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ANALYSIS OF A CONTINUOUS FINITE ELEMENT METHOD
FOR HYPERBOLIC EQUATIONS*
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Abstract. A finite element method for hyperbolic equations is analyzed in the context of a first order
linear problem in R2 The method is applicable over a triangulation of the domain, and produces a continuous
piecewise polynomial approximation, which can be developed in an explicit fashion from triangle to triangle.
In a sense, it extends the basic upwind difference scheme to higher order. The method is shown to be stable,
and error estimates are obtained. For nth degree approximation, the errors in the approximate solution and
its gradient are shown to be at least of order h"*"/* and h"~'/2, respectively, assuming sufficient regularity
in the solution.
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1. Introduction. In this paper, we analyze a finite element method for the first
order scalar hyperbolic equation

o a-Vu+Bu=f inQ,

u=g ontheinflow boundaryI';,(Q),
where a is a unit vector and Q is a bounded polygonal domain in R% The method
produces a continuous piecewise polynomial approximation to u over a triangulation
of Q, and was first reported in the literature by Reed and Hill [8].

A contrasting and more common finite element approach to (1), applicable when
the independent variables are time and space, is that of applying a finite element
discretization in space only, then solving numerically the resulting system of ordinary
differential equations. See, for example, [1] and [4]. Examples of hyperbolic equations
of practical interest which do not involve time and are not directly amenable to this
approach are the neutron transport equation [7] and the problem of determining the
diffusion coefficient a(x) in

Vp-Va+alAp=f

The latter is an inverse problem arising in flow through porous media [2], [5], [9].

Several techniques for obtaining full finite element discretizations of (1) have been
reported in the literature. Reed and Hill [8] have provided computational results for
the scheme that is the focal point of this paper and also for two other schemes, one
of which produces a discontinuous approximation. The discontinuous method has
been analyzed by Lesaint and Raviart [7], and more recently by Johnson and Pitkaranta
[6], who obtained improved estimates. In a related work, Winther [11] obtained optimal
order error estimates for a continuous finite element method applicable over a
rectangular mesh.

To describe the method which we shall analyze, we let A, be a quasiuniform
triangulation of (), constructed so that no triangle has a side parallel to the characteristic
direction at any point. For any subdomain Qg of , we denote by I';,(Q5) the inflow
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portion of the boundary of Qg, i.e., {x e '(Qs)| a* n <0}, where n is the unit outward
normal to Qg, and by I',,,(Qs) the remaining (outflow) portion of I'(Qg). With A, as
above, each triangle has one inflow side and two outflow sides (a type I triangle) or
two inflow sides and one outflow side (a type II triangle). Furthermore, the triangles
{T;} in A, may be ordered so that

@) Pu(T)< T ( U ) U(Tw@-T( U 7).

Equivalently, for each k, the domain of dependence of T, contains none of
Ti+1, Txra, * ¢ . This was shown in [7] for constant @ and will be proved in the
Appendix for smooth variable a (the assumption we make in our analysis). This
ordering allows an approximate solution to be developed in an explicit manner, first
in T, then in T, etc. At the point when the solution is to be formed in a given triangle,
it will be known along the inflow to that triangle.

We seek an approximate solution in the subspace

S;: = {Uh € CO(Q) such that thT € Pn(T)}9

where P,(T) denotes the space of polynomials of degree =n over the triangle T.

Letting g, be a suitable interpolant of g in S}|r, () and denoting the L? inner product

over T by (,)r, we describe the finite element method of interest as follows.
ProBLEM P,. Find u, € S} such that u,=g; on I',,(Q), and for triangles of

type 1

3) (a Vu,+Buy, vp))r=(f, vn)r forallv,eP,_(T),
while for triangles of type II

4) (a Vu,+Buy, vp)r=(f, vn)r forallv,eP, (T).

Note that the approximate solution u;, has atotal of o, = Zj": 11 Jj degrees of freedom
in each triangle. In a one-inflow-side triangle, there are n+1 degrees of freedom in
u;, along the inflow, leaving a total of o,_, to be determined from (3). In a two-inflow-
side triangle, there are 2n+1 degrees of freedom in u, along the inflow, leaving o,
to be determined from (4). Thus in both (3) and (4), the number of equations equals
the number of unknowns.

We shall assume in our analysis that n =2, although the case n =1 is also of some
interest. The latter is a degenerate case in which (4) is vacuous and (3) completely
determines the approximate solution. A simple calculation reveals that for a mesh of
right triangles with @ =constant, 8 =0, and f=0, u, at the triangle vertices is given
by the upwind difference scheme. Thus the finite element method (3), (4) may be
viewed as an extension of the upwind difference scheme to higher order and nonuniform
meshes.

We note that other continuous finite element methods besides the one analyzed
in this paper may be applied over triangles. For example, in place of low order
polynomials, one might use as test functions the Lagrange basis functions that are
unity at the unknown points. Numerical experiments in [8] indicate that this method
does not perform as well as the one analyzed in this paper.

A natural question is how the continuous method described by (3), (4) compares
with the discontinuous Galerkin method, which is fairly well established theoretically.
In the case of the latter, one updates the solution on both type I and type II triangles
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T as follows: Given u” on I';,(T), find u"|; € P,(T) such that

(a-Vu"+Bu", v")T—J uvta-n
rin(T)

=(f v")r—j u"v"a-n forallv"eP,(T)
Tin(T)

where v_(x) =lim, o v(x+sa), and v,(x)=1lim . v(x+sa), for x lying on a side
common to two triangles. Hence to update the solution on a triangle requires the
solution of a o, X o, linear system of equations. When the case of piecewise quadratics
is taken as an example, the discontinuous method yields a 6 X 6 system on each triangle,
whereas the continuous method produces a 1 X 1 system on type I triangles and a 3 X3
system on type II triangles. This illustrates the main advantage of the continuous
method: it is less costly to apply. In terms of existing error estimates for the two
schemes, using piecewise polynomials of degree =n, the discontinuous Galerkin method
has the error estimates

flu— uh"l/z(ﬂ) = O(h™*"?)
and hence, using inverse properties of the subspace,
lu = u*|| 1y = O(R" ).

In this paper, we prove that the continuous finite element method satisfies the same
H' estimate and an L, estimate with a power of h one quarter less. All this analysis
assumes sufficient regularity of the solution. In the last section of the paper, we present
the results of some computational experiments, which show that on very smooth
solutions, with a regular mesh, it is possible to achieve optimal order approximation.
The same is true for the discontinuous Galerkin method. One important feature of the
discontinuous Galerkin method is that it produces good results on problems with
discontinuous solutions. We have not undertaken a detailed study of the continuous
method for such problems; however, we provide computational results for a numerical
experiment with discontinuous initial data.

The next section of this paper further describes our notation and the hypotheses
under which our results will be established. Section 3 contains an existence and
uniqueness proof for the approximate solution and a derivation of some of its local
properties. Two basic identities are derived in § 4 and then used in § 5 to prove stability
of the method. Error estimates are given in § 6, followed by numerical results in § 7.

2. Assumptions and notation. For D a domain in R? let || f|p=(J, f* dx dy)"?,
and for I a line segment, let |f|r=(Jr f>dr)"/?. Let | ||l.p denote the norm in the
Sobolev space H"(D) and || ||«,p and || ||;,,p the norms in the Sobolev spaces L*(D)
and [ W"*(D)P?, respectively. We assume that o €[ W"*(D)]* and 8 € L°(D) for the
coefficients in (1). Henceforth, we shall omit the subscript D when D ={. We also
denote by P, f the L* projection over T into P,(T) (the space of polynomials of degree
=k over T).

It will be convenient to have the following notation relative to an arbitrary triangle
T of A,. For i=1,2,3, we denote by I'; the sides of T numbered counterclockwise,
by a; the vertices of T opposite I';, by n; the unit outward normals to I';, and by 7
the unit tangents along I'; taken in a counterclockwise direction. We shall always take
I'; to be the inflow side of a type 1 triangle or the outflow side of a type 11 triangle. This
notation is illustrated in Fig. 2.1.
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Ly

FI1G. 2.1

For computational and theoretical purposes, it is advantageous to think of the
triangles in a given triangulation A, as partitioned into layers S;. We define these as
follows:

Sl = {Te Ah|Fm(T) < rin(Q)}9

Si+1={T€Ah|F,~n(T)§F,~n(Q—U Sk)}a i=1,2,"‘
k=i
With this partition of A,, the approximate solution may be obtained in an explicit
manner, first in S;, then in S,, etc. Within each layer, the approximate solution can
be obtained in parallel since the solution in any of the triangles within a layer does
not depend on the solution in other triangles in that layer. This is illustrated in Fig.
2.2, with the number inside each triangle indicating the layer to which it belongs.
In our analysis, we assume that {A,} is a family of triangulations of () satisfying
the following hypotheses:
H1: All angles of all triangles are uniformly bounded away from zero.
H2: |a - n| is uniformly bounded away from zero along all sides of all triangles.
(This assumption is essential in our analysis but does not appear to be
necessary computationally.)
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H3: The ratio of the maximum to minimum triangle sides within A, is uniformly

bounded.

H4: The triangles in A, can be partitioned into O(h™") layers (where layers are

as defined above).

For the sake of brevity and to avoid the introduction of additional variables, we
shall use the notation u, to mean Vu - @ when a is any unit vector. Equivalently, one
may think of u, as a partial derivative of u with respect to a coordinate in the direction
a, provided the second variable on which u depends is constant in the direction a. In
this notation, we state an integration by parts formula

(5) J vaw=J vwa-n—J‘ vwa—J (V-a)ww
T r(T) T T

which will be used several times in the paper.
Finally, we shall use the symbol C to denote a generic constant, depending at
most on the coefficients @ and B8 in (1) and the bounds in assumptions H1-H4.

3. Existence and uniqueness. In order to estabhsh the results in this section, it will
be convenient to introduce a reference triangle T with vertices a,=(1,0), 4,=(0,1),
and d;=(0,0). The reference triangle T can be mapped into the triangle T by the

affine transformation
x X
( ) = F( A) +a,.
y y

F= (|F2|7'2a —IFIITI)

The matrix F can be written

where |[';| is the length of T';. Defining 3, (X, #) = v(x, y) (for an arbitrary v defined on

T) and
#= (3
we have
a - Vu,=A-Vii,
where

A=F'a and F"=—-———1 (ni/|F2|>
nc: T

ny/ Ty '
Transforming (3) and (4) to f', we obtain

(6) J (A Vit,+Biy, )0, didj =0 forall 6,eP,_,(T)
T
where p is the number of inflow sides that T has. In f”, we express i), in the form
iby(%, 5) g” ,(B) (% 7)

where P are the usual equispaced nodes for nth degree mterpolatlon in T and ¢,(x ¥)
are the correspondmg Lagrange basis functions for P,(T"). We then require that (6)
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be satisfied for each of the analogous basis functions «l;,«(f, y) forP,_,( 7). The resulting
linear algebraic system is equivalent to the following:

(™ Y h(A-9E,+B, b0 e (B =h(Fd)r, im0,
=
(8) ﬁh(ﬁj) = given value for 13] el (T)

or, in matrix form,
Kﬁh =b.

The above are o, equations in as many variables, the inflow yielding a total of n+1
or 2n+1 conditions, depending on whether T is of type I or II.

Now let Q denote the centroid of T, ay= a(Q), and Ay=F 'a,. The coefficient
matrix K can then be written

where K, corresponds to a = a, and B =0. Note that hA, involves ratios of sides of
triangles in A, which, by H3, are uniformly bounded, and that |a(x) — a¢| = Ch|a||;«
for x € T. Thus both K, and K, are uniformly bounded over all triangles. We next show
that K, is invertible under assumption H2. It will then follow that Kg' is uniformly
bounded and that Problem P, has a unique solution for sufficiently small h.

Establishing the invertibility of K, is equivalent to showing that the only solution
to (3) or (4) with B8 =f=0, a replaced by a,, and u, =0 on I';,(T) is u, =0. We now
do this.

For type I triangles, we take v, = (4y)4,€ P,—1(T), and infer that (u,),, = 0. This,
together with u;, =0 on I';,(T), implies that u, =0 in T. (We have assumed that h is
sufficiently small that replacement of @ by @, does not alter the inflow and outflow
sides of T.)

For type II triangles, we note that u, =0 on I';,(T) implies that u, can be written
in the form u, = énw, where £ and » are coordinates along the two inflow sides, with
E=m=0 at a;, £, p=0in T, and w,eP,_,(T). Taking v, =w, in (4), we use the
integration by parts formula (5) to obtain

0= ((uh)a()’ Wy)T = (§7I(Wh)ao, Wh)T+((§77)aoWh, Wi)T
=2 (En, a7+ (En)eys WD)

1 1
_! j Whtnao ndT+2 (60, W
T'ou(T)

Now (é7),, is positive in T and ¢&na, - n is nonnegative on I',,,,(T). Hence w, =0 in
T and u, =0 in T. We have thus established the following result.

LeMMA 3.1. There exists a constant h, such that for all h = h,, Problem P, has a
unique solution.

We shall henceforth implicitly assume that h = hy, so that the approximate solution
is well defined. We now establish several estimates applying over a single triangle T.
They will be used later in the derivation of the main stability result.

LEMMA 3.2. Let u, € P,(T) satisfy (3) or (4). Then

%) " Up "T = C{hl/2|“h|r,,,(r)+ h"f"r}
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and
duy
dr

where T denotes arclength along T, (T).
Proof. From Lemma 3.1 and (7) and (8), it immediately follows that

(11) ldall = Clldnlr, )+ BIF Il 2}
Inequality (9) follows from (11) by transforming coordinates from Tto T To prove
(10), let P, be a point on the inflow to T and write u, = u,(Py)+ v;,. Then

dUh duh

dr dr

R e I RS IR e

T'u(T)

=Ch

Lin(T)

|vnlr,my= Ch

rin(T)
and
IVunllz = |Voullr = Ch ™| ou | -
Now v, e P,(T) satisfies (3) or (4) with f replaced by f— Bu,(P,). Applying the first
part of the lemma, we obtain

lonll 7= C{h"?| vy, cmy+ B f — Bun(Po)|| r}

du
= C{,,m & +h||f||r+hllﬂuw,ruuh(Po)nT}
dT Tin(T)

in

duy
dr

The result follows immediately.
LemMA 3.3. Let T be a type 11 triangle and ¢, € P,(T). Then

(12) I(dn)allr = C{R*|(dn)alr,r) + | Pa-a@n) el r + BVl £}

Proof. We first prove the result for the case a =a,, a constant vector. Here
V= (1), € Pn—1(T). Moreover, if v=0 on I',,(T) and P,_,v=0, then v=0in T.
This can be shown by writing v =p(7)+sq(s, 7), where 7 is a coordinate measured
along I',,.(T) and s is a coordinate in the direction of &, with s=0 on I',,,(T). Then
v=0onT,,(T) implies that p(v) =0 and P,_,v =0 therefore implies that

éc{h”2

FRLS b+ B8 el |

Tin(T)

L sqwdxdy=0 forallweP,_,(T).
By taking w = g € P, _,(T), we conclude that g=0in T. Thus v=0in T. In the reference
triangle T, we therefore have
18]l #= C{IBlr 0y + | Pa2aBll 13,
which, when transformed back to the original triangle, becomes
(13) (D) aoll T = C{B*|(S1) agr oty | Paca Dn) o | 7}-
Now suppose a is not constant. Using (13), we obtain
1(@n)allr =11 (bn)aollr+ I (e — o) - Vil 1
= C{h"*(n)alr, )+ | Pz @n)all T

+h"|(ao=a) - Voulr, o)+ | Paoa(lao— @l - Vo) }

+ (@ —ao) - V| r-
Inequality (12) now follows by standard estimates.

(14)
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4. Basic identities. The test function v, = —(uy),,., in (3) and (4) will play a key
role in our stability analysis. (Recall that =, and 7, are the tangents to the two outflow
sides of a type I triangle or the two inflow sides of a type II triangle.) In this section,
we derive expressions for the two terms in the integral

(ua +Bu’ —uflrz)T’

To facilitate the exposition, we state some obvious identities relating a = (a,, a,)"
and 7; and n;, the unit tangential and normal vectors to the sides I'; of a triangle T
(as depicted in Fig. 2.1). Let y=(—a,, a;)". Then

@ m-n=-7-n, ,j=1,2,3,
(15) b)) 7-y=n-a, i=1,2,3,
) ym=—a-'m, i=1,2,3.
In addition, the following identity is also valid for any unit vector a = (a,, a,)".
LEMMA 4.1.
(a- n)(r - n3)+(a- m)(rs- np)+(a: ny)(ry - ny)=0.

Proof. Let ¢ denote the angle between a and n;, measured counterclockwise from
a. Since 7; may be obtained by rotating n; through an angle #/2,

- mp=cos [(&+m/2) - &]=sin (&§—§).
Thus the lemma may be recast as
cos & sin (& — &) +cos £ sin (& — &)+ cos & sin (£, — &) =0,
which can be verified by expanding the sines in the above formula.

We shall now derive the desired identities.
LeEmMMA 4.2. For any unit vector a and any twice differentiable function u:

Uy (—u,,,) dxd =l (- m)(a-m) u? d'r—l (11 m3)(72 - 15) ul dr
172 y 5
T I(T) a°n 2 I3 a- n;
1
+5 I {(A) 2 +(A,),ub} dx dy
T

where (A, A))=(1/7 n)(a: ny, —a - ny).
Proof. We first write u,, in terms of derivatives in the directions of 7; and 7,. From

t\ -1
U, 7, u, 1 u,
( ) =( t) ( ‘) = (“‘”2, nl) b s
uy T2 u.,.2 Ty Ny u.,z

u, =Au, +Au,,

it follows that

with A, and A, as defined in the statement of the lemma. Hence, using the integration
by parts formula (5) and (15a) from the previous page, we obtain

J ua(—u‘rl-rz) dx dy = _% J {Al(uil)rz—l_ AZ(uiz)n} dx dy
T T

N | =

1
=—I (a- ny)u?, d7+—j (a-ny)ul dr
Iy 2 r;

1
—EJ {A1u3.(7'2 : n3)+A2u32(1'1 - n3)} dr
I
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[ (oo i dsay
T

We next write u, and u,, in terms of the directional derivatives u,, and u,. Let y be
the unit vector (—a,, a;)". Then

u\ (73 —1(%)_ 1 (u,g)
() =(2) () =55 om((
and
Ty : X l * .
a9 (e)-CC) =50 )
> T2 uy T3 Y\T2"Y T3 Uy

Using this result and the definitions of A, and A,, we now rewrite the integrand along
I'; as follows:

Al (150 n3)+ Ayul (7 - )
_ 1
(73 ¥) (71 - )
A[(a- ny)(7y n3)(ry - ‘Y)z_(a “ny) (1 ) (7 ‘)’)2]“33
(@ n)(my e m3)(my - m3)>=(a- ny)(7y - m3)(7y - m3)°Juil
+2[(a - ny)(72 - n3)(7y - ¥)(71* m3)
—(a - m) (7 n3)(rz - y)(72 - m3)Junus}.

Using Lemma 4.1 and (15b), we then obtain

Aluz,(‘fz : "3)+A2u32(7'1 cny) = {~(a-nm)(a- nz)“i,*‘(ﬂ “n3) (7, "3)“1}-

3

Lemma 4.2 now follows by combining terms.

LEMMA 4.3. Let Te{A,}, and for PeT let 0(P) be the angle from a(P) to the
local tangent vector v, measured counterclockwise. Then

J' Bu(—u7‘1‘rz) dx dy = J Burlu'rz dx dy _I
T T

B(a - n)(a: n,)cot 6 uu, dr
)

(T
Ty m3)(7 N 1
_J glmm)(r 3)uu,,d--f it dr
r3(T) Q- n; 2 Jrry

+ L ul(Bd1)r,u:, + (Bd2) ., u,,] dx dy
where

- (a- ”2)("1 ) _ (a-ny)(r- n;)
(@ ny)(r, - ny) 2" (@ ny)(ry - my)

*

and

B(a- n)(a-n)(a- 7'3).

a- ny
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Proof. 1t follows immediately from Lemma 4.1 and the definitions of ¢, and ¢,
that ¢, + ¢, =1. Applying the integration by parts formula (5), we obtain

JT Bu(.—uﬁh) dx dy = J.T ¢IBu(_u‘ﬂ‘rz) dx d)’+ .[T ¢2Bu(—urzﬂ) dx dy
=- J‘l" Bu[¢lu-rl(72 : n)+ ¢2u72(71 : n)] dT

+ L Bu,,u, dxdy+ L u[(Bd1) s, + (Bd2),u,,] dx dy.

We now derive another form for the integral around I'(T). Using the definitions of
¢, and ¢,, (15b), and formula (16), we have

(71 n3) (72 ns)u

&1, (72 * n3)+ dott, (71 m3) =
[s 2 (7

@

We also have the following identity for i =1, 2:

Ti'n3 __7',~°a a-° Ty
(a-n)(a-m) a'n a-ny

This may be shown by writing 7, = (7, @)a+(7;* v)v, and then applying (15b) and
(15¢).
Combining the preceding formulas, we obtain

- J; Bu[¢lurl(72 ‘n)+ ¢2u-rz(71 -n)]dr

uu, dr

a- n;

- _I B (11 - n3)(75 - 13)
)

a7
—J B(a:n)(a- nz)—uu,d7+J puu, dr
r,ur, a-n I,Ur,

where p is as defined in the statement of the lemma. An integration by parts yields
for the last term

1
I puu, dr =5{[pu2]22+ [pu®]5: -J pu’ df}
I,Ur, r

1UT2

1
=— J puu, dr—— J p.u’ dr.
I 2J)r

The lemma now follows by combining results and observing that along T';

a7 cos 6;
a-n; cos(6,—m/2)

=cot 6;

where 6;(P) denotes the angle from a(P) to 7;, measured counterclockwise.

§. Stability. In this section we derive the basic stability estimates for Problem P,,.
These will be used to obtain error estimates in the next section. The norm in which
we obtain stability is a weighted sum of L? norms of u, and its tangential derivative
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taken along fronts F;, which describe the forward boundary of the solution after it has
progressed through the first j layers. More specifically, we define

Fo=T,(Q),

F}=E_1UF0“'(S]')"Fm(Sj), j=1929' .

The main result of this section will be the following stability theorem.
THEOREM 5.1. If u, is the solution of Problem Py, then for h sufficiently small

3/2 2
R R R| PR VAT OO S
Fj

|a - n|

h*?(duy,/ dr)*
e L R I
where Q; =U; S, and M is a positive constant.

To prove this theorem, we first develop local stability results applicable over a
single triangle. This is complicated somewhat by the fact that the two different types
of triangles require different treatment. For each, we shall obtain a bound on the
growth of du,/dr from the identities in the previous section. When these are combined
suitably with bounds on the growth of u,, the desired stability result is obtained. We
note the factor h*? which appears in Theorem 5.1, rather than h® which might be
expected from approximation theoretic considerations.

The next two lemmas bound the growth in u, over the two types of triangles.

LEMMA 5.1. If T is a type 1 triangle and w, satisfies (3) in T, then

17) L( ) wia ndr= C{B2| f |3+ | Paca ST+ B2V |5+ 0|7
T

Proof. Omitting the subscript T on the norms and inner products which follow,
we apply (5) to ((#n)a, uy). This yields

1
1j Wa- ndr=1ud, ¥ - @)+ (()er )
2); 2

=208,V - @) (s (= Pua i) + () Pocsi)

=20,V - @)+ (@ = a0) Vi, (1= Pay)t) = (f (I = Pyy)u)

+(f, (I = Py_2)uy) + (f, Pu_ztty) — (Bt Py uip).

In the last of these equalities, (3) and the fact that (u),, € P,_1(T ) were used. Applying
standard estimates we obtain

[| wha nars Clllalat 18N+ Hlal Vol
+ BNVl + 1P S

= C{R 2| 1P+ | Paca S 2+ B2 2|Vt |+ s ).
LEMMA 5.2. If T is a type 11 triangle and u,, satisfies (4) on T, then for any ¢ >0

(18) Ir(n ura ndr=eh®?(uy)olt, vyt Cl| Paa flI5+ B 2|V |5+ || un |3}

where C depends on e.
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Proof. Again omitting the subscript T and using (5), we obtain

1
I ui a: ndT:E(u%uV * a)+((uh)a, uh)
r

N | =

1
=‘2'(“%-, V- a)+((un)a, (I = Py2)up) +(Pyz f, Pasuy) —(Bun, Posuy).
It then follows by standard estimates that
j upa - ndr = C{l]|elli o+ [ Bllot 1ltn |+ | Pacaf I+ bl (un) o || |V a1}
r

= C{l|lualP+ |1 Pz f 12+ e[ (us)a >+ e B2 Vuy |} (for any & >0).
Using (12) and (4) we obtain

I(un)all>= C{hI(un)alt,,.cr) + | Paca(un) o | > + R?||Vu, |}
= C{hl(un)al} ety + 1 Paca fIP+ s+ B Vi |}

Inserting this result in the previous inequality and replacing € by ¢/ C establishes the
lemma.

We now combine Lemmas 4.2, 4.3, 5.1 and 5.2 into a single local stability result.
Theorem 5.1 will then be proved by an appropriate application of this local result.

THEOREM 5.2. Suppose u,, satisfies (3) on type 1 triangles and (4) on type 11
triangles. The following stability results then hold:

(i) For a type 1 triangle T

3/2 2
I {LM+uia~ n} dr-2h3/2J B cot 6 u,(uy). dr
r(T) a-n

(T)

sc{menip s [ o e

[in(T)
(ii) For a type 11 triangle T

h3/2 d d 2
J’ {—('-M_+ uia . n} d7—2h3/2 J' B cot 6 u;,(uh), dT+Ah3/2|(uh)a|%om(7-)
(T) a-n I(T)

=R P T j )2+ ] dr}

Ti(T)
where 0 is the angle defined in Lemma 4.3 and A is a positive constant, independent of
h and u,.

Proof. Let Q be the centroid of triangle T and choose v, = —(u),,,, in (3) and
(4). Using Lemmas 4.2 and 4.3, (3) and (4) become

1[ 5‘”'—"‘)—(“—"12—)<u,,)3dr—f Bla- m)(a- ny) cot 8 u,(uy), dr
2J)r a'n r

(19) [(un)2+2Buy (). ] dr

2 a-* hy

_lj (11 - n3)(7 - 3)
I

= —“ Sf(up) ., dx dy + R}
T
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where

R= I B(un)r(up)., dx dy + I[(Al)fz(uh) +(As),, ()7, dx dy

j up[(Bb1)r,(un)s, + (Bba)r,(un)s,] dx d ——J (p).u} dr

and A, A,, ¢, &>, and p are defined in Lemmas 4.2 and 4.3. First note that by
standard estimates
IRl = CLIVunll T+ llunll 7+ lunl £y}
=C{IVunll T+ unl 7.
Next, since (4p),,-, € P,_»(T),

(20)

[| 1) | < OB AWl
T
(21) =Ch Y| Pusa f |2 Vutn|
= C{h7| Paa S5+ V]| 7).
Using these bounds in (19), then dividing the resulting inequality by 3(a(Q) - n,)-
(a(Q) - n,) (a positive quantity by hypothesis H2), we obtain

I (1+o )( h)2 ZI B(1+ ) cot 0 u,(uy), dr
r " r

(22) +L o{(un)a+2Bun(us)} dr

=C{|Vul| T+ A un |7+ B3| Pua fI 7}
where o is defined by

(a-n)(a-ny)

1@ m)@(Q) m)

and

_ (71 n3)(72 - n3) 1
(a(Q) - n)(@(Q) ny) a*ny
Note that o is of order h. The terms on the left side of (22) which have o as a factor
can therefore be bounded by C{||Vu,||5+ ||ux||5}. We conclude that (22) remains valid
with o deleted.

Note also that |w| is bounded away from both 0 (by H1) and o (by H2). Moreover,
since 7, - n3<0 and 7, - n;>0, @ will have the same sign as a - n;, which is negative
for type I triangles and positive for type II triangles. Thus there exist constants u, A
such that

23) (a) |w|<mp <o for a triangle of either type,
(b) @>A>0 for a type II triangle.

This allows us to bound the term

y= L o{(uy)% +2Buy(uy),} dr

in (22) from above for a type I triangle and from below for a type II triangle.
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First consider the case of a type I triangle. Here

[7l= C{l(un)alt, + unlf,)-

But
[(4n)alry = |(t4n) aglr, + (@ — @0) * Viay|r,

= C{h 2| (tn) gl - + B2 || Vuty | 7).

Now from (3) we have
(4p) gy = Porlf — Bun — (a — ap) * Vuy}.

Hence

() aoll = CLf I+ unll 7+ BV ]| £}
Thus we obtain

(24 lyl= C{RT AT+ B w7+ B Vus |7

We use (24) in (22), multiply the resulting inequality by h*/% then add (17). Application
of the estimates (9) and (10) then leads directly to the desired stability result for type
I triangles.

Next consider the case of a type II triangle. Here

(25) ¥ > A (un) alt, = 21| Bllool ttn|r, | (2th)

2
2 (1~ 8)l(uy) [, - LE =l

for any 8> 0. We use (25) in (22), multiply the resulting inequality by h*?, then add
(18). We choose 8 = £ = A /4 and apply (9) and (10) again. The desired stability result
for type II triangles then follows upon setting A =A/2.

The local results of Theorem 5.2 lead to global stability for u, and du,/dr along
interelement boundaries. Before showing this, however, we reformulate Theorem 5.2
in a way that will enable us to control the growth of (u,), as well.

THEOREM 5.2a. There exists a positive constant M such that for a triangle T of
either type

h*?(du,/ dr)?
j [M—)—+ uia- n] dr—2h%? I B cot 0 u,(uy), dr+ Mh'?||(u,) . ||
I(T) a-n I(T)

= c{Wls e h B s j )] d,},

in

Proof. For a type I triangle T, we write (3) as
((un)ags n) = (f—Bup—(a —ao) - Vu,, v,) allv,eP,_(T),
which implies that
(Un)ag= Pur{f— Bu, — (@ — ao) - Vuy}.
Thus
() aoll == CUILS 1+ Nl -+ B IV || £}

and

() allr = 11 () aoll 7+ | (e — @0) « Yy || -

=C{Iflr+lunllz+ B Vun| £}
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Squaring and applying Lemma 3.2, we obtain

Iun)all 7= CUS N7+ Blunlf oy + B1(un)|E, o}

For any M >0, we may add Mh'? times the preceding inequality to part (i) of
Theorem 5.2 and obtain the desired result for type I triangles.
For a type II triangle T, we obtain from Lemma 3.3

(26) () el 7= C{BI(un)al T,y + | Paca(tan) a7+ B2Vt ]| 7.
Analogous to what has just been done for type I triangles, we find that
Pn—2(uh)a = Pn—2{f~ﬂuh _(a - aO) * Vuh},
and that
| Paa(ttn)a 7= CLILF 5+ BlunlE,cry + B2l ()2, o)
Using this inequality in (26) and applying Lemma 3.2, we obtain
() allF = C{BI(Un) alFucry + I IT+ BlutnlR, )+ B2 ()T, o}

Adding Mh"? times the above inequality to part (ii) of Theorem 5.2, where M =A/C,
produces the desired result for type II triangles.

Before extending Theorem 5.2a into a global stability result, we establish the
following simple lemma.

Lemma 5.3. If
(27) xi+ai§(l+Kh)xi_1+bi, i=1,2,’ M
where k >0, h>0 and x;, a;, and b; are nonnegative for all i, then
(28) X+ Y ay=e ™ (xo+ Y b,).

i=1 i=1

Proof. The solution of the inequalities (27) is

X, =

I =

(1+«kh)""'(b; — a;) + (1+ kh)"x,.

1

Thus

x,,é(l+xh)"(xo+ i bg) - i Qa;.
i=1 i=1

The result follows upon noting that
(1+«h)" <e ™,

We are now ready to prove the main stability result of this section.
Proof of Theorem 5.1. For any triangle T, we infer from Theorem 5.2a that

3/2 2
J {——-—h (duw,/dr) +uj|a- n|} dr
Touw(T)

|a - n]
_th,[ B cot 0 uy,(uy), dr+ MhY?|(u). || %
Tou(T)
h**(duy/ dr)’
§J’ {____(_"LZ__T_)_..F uila . nl} d7'+2h3/2 J B cot 6 u,,(u;,),. dr
LW(T) e n| Tin(T)

+C{h'/2||f||2r+h_'/zlan-zfllzr+h j ()2 + ] d,},

Tin(T)
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Summation over all triangles T € S; yields
(29)  pi+ g+ MB||(us)ol|3 = {1+ O(B)}py_s + gy + CLR2| fI5+ h 72| Pasa £ 115}
where
h**(du,/dr)* }
L= —-———-——-—+ . d
pi L,{ - n] uila - n|t dr

and

q;=2hn*? J B cot 0 u,(uy,), dr,

F;

with the convention that integrals over F; are taken left to right (thus fixing the sign

of (u,), in the definition of g;).
Next, we note that

(30) lg;|= Ch**p,

(an immediate consequence of the Schwarz and arithmetic-geometric mean
inequalities). Hence

(31) lgl=p+g
for h sufficiently small. Thus in (29) we may write
{1+ O(h)}Pj—l t+qj1= {1+ O(h)}(pj—l + q;—l) + O(h)qi~1
={1+ O(h)}(Pj—l + ‘1;—-1)-
Equation (29) then becomes

i+ g+ MR ()5,

={1+O(W}(py-1+ g+ C{R2| f1I5,+h 72| P f 15}

Inequality (31) implies that p;+q; =0 for h sufficiently small, in which case Lemma
5.3 is applicable to (32). Using hypothesis H4, we get

(33)  ptgt MR (un)a 1B, = Clpot got B2\ FI15,+ 72| Puaf 115,
Using (30) again, we note that
pt+ g =p{1+0(H"},

and infer that (33) remains valid with g; and g, deleted. The result is Theorem 5.1.
As a consequence of Theorem 5.1 and Lemma 3.2, we can now establish stability
for u,, Vu, and (u,), over Q.
THEOREM 5.3.

lunll&+ B2 Vun |G+ B2 ()1

(32)

_ duy|?
= I h R, 1 0

+ I“hl%.-..(m}-
i (Q)

Proof. From Lemma 3.2, we have

lunll§ = C{hluil %, + 2115}

and
2

du;,

dr

Vi3 = c{h +hluhl%,-.+||f||§,.}.

Fj
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Thus

du;, 2

R L e A = WRAE Y

Fj,

3/2 2
<Ch j {M+ wa- nl} dr+ | f |
Fit |a- n|

Applying Theorem 5.1, we obtain

du;, 2

dr

Nu;.llé,.+h3’2||Vuh||§,éCh{h”zllfll?x,+h“/2lan-zf||?z,+h’” +:u,,|%,nm,}.

Tin(2)
Summation over all layers S; yields

(34) lun |+ B2V un I
duy | *

dr
To account for ||(44).||5, we apply Theorem 5.1 with F;=T,,(Q) to conclude that

=C {h”zllfllfﬁ W= 2| Paca f 6+ 12 +|uhl?m<m}-

Tin ()

2
(5) W)= LR I+ B 4| S

+ |uhl%‘m(ﬂ)}-
Tin()

The statement in the theorem is the sum of (34) and (35).

6. Error estimates. To obtain error estimates for the method, we define an inter-
polant u; € S; by the following conditions:
(i) wu;(a;) =u(a;) for all triangle vertices a;;
(ii) _fr (uy—u)7r'dr=0,1=0,1, -+, n—2 for all triangle sides T
(iii) _[T (ur—u)gqdxdy =0 for all geP,_;(T) and all triangles T.
It is straightforward to show (for example, using the techniques in [3, Chap. 3]) that
u; has the following approximation properties:

(36) lu—urllyr = Ch™ ullyrr,  j=0,1
and
(37) lu—uyljrery= Chnﬂ/z_j"“" n+1,Ts Jj=0,1.

Rewriting (3) and (4) in the form
((up—up)a+B(up—ur), vp)r=((u—ur)o+B(u—ur), vy)r,

we may apply Theorems 5.1 and 5.3 with u, replaced by u, —u;, and f replaced by
r=(u—uy),+p(u—up).
From (36), it follows immediately that

”r"Qj = Ch” ||u||”+l,ﬂj’

Moreover, for all v, eP,_,(T),
((u—ul)aoa Un)T =J (u—uy)vpag - ndl' —((u—uy), (Uh)ao)r':()
r

since (v)q, € P.—3(T). Hence

"Pn—z""(z, =||Pra(a—ao) - V(u— “l)"ﬂ, +[|B(u- ul)"a,

= Ch" M ul psr,0,
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We also assume, for convenience, that u, = u; on I';,(Q). Insertion of these bounds
into Theorems 5.1 and 5.3 now yields the following theorem.

THEOREM 6.1. Let u be the solution of (1) and w, the solution of Problem Py. If
ue H""'(Q), there exists a constant C independent of h such that

lu—uplla= Ch"**||u|| ps1,0,
IV(u—up)|a= Ch"—1/2||u||n+1,n,
(4 —up)all = Ch"||ut]| ns1,0,

and forj=1,2,- -

12
{.[ (u—-u;,)zdr} = Ch™ V4| u|| prr 0,
F

d 2 1/2 /2
n—1
{L, [Z(u—u,,)] d’T} =Ch lullnsr,0,

7. Computational results. We shall present numerical results for three test prob-
lems, each involving approximation by piecewise quadratics. The first problem is

and

bu,+.8u,—u=0, 0<x<1, 0O<y<]l,

with initial data along the x and y axes chosen to make the solution be u=
exp (.6x+.8y). A triangulation was obtained by dividing the domain uniformly into
N? squares, then dividing each square into two right triangles by drawing a diagonal
parallel to the vector (7'). In Table 6.1, values are presented for the quantities

EE\/J‘ (up,—u)’a- ndr,
Tou ()

\/ J’ (du,/ dr)?
= ————dr
Tou(@) @° N

and ratios of consecutive values of these quantities as N is doubled.

Our theory predicts errors of order h"*"* in u, and h"""? in du,/dr. If these
estimates correctly described the rates of convergence of u, and du,/dr, the ratios of
consecutive errors in these quantities would have limiting values 2°?°=4.76 and
2! =283, respectively. In fact, the ratios in Table 6.1 are consistently larger than these
values, indicating a convergence rate similar to that of an interpolant of the exact
solution. This example illustrates the tendency of the method to achieve the optimal

E

TABLE 6.1
Numerical results for first test problem.

N E Ratio E’ Ratio
2 735 (-3) — 132 (-1) —
4 985 (—4) 7.46 .355(-2) 3.73
8 136 (—4) 7.23 917 (-3) 3.87

16 182 (-5) 7.48 233 (-3) 3.94

32 .235(—6) 7.37 .587 (—4) 3.97

64 299 (-7) 7.86 147 (—4) 3.98

128 379 (-8) 7.93 .369 (—5) 3.99
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order of approximation on problems with a very smooth u and a regular triangulation.
A partial explanation may be found in [10].
The second test problem is

u,+u, =0, 0<x<1, O0<y<1

with initial data chosen to make the solution be u=|t|***/2.5, e« 1, where t=

(y —x)/v2 is a coordinate orthogonal to the characteristic direction. The domain and

triangulation are as in the previous problem. Here there is no extra differentiability in

u beyond what is needed for applicability of our theoretical estimates. In this case,

the ratios appear to be consistent with the theoretical predictions (see Table 6.2).
The last test problem is

Vu+u, =0, —co<x<o, >0,
with a discontinuous initial condition:
1, x <0,
u(x,0)=1.5, x=0,
0, x>0.

The discontinuity propagates away from (x, t) = (0, 0) along a line making an angle
60° with the x-axis. We again use a uniform set of right isosceles triangles in the
triangulation, but here the hypotenuses are taken parallel to the x-axis.

Both the continuous and discontinuous finite element methods were applied to
this problem. Table 6.3 indicates the L* error in u;, at t=1 and t =2, displayed as
functions of the hypotenuse length h (the time step is At=h/2). For the range of

TABLE 6.2
Numerical results for second test problem.

N E Ratio E’ Ratio

2 509 (-2) — 412 (-1) —_

4 785 (-3) 6.49 110(-1) 3.73

8 141 (-3) 5.58 312(-2) 3.53
16 286 (—4) 493 977 (-3) 3.20
32 .598 (-5) 4.78 297 (-3) 3.29
64 129 (-5) 4.65 .100 (-3) 297
128 276 (—6) 4.66 338 (—4) 2.96

TABLE 6.3

L? errors for third test problem.

Continuous method Discontinuous method
h t=1 t=2 t=1 t=2
1 .298 377 247 231
.5 267 263 .163 182
25 .186 194 129 137
125 137 157 .0970 .103
.0625 111 117 .0725 0784
.03125 .0830 .0894 .0554 0577
.015625 .0632 .0680 .0408 .0434

.0078125 .0481 0519 .0307 .0327
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discretizations presented, the discontinuous method yields an error 29-39% less than
the continuous method. However, the discontinuous piecewise quadratic has three
times as many degrees of freedom over the triangulation as does its continuous
counterpart. Provision for computational cost would thus reduce the advantage of the

RICHARD S. FALK AND GERARD R. RICHTER

discontinuous method on this problem.

Finally, in Figs. 6.1 and 6.2, the continuous and discontinuous solutions are
displayed for h=.03125 at time ¢=2 (128 time steps). The discontinuity has been

smoothed more by the continuous method than by the discontinuous method.
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Appendix. Suppose A, ={T,,T,, -, Ty} is a triangulation of Q such that
|a - n|> 0 along every side of every triangle, where a is continuous and of unit length
over ). We will show that the triangles in A, can be ordered such that

(38) rin(Tk) == Fout( U Tx) U (Fm(ﬂ) —Fin< U T;))'
i<k i<k
DEfFINITION Al. A path from T;e A, to T, €A, is an ordered set of 2 or more
triangles

T, -, T

19

such that T, =T,, T, =T, and for I=1,--+-,m—1, T, and T, have a common side
which serves as outflow from T, and inflow to T, _,.

DEFINITION A2. A cycle is a path from a triangle to itself.

LEMMA A.l.

(i) Ay has no cycles;

(ii) There exists a triangle whose inflow is a subset of T;,(Q0);

(iii) The triangles in A, can be ordered in a manner consistent with (38).

Proof. (i). Suppose there were a cycle with enclosed triangles as depicted in Fig.
A.1, and consider any characteristic C inside the enclosed region. C must enter the
enclosed region from some triangle A of the cycle, and leave it via another triangle B
of the cycle. Moreover, the set of triangles intersecting with this portion of C forms a
path through the interior from A to B. This path permits formation of a new cycle
having fewer enclosed triangles than the original one. Continuing in this manner, we
eventually obtain a cycle with no enclosed triangles, as shown in Fig. A.2. However,
Fig. A.2 describes a situation where, at the common vertex P, the value of a is such
that a(P) - n; has the same sign for each of the normals n; depicted in the figure. But
a, by assumption, is well defined at P, so a(P) - x will be of constant sign only for
vectors x lying in some half plane. It is geometrically impossible for all the normals
n; to lie in a common half plane. Thus there cannot be any cycles.

Sk
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NN
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2

FiG. A2

(ii) If the inflow to T; is not a subset of I';,(Q2), there must be a path to T; from
another triangle T;, j # i. If this were true for all triangles T; € A,, there would have
to be a cycle, which was ruled out in part (i) of the lemma.

(iii) This follows by induction, using part (i) of the lemma.
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