a3 + b3 + c39 + d3Z + e32y + f392 + 32T + h3TyZ.
It follows from the results of the previous section that if we consider a sequence 7, = U,

of uniform meshes of the unit cube into subcubes of side h = 1/n, then the approximation
estimate

(3.1) inf ||u—v| 2@ =o0(1), VuecPyQ)

veEVy

is valid only if VD ’Pg(f( ). In this section, we show that for this estimate to hold for more
general hexahedral meshes 7}, stronger conditions on V' are required.
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Following the arguments presented in [2], which we shall transfer to the present setting,
the key condition needed to determine the set V is that after mapping by the Piola transform
associated to the mapping of the cube to an arbitrary hexahedron, the resulting functions
on the hexahedron contain the constant vectors (1,0,0), (0,1,0), and (0,0,1). To determine
these functions, we apply the inverse Piola transform to these constant vectors, i.e.,

a(z) = Pplu(x) = JF(2)DF ' (2)u(x).
Now
bh+eyg+agz+hygz at+eal+ fiz+hmiz di+ [iy+ a2+ iy
(3.2) DF = |by+ ey + g22 + hayz o+ e + foZ + hotZ do + fol + go& + hoZy
bs + esy + g3z + hayz cs 4+ e3® + faz2 + hs@Z ds + f3y + g3 + haty
Hence, when u(z) = (1,0,0)7,
() = (ca + e2Z + fo2 + ho2)(d3 + f39 + g3 + hsiy)
— (da + foU + g2 + ho@y)(c3 + €3 + f32 + h3®2),
Uo () = —(by + €27 + g22 + hoy2)(ds + f39 + 932 + hs2y)
+ (da + foy + g2 + hoZ0)) (b3 + €3y + g32 + h3(2),
Uz(x) = (ba + €2y + g22 + hoy2)(c3 + €32 + f32 4 haiZ)
— (co 4 2@ + fa2 + ho2)(bs + €37 + g3 + h3yZ).

If we define

Al = cyds — dycs, A} = dybs — byds, A} = bycs — cobs,
By = fabs — f3bs, B, = gabs — bags, By = byez — esbs,
011 = Caofs — facs, 021 = g2C3 — (203, C’; = €2C3 — (263,

(3.3) Di = fads — da fs, D% = dag3 — gads, D% = ead3 — e3dy,
B} = habs — hsbs, E; = hycs — hacy, E3 = hyds — hads,
Gl = €293 — gacs, Gy = faes — eafs, Gy = g2fs — fags,
Hy = fohs — hafs, Hy = h3gs — hags, H3 = eyhs — hges,

then P4'(1,0,0)7 will have the form:

(3.4)
Al + (D3 — C3)2 + Clg + Di2 — (Ey + Gy)29 + (B3 — G322 + G12° + Hy2*) — Hyd?z,
AL+ Bii + (Bf — DY)g + Diz + (B} — G)ji — (Bi + G792 + GLi? — Hizg? + HL9%2,
AL+ Bid + O30+ (O — B2 — (B + G124 + (Ey — G329 + G322 + Hy2* — Hig2?

Vectors of identical forms with coefficients A%, A3,--- and A3, A3 -, defined analogously,

are obtained for the choices (0,1,0) and (0,0,1). If we consider the coefficients A;, B;, C;,
etc. as arbitrary, rather than as functions of the 14 coefficients defined above, then this

is a linear space involving 20 independent parameters, which we denote by S(; . Note that
although there are 21 coefficients in the above expressions, the three coefficients Bf, Cy, D3
only appear in equation (3.4) in the terms (D} — C3), (B} — D}), and (C} — B}), and these
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three terms sum to zero. Hence, there are only two linearly independent coefficients in these

three terms, so the linear space S'(; involves 20 independent parameters, rather than 21.
In fact, defining mappings F*(Z,9,2),--- , F* (2,9, 2) by

Fl=[i+g2,9,2,  F'=[59+924,  F'=li9,2+2,
F'=[2+22,0+922, F =[t+&)0,2+08, F°=[&0+2),2+22,
F' =i +92,9,2,  F°=[2,9+202 2],
F=[i+a92,9+922,  FU=[,9+29%2+22,  F'=[2+29,9 7+ 252,

we can establish the following result, analogous to Lemma 3.3 of [2].

Lemma 3.1. Let V' be a space of vectorfields on K such that PV D PO(F(K)), where F
is any one of the trilinear isomorphisms F*,--- | FY. Then VD S’;
Proof. Since PV 2 Py(F(K)), we have that V' 2 P Py(F(K)). Thus, it is sufficient to

prove that S’; C Zzlil P;} Po(F (K )). Applying the first three mappings to the unit vectors
[1,0,0],[0,1,0], [0,0,1] gives the vectors

[1,0,0], [-z,1+4+9,0], [0,0,1+4+y9], [1+20,0], [0,1,0],
0,—-y,1+2], [1+,0,-2], [0,1+2,0], [0,0,1],
from which we can generate the vectors
[1,0,0], [0,1,0], [0,0,1], [0,2,0], [0,0,9], [2,0,0], [-%,9,0], [0,—7,Z2], [#,0,—Z].

Applying the second three mappings to these unit vectors gives the vectors

14200, [0,14+20], [-&—&2—§—951+25+27,
[1+9.00],  [-&—ag1+29+9"—2—9,  [0,0,1+7],
[1+2£+i27_g_f97_2_£2]7 [Oa1+ja0]v [07071—}_@]’

from which we can generate the additional vectors
[07 07 j]v [?)a 07 O]a [Oa 27 0]7 [iQ’ _ig7 _':%2]7 [_i‘lga gQ’ _gé]v [_'f"év _gév 22]
Applying the third set of mappings to these unit vectors gives the vectors

[1,0,0], [—22,14y2,0], [—27,0,1+ yZ],
1+ 22, —y2,0], 0,1,0], [0, —27, 1+ 2],
from which we can generate the additional vectors
[—22,9z,0], [—2y,0,9z], 0, =gz, 2Z].
Applying the final set of mappings gives the vectors
1+ 2,0,0], [—22,1+g2,0], [—29, =9 — 92,14+ 2+ 92 + 937,
[1+2+ 224323, —92, -2 — 237, 0,1+ %,0], 0, —27, 1+ 22],
1+ 29,0, —92], [—& — 29,1+ 9+ 29+ 29°, —22],  [0,0,1+ ],

from which we can generate the additional vectors

[0, 922,927, [2%2,0, —227], [—2%g, 297, 0).
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These vectors span S'(; . l

There are other choices of mappings that we could have made to achieve this result. These
choices will simplify the construction of special meshes, when we use this lemma below to
establish the following necessary condition (the analogue of Theorem 3.1 of [2]) on the choice

of V to ensure the approximation result (3.1).

Theorem 3.2. Suppose that the estimate (3.1) holds whenever Ty, is a sequence of shape-

reqular/non-degenerate hexahedral meshes of a three dimensional domain 2. Then VD S’g

Proof. To establish the theorem, we follow the proof of Theorem 3.1 of [2]), and assume
that V ) S'(; . We then exhibit a sequence 7, of shape-regular/non-degenerate meshes
(h=1,1/2,1/3,--+) of the unit square for which the estimate (3.1) does not hold. We know
by Lemma 3.1, that for at least one of the mappings F*, i = 1,---,11, PV does not

contain Po(F'(K)). We assume, without loss of generality, that for either i = 1, i = 4,
1="7,0ri=29,

(3.5) PV 2 Po(F'(K)).
To define the mesh 7, we first define for each of the maps F', a mesh 7,! of the unit cube,
consisting of eight elements K, --- , Kg. This is done by specifying the vertices of K; and

then showing that a trilinear map of the form E o F' maps the unit cube onto K, where the
map F is a linear isomorphism. To obtain the other elements, we note that for each map
F, exactly four vertices of F' (K ) will have = coordinate equal to zero, exactly four vertices
will have y coordinate equal to zero, and exactly four vertices will have z coordinate equal
to zero. We then define K, as the element in which the the zero x coordinates are set to one,
K3 as the element in which the the zero y coordinates are set to one, and K, as the element
in which both the zero x coordinates and y coordinates are set to one. The remaining four
elements are obtained from these by changing the zero z coordinates to one.

For the map F*, we define K to be the element with vertices (0,0, 0), (1/3,0,0), (0,1/2,0),
(2/3,1/2,0), (0,0,1/2), (1/3,0,1/2), (0,1/2,1/2), (2/3,1/2,1/2), and define E'(z,y, z) =
(x/3,y/2,2/2). We then note that E' o F' is a trilinear map from the unit cube onto the
element K;. Although we will not write them explicitly, we can then use the description of
the vertices of K;, i« = 2,--- 8 given above to also find trilinear maps from the unit cube
onto each of these elements. In this case, all these elements will be congruent to K;, but
this will not be the case for the other choices of the map F'.

For h = 1/n, we then construct the mesh 7;, by partitioning the unit cube into n® subcubes
K, and meshing each subcube K with the mesh obtained by applying the mapping D (&) =
i + hgx, where i is the corner of K with smallest x,y, z coordinates and hg is the
side length of K. Combining these steps, we see that for each element T of the mesh
Ty, there is a natural way to construct a trilinear mapping F' from the unit cube onto T’
based on the mapping F'. The first step is to compose F' with the linear isomorphism
E'(z) = (2/3,y/2,2/2) to obtain a trilinear map E' o F' from the unit cube onto the
element K. We then obtain, as described above, trilinear maps from the unit cube onto the
elements Ko, --- , Kg. Finally, further composition with the map D (consisting of dilation
and translation), taking the unit cube onto the subsquare K containing 7', defines a trilinear
isomorphism of the unit cube onto 7.
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For the mapping F*, the vertices of K, are chosen to be (0,0,0), (1/3,0,0), (0,1/3,0),
(1/3,1/3,0), (0,0,1/2), (2/3,0,1/2), (0,2/3,1/2), (2/3,2/3,1/2). The mapping E> o F*,
where E*> = (v/3,y/3, 2/2), then gives a trilinear map from the unit cube onto the element
K,. For the mapping F”, the vertices of K, are chosen to be (0,0,0), (1/3,0,0), (0,1/2,0),
(1/3,1/2,0), (0,0,1/2/), (1/3,0,1/2), (0,1/2,1/2), (2/3,1/2,1/2), and E' o F" gives a tri-
linear map from the unit cube onto the element K;. For the mapping F°, the vertices
of K are chosen to be (0,0,0), (1/3,0,0), (0,1/3,0), (1/3,1/3,0), (0,0,1/2), (1/3,0,1/2),
(0,2/3,1/2), (2/3,2/3,1/2), and E* o F? gives a trilinear map from the unit cube onto the
element K;. Four choices of the mesh 7;!, corresponding to these four cases, are shown in
Figure 1.

FIGURE 1. The mesh 7;'.

Having specified the mesh 7, and a trilinear map from the unit cube onto each element
of the mesh, we have determined a space ‘7(771) based on the shape functions in V. We
need to show that estimate (3.1) does not hold. To do so,we observe that V(7,) coincides
precisely with the space

{u:ulx = Pp, V(T}'),VK € Uy},
where U}, is the uniform mesh partitioning €2 into n® subcubes of side length h = 1/n and
V(T ={v:0|x, € V}.

Thus, we may apply Theorem 2.1 to conclude that (3.1) does not hold if we can show
that V(7,!) 2 Po(K). We do this for the first case corresponding to the map F' since
the argument is similar in the other cases. Now, by construction, the functions in V(7;!)
restrict to functions in PrV on K; = F(K), where F = E' o F'. Hence, it is enough
to show that PrV 2 Py(K;). Now by the composition property of the Piola transform,
PpV = Pp(PmV). Since E' is a linear isomorphism of F'(K) onto K;, P, is a
linear isomorphism of Po(F'(K) onto Po(K;). Thus, PrV D Py(K;) only if PmV D
Po(F'(K)). But from (3.5), we have that PV 2 Po(F'(K)) and so PrV 2 Po(K)).
Hence, (3.1) does not hold. O

We end this section by determining an appropriate set of degrees of freedom for the space
V.. Instead of choosing V to be the 20 dimensional linear space S’; determined above, we



12 RICHARD S. FALK, PAOLO GATTO, AND PETER MONK

take V to be a slightly larger 21 dimensional subspace Sy of RT (dimension = 36) that
includes RTy, consisting of all vectors w of the form:

= A+ Bii+C)+ D12 — (Ey + G2)ig + (B3 — G3)2 + G13% + Hzd?) — Hy3?2,
Uy = Ay + Bod + Coff + DoZ + (Ey — G1)§3 — (B3 + G3)92 + G29* — H329? + H1§°2
Q3 = Az + Bsi + Cs) + D32 — (B + G1)23 + (By — G2) 29 + G32* + Hyi2? — Hyj3?,
where again the coefficients A;, B;, C;, etc. are considered arbitrary. The reason for slightly
enlarging the space is to be able to find degrees of freedom that will insure continuity of

u - n across elements sharing a common face, a necessary condition to have the global finite
element space a subspace of H (div; ).

Since for & € Sy, @+ is a polynomial of degree < 1 on each face, we can insure continuity
of 4 - n by specifying 3 degrees of freedom on each face, i.e.,

[ mpds. pepF),
F
We then define the final 3 degrees of freedom by
(3.6) /ﬂ-fdﬁ, 7 € R,
K
where R denotes the span of the vectors

= (0,1/2— 2,9 —1/2),  #yi=(1/2—%0,2—1/2),  #3:=(1/2—g,2—1/2,0).

We now show that these choices give a unisolvent set of degrees of freedom for So. We first
observe that if @, - n; = 0 on the face £ = 0, then A; = C; = D; = 0. A similar argument
using the corresponding normals on the faces y = 0 and 2 = 0 gives Ay = B, = Dy = 0 and
A3z = By = (3 = 0. The conditions & -1 = 0 on the remaining three faces give the equations

Bl+G1:O, —EQ—G2+H3:O, Eg—Gg—HQZO,
02+G2:0, El—Gl—H?,:O, —Eg—G3+H1:O,
D3+G3:0, —El—G1+H2:0, EQ—GQ—H1:O.

These are easily solved, giving
FE, = (Hs; + H»)/2, E, = (H, + H3)/2, Es = (H, + Hy)/2,
G1 ( H3)/2 G2:<H3—H1)/2, G3:<H1—H2)/2,
B, = (Hs — Hy)/2, Cy=(H,— H3)/2, D3 = (Hy — Hy)/2.
Hence, if the 18 face degrees of freedom of u are equal to zero, then w will have the form
uy = 2(1 — 2)[Hy(z — 1/2) — H3(y — 1/2)],
(3.7) wy = g(1 —g)[Hs(& —1/2) — Hi(2 = 1/2)],
us = 2(1— 2)[Hi(y — 1/2) — Hy(z — 1/2)].

Then, setting the final three degrees of freedom equal to zero, we see that H; = Hy = H3 = 0.
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4. NECESSARY CONDITIONS FOR OPTIMAL APPROXIMATION OF THE DIVERGENCE

We next consider the issue of what additional functions, if any, must be added to the space
on the reference element to also insure an optimal O(h) approximation of the divergence. It
follows from the results of § 2 that if we consider a sequence 7;, = U, of uniform meshes of
the unit cube into subcubes of side h = 1/n, then the approximation estimate

(4.1) inf || div(w — v)||2(0) = o(1)
veEV)

is valid only if divV D Py(K). We show in this section that for this estimate to hold for
more general hexahedral meshes, we will need much stronger conditions on V.

Again following the arguments presented in [2], the key condition needed is that after
mapping by the Piola transform associated to the mapping of the cube to an arbitrary hexa-
hedron, the divergence of the resulting functions on the hexahedron must contain constants.
To determine these functions, we use the fact that

div i = JF(&) div u.

Thus, if the divergence of the space on the physical element contains constants, the original
space must contain the function JF'(z) for any choice of the constants b;, ¢;, etc. An explicit
computation gives the formula

(4.2) JF(x) = [det(b|c|d)|1 + [det(b|c|g) — det(b|d|e)]|z + [det(b|c|f) + det(c|d|e)]y
+ [det(c|d|g) — det(b|d| f)]z + [— det(c|e|g) + det(b|c|h) + det(ble| f)]zy
+ [det(b| f|g) — det(b|d|h) — det(d|e|g)|ZZ + [det(c|f|g) + det(c|d|h) + det(d|e| f)]yZ
+ det(ble|g)i* — det(c|e| f)7? — det(d|f|g)2* + 2 det(e| f|g)Ly2
+ det(ble|h)i?*) — det(b|g|h)i*2 — det(c|e|h)§*2 + det(c| f|h)§?2 + det(d|g|h)2*2
— det(d|f|h)2*g — det(e|g|h)i*G2 + det(e| f|h)2g?2 + det(f|g|h)252>.
Viewing this as a linear polynomial space, and assuming the coefficients are all inde-
pendent, this is a 20 dimensional subspace of Q, N P, which we denote by Ry (note the
monomials £2g%, 2222, and §?2? are not present). Since the divergence of our original 21 di-

mensional space already contained constants, we remove constants from this 20 dimensional
space, and denote by () the span of the remaining 19 monomials:

&,7, 2,20, 22,92, 2%, 9%, 2%, 229, 222, 978, 972, 222, 220, 292, 2292, 9742, 2229

Thus, Ry = span{1, Q} In fact, defining mappings G'(%,7, 2),--- , G®(2, 9, 2) by
G'=[2,9,2+ 292, G*= [:chgz,g,ﬂm,
G® =i+ 22,9+ 292, 2], G* = [2,9 + &7, 2 + 93],
G® = [2(1+9),9(1 + 2), 2(1 + )], G® = [2(1+9),9(1 + 2), 2(1 + 29)],
G™ = [2(1+9),9(1 +22), 2(1 + 2)], G® = [2(14+92),9(1 + 2), 2(1 + )],

we can establish the following result, analogous to Lemma 3.4 of [2].
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Lemma 4.1. Let V be a space of vectorfields on K such that div PV 2 Py, where F
is any one of the trilinear isomorphisms F° = [,9,2], F*,--- \F or G*,--- |G®. Then
divV 2 Ro.

Proof. Now JF°(Z) = 1, and using (4.2), we easily obtain the following expressions for JF
corresponding to the choices F*', ... F'.

F' F? F3. JF =149, 1+2% 1+%,

F'F° F°: JF=1+2:42%% 1420+9° 142+ 3°
F'F*: JF=1+493 1+iz,
F° F'9 pl. JF =14 24954+ 2%), 1+a+22+3%, 149+ 275+ 9°c.

In a similar manner, we find JG'(Z) = 1 + 2, and the following expressions for JG(&)
corresponding to the choices G2, - -- , G®.

G G G': JG)=1+9+92+9%%, 1+24+22+2%, 1+3+29+ 2%,
G°: JG(2)=1+3+7+2+30+32+ 92+ 2293,
GG G®: JG(x)=1+9+2+a)+92+ 9% + 29°2,
1+ 2+ §+ 20+ 22 + 2°2 + 2%92, 143+ 2+ 8z + 92 + 2°9 + £92°
Taking appropriate linear combinations, we can recover all the elements in Rj. ([l

Using this lemma, we can now establish the following necessary condition (the analogue
of Theorem 3.2 of [2]) on the choice of V' to ensure the approximation result (4.1).

Theorem 4.2. Suppose that the estimate (4.1) holds whenever T, is a sequence of shape-
reqular/non-degenerate sequence of hexahedral meshes of a three dimensional domain €.

Then divV 2 Ry.

Proof. The proof is essentially identical to the proof of Theorem 3.2, except that Lemma 4.1
and Theorem 2.2 are used in place of Lemma 3.1 and Theorem 2.1. However, in addition
to the basic mappings F*,--- , F* used in Theorem 3.2, we have also defined the maps
G',--- ,G® and we need to check that if any of these is used to define the element K7,
then we can find additional maps onto elements K, -, Kg, such that the eight elements
fit together to form a unit cube. Since the elements G, --- , G* are of the same type as
those defined previously, and G, --- , G® are symmetric versions of the same map, we can
restrict ourselves to considering only the maps G° and G®. For the map G°, the vertices
of K, are chosen to be (0,0,0), (1/3,0,0), (0,1/3,0), (2/3,1/3,0), (0,0,1/3), (1/3,0,2/3),
(0,2/3,1/3), (2/3,2/3,2/3). The mapping E* o G°, where E* = (x/3,1/3, z/3) then gives
a trilinear map from the unit cube onto the element K;. For the mapping G®, the vertices
of K are chosen to be (0,0,0), (1/3,0,0), (0,1/3,0), (1/3,1/3,0), (0,0,1/3), (1/3,0,2/3),
(0,2/3,1/3), (2/3,2/3,2/3), and E* o G® gives a trilinear map from the unto cube onto the
element K;. In both these cases, the elements Ko, -- , Kg are determined as before. The
two choices of the mesh 7;! corresponding to these maps are shown in Figure 2. 0J
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FIGURE 2. The mesh 7;! for the maps G° and G®.

5. AN OPTIMAL ORDER H (div;{2) SPACE AND ITS PROPERTIES

As a consequence of Theorem 4.2, a necessary condition for an optimal order approxi-
mation of the divergence is that we add to Sy a space of dimension 19, whose divergence
gives the space Q We do this in a way so that any element in this space will have the
property that g -n =0 on OK. Tt is easy to check that adding vector functions of the form
[2(1 —2)g1,9(1 — §)g2, 2(1 — 2)g3] will satisfy the desired requirements if

g1 = Ay + Bi@ + Byl + Bs2 + Hiz + Fyi2 + Giag + L1292,
(5.1) g2 = Ay + Bod + Cof + Cs2 + Enj2 + Hi2 + Gady + Liags,
g3 = As + Bsi + Csyj + D32 + Esij2 + Fyis + Hij + Izigs.
Here the coefficients A;, B;, etc., are considered arbitrary with no relation to the constants
used previously. If we denote this space by Ty, then vector functions in the 40 dimensional
space Vg = Sy @ Ty will have the form:
u, = A1+ Biz+ Cig+ D12 + Eyzy + Fi22
+2(1 —2)(Gh+ Hiz + Lig+ J1Z2 + Kz + L2y + M2z + N1ig2)
Uy = Ag + Bot + Coy + Doz + Eoyt + Foyz
+9(1 — 9)(Ge + Hott + Ly + Joz + K&z + Loiy + Mayz + Nazg2)
uz = Az + Bsx + Cs3y + D3z + E3zx + F32y
+ 2(1 — 2)(Gs + H3Z + I3 + J32 + KZg + Lsiz + M3yZ + N3zyZ2).
Here again all constants are considered arbitrary with no relation to the constants defined
previously. Note there are some simple computations needed to verify this. For example,
in the original 21 dimensional space Sy, we allowed vectors of the form (0, §z, —Z%) and
(22, —gz, —22). By adding the vector (22,0,0), we then recover the vectors (0,¢%,0) and
(0,0, 22). Similarly, in Sy, we allowed vectors of the form (2%, —2¢% 0). By adding the
vector (—227, —29?,0), we then recover the vectors (2%¢,0,0) and (0,292, 0). The subspace
constructed above is a subspace of RT', (dim RT> = 108). Note that although the dimen-
sion of V is greater than the dimension of RT';, RT'; is not a subspace of V, so it does
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not suffice to simply use RT'; to obtain optimal order convergence on a general hexahedral
mesh. R
We then choose degrees of freedom for V' to be:

(5.2) / (@-A)pds, pePF),
F

(5.3) /q-fdx, P e R Py,
K

(5.4) /d§VQﬁdx, peQ\ Py
K

We first show these are a unisolvent set of degrees of freedom for Vo, and that the resulting
finite element space V', will be a subspace of H (div; ().

Lemma 5.1. The degrees of freedom (5.2)-(5.3) are divergence conforming and unisolvent
using the space of vector polynomials Vo on K.

Proof. 1t is easy to see that these degrees of freedom are unisolvent. Setting them all to zero,
we first observe q- (0,0, —1) on the face Z = 0 is of the form A3+ B3Z + C3y. The conditions
on the degrees of freedom on this face then imply A3 = B3 = (3 = 0. Hence, g-n = 0 on
this face, which establishes that the element is divergence conforming on this face, i.e., that
the degrees of freedom on the face Z = 0 uniquely determine q - nn = 0 on this face. On the
face Z = 1, the condition g - (0,0,1) = 0 then implies D3 = E3 = F3 =0. Thus ¢ -n = 0 on
this face, and the element is also divergence conforming on the face z = 1.

By similar reasoning on the other faces, A, = B;=C; =D, = FE; =F,=0,i=1,2, and
thus the element will be divergence conforming on all faces. Using the divergence theorem,
and the degrees of freedom (5.2)-(5.3) we also have for all p € Py,

/divq;adgs:/ q-ﬁﬁdg—/q-@pd;z:o.
K 0K K

Hence, together with (5.4), we get

/ divgpdi =0,
K

for all p € Ry. Since div?] belongs to this space, we find that divf] = 0. Thus, q has the
form given by (3.7). It then easily follows from the second set of degrees of freedom that
q=0. O

The next lemma shows that the degrees of freedom are unchanged when mapped by the
trilinear map F'.

Lemma 5.2. The degrees of freedom of a function w on K and for u on K are identical
provided w and u are related by (1.1) and R @® Py is transformed using (1.3).

Proof. This result follows by using the usual change of variables formulae together with the
relationship between volume and surface Jacobians in equation (1.34) of [7] and summarized
in (1.2). O
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6. NECESSARY CONDITIONS FOR OPTIMAL L?()) APPROXIMATION OF H(curl; ()
ELEMENTS ON HEXAHEDRAL MESHES

In this section, we consider finite element spaces defined by the mapping (1.3) from a
reference element and determine necessary conditions for O(h) approximation of a vector
field on shape-regular /non-degenerate hexahedral meshes. Following the previous approach,

we first determine what shape functions U are needed on the reference cube, so that after
application of the mapping (1.3), the resulting functions contain the constant vectors (1,0, 0),
(0,1,0), and (0,0,1). This is done by applying the inverse of the mapping (1.3) to these
constant vectors, i.e., the mapping

(6.1) a(z) = (DF)T (&) u(z).

When u(x) is the unit vector with i** component equal to one, we find

~

() = b+ ey + g2 + hiyz,
fbg(w) =c¢; + Bi.i' + fZZA’ + hz.’lAl'ZA’,
usz(x) = d; + f;0 + ;& + hi2y.

Hence, the curl conforming finite element space must contain the span of the following
functions

1\ /o\ /o\ /9\ [\ [0\ [i?
o). (1], (o). lz].{o]. 2], (a2
o/ \o/ \1/ \o/ \&) \o/ \ay

This is @73171,1, where P; 1 ; denotes the tensor product of linear polynomials in each variable.
Since the lowest order Nédélec space, denoted by Ny, is given by Ny = Py 1.1 X P11 X P10,
we see that N contains the necessary functions. If we apply (6.1) to the space P, then
using the expressions for F' and DF', it is easy to check that the resulting space of vectors
€ N1 = Pi22XPa212XPa21. By arguments analogous to those used previously, IN; satisfies
the necessary conditions for second order accuracy in L2

We next consider the issue of what additional functions, if any, must be added to the space
on the reference cube to also insure optimal approximation of curl w. For this, we use the
fact that

curl @w(z) = JF(&)(DF)"\(z) curl u(z).

Thus, we are back to the question of L? approximation in H (div; 2), where ¢ = curl u.
Now

~

A 1 0 0 T x
curl Ny = span of,(1].10].l=y].,| O
0 0 1 0 Z
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Thus, we need to add 15 basis functions to Ny, whose curls give the remaining vectors in
the 20-dimensional space S, . A good choice is the following, whose span we denote by M.

(Pl = [07(1 _é)i:(l —f),O]T, (?2 = [07 2§:<1 _x)70]T7

?3 = [O’ 0, (1 - g)iﬂ<1 - :%)]Ta ?4 = [Oa 0, @j(l - x)T’

¢A)5 = [(1 - 2)?3(1 —@),O,O]T, ?6 = [éA(l _?))’070]T7

b = 0,0.(01- 250 )" B = 0,020 )T,

?’)9 = [(1 —Q)ﬁ(l - 2)70?0]T7 ?10 = [QA(l _’é:)?O’O]Ta

¢ = [0,(1—-2)2(1-2)], b, = [0,22(1—2)]",

?13 = [g 1 —Q)é(l _2)70’0]T7 Py = [Oai‘<1 _‘%)2(1 _2)70]T7
¢ = [0,0,2(1—2)y(1 — )"

To see that curl M + curl N spans S|, we note that

~ ~ ~

curl (¢, + ¢,) = [0,0,1 —22]",  curl(¢py + ¢,) = [0,1 —23,0]7,
curl (¢, + ¢,) = [0, =3 + 229, 5 — 222]" = [0, =4, 2T + 2[0, g, —22]",
curl (¢, — @) = [22(1 — 2),0, (1 — 22)(1 — 22)]% = —2[2%, -2y, —22]"

—2[0

,2g, —22)" 4+ 2[2,0, —2]" —2[0,0,2]" +[0,0,1]%,

curl ¢5 = [0,20%2 — 9> — 205 + 4, —295° + 22 + 295 — 2|7
=200,9%2, —92°" + (29, -9, 29)" + [—22, -9z, 2°]"

+H=29,0, 291" + [22, —92, 01" + [0, 9, —2]".
Using these formulas, together with analogous formulas for the other qz’)i, the desired result
is easily established.

These basis functions all have the property that their edge degrees of freedom are zero,
ie., cAb -t = 0 along each of the 12 edges of the cube K, where t is the tangent vector to
that edge. In addition, the tangential component of each qAb vanishes on all except at most
one face of K, and for three of the basis functions, the tangential component vanishes on all
faces.

Setting ﬁo = Ny + M, we now show that

(6.2) /11 -tpds, pe Py for all edges é with unit tangent ¢,
(6.3) /(@ x @) -apde, pe P\ Py, forall faces f with normal 7o,
f
(6.4) /(@xﬂ)~fd@, 7 € R,
K

are a unisolvent set of degrees of freedom for the 27-dimensional space Uy, and the finite
element space defined from these degrees of freedom is curl-conforming.

We start by proving that the degrees of freedom are invariant under the appropriate change
of variables.
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Lemma 6.1. The degrees of freedom of a function w on K and for w on K are identical
provided w and u are related by (1.3) and R is transformed in the same way.

Proof. This result follows by using the usual change of variables formulae together with the

relationship between volume and surface Jacobians in equation (1.34) of [7] (summarized in
(1.4)). O

Lemma 6.2. The finite element constructed using U, together with the degrees of freedom
(6.2)-(6.4) is curl-conforming and unisolvent.

Proof. Using Lemma 6.1, we need only prove unisolvence and conformance on the reference
element. On K, the general basis function in Uy can be written @ = (ty, G2, U3) where

U = a1+ agy + asz + ayz + as(1 — 2)y(1 —9) + a152(1 — 2)(1 — 9)
s 2(1 — 2)§ + asaii(1 — §)7 + asrd(1 — §)2(1 — 2),

Uy = g+ a4 + agz + a1122 + a3z(l — 2)(1 — 2) + a7(1 — 2)2(1 — 2)
+a19Z(1 — )2 + az(l — 2)& + ag2(l — 2)2(1 — 2),

U3 = ag+ a5t + a7y + a12@y + apaZ(1 — &) (1 — 9) + ae(l — 2)y(1 — 4)

+agz(l — )y + asy(l — 9)T + agsy(l — )z (1 — ).

Consider a face f . Suppose the degrees of freedom (6.2) vanish for all edges é of f and that

the degrees of freedom (6.3) also vanish for f . With no loss of generality, we can assume the
face is 2 = 0. On this face, the tangential components of u are

711 = + CL6Z) + a15§/(1 — g), ﬁg = Q2 + CL4$2’ + CL13;%(1 — L%)
The degrees of freedom (6.2) applied on the edges along (¢ =0, 2 =0), (z =1, 2 = 0),
(y=0,2=0)and (y =1, 2 =0) show that a; = ag = a2 = a4, = 0. But on the face Z =0,
@ ><'&,-'ﬁ:a4—|—a13(1—2£)—a6—a15(1—2@).

Using the fact that ay = ag = 0, the vanishing of the degrees of freedom (6.3) on this face
(choosing successively p = & and then p = ¢) shows that a13 = a;5 = 0. Thus 4; = Uy =0
on this face. This proves that the element is curl conforming.

To show unisolvence, note that if all the degrees of freedom vanish, then all tangential
components vanish on the surface of K , and so

0 0 g1 =9)z(1 = 2)
ﬁ:(l25 0 + a9 2(1—2)[%(1—52‘) + ao7 0
g1 =9zl - 2) 0 0

Using 73 = (1/2 — g,z — 1/2,0) we have
1

K K

so the vanishing of the interior degrees of freedom (6.4) shows that as; = 0, and similarly
that ase = asy = 0. This completes the proof. O
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The space we have constructed is first order convergent in both the H(curl;{2) norm

and L? norm. We note that all the basis functions in Uo are contained in Ny = P9 X
P22 X Paoi. Hence N, is first order convergent in the H (curl; €2) norm and second order
convergent in the L? norm.

7. PROJECTION OPERATORS AND THE DISCRETE DE RHAM COMPLEX

Associated to the degrees of freedom of the space V,, on the reference element, there is a
natural bounded projection operator #V : H 1(K ) — V. We then define the corresponding
projector operator Yy o HI(K) — PpV, by ¥ = prrVP;}. A global projection
operator wY : H'(Q) — V), is defined piecewise, i.c., (w¥u)x = wY%(u|x). Similarly,
associated to the degrees of freedom of the space ﬁo on the reference element, there is a
natural bounded projection operator #Y : H Y(curl, K ) — U, where

H'(curl,K) = {v € H'(K) : curlv € H'(K)}.

Since it is not at all obvious, we note that a demonstration that the edge degrees of freedom
are well defined for the space H'(curl, K) can be found in the proof of Theorem 3.2 in
[8]. We then define the corresponding projector operator w% : H'(curl, K) — R:U,
by 7% = RFﬂ‘UR '. A global projection operator «¥/ : H'(curl,) — U, is defined
piecewise, i.e., (ﬂ'gu)K = 7w (u|k).

To describe our discrete de Rham complex, we need to first define some additional spaces.
On K , we define S = Pi 1.1, the tensor product of linear polynomials in each variable. We
then define in the usual way S = {p : p(Fx(&)) = p(z), & € K, p € S}, and then

Sh:{pe HI(Q) Zp|K & SK,\V/KG’];L}.

We next define the space W = div V, ie., W = span Ry and then a space of shape functions
on K by

~ A

Wik ={w: w(Fg@)) = (JF) (2)0(z), 2 € K,wc W}
Finally, we define
Wy, = {’LU € L2(Q) : U}‘K S WK,VK € 771}

For the space S we let #% be the usual Lagrange interpolation operator (interpolating at

the vertices of the set K ). For the space W we let 7% denote the L2 projection. Associated
to these projections, we then define projection operators on the element K in the usual way,
ie.,

mip(a) = P poF it (x) = #p(x), T w(z) = (JF) "7 woFi (z) = (JF) 7V (@),
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We now show that the following discrete de Rham diagram commutes

HY(Q) 229 H(curl; Q) % H(div;Q) —2 12(Q)
U @) U

H?(Q) H'(curl, Q) H'(Q)

] Wl
S, = U, curd, Vi, W,

We note that the above diagram is directly related to a similar diagram on the reference
element. This follows easily from the relationships below.

wip =75, w%u=Rpa"Rilu, nlv=Pra¥"Pilv, nWw=(JF) %V (JFuw),
grad p = Rpgrad p, curl u = Ppcurl R;'u, div v = (JF)_ldiv P.lu.

Then for example, if we know that w¥curl @ = curl #Y @, we have

ﬂl‘gcurl u= PFﬁ'VP}lPF curl R}lu = Py7Vcurl 4 = Prcurl &Y R;lu

_ - -1, U, _ -1 U, _ U
= Ppcurl R, myu = PpP, curlmju = curlmu.

To check that the diagram commutes, we shall instead use the relationships given in
Lemmas 5.2 and 6.1 between the degrees of freedom on the element K and the element K.

Lemma 7.1. For all sufficiently smooth vector functions u, Y’V x u =V x w7u.

Proof. Since V x U, C V}, we see that the lemma is proved if we can show that ) (V x
(I —wY%)u = 0. Thus it suffices to show that 7YV x w = 0 for any smooth function w
having the property that the degrees of freedom (6.2)-(6.4) vanish on every element. To do
this, we need to show that the degrees of freedom (5.2)-(5.4) for V x w vanish, and we can
restrict ourselves to the reference element via Lemma 5.2. It is obvious that the degrees of
freedom (5.4) vanish, since V - V x @ = 0. For the degrees of freedom (5.3), we see that for
7 e R,

Vxw-idi=0,

K
since this is just (6.4). For 7 € Py we see that 7 = V) for some p € P, \ Py and so, using
integration by parts,

/A@xﬁ;-fdj:/?xﬁ;-@ﬁdi:—/@-@xﬁ;ﬁd:)ﬂr/A(@xﬁJ)-ﬁﬁdé
K K K K
The first term on the right hand side vanishes trivially and the second term vanishes because
the degrees of freedom (6.3) vanish.
It remains to show that the face degrees of freedom (5.2) vanish. This is implied by (6.3)

if p € Py \ Po. In the case p € Py, using integration by parts, and the vector and scalar
surface curls,

/Wx@)-ﬁﬁd@:[%xwmﬁ:/wﬁfxpd§+ W - tpds,
f f f of
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where Wy denotes the tangential component of @ on f. The first term on the right hand
side vanishes because p is constant and the second due to the vanishing of the degrees of
freedom (6.2). Thus all the degrees of freedom for V x w vanish and so w)’V x w =0. 0O

Lemma 7.2. For all sufficiently smooth functions p, #¥7Vp =V x 77p.

Proof. Since VS;, C Uy, we see that the lemma is proved if we can show that 77V (I -7 )p =
0. Thus it suffices to show that wY Vg = 0 for any smooth function ¢ that vanishes at the
nodes of every element. To do this we need to show that the degrees of freedom (6.2)-(6.4)
for Vq vanish, and we can restrict ourselves to the reference element via Lemma 6.1. It
is obvious that the degrees of freedom (6.3)-(6.4) vanish since V x V§ = 0. For the edge
degrees of freedom in (6.2), we see that for p € P,

- 0
/ch-tﬁd§:]§ —qds =0.
é & 0§
Thus all the degrees of freedom for @c] vanish and so 7YVq = 0. 0

Lemma 7.3. For all sufficiently smooth vector functions v, 7'V -v =V - w)v.

Proof. Since V -V, C W, we see that the lemma is proved if we can show that 7}V V - (I —

) )v = 0. Thus it suffices to show that 7}V - w = 0 for any smooth vector function w

such that the degrees of freedom (5.2)-(5.4) vanish. Using (5.4), we have on the reference
element K that

/@-wﬁdi:o, VpeQ\ P
K

Thus we need only consider the above integral for p € P;. Integrating by parts, we obtain
/vszd:z;:—/wﬁpd:z;+ w - npds.
K K oK

The first integral vanishes for p € P; using the volume degrees of freedom (5.3) since Vp €
Po. The second term vanishes using the face degrees of freedom (5.2). O

Combining the three lemmas above shows that the discrete de Rham diagram commutes.

8. APPROXIMATION ESTIMATES

We have shown in the previous sections that necessary conditions for the space V7, to
have optimal O(h) approximation in both L* and H(div;(2) are that the space V on the
reference element from which V', is constructed satisfies

V 2 S5 and divV D Ry.

We have further established that the choice V' :A‘A/O satisfies these conditions. We show in
this section that the space V', constructed from V' does have these optimal approximation

properties. Throughout, we assume, as usual, that the mesh family {7},},~¢ satisfies (SR-
ND1) and (SR-ND2).
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Theorem 8.1. Let V = VO, Given a he:l:qhedml mesh 7;, of a domain (), there exists a con-

stant C' depending only on the bound for " (defined above) and on the shape-regularity/non-

degeneracy constants of the mesh Ty, such that

(8.1) lv — 7} vll2) < Chl|v| ), Yo € HY(Q),

(8.2) ||dive — divew) v|12) < Chl|dive|me), Yve HY Q) with dive € H'(Q).
We have also shown in the previous sections that necessary conditions for the space Uy,

to have optimal O(h) approximation in both L? and H(curl;Q) are that the space U on
the reference element from which U}, is constructed satisfies

U D) @771,1,1 and curl U oS,

We have further established that the choice U = l/\];Q satisfies these conditions. We also show
in this section that the space U}, constructed from U does have these optimal approximation
properties.

Theorem 8.2. Let U = U,. Given a hexahedral mesh Ty, of a domain (Y, there exists a con-
stant C' depending only on the bound for 7Y (defined above) and on the shape-reqularity/non-
degeneracy constants of the mesh Ty, such that for all v € H*(Q) with curlv € H'(Q),
(8.3) lv — 7} vl 120) < Ch (0]l () + Il curl ’vHHl(m) ,

(8.4) |lcurl v — curl ™ 'v||L2 < Chllcurl v g (g

The proof of these estimates makes use of two applications of the Bramble—Hilbert lemma.
The first gives a result that provides the correct scaling for all, but the lowest order term.
The second uses the fact that the interpolation operators reproduce constants on the phys-
ical element to improve the estimate in the lowest order term. We begin by stating some
preliminary estimates. Since

. Fl(]-?ywé)_Fl(O g 2) Fl(j'jvla ) Fl<i1?072> Fl(‘%agal)_Fl<'f7@70)
DF<JA:) = F2(17Q7 A) F2<0 g 2) FQ(£717 ) F2(£’072> FQ(:%;Q; ]-) - F2<£7:g70) )
F3(]-7y7 ) F3(0 I 2) F3( 1 Z) F3(j:7072> F3(i‘73)a1)_F3(j77:g70)

we have for some constant C' independent of K,
IDF | pwiity < Chic, 1T F|lpmiy < Chi, [IV(IF) gy < Chik
Using the cofactor formula for [DF(&)]~", we get for some constant C' independent of K,
IJF[DF] ™ oy < Chier  1(8/025)(JFIDF) ™ )it ooy < Chi

Proof. (of Theorem 8.1). Since u — whu = Pplu — frv'&], we get using the usual change
of variables, the above estimates, and the assumption that the mesh is shape-regular and
non-degenerate that
—1/20 Ayr
= 7 ull 2oy < Chi [ D o

Then, since @(&) = Prlu(x) = JF(2)[DF (&) 'u(x), one finds
(8.5)

Du = JF(z)[DF (&) "' Du(x)DF + G, where Gy; = Zuk

F(z)[DF(2)] ).

&vj
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Again changing variables and estimating as above, we find
A 3/2 1/2
| Dl iy < ClZ Dl p2aey + hid g2

In both these estimates, the constant C' will depend on the shape-regularity /non-degeneracy
constants v and o defined in (SR-ND1) and (SR-ND2) through the bound on [|(JF) ™| o )
and the constant in the Bramble-Hilbert lemma. Combining these results, we obtain

(8.6) lw — w20y < Clhul| Dull L2y + [l g2 -

Although this is not the estimate we want, since the lower order term does not scale in the
same way as the first derivative terms, we can improve this result by using the fact that
for u € Py(K), 4 = Pylu € S; C V. Then, since &V is exact for & € V, u — wfu =
Pyt —7V4a] = 0. Hence, we have for all ¢ € Py(K), that

Ju — WXUHLQ(K) < C[hK||Du||L2(K) + [lu — C||L2(K)]'

We can now again apply the Bramble-Hilbert lemma (see Lemma 4.3.8 of [6]) to conclude
that ||u — cl|r2x) < Chi||Dul|r2(x), where C' will again depend only on the constant 1.
This establishes (8.1).

We next consider the proof of (8.2). Letting p = divu, we wish to show that

| div — div w20 = [[(1 =7, )pllr20) < Chlplla o).

Again applying the standard scaling argument using the Bramble-Hilbert lemma, we obtain
the estimates
5/2

lp — 7T}r/(VPHH(K) < Ch;(?’ﬂ”@ﬁﬂw(k)a ‘Wﬁ“w(f() < Clhg [IVpllezae + h:;(/QHPHL?(K)]a
where we have used the facts that since divae = JF (&) divu, p = JF(&)p, and
Vp = JF(&)(DF (&))" Vp+ pVJF.
Combining these results, we get
(8.7) lp — 7k pllz2rey < C(hic VDl 2oy + 1Pl 20)-

Again, this procedure does not give the desired estimate, since the lower order term does not
have the necessary scaling. However, since 7’ p is exact for constants, we proceed as above,

obtaining (8.2). O
Proof. (of Theorem 8.2) Since @(%) = R;'u = (DF)"(2)u(x), one finds
. O°F
. k
Da = (DF)'Du(DF)+ H,  where Hy = ; Uk

Since curla(z) = JF(&)(DF~')(&)curlu(z), we can use formula (8.5) of the previous
section with u replaced by curlw to get

Dlcurld] = JF(&)[DF (&))" D[curlu(z)|DF + M,

where
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Then the standard change of variable and scaling argument gives
17201 A A A
lw = 7wl g2 < ChP (DA 2y + || Deurlab]| o ey,
N 1/2 ~1/2
| Datll 2 ) < ClhR 1D ey + b el g2
ATl 3/2 1/2
| Dlcurla]l| 2y < CIHG | Dlewrlal| ey + byl leurlu] gz ).

Combining all these results, we obtain

(8.8) lu — 7Rul 2 ) < Clllullzz ) + hicl| Dl g2y + hicl| Dlcurl wl|| g2 ) -

As above, we have that w¥%u is exact for constants, and so an additional application of the

Bramble-Hilbert lemma to the first term gives (8.3). Finally, since curl #%u = w¥curlu,

(8.4) follows immediately from (8.1). O

9. APPLICATION TO MIXED FINITE ELEMENT METHODS

We consider in this section the application of the results on H (div;{2) and H (curl; ()
finite elements to the approximation of a boundary value problem for the vector Poisson’s
equation in three-dimensions. More specifically, we consider the problem

curlcurlu — grad divu = f, in Q, uxn=0, divu=0, on df,

where 2 is a convex polyhedral domain in R3. Introducing the additional variable o =
curl u, the mixed formulation is:
Problem (P): Find o € H(curl; ), u € H(div; () such that
(o,7) — (u,curlT) =0, V7 € H(curl;Q),
(curlo,v) + (divu,dive) = (f,v), Yv e H(div; ),
where (-, ) denotes the L?(Q) inner product. For U;, C H(curl;Q) and V;, C H(div; ),
the mixed finite element approximation is:
Problem P,: Find o, € U}, and u;, € V5, such that
(oh, T) — (up,curlT) =0, Vre U,
(curloy,v) + (divuy, dive) = (f,v), Yo € V).
To establish stability and quasi-optimal error estimates of this saddle point system, we let
B : [H(curl,Q) x H(div,Q)] x [H(curl, Q) x H(div,Q)] — R denote the bilinear form
B(o,u;T,v) = (0, 7) — (u,curl 7) + (v, curl o) + (div u, divv).
Following [4], stability and quasi-optimal error estimates are ensured by the existence of
positive constants v and C, independent of h, such that for any (o,u) € Uy, x V,, there
exists (7,v) € U, x V), satisfying the following conditions.
(91) B(O’, u;T, U) > f}/(HUH%I(curl,ﬂ) + ”uH%-I(div,ﬂ))?
(9-2) 7] E(eurt ) + |V H@iv.0) < Cllo ]| Hieurt ) + ] Haiv,0)-

In order to verify that these conditions are satisfied, the key step is to first establish appro-
priate discrete Poincaré inequalities.
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Lemma 9.1. Let
Zy(Vy) ={w, € Vi : (wy,curlyp) =0, VY € Uy}
Z,(UL) ={p, €Uy : (p,,grads) =0, Vse Sy},
Then there exist constants Ky and Ky independent of h, such that
lwall L2 ) < Killdivaws|l12@),  wn € Zn(Va),
1Pnllz2 () < Kallcurl py |l L2q),  pn € Za(Un).

Proof. Following a standard approach, we first find w € H'(Q) and p € H'(Q) satisfying
divw = divwy, ||w] g1 < Cfldivw,|| and curl p = curl p, and ||p| g1 () < C|lcurl p,||.
Using the commuting diagram, we then have div(wy, — 7Y w) = 0 and curl (p, — 77 p) =0
and so wy, — w)w = curly for some ¥ € Uy, and p, — 77 p = grad s for some s € Sj,.
Hence,

( 14

lwnl* = (wn, wh — 7 w) + (wh, m) w) = (wr, m)w) < [lwyl[(|7) w0 —w] + [Jw]).

The result follows directly by applying (8.1). The proof of the second inequality is essentially
the same as the first with one additional technicality. Namely, we cannot simply use (8.3) to
replace (8.1), since the right hand side also involves the norm |[curl p|| g1 (). However, since
curl p = curl p, € V', we can use inverse assumptions to replace the term hl[curl p, || g1 (q)

by [lcurl py || z2(q)- Then ||p — )/ pllr2(q) < C|lpll g1 (q), and the proof proceeds as above.
U

We now establish stability of the approximation scheme.

Theorem 9.2. For the finite element spaces Uy, and V'y, defined in the previous sections, the
approximation scheme Problem Py, gives a stable approximation to Problem P, i.e., conditions
(9.1) and (9.2) are satisfied.

Proof. Using the discrete de Rham sequence, we can write u = curl p, + w;, for some
p, € Uy, satistying (p,,, grad s) = 0,Vs € Sy, and some w,, € V', satisfying (wp,, curly) =
0,V € Uy,. Choosing 7 = o — tp;,, and v = u + curlo, with ¢ is to be determined, we
obtain

B<U7 u;T, ’U) = HUH%-I curl Q) t(O’ ph) + || dlqu%Q(Q + t(u Curlph)
> (1/2)[lo Fzeur ) — /2) P4l 72 ) + 1 dival7zq) + tleurl p, 172 -
Next note that from the first Poincaré inequality, we get
HuHiQ(Q) = ”CUﬂthZﬁ(Q) + HwhH2L2(Q) < [[curl PhH2L2(Q) + K| diV“Hi%Qp

and so
min[L/ K7, 1/K3)[ulle ) < (L/K3)eurl p e g, + |l dive|

Then, choosing t = 1/K?2 and using the second Poincaré inequality, we get

B(o,u;T,v) > (1/2)]|0 | Eeurt o) + | divullfs o) + (1/(2K3))[[eurl p, |7 -
> (1/2)llo | 2eurt o) +||d1VU||L2 ) +min[1/KF, 1/ K] [ul7e ]
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The upper bound (9.2) follows directly from the decomposition of u and the discrete Poincaré
inequalities. O

10. H(div;€)) ELEMENTS ON RESTRICTED CLASSES OF HEXAHEDRONS

Since the spaces we have constructed for general hexahedrons are quite complicated, we
now consider the question of whether there are simpler spaces that give optimal order ap-
proximation for special classes of hexahedrons.

10.1. The case h = 0. We first consider the case when the map F' has no cubic terms. This
means that the image of the point (1,1, 1) on the reference cube is no longer independent of
the choices of the images of the remaining seven vertices.

In this case, we find that the coefficients F,, Esy, F5, Hy, Hy, H3 all vanish, so that the 21
dimensional subspace S'O of RT reduces to a 15 dimensional space. However, in order to
form a finite element space of H(div;(2), we must retain continuity of u - n across faces,
and thus need three degrees of freedom per face (since u - m is a linear on each face). Thus,
we consider the 18 dimensional space, in which only the H; are taken to be zero. Then we
can use the same face degrees of freedom as for the 21 dimensional space, i.e., [ o(u-n)pds,
pE P (F )

In addition, in the expression for JF (&), all the cubic and quartic terms (with the excep-
tion of the zyz term) vanish, i.e.,

det(ble|h)z?y = det(b|g|h)z?z = 0, det(cle|h)y*z = 0,
det(c|f|h)y*z det(d|g|h)z*z = 0, det(d|f|h)z*y = 0,
det(e|g|h)z*yz = 0, det(e|f|h)xy*z = 0, det(f|g|h)zyz* = 0.

0,
0

Thus, we can reduce the 40 dimensional space found earlier to a 28 dimensional space of the
form:
u, = A+ B+ Cig+ Diz2+ Eizy + Fiaz
+ (1 —x)(Gy + Hiz + Ly + J1z + Kyz)
Uy = Ag + Box + Coy + Doz + Fryt + Foyz
+y(1 —y)(Ge + Lix + Ly + Joz + Kzz)
U3 = As + Bs® + Cs3y + D3z + E32% + F32y
+ 2(1 — 2)(G3 + Jix + Joy + J3z + Kzy).

If we denote by Ql, the span of the monomials
B9, 2,89, 22,92, 8%, 0%, 2, 292,
then we may choose as degrees of freedom for this space

[(q-ﬁ)ﬁds, p € Pi(F), /f]-’f*d:l?, T € Py, /divf]]ﬁdx, }56@1\731.
P

K K
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10.2. Truncated pyramids with flat faces. To simplify the presentation (and without
loss of generality), we consider in this section the class of mappings for which the top and
bottom faces are parallel to the x — y plane. Thus, F'5 = a3 + dsz, i.e., b3 =c3 = e3 = f3 =
g3 = hy =0 (and d3 # 0). We then add conditions that constrain the remaining faces to be
flat.

Since the plane = zy maps to:

x = a1 + bixo + (c1 + 2z0e1)y + (di + wog1)2 + (f1 + zoh1)y2,
Y = ag + bywo + (c2 + woe2)y + (da + 092) 2 + (f2 + 20h2)yZ2
z = ag + bswo + (c3 + woe3)y + (ds + xog3) 2 + (fs + voh3)yZ,

9

these points will lie in a plane if there exists constants «, (3, and =, not all zero, such that
ax + By + vz = 0§, where 9 is a constant. For this to occur, we require:

(c1 + zoer)a + (ca + zoe2) 8 + (c3 + zoez)y = 0,
(di + zogr1)a + (da + 20g2) B + (ds + x0g3)y = 0,
(fi +x0h1)a + (fo + zoha) B + (f3 + wohs)y = 0.

The above system will have a non-trivial solution if det(ec + zpe,d + zog, f + zoh) = 0.
Applying similar arguments, we find that § = yo will map to a plane if det(b + yoe,d +

Yf.g+yoh) = 0.
We assume that JF(2) # 0 for all 0 < z,3,2 < 1. In particular, applying this condition
at the points (z,0,0), (0,y0,0), and (0,0, z9) we get using (3.2) that for 0 < xq, yo, 20 < 1,

det(b,c + zoe,d + x0g) #0, det(b+yoe,c,d+yof) #0, det(b+ 209,c+ 20f,d) #0.

Thus, we conclude that for xy = 0 and 1, the vectors ¢ + xge, d + xog, and f + xoh are
linearly dependent, while the vectors c+zpe, d+xyg, and b are linearly independent. Hence,
f + xoh can be written as a linear combination of ¢ 4+ zpe and d + xog. However, since
c3 = e3 = f3 = g3 = hy3 = 0, we must have for some constants oy and as that

J = age, f+h=a(c+e).
Analogously, we get for constants vy and v that
9 = ob, g+h=m(b+e).
Hence,
(10.1) h = (a2 — ap)c + aze = (72 — 7)b + 2€.
If we insert (10.1) and the formulas
(10.2) Jf = aoc, g = "ob,
in the original definition of the constants Ag , Bf , etc., and simplify, we obtain for j = 1,2, 3,
Bj=0, C0{=0, E{=-%B], E}=a0}, G|=-wB} G)=-aCi,
Hj = (az — a9)C§ = —(72 — 70) B}
Hence, we have the general relationship

H3:E1—G1:E2—|—G2.
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Thus, the original 21 dimensional space for w may be reduced to the 17 dimensional space
consisting of vectors of the form

@, = Ay + B2+ D12 — Hyag(1 — 2) + (B3 — G3)22 + G14% — Hyi?3,
Uy = Ay + Cof) + Doz + Hsi(1 — y) — (Es + G3)92 + G + Hyi)?2,
Q3 = Az + B32 + Csi) + D32 — (2G + H3)22 + (Hz — 2Go) 29 + G35 + Hod2® — Hi§2%,
which we can further rewrite in the form
U, = Ay + (B +G1)i + D12+ L1224+ 2(1 — 2) (=G — Hsj + Hy2),
Uy = Ag+ (Co + Go)y + Doz + Lz + y(1 — §)(—Ga + Hzx — Hy2),
U3 = Az + B3z + O3y + (D3 + G3)2 + J122 + Jo29
+ 2(1 — 2)(—Gs — Hy + H19),
where
I, = B5— Gy — Ho, I, = H — E;—Gs, Ji = Hy—2G, — Hs, Jo = Hy—2Gy— H;.

We shall think of these equations as determining Fs3, G3, G1, G5 in terms of Iy, Iy, Jq, Jo,
H17 H2 and Hg.
Since u - n is of the form a + bz on the faces £ = 0,1 and y = 0, 1, we can take as degrees

of freedom,
/ (w-n)pds,
F

where p = a+ bz on the four faces £ = 0,1 and §y = 0,1 and p € P;(F') on the faces 2 =0, 1.
Setting these degrees of freedom equal to zero, u will again have the form of (3.7). Hence,
the final three degrees of freedom can again be taken as in (3.6).

From (10.1) and (10.2), we also find that some of the terms in the expression for JF (&)
vanish, i.e.,

det(b,e,g)x* = 0, det(cle|f)y* =0, det(ble|h)r*y = 0,
det(b|g|h)z*z = 0, det(cle|h)y*z = 0, det(c|f|h)y*z = 0,
det(e|g|h)z’yz = 0, det(e|f|h)zy*z = 0.

Manipulating the equations for h, it easily follows that

(’72 - 042)6 = (’Yo - 72)13 + (042 - 040)07 (72 — Oéz)h = 042(’70 - ’Vz)b + 72(042 - Oéo)c-

If v9 # a3, we see that both e and h may be written as linear combinations of b and c.
Hence,

det(e|flg)ayz =0,  det(flglh)ey=? =0,
[— det(cle|g) + det(b|c|h) + det(ble|f)]zy = 0.
If v9 = ay = 0, then f = g = —h and again the above three terms vanish.

However, since b and ¢ are linearly independent, if 7, = g # 0, then 79 = 72 and oy = s
and so ag = ap = 72 = 7 = . Hence,

f =«ac, g = ab, h = ae.
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In this case, we would not have the vanishing of the three additional terms, since

det(e| f|g)zyz = —a® det(b|c|e)ryz, det(f|g|h)zyz* = —a® det(b|c|e)zy2?,
[— det(c|e|g) + det(b|c|h) + det(ble|f)]ry = —a det(b|c|e)zy,

and in general, the vectors b, ¢, e, will be linearly independent. Thus, in the general case,
we can only eliminate the 8 basis functions that correspond to the terms in JF'(&) that are
zero. Eliminating the appropriate functions from (5.1), we then need to add to our space an
11 dimensional space consisting of functions of the form

@y = (1 — 2)(Ay + Byfj + Bsz + Hy2),
@y = §(1 — 9)(As + Boit + Cy2 + Hi2),
g = (1 — 2)(As + Bz + Csy + D32 + Esij2 + Fyis + Hig + I3ig2).

Combining these spaces, we thus can replace our original 40 dimensional space by a 28
dimensional space of the form

@ = Ay + B + Dy2 + Lz + 21 — 2)(Py 4 Quf + Ri2 + K§2),
Uy = Ay + Cof) + Doz + Lz + §(1 — 9) (P + Qox + S12 + Ki2),
Qs = As + B33 + Csi) + D32 + J128 + Jo29
+ 2(1 = 2)(Py + Ro& + Sai) + Ry + K& + Lsiz + Ms22 + N32g2),

where we have replaced the independent variables By, Cy, Ds, Ay, Ay, As, and Bs, Bs, Cs,
H,, Hy, H3 by an equivalent set of independent variables given below.

B, = B, + G4, Cy = Cy + G, D3 = D3 + Gs,
P =—-Gi+ A4, Py = -Gy + A, Py = —G3+ A3,
Q1 = —Hs + B, Ry = Hy + Bs, Sy =—H; + Cs,

()2 = H3 + Bs, Ry = —H; + Bz, So = Hi + Cs.

10.3. General hexahedrons with flat faces. In the previous section, we have seen that
we can construct a simpler linear space in the case of a truncated pyramid, i.e., when all
faces are flat and two are parallel. A natural question to ask is whether we can construct
a simpler linear space, if we only assume that all faces are flat. However, based on simple
symmetry arguments and the results of the previous section, we see that no simpler linear
space is possible. If we perform computations for truncated pyramids when two faces of the
truncated pyramid are parallel to either the x — z plane or the y — z plane, it is clear that in
general, we can not remove any of the coefficients in the 21 dimensional space for u, based
only on the assumption that all the faces are flat. For example, although we found that
By = 0 if we consider the case of two faces parallel to the x — y plane, By will not be zero if
we take faces parallel to the x — z plane. We can also use symmetry arguments to see that
none of the eight basis functions corresponding to the eight vanishing terms in J(&), can be
removed, since they will not be zero for one of the other truncated pyramids.
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10.4. Hexahedrons with flat boundary and midplane faces. We next consider a more
restrictive situation, in which we require both the boundary faces and the midplane faces
(corresponding to mappings of the planes & = 1/2, § = 1/2, and Z = 1/2) to be flat. This
case has previously been studied, using a different approach, in [12] and [13].

As we have seen previously, the plane & = xy maps to a plane if det[c + zpe,d + xog, f +
xoh] = 0, the plane § = yo will map to a plane if det[b + yoe,d + yof,g + yoh] = 0, and
Z = zg will map to a plane if det[b+ z0g, ¢+ 20 f, e+ 20h] = 0. We then need to seek solutions
of the 9 non-linear equations corresponding to the choices xy = 0,1/2,1, yo = 0,1/2,1, and
20 = 0,1/2,1. A family of solutions is obtained by letting b, ¢, and d be arbitrary linearly
independent vectors and choosing e, f, g, and h to satisfy

e = ¢b + c, f=ac+ j3d, g=7b+dd, h = v¢b + ayc + [éd,
where the constants «, 3,7, 9, ¢, 1 satisty the following three equations.

vp — ap — By =0, Y +d0a —ayp =0, 03— ¢d —yB=0.
Then,

(10.3) h=~e+d0f =ae+ [Bg=10f+ ¢g,

and it easy to see that with this choice, the three determinant conditions are satisfied for all
values of the parameters xq, 1o, and zp.

We would like to show that even with these restrictions, we will not obtain a simplification
in the linear space for the vector w. Although we will not establish precisely this result, we
will show that in the general form of the 20 dimensional space we obtained in (3.4), none of
the constants can be zero for all choices of the variables satisfying the above constraints. By
symmetry, we need only check a few of the 21 entries in (3.3). Clearly, A} will not be zero.
By symmetry arguments, we need only check one of the next 9 entries. We see that

By = fabs — faby = acy + Bdo]bs — [acy + Bds)by = —ad; + A3 # 0
for all permitted values of a and 3. Checking one of the next three entries, we find
Bl = hobs — haby = [y¢by + ey + Bddy]bs — [ydbs + arpes + Bods|by = —ap AL 4 B6AL # 0
for all permitted values of o, (3, ¢, and . Again, checking one of the next three entries,

G% = €293 — g2e3 = [Pby +1co][vbs + dds] — [pbs +)es] [yba + ddy] = ¢5A% - ¢7A§ + 1/15141 # 0
for all permitted entries of the constants. Finally, we check one of the entries in the last row.
H| = fohs — hofs = [acy + Bda)[ypbs + arbes + BSds] — [acs + Bds][ydby + ey + BIdy)]

= —ayA; + fyA; £ 0

for all permitted entries of o, (3, 7.
However, for mappings of this type, there will be a simplification in JF'(&). In particular,

it easily follows from (10.3) that det(e|f|h), det(e|g|h), det(f|g|h), and det(e|f|g) are all
zero. Thus, in this case, JF(Z) no longer contains the four terms z?yz, y*rz, 2%xy, and zyz.
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