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Abstract

In a recent paper of Arnold et al. [D.N. Arnold, F. Brezzi, L.D. Marini, A family of discontinuous Galerkin finite elements for the
Reissner—Mindlin plate, J. Sci. Comput. 22 (2005) 25-45], the ideas of discontinuous Galerkin methods were used to obtain and analyze
two new families of locking free finite element methods for the approximation of the Reissner—Mindlin plate problem. By following their
basic approach, but making different choices of finite element spaces, we develop and analyze other families of locking free finite elements
that eliminate the need for the introduction of a reduction operator, which has been a central feature of many locking-free methods. For
k = 2, all the methods use piecewise polynomials of degree k to approximate the transverse displacement and (possibly subsets) of piece-
wise polynomials of degree k — 1 to approximate both the rotation and shear stress vectors. The approximation spaces for the rotation
and the shear stress are always identical. The methods vary in the amount of interelement continuity required. In terms of smallest num-
ber of degrees of freedom, the simplest method approximates the transverse displacement with continuous, piecewise quadratics and both
the rotation and shear stress with rotated linear Brezzi-Douglas—Marini elements.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction J0.w) =5 / Ce(0) - (0) vt 70 / Vv — 0> dx — / qwds,
Q Q Q
In the Reissner—Mindlin model of a clamped plate, one
seeks to determine the rotation vector @ and the transverse
displacement w which minimize over H(Q) x H)(Q) the
plate energy

where the coefficients C and 4 depend on the material prop-
erties of the plate, g is the scaled load, and 7 is the plate thick-
ness. If one minimizes the energy over subspaces consisting
of low order finite elements, then the resulting approxima-
tion suffers from the problem of locking. This problem is
most easily described by noting that as ¢ tends to 0, the solu-
tion (0, w) of the minimization problem approaches (6, wy),
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where 0y = Vwy. If we discretize the problem directly by
seeking 6, € ®, and w, € W, minimizing J(0,w) over
0, x W,, then as ¢ vanishes, (0,,w,) will converge to some
(00,4, wo.n) Where, again, 6, = Vwy ;. The locking problem
occurs because, for low order finite element spaces, this last
condition is too restrictive to allow for good approximations
of smooth functions. In particular, if continuous piecewise
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linear functions are chosen to approximate both variables,
then 6y, = Vwy, would be continuous and piecewise con-
stant, with zero boundary conditions. Only the choice
0y, = 0 can satisfy all these conditions. For ¢ very small,
the quantity 0, — Vw,, although not necessarily zero, must
be very small, and hence 0, will be very close to zero, instead
of being close to 6. We can also see the problem from the
point of view of approximation: for small ¢, one cannot find
0’ and w' that are close to 0 and w, respectively, if one re-
quires &' — Vw/ to be of the order of 7.

A number of approaches have been developed to avoid
the locking problem. One successful idea has been to intro-
duce an additional finite element space I';, and a reduction
operator P, :0®, — I';,, and then seek approximations
0, € ©, and w, € W, minimizing

J;,(O,w):%/Cs(B):s(O)dx—l-%/lt’z/|Vw—Ph0\2dx—/gwdx.
Q Q Q

A key assumption is that VI¥,, is a subset of I';, and in par-
ticular of the image of P;,. As ¢ tends to 0, the limiting con-
dition will now be

P00, = Vwy . (1.1)

The introduction of the operator P, adds flexibility: if this
operator and the finite element subspaces are chosen prop-
erly, then one can obtain good approximations which still
satisfy the limiting condition (1.1). A number of locking-
free individual finite elements and finite element families
(e.g. [5,10,15,18,19,16,20,17]) have been obtained in this
way.

In a recent paper of Arnold et al. [4], the techniques of
discontinuous Galerkin (DG) methods were used to
develop two families of locking-free elements. DG solu-
tions are not required to satisfy the standard interelement
continuity conditions of conforming finite element methods
(that is, continuous elements in the case of the Reissner—
Mindlin plate problem). Hence DG methods allow a
greater flexibility, that we shall exploit.

As noted in [4], there are many variations of the DG
approach. The starting point for all the methods consid-
ered in [4] is a fully discontinuous approach in which for
k odd, the spaces @, and W), are chosen to be piecewise
polynomials of degree < &, and I, is chosen to be piecewise
polynomials of degree < k — 1. Various degrees of interel-
ement continuity can then be added, provided suitable bub-
ble functions are added to ®,. Error estimates are obtained
for two cases: first, when all finite element spaces are fully
discontinuous, and, second, when ®,, is a continuous finite
element space augmented by bubble functions, W, is a non-

conforming space (i.e., moments of order k — 1 are contin-
uous across interelement boundaries), and I, is
discontinuous. The second case coincides when k = 1 with
the Arnold-Falk element [6], in which @, consists of the
continuous piecewise linear functions augmented by cubic
bubble functions, W), consist of the nonconforming piece-
wise linear functions, and I, consists of the piecewise
constants. A possible advantage of the first, fully discontin-
uous case, is that it allows the same degrees of freedom for
the rotations and transverse displacement. This condition is
considered by some engineers to simplify the implementa-
tion in the context of the commonly used conforming or
nonconforming methods (and, especially, for the extension
to shell problems). It might prove less important when dis-
continuous elements are used. Since there is still very lim-
ited experience in the practical use of discontinuous
elements for plates (and for their extension to shell prob-
lems), we consider this question as yet unresolved. It might
well turn out, for example, that the greater flexibility of DG
methods enables the treatment of some particularly difficult
shell problems, compensating for other difficulties in imple-
mentation. Much more research and experimentation are
needed to fully understand the practical interest of all these
possible developments, and we shall not consider this issue
further here.

In this paper, the starting point for all the methods con-
sidered is to choose W), to be piecewise polynomials of
degree <k (with & > 2), and @, = I';, to be piecewise poly-
nomials of degree < k£ — 1. The motivation comes from the
desire to eliminate the reduction operator P;, and also is
suggested by issues arising from approximation theory, in
which it is natural to have the polynomials in W), of one
higher degree than those in ®;,. Within this framework,
various amounts of interelement continuity are possible,
and we derive error estimates for several natural choices.
These include fully discontinuous cases, and also the cases
when W), is continuous. In the former situation, ), con-
sists of all the piecewise polynomials of degree at most k
for some k£ > 2, and @, = I';, is made of all the piecewise
polynomials of degree < k& — 1. The element diagram in
the lowest order case, k=2 is shown on the left of
Fig. 1. In the case of when W, is continuous, it coincides
with the usual space of continuous piecewise polynomials
of degree at most k, and the smallest of several possible
choices for @, = I}, is the rotated Brezzi-Douglas—Marini
elements of order k — 1, BDM} |, [13]. With k=2 this
gives the element choice indicated on the right of Fig. 1.
However, other choices of @, =TI, are possible with the
same choice of W, In fact any space which contains

w 0 ~

Fig. 1. Simplest elements with w discontinuous (left) and continuous (right).
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BDM; |, e.g., the rotated Raviart-Thomas elements of
order k — 1 [21] (RT} ,), or the space of the discontinuous
piecewise polynomials of degree < k — 1 could be used.

There are some differences between the fully discontinu-
ous methods and the methods with continuous W), that
become apparent in the derivation of error estimates.
One difference is the regularity required on the solution
to achieve a certain rate of convergence. This may have
some added importance in the approximation of the Reiss-
ner—Mindlin plate problem, since the rotation vector has a
boundary layer and thus higher norms are not bounded
independently of the plate thickness ¢. For example, for
the clamped plate, ||0]|, is bounded, while ||6]|, behaves like
t712 as ¢ tends to 0.

An outline of the paper is as follows: in the next section
we introduce the notation for the spaces to be used, and
recall some basic notation and useful formulae to deal with
discontinuous approximations. In Section 3 we introduce
the discretized problem and recall some known results con-
cerning DG approximations. Specific methods are dis-
cussed in the last two sections. In particular, Section 4
deals with the cases in which functions in ¥}, are continu-
ous, and Section 5 with the totally discontinuous case.

2. Notations and preliminaries
2.1. Functional spaces

We begin by adopting the notation employed in [4]. Let
Q C R? denote the domain occupied by the middle surface
of the plate. For simplicity, we assume that Q is a convex
polygon.

We shall use the usual Sobolev spaces such as H(T),
with the corresponding seminorm and norm denoted by
|- |, and || - ||, 7, respectively. When 7' = Q, we just write
||, and || -|,- By convention, we use boldface type for
the vector-valued analogues: H*(Q) = [H*(Q)]*. Occasion-
ally we shall use calligraphic type for symmetric-tensor-val-
ued analogues: #°(Q) = [HS(Q)]zym. We use parentheses
(+,) to denote the inner product in any of the spaces
L*(Q), L*(Q), or £*(Q).

We denote by 7, a decomposition of 2 into triangles 7'
and by &), the set of all the edges in 7. For piecewise poly-
nomial spaces, we use the notation

PUT,) = {v e H(Q) : vl, € Pu(T), T € T}, (2.1)

with 2, (T) the set of polynomials of degree at most k on 7.
(Note that in (2.1), calligraphic font does not refer to ten-
sor-valued quantities.)

Some of our finite elements will be discontinuous and so
not contained in the space H'(Q), but rather in a piecewise
Sobolev space

H'(T,) = {vel*(Q):v|, € H(T),T € 7,}.

Differential operators can be applied to this space only
piecewise. We indicate this by a subscript # on the opera-
tor. Thus, for example, the piecewise gradient operator

V, maps H'(7;) into L*(Q) and the piecewise symmetric
gradient (or infinitesimal strain) operator &, maps H' (7 ,)
into #?(Q). The space H'(7,) is equipped with the semi-
norm [v],, = ||Vsvl[, and the corresponding norm

Hv||f_h = |v|ih + ||v]ls. More generally, a subscript such as
| - |l,, will be used to indicate the broken (element by ele-
ment) A*-norm (for s a nonnegative integer).

A particular role will be played, for discontinuous
approximations, by the set &, of all the edges of the given
decomposition .7 ;. In particular, we shall use the symbol
(-,-) to denote L*-inner product (of functions or vectors)
on &. Hence, for instance, if iy and y are functions defined
on &, we have

Won) =Y

ecdy €

Yy ds.

2.2. Averages and jumps

As is usual in the DG approach, we define the jump and
average of a function in H'(77,) as a function on the union
of the edges of the triangulation. Let e be an internal edge
of 7, shared by two elements TV and T, and let n" and
n~ denote the unit normals to e, pointing outward from 7"
and T, respectively. If ¢ belongs to H'(7;) (or possibly
the vector- or tensor-valued analogue), we define the aver-
age ¢ on e as usual:

QT+ @
{"’}:T‘

For a scalar function ¢ € H'(7,) we define its jump on e
as

lol =@'n" + o7 n,

which is a vector normal to e. The jump of a vector
¢ € H'(7,) is the symmetric matrix-valued function given
on e by

lel =0 " On" +o On,

where ¢ ©n= (¢ ® n+n® ¢)/2 is the symmetric part of
the tensor product of ¢ and n.

On a boundary edge, the average {¢} is defined simply
as the trace of ¢, while for a scalar-valued function we
define [J¢[] to be ¢n (with n the outward unit normal),
and for a vector-valued function we define J¢[] = ¢ O n.

It is easy to check that

2 /aT"’ -nrvds = ({o}, [0]), ¢ € H'(Q), ve H'(7)).
(2.2)

Similarly,

S [ Snrnds= (V). 7 e (@) neH ()

TeTy Yo
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It is not difficult to see that both the above relations hold
in more general situations. For instance, (2.2) also holds
for ¢ € H(div; Q), where H(div;Q) is the space of vectors
¢ € L*(Q) with dive € L*(Q).

2.3. The Reissner—Mindlin equations

Introducing the shear stress y = it~2(Vw — 0), the Reiss-
ner—Mindlin plate problem may also be described by the
Euler equations for the minimization of the plate energy.
These are

—divCe(0) —y=0 in Q, (2.3)
—divy =g in Q, (2.4)
Vw—0—-Fy=0 inQ, (2.5)
0=0, w=0 ondQ. (2.6)

Note that (2.5) should actually be Vw—0— 1"y =0,
where A is the shear correction factor. Here however, to sim-
plify the presentation, we set 1 = 1. We are now going to
introduce the variational formulation of Egs. (2.3)-(2.6)
(or, actually, of a more general case, that we shall need la-
ter on while applying a duality argument). We set, for
and y in H'(Q)

a(0,n) = (Ce(0), ()

and we consider the following problem:

Given gc*(Q) and G e L*(Q), find 0c Hi(Q),
w € H}(Q) and y € L*(Q) such that

a(oa 11) + (yv Vv — ”) = (gv U) + (Ga ”)

V(n,v) € H)(Q) x H)(Q), (2.7)

(Vw—0,7) —£(y,7) =0 VreL*Q). (2.8)

It is clear that the Reissner—Mindlin equations (2.3),
(2.1)~2.6) are obtained for G =0. For the generalized
problem (2.7) and (2.8), we recall the following result (see
[5,6]).

Theorem 1. Let Q be a convex polygonal domain, and
assume that the coefficient C is smooth. Then problem (2.7)
and (2.8) has a unique solution that satisfies

1011, + [wlly + [Ivllo + 2llvll, < CCllell-y +zllgllo + 1Glo),
(2.9)

where C is a constant depending only on Q and on the coef-
ficients in C.

3. Discontinuous Galerkin discretization

3.1. Discontinuous variational formulation of the continuous
problem

To derive a finite element method for the Reissner—
Mindlin system based on discontinuous elements, we test
(2.3) against a test function § € H*(7,) and (2.4) against

a test function v € H'(7;), integrate by parts, and add.
Since  and v may be discontinuous across element bound-
aries, we obtain terms at the interelement boundaries that
we manipulate using (2.2). The net result is

(Cen(0),6n(m) — ({Cen(0)}, [nl) + (v, Vv —m) — ({}, [v])) = (¢, 0),
(n.v) € H* (T 4) x H' (T ),
(Viw—0,7)—(y,7) =0, 1€ H' (7).
(3.1)

Note that we could as well have written () and Vw instead
of &,(0) and V,w, respectively, due to the continuity proper-
ties of the exact solution. The second and fourth terms in
(3.1) involve integrals over the edges and would not be pres-
ent in conforming methods. They arise from the integration
by parts and are necessary to maintain consistency.

We now proceed as is common for DG methods (for a
different point of view on this type of derivation see [11]).
First, we add terms to symmetrize this formulation so that
it is adjoint-consistent as well. Second, to stabilize the
method, we add interior penalty terms pg(0,n7) and
pw(w, v) in which the functions pg and pw will depend only
on the jumps of their arguments. Since [0] =0 and
[w] = 0, we find that 6, w, and y satisfy

(Cen(0),e1(m)) — ({Cen(0)}, [nll) — (D00, {Cen(m)}) + (v, Viv — 1)
= ({3,000} +po(0.0) +py (w,0) = (g,0), (n,0) € H(T4) x H'(T ),
(Viw—0,7) — ([w]), {t}) = (1,7) =0, 1€ H' (T,).
(3.2)

3.2. Abstract discretization

To obtain a DG discretization, we have to choose finite
dimensional subspaces ®, C Hz(ﬁ/“h), w, c H'(7}), and
I, C H'(7 ;). The method then takes the form:

Find (0,,w;) € ®, x W, and vy, € T, such that

(Cen(0n), en(n)) — ({Cen(0n) }, [mll) — (104, {Cen(m)})

+ (s Vv —m) — ({0}, [00) +po(0n,m)

+py (Wi, v) = (g,0),  (,0) € O x Wy, (3.3)
(Viwi = 03, 7) — (Jwa]l, {z}) — £ (v, 7) =0, (34)

For any choice of the finite element spaces ®;, W}, and I},
and any interior penalty functions pg and py- depending
only on the jumps of their arguments, this gives a consis-
tent finite element method. Note that in contrast to the
methods proposed in [4], we do not introduce a reduction
operator P,.

To complete the specification of the method, we need
only choose the finite element spaces ®,, W), and I';, and
the interior penalty forms pg and py. For the finite element
spaces, the starting point for all our methods is to choose
W, to be either Z} or &, (with k > 2), and ®, =T, to
be subspaces of ¥ . As stated earlier, the motivation
comes from the desire to eliminate the reduction operator
P, and also issues arising from approximation theory, in
which it is natural to have the polynomials in W), of one
degree higher than those in .

Terh.
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We make a standard choice for the interior penalty
terms pe and py-

ret0.m =3 7= [ 10]
pon =Y [ 1wl

so that pg (1, 1), (py (v, v), resp.) can be viewed as a measure
of the deviation of # (v, resp.) from being continuous. The
parameters «© and «" are positive constants to be chosen;
they must be sufficiently large to ensure stability. In the
case when W, consists of continuous elements, the penalty
term py will not be needed.

Throughout the paper, C will denote a generic constant
that depends only on the minimum angle of the decompo-
sition, on the degree k of the polynomials, and on the val-
ues of « and k" (for discontinuous W},).

(3.5)

3.3. DG norms and basic inequalities

For the error analysis which follows in the subsequent
sections, it will be convenient to have additional notation.
We first define norms

nllle = lInll7, +Z( 10w 0115 + lel[1{ Cen(n )}Ilé,e>,
eedy
neH(7,),

oll = [ol, + Z IIUvﬂlloey vEH(T)),

ee/h
2 2

lll7:= llello + |e|||{7}‘|0,e7 T H' (7).

ecéy

A useful result, that we will need in our analysis (see [1,2])
is the following: let 7" be a triangle, and let e be an edge of
T. Then there exists a positive constant C only depending
on the minimum angle of 7 such that

lolls. < Cllel " llolor + lelloli ), @€ HY(T). (3.6)

Clearly, (3.6) also holds for vector-valued functions

¢ € H'(7,). Using (3.6) it is not difficult to check that
6 < C(Z e Il + Il + hzr|’1|§,r>v
TeT
el < C(Z h* ollor + Ivlir>a (3.7)
TeT ),
I < o 3 I + il ).
TeT,
Let
an(0,n) = (Cen(0), en(m)) — ({Cen(0)}, Inl)
— (000, {Cex(m}) + po(0,n), (3.8)
v) = ({z}, o) (3.9)

Clearly we have (see [2]) for 0,y € H*(T;), v € H' (T ),
and t € H'(7,):

an(0,1) < ClI10]][ollnllo, (3.10)
1/2
jz,v) < C|||T|||F<Z o |||[| [||oc>
ecé),
< Clllelllppw (v, 0)"* < Cll[ll]pl[o]]]- (3.11)

Proofs of the two following lemmata, giving discrete
Korn’s inequality and a coercivity estimate, can be found
in [9,4].

Lemma 1

|”||ih<c<z ||0T+Z

TeT LEﬁh

|||Unﬂl|oe>» neH (7).

Lemma 2. There exist positive constants ko and o depending
only on the polynomial degree k and the shape regularity of
the partition Ty, such that: if the constant k° > ko (where
k® is the penalty parameter appearing in (3.5)), then

nE o, (3.12)

2
ar(n,m) = ofllnlll,

3.4. Compact formulation of the continuous and discretized
problems

With the above notation, we may rewrite (3.2) as

ah(ov ”) + (‘Yavhv - ”) _j('yv U) +pW<W7 U) = (gv U)a

(n,v) € H* (T ;) x H'(T ), (3.13)
(Viw —0,7) — j(z,w) —(y,7) =0, t€ H'(T,), (3.14)
and (3.3) and (3.4) as
ah(0h7 ") + ()’hvvhv - 'I) _j(Yhav) +pW(Whv U) = (gv U)

(1]717) €0, x Wy, (315)
(Viwy — 04,7) — j(t,wp) — £2(y,,7) =0, 1€, (3.16)

4. Continuous w and discontinuous 0
4.1. General setting of the methods with continuous w

In this section we shall consider methods in which the
space W, C H(l)(Q) and the spaces @, =1, C Hl(fh)
satisfy

VIV, C ®, =T, (4.1)

Note that (4.1) forbids the use of a space @, consisting of
continuous functions. However, it allows choices where the
tangential component is continuous (as well as choices
where @, consists of totally discontinuous elements).

Since the space W), is continuous, the general method
given by Egs. (3.15) and (3.16) simplifies to
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ah(ohan) + ('y;”VU - '1) = (g7 U)a (”71]) € ®h X Wh7 (42)
(Vwy, — 0y, 7) — tz('yh,r) =0, eI, (4.3)

Note that, using (4.1), Eq. (4.3) can be written as

Y = I_Z(VW;, — 0;,) (44)

We start by stating a basic abstract error estimate.

Theorem 2. Assume that W, C H\(Q) and that assumption
(4.1) is satisfied. Let (0,w,y) be the solution of (2.3)—(2.6),
and let (0, wy,y,,) be the solution of (3.3) and (3.4). Let 0
and w' be any elements in ©y, and 'y, (respectively) and set

y =V — 0. (4.5)

Then we have

110 = 0ullle + tlly = wallo < C(I10 = O'lllo + tlly —¥'lo)-
(4.6)

Proof. For the choice of spaces in this section, and in par-
ticular by the continuity of W}, Eq. (3.13) becomes

ap(0,n) + (v, Vv —1n) = (g,v)

Subtracting (4.2), we obtain the error equation

an(@—04,m) + (y—v,,Yo—n) =0 Y(y,0) € Oy x W),
(4.7

Choosing # = 60" — 0, and v =w' —w, in (4.7), and using
(4.4) and (4.5), this becomes

V(ﬂ,l}) S ®h X Wh-

an(0— 0,0 —0,) + (y —v,,7" — ) =0. (4.8)

Hence, adding and subtracting 6 and y, and then using (4.8)
to cancel the first and third terms, we have

an(0y = 0',0, = 0') + (v, — 7', 7 — V)
=a,(0, — 0,0, —0") +a,(0—0,0,—0")
e = =) = =y
=ay(0-0.,0,—0)+7(r =777
From this, (3.12), and (3.10), we easily obtain

2 2 2 2
1105 = 0'llle + 22l — ¥l < (U110 = O'lllp + 221y — ¥'[Io)-

The result (4.6) then follows by the triangle inequality. [

We now proceed to the choice of the spaces ®,, I';, and
W,, and the interpolants 6’ and w’ (which determine y’). We
shall then apply Theorem 2 to obtain error estimates.

4.2. Choice of W), and w!

For any k integer > 2, we take

Wy= %, (4.9)

where .#, is defined in (2.1). For the interpolant we shall
use W/ = myw where my is the natural projection onto
W, i.e., classical choice for the interpolant on W, i.e.,
nyz € Wy, = ESJ”}( is determined by

nwz(a;) = z(a;) VY vertices a;,

/(z —nyz)qgds =0 Vg € P, 5(e) Ve € &),

/(z —nyz)gdx =0 Vq € 2, _5(T) YT € T ). (4.10)
T

It is well known that this standard interpolant satisfies the
error estimate

[w—w,, < CH"wll,, 0<s<k+1 (4.11)

s,h

4.3. Choice of ®, = T';, and of the interpolants

With W, given by (4.9), our first choice of ®, = I';, will
be close to the minimum choice that makes (4.1) hold true.
More precisely we take

©, =T, = BDMX |, (4.12)

where BDMfﬁl denotes the rotated Brezzi-Douglas—Mari-
ni space of degree k — 1, i.e., the space of all piecewise poly-
nomial vector fields of degree at most k — 1 subject to
interelement continuity of the tangential components. With
this choice, the inclusion (4.1) is clearly satisfied.

We define ' = 0, where np : H'(Q) — @, is deter-
mined locally by the following degrees of freedom:

/(‘E —met) tgds =0 Vg€ P (e), (4.13)

/(r—n@r)-qu:() Vg € RT;_3, (4.14)
T

where RT, 3 is the usual (unrotated) Raviart-Thomas
space of index k — 3. In the framework of [7,8], =g is seen
to be the natural projection into BDM} | (and, in particu-
lar, well-defined), although the degrees of freedom in (4.14)
are not the ones which were used in the original reference
(cf. [13]). Moreover, it is related to the natural projection
operator 7wy into W), by the commutativity condition

noVz = Vryz. (4.15)

This can be checked by using the definition of the projec-
tion operators and integration by parts, and is a special
case of the commutativity properties of projections pre-
sented, e.g., in [7,8].

As a consequence of the choices w' = myw and 6 = 750
and (4.15), we have

y =2V = 0') = 2 (Vipw — 1e0) = t *ne(Vw — 0)
=Ty

This puts us into the framework of [18] where the key con-
dition is that y := ¢2(Vw/ — 0') is an interpolant of y.

Using standard techniques, we then have the following
interpolation estimates:
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10— 0"1l,,, < Ch'l161],, Iy = ¥l < CH 2l

0<s</l, 1<I<k (4.16)

4.4. Basic error estimates for 0 and y
We can now apply Theorem 2 to obtain the correspond-
ing order of convergence estimates.

Theorem 3. With the choices (4.9) and (4.12) for W), and
0, =T}, let (0,w,y) be the solution of (2.3)~(2.6), and let
(05, wn, y),) be the solution of (3.3) and (3.4). Then we have

110 = 0ullle + tlly = vallo < CH (101, + ellvll—)-

Proof. This follows immediately from Theorem 2, (3.7),
and (4.16). O

4.5. 7 error estimates for 0 and w

In this section, we establish the following improved esti-
mate for ||@ — 0,]|, and also a basic estimate for ||w — w;]|,.
Theorem 4. Under the assumptions of Theorem 3,
[lw = willy + 110 = 041l < CH(01], + 2ll71],-))-
Proof. We establish this result by a standard duality argu-
ment. Let (,z,{) € Hy(Q) x H\(Q) x L*(Q) be the solu-
tion of
a((pa”) + (Cv Vv — ") = (0 - Bhaﬂ) + (W - Whav)

¥(n,v) € Hy(Q) x Hy (<), (4.17)
(Vz—¢,7) — (1) =0 Ve L*Q). (4.18)

From the regularity result in Theorem 1, we have on con-
vex polygons,

10lly + ¢ i) + 2IEN < CUIO = 04llg + 1w — wallo)-
(4.19)

Using a derivation analogous to that used earlier, we get
that (@,z,¢) also satisfies:

ap(eo,n) + (&, Vo —1) = (0 — 0,,3) + (W — wy, v)
Y(n,v) € H' (T ;) x H'(T,).
Choosing y = 6 — 0,, v = w — wy, and using the definitions
of y and vy,, given by (2.5) and (4.4), we get
10— 6415+ [lw — willg
= ay(¢,0 — 0;) + ({, V(w—w;) — (0 —0,))

= a(9,0 — 0,) + (L, 7 — v))- (4.20)
Let Z/ = nyz and ¢’ = nge. Then
lle —¢'lllo < Chllgll, < Ch(||0 = 0,1l + [[w — will,)-
(4.21)

Defining {' = t2(Vz/ — ¢'), we have {' = no(, and apply-
ing (4.16) and the regularity result (4.19), we obtain

tIC = Ml < Ch(IO = B4lly + w = wally)- (4.22)

Now from (4.7) with § = ¢’, v = z/, we then have (using the
symmetry of the bilinear form a,,)

(9,0 = 0,) = —(y = v, ).

Adding and subtracting ¢’ in (4.20), we thus obtain

16— 84ll5 + 1w — wallg

=a(o—¢",0—-0,)+7 - v—)

< Clllp - (PI|H9H|0 —0lllo + tZHC - CIHOHV — Vallo-
Applying (4.21) and (4.22), we get
W =willg + 110 = Oully < Ch(|[10 — 04]llo + 2lly = 11llo)-

The result now follows directly from Theorem 3. [

4.6. Error estimates for Vw

We next obtain two error estimates for ||[V(w — w;)|,-
Theorem 5. Under the assumptions of Theorem 3,
V0w =wi)llo < 110 = Oully + 21y = ally
< COH" + =) (101l + tllvlly)- (4.23)
V0w = wa)llo < CHE (IO, + tllvlliey + IWlleen)- (4.24)

Proof. The first estimate is easily obtained through the
relation V(w—w;,) =2(y—1y,) + (0 —0,) and the esti-
mates for @ and y in Theorems 3 and 4.

In view of Theorem 4 and the interpolation estimate
(4.11), to establish the second estimate it suffices to show
that
IV = wi)lly < CIV(w = w')llg + 110 = Oll,). (4.25)

From the error equation (4.7) with # = 0 we have
(y—7,,Vv)=0 YveWw,.

Consequently, from the definitions (2.5) and (4.4) of y and
y, (respectively), we get
(Viw—wp,) —(0—0,),Vv) =0 Yve W, (4.26)
Adding and subtracting Vw, and then using (4.26) with
v=w —w,, we have
IV —wi)lg = (VO = w), V(W' =)

+ (V(w—wy), VW' —wy))

= (VW —w), V(W —wy))

+ (0 - 0;,, V(VV[ — Wh)),
o)
V0 =)l < 1V 0w = w)lly + 18— B4l
and (4.25) follows using the triangle inequality. [
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Remark 1. Even for the lowest order case k = 2, estimate
(4.24) involves ||w]|5. Since from (2.4) and (2.5), it easily fol-
low that w satisfies Aw = divf — £2g, on a smooth domain,
standard a priori estimates for Poisson’s equation and (1)
give

wlly < Cllell, + 2lglh) < Cligll—y +tllgllo + £llgll)-

Hence, in this case, one obtains a uniform bound for
0 < ¢ < 1. On a convex polygon however, one can only ex-
pect H? — regularity for w. In this case, an alternative esti-
mate is provided by (4.23).

Remark 2. We have shown that ||V(w — w)||, achieves the
same order, k, of approximation as |6 — 6,|, and one
order higher than |||0 — 6,]||,. Although w' converges to
w with order k£ + 1, we have not been able to establish that
higher order for the convergence of wy,.

4.7. Other possible choices

Still taking W, = %, as in (4.9), we have other possible
choices for @, = I';. Indeed, we can take any finite element
space which contains BDMfﬁ1 , and continue to use for 6’ the
natural projection onto BDMfﬁ1 (not onto the larger space
®,). This leaves unchanged the approximation results
(4.11) and (4.16) and then the error estimates for the method.

Some reasonable such choices for @, =TI, are O, =
I, =RTf , or ®, =T, =] | where RT{ | denotes the
rotated Raviart-Thomas spaces of degree k— 1, and
2! | the space of discontinuous piecewise polynomials of
degree k — 1. In the first choice, the space BDMy | is
extended by adding local shape functions on each element.
In the second, the space is extended by relaxing the interel-
ement continuity.

The analysis can also extend to other choices of spaces
W, and @, =T, for which VW, C O, and which admit
projections satisfying

VTCWz = ﬂ@VZ.

One such possibility is to take ¥, to be the space obtained
by augmenting .,?,1{ by the bubble functions of degree k + 1,
and choosing ©, to be the Brezzi-Douglas—Fortin—-Marini
space of degree k — 1[12,14]. It is not clear that using these
larger spaces offers any advantages over the choice of
W,=% ,i and @, =TI, = BDMfﬁl, since they involve more
degrees of freedom without producing higher convergence
rates, and we will not pursue them here.

5. Discontinuous w and discontinuous 6
5.1. Choice of the spaces and of the interpolants
In this section we shall examine the choice of totally dis-

continuous elements, that is,

Wy=92 @,=0,=2", k=2 (5.1)

Our analysis will start from the totally discontinuous weak
formulation of the continuous problem (3.13) and (3.14)
and the corresponding formulation of the discrete problem
(3.15) and (3.16).

In order to obtain y, in an explicit form from Eq. (3.16),
it is convenient to introduce the [lifting operator
J:H'(7,) — I, defined (as in [3]) by

/QJ(HUH) ctdx = —j(r,v), tel}y.

From (3.11) and the equivalence of the norms || - ||, and
[Il - |l on Iy, it easily follows that

117 (DeD)II[7 < Cpw(v,0) © € W

Since the condition V, W, C I', is satisfied, we then have
from (3.16):

lz’yh =V,w, — 6, +J(|]Wh|]) (54)

Although the space W, imposes no interelement conti-
nuity, we shall use w/ = myw where myy is still the natural
interpolant into the continuous finite element space %,
defined in (4.10). Similarly, since BDM} | C %} |, we
can choose 0 = no0 where mg is still the natural interpo-
lant into BDMj | as defined in (4.13) and (4.14). We then
continue to have

y=1(VW - 0') = mey. (5.5)

In short, although we are using larger spaces W), ©,, and
I';, than in the previous section, we use the same interpo-
lants. As a result, the interpolation estimates (4.11) and
(4.16) continue to hold.

(5.2)

(5.3)

5.2. Error estimates

Theorem 6. Let (0,w,y) be the solution of the continuous
problem (3.13) and (3.14), and let (0, wy,y,) be the solution
of the discrete problem (3.15) and (3.16) with the choice of
spaces (5.1). Then we have

116 = Bulllo + tlly = 3allo + [y (w — wyy w — w2
< 100+ l19l) (5.6)

1w = willly < CHE 0N + Iollicy + Iwlle). (5.7)

Proof. From (3.13) and (3.15), we immediately have the
first error equation

an(0 = 0,,m) + (y = v, Vi — 1) — j(y = ¥3,v) — Py (wn,v) =0
V(n,v) € O, x Wy, (5.8)

while subtracting (5.4) from (2.5), we have the second error
equation

£y =) = Valw—wi) — (0 —0,) — J([wa]).
Setting now
0;=0,—0" Vo=~

and using (5.4) and (5.5) we immediately obtain

(5.9)

w(;:wh—w’,
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tzy(; :Vhw(;fBl;JrJ(ﬂwh[]). (510)
Choosing § = 05 and v = w; in (5.8) we have
an(0 — 0y, 05) + (y — vi, Vaws — 05) — j(y — v, we)

— pw(wy,ws) = 0.

Using (5.10), and the continuity of w’ (in the penalty term
and in J), we then have

an(0 = 04,05) + (= ,75) — (0 — v, I ([ws])))
—J(y = v ws) — pw(ws,ws) = 0. (5.11)

Owing to the definition (5.2) of J, and to the fact that
y, € Ty, we have (y,,J([ws])) +j(v4, ws) = 0. Using this
in (5.11) we deduce

an(0—0,,05) + (v —v',v5) — £ (v5,75) — (0, I (Jws]))
—J(y,ws) — py(ws, ws) = 0. (5.12)

On the other hand, using (3.12) and adding and subtracting
6, we have

[105]|[6 < an(05,05)
:ah(();,—(),()g)—&—ah(ﬂ—(?’,()g). (513)
Combining (5.12) and (5.13), we obtain

al[|05]115 + 217515 + P (ws, ws)
<ap(0—0",05)+ (=9 75) — (0. ([wsl)) — (2, ws).

It will be convenient, also for future use, to isolate the most
difficult term to bound in the above equation. We set

A= (T (Dws])) + iy ws). (5.14)

Using the continuity (3.10) of a;, and the arithmetic-geo-
metric mean inequality, one easily obtains

2 2
11651116 + 211751l + pw (ws, ws)

< C(l16 - #'[lls +Flly —'llo + 41). (5.15)

In order to bound the term /", we use again the definition
(5.2) of J, and note that, for every = € I';, we have

N = (0 (Iwsl))) + j (v, ws)
== J([ws])) +Jj(r — 7, ws).

Choosing 7 =y’ in (5.16), we easily have from (5.3) and
(3.11)

(5.16)

A< Ny =3 ol @ws D) llo + 1l = ¥l lpw (ws, wa)] 2
<

Cllly = 7' lllrlpw (ws, wa)) 72,

Inserting this estimate in (5.15), and again using the arith-
metic geometric mean inequality, we get

2 2
|H00‘|||@ + tZH%H() + Py (ws, ws)

< (o= 8'llle + (1 +Allly = 1117, (5.17)

and the estimate (5.6) follows from the triangle inequality
and the interpolation bounds (4.16). Finally, to get esti-
mate (5.7), we use first (5.10) and (5.3) to obtain

IViwsllo = 125 — T (Twsl)) + 05l

< A2 wslllr + 1110s]1lo + [ow (ws, ws)] 2}
(5.18)

Then (5.7) follows by (5.17) and the triangle inequality. [J

5.3. Estimates of N~ using the Helmholtz decomposition

The estimates (5.6) and (5.7) obtained in the previous
section have one undesirable feature, i.e., the norm ||y||,_,
appearing on the right hand side of the estimates does
not contain a factor of ¢, as was the case for the estimates
obtained for continuous approximations of w. Since this
norm behaves like %32 as t — 0, the extra factor of ¢
helps control the size of this term and for k£ = 2 insures that
it remains bounded. In this subsection, we will show that
error estimates with better regularity properties can be
obtained if we assume the Helmholtz decomposition for vy
is sufficiently smooth.

Looking at the derivation of error estimates in the pre-
vious section, we see that the problem comes from the esti-
mation of the term /" appearing in (5.14). We now show
how use of the Helmholtz decomposition can lead to an
improved estimate of this term. Since in the subsequent sec-
tion we will introduce an appropriate dual problem to
obtain L? estimates, and need to estimate a similar term,
we work now in a more general framework and define,
for any element y € H'(Q), the quantity

N =N () = I ([wsl)) + 7 ws)-

We assume that y has a smooth Helmholtz decomposi-
tion satisfying

x=Vs+curlg, sc€H*Q)NH)Q), q¢cH(Q)/R.
(5.19)

We shall assume that

(Isllz + gl < Clil g1

(Isllz + llglle-)"* < Clllp-2(aiv)» (5.20)

where H*?(div) is the space of vectors in H* *(Q) having
the divergence in H*7?(Q). Note that since As = divy, (5.20)
holds if we have H* regularity for the Dirichlet problem for
Poisson’s equation, and so for Q a convex polygon it holds
at least for k = 2.

As in (5.16), the basic instrument for estimating .4~ will
be the property (based on the definition (5.2) of the opera-

tor J):
N = (g, I([wsl) +(x, ws)
= (== J([wsl)) +(x — 7. we),
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This time, however, we choose a different . Namely, we let
sl € £, NH(Q) and ¢' € Z;/R be interpolants of s and ¢,
respectively, satisfying

s — s+ Hs— ', < CHlsl, j=Tok,  (522)
lg —q'lly +hlg —4'l, < CWlql,, j=1,....k. (5.23)
We then define y! € ), as

x' = Vs' +curlq. (5.24)
It follows immediately that
lx =" llo < CH = (Isl, + lgl) < CH* gl et (5.25)

Inserting © = ¢! in (5.21), and using (5.10) to eliminate

J([Jlws]]), we have

N =2 =o' ) + (=21 05) — (= 2", Vaws)
+ir =o' ws)- (5.26)

The first term in (5.26) is easily bounded using (5.25):

2l = o2 lollvsllo

2l — 1 ys)] <
< CPlyslloh* 1l

gl (5.27)

The second term in (5.26), using the expression (5.24) for
¥!, becomes

(x =2, 05) = (V(s — s") +curl(qg — ¢'), 05). (5.28)

All the terms appearing in (5.28) can be treated in the same
way. For example, if  is in H*(Q) and 0 is one of the two
components of 65, we have

@y /ax,0) =~ Y (/T tﬂ@@/axdx—/aT W@nxds>. (5.29)

TeT

The first term in the right-hand side of (5.29) is easily
bounded by [[i/[|,[|0]|, ;- For the second term, recalling that
 is continuous and that 0 is one of the two components of
05, we have

Yon,ds

re7, JoT

<YWl el 10050ll0.)-

ecsy

Using (3.6) we can collect the total estimate for (5.29) in the
form

1/2
(B /0x, 0)] < (Z IIWllé,TﬂLh?IKIJI?,T) 11165]1]6-

TeT)

Applying the same argument to all the terms and then
using the approximation properties (5.22) and (5.23), we
obtain

|(V(s = ") + curl(g — ¢"), 0)]

< CH 7 Isliy + lale) 10511 (5.30)

The third and fourth terms in (5.26), always using the

expression (5.24) for y/, become

—(V(s = s') +curl(q — ), Vaws) + j(V(s = 5)
+ curl(q — ¢'), ws). (5.31)

Let us consider first the terms appearing in (5.31) and con-
taining s — s”. Using (5.18) and (3.11) we have

[(V(s = 57), Viws )| + [i(V(s =), ws)]
< C(IV (s =)ol Vawllo + 11V (s = ") 11 lpw (ws, ws)]?)

< ClIV(s = HIAL NI -+ 11061110 + [ (ws, ws)]2-
(5.32)

To estimate the terms involving curl(g — ¢'), we integrate
by parts to obtain:

(curl(q — ¢'), Vyws) = Z / curl(g — ¢') - nwsds
or

TeT )

= ({curl(g — ¢")}, [ws[))-

It follows immediately from the definition (3.9) of j that
—(curl(qg — ¢"), Viws) + j(curl(q — ¢'),w;s) = 0. (5.33)

Collecting the estimates (5.27), (5.30), (5.32), and (5.33) of
all the terms appearing in (5.26), and using the interpola-
tion estimates, we obtain:

A ()] < CHH el + Nl e i)

x Atllvsllo + 10slll + i (wa ws)] 23 (5.34)
Inserting the above estimate for y = y into (5.15), we have
then established the following theorem.

Theorem 7. Let (0,w,y) be the solution of the continuous
problem (3.13) and (3.14), and let (0, wy,y,) be the solution
of the discretized problem (3.15) and (3.16) with the choice of
spaces (5.1). Assume further that we have the Helmholtz
decomposition (5.19) for y. Then we have

1/2
110 = 0ulllo + tlly = 3allo + [P (w = way w — )]/

< Chkil(”"”k + [yl + ||Y||H"’2(div)>7 (5.35)
1w = willly < CHT WO+ ellvley + Il a2y + [D91l)-

(5.36)
Remark 3. We point out that in our assumptions (and in
particular for a convex domain Q) the Helmholtz decom-
position (5.19) for y will always hold for kK = 2. Hence, in

particular, estimates (5.34), (5.35), and (5.36) will hold
for k =2.

5.4. I? error estimates

In this final section, we use a duality argument to derive
an optimal L? estimate for 6 — 0), and an improved estimate
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for ||w — wy||,. We show that both of these are of order 4*
provided the solution is sufficiently smooth.

To do so, we again use the dual problem of the previous
section, i.e., in which (¢,z,{) is the solution of (4.17) and
(4.18) and hence satisfies the regularity estimate (4.19).
As we did for the direct problem, we define the interpolants
2, " and ¢’ by

d =npze &),
(PI =Te@,
(' =12V — ') = mol.

(5.37)

From the regularity result (4.19), and the previous approx-
imation properties (4.16), we easily obtain

I = llo + 1o = ¢'lllo < Ch([10 = O4lly + [lw — wally)-
(5.38)

With a derivation analogous to that used previously, we
see that (¢,z,{) also satisfies, for all (y,v)€
H'(7),) x H'(T ),
ah(¢7’1) + (C?th - ") _](Ca U) = (0 - 0/’17 ") + (W — Wh, U)'

(5.39)
Takingn =0 — 0,, v = w — wy, in (5.39), and using (5.9) we
have
16— 04l + 1w — il

= ay(0 — 0, @) + (Vi(w —wi) — (0 = 0,),8) — j({, wa)

=a;(0 = 0, 0) +2(y = 1, 8) = Na, (5.40)
where, in analogy with (5.14), we have set
Na=Na(8) = (&I ([wal)) + (& w).

With the choice (5.37), from the error Eq. (5.8) for the di-

rect problem with n = ¢, v = 2/, we deduce:

ar(0—04,0") = —(y =1, VZ' = @) + (v = 11, 2") + Py (Wi, 2)
=2y =y (5.41)

Adding and subtracting ¢’ in (5.40), and then using (5.41)
and the interpolation estimates (5.38), we obtain:

10— 0,5+ w —willg
=ay(0—0,,0—¢")+a,(0—0,,0" )+ (y—7,,0) — N4
=ay(0— 04,0 — ")+ (y—7,,{ =) =Ny
S Ch(]|0 =05 llo + [lw—wallo) (1110 = Onll| o +2ll1y = vulllo) — A a-
(5.42)

At this point, we can use the estimates of the previous sub-
section. As already pointed out, estimate (5.34) will surely
hold for & = 2. Using this and the regularity results (4.21)
we have:

| A al < Ch(IE]]} + 118N praiv))

X {tllyslly + 111051l + [P (ws, ws)] "}
< Ch([10 = B4l + [[w — wallo)

X {tllysllo + 111051l + [pw (ws, ws)] "}

Hence, (5.42) becomes:

116 = Onlly + [[w = wally
< Ch{|110 = Oulllo + tllly — walllo + ellvsllo + 1105ll]o

+ U)W(Wﬁv W(S)]lﬁ}'

Applying our previous estimates, we immediately obtain
the following result.

Theorem 8. Let (0,w,y) be the solution of the continuous
problem (3.13) and (3.14) and let (0;,wy,y,,) be the solution
of the discretized problem (3.15) and (3.16) with the choice of
spaces (5.1). Then we have

10 = Oullo + lIw — willy < CH ([0, + [171l,—1)-

If moreover y has a smooth Helmholtz decomposition of the
type (5.19), then we have

10— 0ully + llw = wallo < CH* (101, + ellyllicy + 171l 2(ai)-

Remark 4. We remark that for the lowest order case
(k=2) all our error estimates, namely Theorems 3-5,
and subsequent Remark, and Theorems 7 and 8, use
norms of the exact solution (6,w,y) that are uniformly
bounded with respect to #, according to the regularity
results (2.9).
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