FINITE ELEMENT METHODS FOR LINEAR ELASTICITY

RICHARD S. FALK

1. INTRODUCTION

The equations of linear elasticity can be written as a system of equations of the form
(1.1) Ao = cu, dive=f in Q.

Here the unknowns ¢ and u denote the stress and displacement fields caused by a body
force f acting on a linearly elastic body which occupies a region 2 C R”, with boundary
0€2. Then o takes values in the space S = R{I" of symmetric n X n matrices and u takes
values in V = R™. The differential operator ¢ is the symmetric part of the gradient, (i.e.,
(eu);j = (Ou;/0x;+ Ouj/0x;)/2), div denotes the divergence operator, applied row-wise, and
the compliance tensor A = A(x) : S — S is a bounded and symmetric, uniformly positive
definite operator reflecting the properties of the material at each point. In the isotropic case,

the mapping o — Ao has the form

1 A
AO' = ﬂ(g_ mtr(g)l),

where \(x), u(z) are positive scalar coefficients, the Lamé coefficients, and tr denotes the
trace. If the body is clamped on the boundary 0f2, then the proper boundary condition for
the system (1.1) is u = 0 on 9. For simplicity, this boundary condition will be assumed
throughout the discussion here. However, there are issues that arise when other boundary
conditions are assumed (e.g.,, traction boundary conditions on = 0). The modifications
needed to deal with such boundary conditions are discussed in detail in [9].

In the case when A is invertible, i.e., 0 = A~ teu = Ceu, then for isotropic elasticity,

Cr =2u(r + Atr7l).
We may then formulate the elasticity system weakly in the form: Find o € L*(,S), u €
H'(Q;V) such that
/0 cTdr — / Ceu:1dr =0, 7€ L*(Q,S), /0’ cevdr = / frvdx, ve ﬁ[l(Q;V),
Q ) Q Q

where 0 : 7= 3" ;=1 0i;Tij- Note that in this case, we may eliminate o completely to obtain
the pure displacement formulation: Find u € H 1(Q; V) such that

/C’eu:svdx:/f-vdx, ve H'(QV).
Q Q
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As the material becomes incompressible, i.e., A = oo, this will not be a good formulation,
since the operator norm of C' is also approaching infinity. Instead, we can consider a formu-
lation involving u and a new variable p = (\/[2u+n)]) tro. Taking the trace of the equation
Ao = eu, we find that divu = A~!p. Then we may write

o = 2ueu + pl,

and thus obtain the variational formulation: Find u € ﬁl(Q;V)7 pe LAQ) ={pe L) :
fgpdﬂ? = 0}, such that

/Q,u&?u:evdx—l-/pdivvdx:/f~vda:, veﬁl(Q;V),
Q Q Q

/divuqu://\_lpqu, q € L3(9).
Q Q

This formulation makes sense even for the limit A — oo and in that case gives the stationary
Stokes equations. Even in the case of nearly incompressible elasticity, one should apply
methods that are stable for the Stokes equations. Since such methods will be considered
in other lectures, we will not consider them here. Instead, we now turn to other types of
weak formulations involving both ¢ and u. One of these is to seek o € H(div,(2;S), the
space of square-integrable symmetric matrix fields with square-integrable divergence, and
u € L*(Q; V), satisfying

(1.2)

/(Aa T+ divr-u)dr =0, 7 € H(div,2;S), / dive -vdr = / f-vdr, ve L*(V).

Q Q Q

A second weak formulation, that enforces the symmetry weakly, seeks o € H(div,Q; M),
u € L*(Q; V), and p € L*(Q; K) satisfying

(1.3) /(AU:T—l—diVT-u—i—T:p)d:r;—O, T € H(div,Q; M),
Q

/diva-vdx:/f-vdx, ve LA(V), /J:qu:(), q € L*(Q;K),
Q Q Q

where M is the space of n X n matrices, K the subspace of skew-symmetric matrices, and
the compliance tensor A(x) is now considered as a symmetric and positive definite operator
mapping M into M.

Stable finite element discretizations with reasonable computational complexity based on
the variational formulation (1.2) have proved very difficult to construct. One successful
approach has been to use composite elements, in which the approximate displacement space
consists of piecewise polynomials with respect to one triangulation of the domain, while the
approximate stress space consists of piecewise polynomials with respect to a different, more
refined, triangulation [22, 30, 24, 4]. In two space dimensions, the first stable finite elements
with polynomial shape functions were presented in [10]. The simplest and lowest order spaces
in the family of spaces constructed consist of discontinuous piecewise linear vector vector
fields for displacements and a stress space which is locally the span of piecewise quadratic
matrix fields and the cubic matrix fields that are divergence-free. Hence, it takes 24 stress and
six displacement degrees of freedom to determine an element on a given triangle. A simpler
first-order element pair with 21 stress and three displacement degrees of freedom per triangle
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is also constructed in [10]. All of these elements require vertex degrees of freedom. To obtain
simpler elements, the same authors also considered non-conforming elements in [12]. One
element constructed there approximates the stress by a conforming piecewise quadratic with
15 degrees of freedom and approximates the displacement field by discontinuous linear vectors
(6 local degrees of freedom). A second element reduces the number of degrees of freedom to
12 and 3, respectively. See also [11] for an overview. In three dimensions, a piecewise quartic
stress space is constructed with 162 degrees of freedom on each tetrahedron in [1].

Because of the lack of suitable mixed elasticity elements that strongly impose the symmetry
of the stresses, a number of authors have developed approximation schemes based on the weak
symmetry formulation (1.3): see [22], [2], [3], [28], [29], [27], [5], [25], [26], [21]. Although
(1.2) and (1.3) are equivalent on the continuous level, an approximation scheme based on
(1.3) may not produce a symmetric approximation to the stress tensor, depending on the
choices of finite element spaces.

These notes will mainly concentrate on the development and analysis of finite element
approximations of the equations of linear elasticity based on the mixed formulation (1.3)
with weak symmetry. Using a generalization of an approach first developed in [8] in two
dimensions and [6] in three dimensions, and then expanded further in [9], we establish
a systematic way to obtain stable finite element approximation schemes. The families of
methods developed in [8] and [6] are the prototype examples and we show that they satisfy
the conditions we develop for stability. However, the somewhat more general approach we
present here allows us to analyze some of the previously proposed schemes discussed above
in the same systematic manner and also leads to a new scheme. Before considering weakly

symmetric schemes, we first discuss some methods based on the strong symmetry formulation
(1.2).

2. FINITE ELEMENT METHODS WITH STRONG SYMMETRY

In this section, we consider finite element methods based on the variational formulation
(1.1). Thus, we let 3, C H(div,$;S) and V;, C L*(©;V) and seek oy € Xy, and uy, € V7,
satisfying

(2.1) /(Aah:T—l—diVT~uh)dx:0, TE X, /divah-vdx:/f-vdm, veVy.
Q Q Q

This is in a form to which one may apply the standard analysis of mixed finite element
theory (e.g., [14, 15, 20, 18]. We note that in the case of isotropic elasticity, if we write
o=o0p+ (1/n)trol, where trop = 0, then ||o||2 = ||op||2 + (1/n)] tr o2 and so

1 1
Ao :odr = —op: —(tro)?| dx.
/Q o:odr /Q{QHUD 0D+2M+n)\(ra)} x

Thus, this form is not uniformly coercive as A\ — oco. However, for all o satisfying
(2.2) / trodx =0, dive =0,
Q

one can show (cf. [15]) that ||troll¢ < Cllopllo, and hence (Ao, o) > aHaHf{(div) for all o
satisfying (2.2), with « independent of A\. This is what is needed to satisfy the first Brezzi
condition with a constant independent of A. A simple result of mixed finite element theory
that fits the methods that we will consider here is the following.
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Theorem 2.1. Suppose that for every T € H*(Q), there exists Il,7 € 3y, satisfying
/ diV(T — HhT) -vdr = O, NS Vh, HHhTHH(div) < CHTHH(div)-
Q

Further suppose that for all T € X, satisfying fQ divr -vde =0, v € Vy, that divr = 0.
Then for all v, € V',

lo =onllo < Cllo =Thollo,  llu=wunllo < Clu=wvallo + [lo = onllo)-

To describe some finite element methods based on the strong symmetry formulation, we
let Pr(X,Y") denote the space of polynomial functions on X of degree at most k& and taking
values in Y.

2.1. Composite elements. One of the first methods based on the symmetric formulation
was the method of [30] analyzed in [24]. We describe below only the triangular element (there
was also a similar quadrilateral element). The basic idea is to approximate the stresses by a
composite finite element. Starting from a mesh 7, of triangles, one connects the barycenter of

each triangle K to the three vertices to form a composite element made up of three triangles,
ie., K =T, UT5UT;. We then define

¥ ={re€ H(div,Q;S) : 7|1, € P1(T},S)},
V,= {U € LQ(Q) : U|K € Pl(K,RQ}.

Composite
Element

Thus the displacements are defined on the coarse mesh 7. By the definition of Xj|x, we
start from a space of 27 degrees of freedom, on which we impose at most 12 constraints that
require that 7n be continuous across each of the three internal edges of K. In fact, these
constraints are all independent. Then, a key point is to show that on each K, 7 is uniquely
determined by the following 15 degrees of freedom (i) the values of 7-n at two points on each
edge of K and (ii) [, 7;dx, i,j = 1,2. It is then easy to check that if [, div7-vdz =0 for
v € Pi(K,R?), then div 7 = 0. If we define I, to correspond to the degrees of freedom, then
it is also easy to check that [ div(r —1II,7) - vdx = 0 for v € Py(K,R?). After establishing
the H(div,2) norm bound on II,o, one easily obtains the error estimates:

lo = onllo < Ch%loll,  lluw—unllo < CR*(loll2 + [[ull2).

The use of composite finite elements to approximate the stress tensor was extended to a
family of elements in [4]. For k > 2,

¥, ={r € H(div,Q;S) : 7|1, € Pe(T},S)},
V= {?J € LQ(Q) : U|K € Pk_l(K, RQ)}
The space X, is constructed so that if 7 € X[k, then 7n will be continuous across internal

edges, and in addition div7 € Pj_;(K,R?), i.e., it is a vector polynomial on K, not just on
each of the T;.
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The degrees of freedom for an element 7 € 3, on the triangle K are chosen to be

/(Tn) -pds, p€ Pr(e,R?), for each edge e,

[ ipde, pe P RY) 4 ainy GNP (€, R),
K

where the \; are the barycentric coordinates of K and

o ( @ejoy  —5Pefoudy
J¢ = airy ¢ = <_32¢/6x8y 0%¢/0x? )

One can show that dim X, | = (3/2)k* 4 (9/2)k + 6. In the lowest order case k = 2, there
are 18 edge degrees of freedom and 3 interior degrees of freedom on each macro-triangle K.
For the general case k > 2, it is shown that

lu—unllo < Ch'[Jull,, 2<r <k,
o~ oullo < CWllullyvr, 1<r<ht1,
| div(e —ap)|lo < Ch"||diveol,, 0<r<k.

2.2. Non-composite elements of Arnold and Winther. We now turn to the more
recent methods that produce approximations to both stresses and displacements that are
polynomial on each triangle T € T}, (since there are no macro triangles, we no longer use K
to denote a generic triangle). The approach of [10] is based on the use of discrete differential
complexes. It is noted there that important aspects of the structure of the plane elasticity
system are summarized by the elasticity differential complex:

(2.3) 0= P(Q) S C®(Q) D c™(Q,S) L% ¢=(Q,R?) — 0.

If we assume that 2 is simply-connected, this sequence is exact (i.e., the range of each
map is the kernel of the following one). Thus this sequence encodes the fact that every
smooth vector-field is the divergence of a smooth symmetric matrix-field, that the divergence-
free symmetric matrix-fields are precisely those that can be written as the Airy stress-field
associated to some scalar potential, and that the only potentials for which the corresponding
Airy stress vanishes are the linear polynomials. The result stated above is in terms of smooth
functions, but analogous results hold with less smoothness. For example, the sequence
(2.4) 0— P(Q) S H(Q) D H(div, 2 S) 2% LA(Q,R?) — 0

is also exact. The well-posedness of the continuous problem, i.e., that for every f € L*(Q, R?),
there exists a unique (o, u) € H(div, Q;S) x L*(Q, R?) which is a critical point of (1.1), follows
from this.

Just as there is a close relation between the construction of stable mixed finite element
methods for the approximation of the Laplacian and discrete versions of the de Rham complex
0 — C™(Q) 2 oo R?) L% ¢~(Q) — 0,

(see [7],[9]), there is also a close relation between mixed finite elements for linear elasticity
and discretization of the elasticity complex, given above.
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The stable pairs of finite element spaces (35, V},) introduced in [10] have the property
that div 3, = V,, i.e., the short sequence
is exact. Moreover, if there are projections By, : C*(2,R?) + V, and II}, : C=(Q,S) — X,
defined by the degrees of freedom that determine the finite element spaces, it can be shown
that the following diagram commutes:

C(Q,5) % oo, R2)
(2.6) | n|
> v,

The stability of the mixed method follows from the exactness of (2.5), the commutativity of
(2.6), and the well-posedness of the continuous problem.

Information about the construction of such finite element spaces can be gained by com-
pleting the sequence (2.5) to a sequence analogous to (2.3). For this purpose, we set
Qn = {q € H*Q) : Jg € ¥,}. Note Qy, is a finite element approximation of H?((2).
Moreover, there is a natural interpolation operator I, : C*°(Q2) — @}, so that the following
diagram with exact rows commutes:

0 P(Q) = c°(Q) L c=(Q,S) L% C=(Q,R?) =0

T R
0—>P1(Q) i) Qh i> b7 ﬂ} Vi, —=0

For a description of this construction, see [10]. As discussed there, under quite general
conditions, the existence of a stable pair of spaces (X, V) approximating H (div, {2;S) x
L?(©2,R?), implies the existence of a finite element approximation @, of H?(2) related to
3, and V, through the diagram above. The fact that the space Q) requires C'*() finite
elements represents a substantial obstruction to the construction of stable mixed elements,
and in part accounts for their slow development.

The family of elements developed in [10] chooses for k£ > 1, the local degrees of freedom
for X, to be

Yp = Pra(T,S) + {1 € Pry2(T,S) : divr = 0}
= {T € ’Pk+2(T, S) cdivr € Pk(T, RQ)}, Vi = ’Pk<T, R2)
Now dim Vr = (k + 2)(k + 1) and it is shown in [10] that dim Xy = (3k* 4+ 17k + 28)/2
and that a unisolvent set of local degrees of freedom is given by

e the values of 3 components of 7(x) at each vertex = of T' (9 degrees of freedom)

e the values of the moments of degree at most k of the two normal components of 7 on
each edge e of T' (6k + 6 degrees of freedom)

e the value of the moments [, 7 : ¢ dx, ¢ € Pi(T,R?) + airy(b7Pr—2(T,R)).
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For this family of elements, it is shown in [10] that
lo = onllo < Chllofl,, 1<r<k+2,
| div(c — op)|lo < CR"||diveol,, 0<r<k+1,
llu—upllo < CRJullps1, 1<r<k+1

There is a variant of the lowest degree (k = 1) element involving fewer degrees of freedom.
In this element, one chooses Vi to be the space of infinitesimal rigid motions on T, i.e.,
vector functions of the form (a — by, c + bx). Then X = {7 € P3(T,S) : divr € V}.

The element diagram for the choice k = 1 and a simplified element are depicted below.

AN AJAN

FIGURE 1. k =1 and simplified Arnold-Winther elements

In [12], the authors obtain simpler elements with fewer degrees of freedom, and also avoid
the use of vertex degrees of freedom by developing nonconforming elements. Corresponding
to the choice Vp = Py (T, R?), one chooses for the stress shape functions

Yp={r€P(T,S) :n-1n € Pi(e,R), for each edge e of T'}.
The space Y1 has dimension 15, with degrees of freedom given by

e the values of the moments of degree 0 and 1 of the two normal components of 7 on
each edge e of T' (12 degrees of freedom),

e the value of the three components of the moment of degree 0 of 7 on 7" (3 degrees of
freedom).

Note that this element is a nonconforming approximation of H(div,{2;S), since although
t - ™n may be quadratic on an edge, only its two lowest order moments are determined on
each edge. Hence, 7n may not be continuous across element boundaries. This space may be
simplified in a manner similar to the lowest order conforming element, i.e., the displacement
space may be chosen to be piecewise rigid motions and the stress space then reduced by
requiring that the divergence be a rigid motion on each triangle. The local dimension of the
resulting space is 12 and the first two moments of the normal traction on each edge form a
unisolvent set of degrees of freedom.

F1GURE 2. Two nonconforming Arnold-Winther elements

We note that for k£ = 1, the corresponding space @), is the Argyris space consisting of
O piecewise quintic polynomials. There is also an analogous relationship for the composite
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elements discussed earlier. For the element of [24], the space @} is the Clough-Tocher
composite H? element and for the element family of [4], the Qj, spaces are the higher order
composite elements of [17].

FIGURE 3. @y, spaces for k = 1 conforming element, nonconforming element,
and composite element of [24]

The remainder of these notes will be devoted to the development and analysis of mixed
finite element methods based on the formulation (1.3) of the equations of elasticity with weak
symmetry. An important advantage of such an approach is that it allows us to approximate
the stress matrix by two copies of standard finite element approximations of H (div, {2) used
to discretize scalar second order elliptic problems. In fact, to develop our approximation
schemes for (1.3), we will heavily exploit the many close connections between these two
problems. Although there is some overhead to the development, much of the structure of
these connections is most clearly seen in the language of differential forms. Thus, we devote
the next section to a brief overview of the necessary background material.

3. EXTERIOR CALCULUS ON R"

To simplify matters, we will consider exterior calculus on R”, and summarize only the
specific results we will need.

3.1. Differential forms. Suppose that 2 is an open subset of R". For 0 < k < n, we let
A* denote the space of smooth differential k-forms of Q, i.e., A¥ = A¥(Q) = C®(Q; Alt* V),
where Alt" V denotes the vector space of alternating k-linear maps on V. If w € A*(Q),
this means that at each point = € Q, there is a map w, € Alt* V, i.e, w, assigns to each
k — tuple of vectors vy, ..., v of V, a real number w,(vy, ..., v;) with the mapping linear in
each argument and reversing sign when two arguments are interchanged.

A general element of A*(Q)) may be written

Wy = Z AodTo1y N+ N dxypy,
1<o(1)<-<o(k)<n

where the a, € C*(Q) and dz;(e;) = 0;;, where e; is the unit vector in R" whose jth
component is one and for w € Alt/ V and n € Alt* V| the exterior product or wedge product
w A1 € AltYT™V is bilinear and associative, and satisfies the anti-commutativity condition

nAw= (=1 wAn wecAlt! V,ne Alt"V.

Thus, dz; A\ dx; = —dx; A dz; and so dx; A dz; = 0.
When n =2, for k =0,1,2, w € A*(Q2) will have the respective forms

w, wydry + wodxs, wdxy, N dxsy.
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TABLE 1. Correspondence between alternating
algebraic forms on R3 and scalars/vectors

At’R3 =R cre
Alt'R3 =3 R3 wy dxy + us dry + us das <> u

AI2R3 =5 R3 | wugday A dog — us day A das
+Uq dl‘g VAN dlEg U

AR =5 R cdry N\ dxs N\ drs <

To see the connection between differential forms and scalar and vector-valued functions,
we may identify w € A%(Q) and wdz; A dry € A*(Q)) with the function w € C*(Q) and
widry + wedry € AY(Q) with the vector (wy,ws) or the vector (—wq,w;) € C(Q;R?). The
associated fields are called prozy fields for the forms.

When n = 3, for k =0,1,2,3, w € A¥(Q) will have the respective forms
w, widry +wedrs +wzdrs, widrs Adrs—wedry Adrs+wsdry Adxs, wdry Adxy Adxs.

In this case, we may identify w € A%(Q) and wdx; A dzy A dzz € A3(Q) with the function
w € C®(Q) and widzry + wadzry + widzrs or widre A drg — wedxy A drg + wsdzy A dry with
the vector (wy, wy, w3) € C(Q;R?). The correspondences are listed in Table 1.

When n = 2, if n € A°(Q) and w is defined as above, then w A 1 will have the forms

wn, windry + wondxs, wndzxy A dx,, k=0,1,2,

respectively. If n € AY(Q) = nidzy + nedry, and w € AY(Q) = widz; + wedxsy, then from the
bilinearity and antisymmetry, we have

wAN = wymdry Adx+winadry Adrs+wan dre Adxy +wan dre Adxe = (w1 —weny )dzy Adz,.
When n = 3, if n € A°(Q), then as above, w A 7 simply multiplies each of the coefficients
by n. If n € AY(Q) = nidxy + medry + m3das, and w € AY(Q) = wydzr; + wedwy + dxs, then
from the bilinearity and antisymmetry, we have
w N n= (wmz — wgm)dml A d.TQ + (11)17]3 — w3n1)dx1 A\ dl’g + (w2773 — UJ3772>dI2 A dl‘g.

Finally, if n € A%(Q) = mdxy A dos — nedzy A drs + nzdzy A dry, then

w AN = (wim + waony + wanz)dxry A dzg A dxs.
One can give a general formula for the wedge product, which we omit here. We also note
that for v,w,z € R™,

dx;(v) = v, dz; N\ dzj(v, w) = vw; — vjw,

and for n = 3, dxy A dzy A dxs(v,w, z) = det(v|w]|z).
The volume form is simply dz; A --- A dwz,. One can also give a general formula for dz,;) A
oo N dxoy(v1, ..., v), but we will not need it for our presentation. If we allow instead
a, € CP(Q), a, € L*(Q), a, € H*(Q), etc., we obtain the spaces CPA(Q), L?A(Q), H*A(Q),
ete. If w, and 7, € A¥(Q) are given by
Z aadxa(l) VANRIERIVA d.l’g(k), Z bade’U(l) VANRIERWAY dxg(k),

1<o(1)<--<o(k)<n 1<o(1)<<o(k)<n
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TABLE 2. Correspondences between differential
forms w on © C R? and scalar/vector fields w on

Q.

AF(Q) HAF(Q) dw

C>(Q) HY(Q) grad w
C>(Q;R3) H(curl,Q;R?) curlw
C>(Q;R3)  H(div, ;R?)  divw

C>=(Q) L*(Q) 0

W N = O

respectively, we can define the inner products

<ww7 77:v> = Z a/crboa <W7 n> = /<wm,7]z>dl‘1 VANEIEIAN dSEn
Q

1<o(1)<-<o(k)<n

A key object in our presentation is the exterior derivative d = dj, : A¥(Q) — A*1(Q),
defined by

n D) .
d Z agdl’g(l) VANREIRAN Claﬁo(k) = Z Z %dl’i A dxg(l) VANEIVAY dxg(k).

o =1

As we shall see below, the exterior derivative operator d corresponds to the standard differ-
ential operators grad, curl, div, and rot.

When n = 2, if w € A%(Q), then dyw = Ow/dz1dx, + dw/dxedzs € A'(Q). Identifying
Ow/0x1dxy + Ow/dxedrs with the vector (Qw/0xi,0w/0xy), dy corresponds to grad. If
instead, we identify Ow/0dxidx, + Ow/0xsdry with the vector (—0w/0xy, Ow/dx1), then dy
corresponds to curl. If = widr, + wedry € AY(Q), then dyp = (Owy )0z — Owy /Oxs)dxy A
dzy € A*(Q). If we identify wydz; + wodzs with the vector (wy,ws), then d; corresponds to
rot. If instead, we identify w;dz; + wedzy with the vector(—wsq, wy), then d; corresponds to
— div.

When n = 3, if w € A%(Q), then dyw = dw/dx1dr) + Ow/Ox2dxy + Ow/DT3dT3 € AY(Q).
Identifying Ow/0x1dxy + Ow/Oxedxs + Ow/0x3drs with (Ow/0xy,0w/0xs, Ow/0xsdxs), do
corresponds to grad. If y = widz; + wydzy + widrs € AY(Q), then dip = (Ows/dvy —
3w2/0a:3)d:)c2 N dl’g — (8w1/83:3 — a'LUg/aﬂjl)d.ﬁEl N dl’g + (8?1)2/(91}1 - 8w1/8332)da:1 VAN d[lfg €
A?(Q). Identifying widr; + wedzs + wzdrs with the vector (wy,ws,ws), di corresponds to
curl. Finally, if on = U)ld.CEQ N d.ng - U)Qd.ﬁCl N dxg + U)3d.§61 N dﬂ?g € AQ(Q), then dz/l, =
(Owy/Oxy + Owa)Oxy + Ows/Dx3)dxy A dze A drz € A3(Q). Identifying p with (wy, we, ws),
ds corresponds to div. Table 2 summarizes correspondences between differential forms and
their proxy fields in the case  C R3.

An important role in our analysis is played by the de Rham sequence, the sequence of
spaces and mappings given by:

(3.1) 0— A%Q) 2 ANQ) & . L2 AQ) - 0.

By introducing proxy fields and the usual differential operators, the de Rham complex takes
the following forms.
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For 2 C R3, the de Rham complex becomes
0 — C(Q) 229 0o (Q; R3) < coo(; R?) &%
and the L? de Rham complex

div

v, e Q) = 0,

grad curl div

0 — H'(Q) == H(curl, ;R*) =5 H(div, ;R?) =%
For 2 C R?, the de Rham complex becomes
0 — C(Q) 229 0=(Q;R2) ™% ¢>(Q) — 0,

L*(Q2) — 0.

or
div

0 — C®(Q) 2% 0= R?) % ¢>(Q) — 0,
depending on whether we identify widr, + wedzy € A'(Q) with the vector (wq,ws) or the
vector (—ws, wy).
By using the language of differential forms, much more of the structure of our finite element
spaces and the boundary value problems they are designed to approximate is revealed.

4. BASIC FINITE ELEMENT SPACES AND THEIR PROPERTIES

We now turn to the definition of the finite element spaces we shall use in our approximation
schemes and their properties. For this we follow the approach developed in [9]. We begin by
defining P, as the space of polynomials in n variables of degree at most r and P,A* as the
space of differential k-forms with coefficients belonging to P,.. Let T, be a triangulation of
Q by n + 1 simplices T" and set

PAN(T) = {we HAYQ) : wr € PANT)VT € T}, >0
PrAMT,) = {w € HA*(Q) :wp e PTAYT)VT € Ty}, > 1,

where PAY(T) := P, A¥(T) + kP A YT) and K = kpyq @ AFTH(T) — AR(T) is the
Koszul differential defined for w =" a,dz,ay A -+ A dzygqr) € AT by

k+1

hw = Z Z(_l)iﬂaaxa(i)d%(l) Ao Aoy A+ dge),

where the notation d}co(i) means that the term is omitted in the sum. Note that kiri 1 = 0,
and one can show that the Koszul complex

0= P A(Q) £ P, g APHQ) 22 5L pAC() £ 0,
is exact. For 0 C R3, this complex becomes
0— Pr_s(Q) 5 Pro(QRY) 25 P (R 5 P(Q) — 0.
Comparing to the corresponding polynomial de Rham complex
0— P, (Q) £24 P, (R 2L P, (R &5 P, 5(Q) — 0,

we see that the Koszul differential increases polynomial degree and decreases the order of
the differential form, while exterior differentiation does exactly the opposite.

We note that P,AY(7,) = P, A%Ty), r > 1 and P, A"(T,) = Py A™(Tn), r > 0. Us-
ing proxy fields, we can identify these spaces of finite element differential forms with finite

div
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TABLE 3. Correspondences between finite ele-
ment differential forms and the classical finite el-
ement spaces for n = 2.

AF(Q) Classical finite element space
Lagrange elements of degree < r

)
Tr) | Brezzi-Douglas—Marini H (div) elements of degree < r
)

discontinuous elements of degree < r

Lagrange elements of degree < r

N o Ol — o
v
-
[\

n)
Tr) | Raviart-Thomas H(div) elements of order r — 1
Tn)

discontinuous elements of degree < r — 1

TABLE 4. Correspondences between finite ele-
ment differential forms and the classical finite el-
ement spaces for n = 3.

AF(Q) Classical finite element space
Lagrange elements of degree < r

Nédélec 2nd-kind H (curl) elements of degree < r
Nédélec 2nd-kind H(div) elements of degree < r

discontinuous elements of degree < r
Lagrange elements of degree < r

Nédélec 1st-kind H (curl) elements of order r — 1
Nédélec 1st-kind H(div) elements of order r — 1

discontinuous elements of degree < r — 1

W N = OoOlWwWw NN = O
v
-
w

element spaces of scalar and vector functions. In Tables 3 and 4, we summarize the cor-
respondences between spaces of finite element differential forms and classical finite element
spaces in two and three dimensions.

Degrees of freedom for these spaces are given as follows. For the space P.A*(T), we use

(4.1) /fTrfw/\u, ve Pf_j+kAj’k(f), feA(T),

for k < j <min(n,r+k—1), where Try w denotes the trace of w on the face f and A;(7T) is
the set of all j-dimensional subsimplices generated by 7. For example, when n = 3, A;(T)
is the set of vertices, edges, faces, or tetrahedra in the mesh 7, for j = 0,1, 2, 3. In this case,
when j = 0, i.e., f is a vertex, ff Tr;w means w(f), where w is the function associated with
w € A%Q). When j =1, i.e., fis an edge of a tetrahedron, ff Tryw = ffw - tdu, where w

is the vector associated to w € A'(Q) and ¢ is the unit tangent vector to f. When j = 2,
i.e., f is a face of a tetrahedron, ff Trrw = ffw -ndu, where w is the vector associated
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to w € A*(Q) and n is the unit outward normal to f. Finally, when j = 3, ie., f is a
tetrahedron, ff Trrw = ff w dp, where w is the function associated to w € A3(Q).

Analogously, the degrees of freedom for the space P A*(T) are given by
(42) /Trfw ANV, VE Pr_j+k_1Aj_k(f), fe AJ(T),
!

for k < j < min(n,r + k — 1). Note the key property that the degrees of freedom for each
space are defined in terms of wedge products with elements of the other space.

An important property of these finite element spaces is that they form discrete de Rham
sequences. In fact, as shown in [9], in n dimensions, there are exactly 2"~! distinct sequences.
When n = 2 and r > 0, these are

(43) 0= Pri2A(Ti) % PraA(Th) 5 PoAX(T) = 0,

(4.4) 0= P A%Th) S Pr AN (Th) S PAX(T) — 0.

When n = 3 and 7 > 0, we have the four sequences

(4.5) 0 = PrpsA(Th) 5 PraA (Th) 5 P AX(Th) = PoAY(T) — 0,
(4.6) 0 = Prpah(Th) % Pt AY(Th) S Py AX(Th) S PLAY(T) — 0,
(4.7) 0= PryaA(T) S PropAN(Th) S P A2(Th) S PAYT,) — 0,
(4.8) 0= Py A%AT) S PryAYT) S Py AX(Th) % PAAY(T,) — 0

The first and last of these are exact sequences involving only the P,A*(T,) or P-A*(Ty)
spaces alone, while the middle two mix the two spaces. As we shall see, to obtain mixed
finite element methods for elasticity when n = 3, it is one of these middle sequences that
will play a key role.

To each of the spaces P,A*(T}), we may associate a canonical projection operator II(=
7, ) : COA*(Q) — P.A*(T;,) defined by the equations:

(4.9) /fTerw/\V:/fTrfw/\u, veP ]JrkAj_k(f), fen(T),

for k < j < min(n,r +k — 1). Similarly, to each of the spaces P, A*(T}), we may associate
a canonical projection operator II(= Il7, ) : C°A*(Q) — P~ A*(T,) defined by the equations

(4.10) /TI‘wa/\I/: /Trfw/\y, v E Pk NF(f), fer(T),
! f

for £ < j < min(n,r + k —1). A key property of these projection operators is that they
commute with the exterior derivative, i.e., the following four diagrams commute.

ARQ) L AR(Q) AFQ) L AMY(Q)

il il il il

PoA(T) =5 P AMH(T)  PANT) =5 PrARY(T)
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AFQ) L AR(Q) AFQ) =L ARY(Q)
a 1] 1] gt
PrAKT) -5 POAMYT)  PrAKT) -5 Py AM(T).

These commuting diagrams will also play an essential role in the construction of stable mixed
finite element approximation schemes for the equations of elasticity.

4.1. Differential forms with values in a vector space. To study the equations of linear
elasticity in the language of differential forms, we will need to use differential forms with
values in a vector space. Let V' and W be finite dimensional vector spaces. We then define
the space A*(V; W) of differential forms on V with values in W. The two examples we have
in mind are when V =V =R" and W =V or W = K, the set of anti-symmetric matrices.
When n =2, w € A¥(V;V), k =0,1,2 will have the respective forms

<w1> , (wu) dxry + <w12> dxs, <w1) dxy N dxo,
Wo W21 Waz Wa
while w € A*(V;K) will have the respective forms

wx,  wixde +wyxdry,  wxdry Adry,  where  x = (? _01) '

Recalling that the 1-form w;dz; + waodxs can be identified either with the vector (wq, ws) or
the vector (—wsq, w;), we will have the analogous possibilities in the case of vector or matrix-
valued forms. Since we will be interested in de Rham sequences involving the operator div,

we choose the second identification. Hence, (511) dxy + (Zu) dry € AYV;V) will be
21 22
identified with the matrix

W11 W12 —W12 W11
4.11 =
(4-11) (W21 WQQ) <—w22 le) ’

and wyxdr; + wyxdwy € AY(V;K) with the vector (—wsq,w1). When n = 3, w € A¥(V;V)
will have the respective forms

wy W11 W12 W13

we |, war | dzy + | waa | dwg + | was | ds

w3 W31 W32 W33
W11 W12 w13 wq
W1 dIQ A dl‘g — W29 dlL’l VAN dl’g + Wa3 d[L‘l N d[EQ W2 dl‘l A dl‘g N deg,
W31 W32 W33 w3

Hence, A°(V;V) and A3(V;V) have obvious identifications with the space of 3 dimensional
vectors and A'(V;V) and A%*(V;V) have obvious identifications with the space of 3 x 3
matrices (i.e, W;; = w;; in both cases). In fact, in treating the equations of elasticity on
a domain  C R", we shall represent the stress as an element of A"~1(Q,V). To describe
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AF(V;K), it will be convenient to introduce the operator Skw taking a 3-vector to a skew-
symmetric matrix. i.e.,

0 — W3 W2
Skw(wy, we, w3) = [ ws 0 —w
— W2 w1 0

Then w € A*(V;K) will have the respective forms
SkW(wl, Wa, U)g),
Skw (w11, o1, wa1)dwy + Skw (w12, waa, waz)dxs + Skw(wis, wos, waz)dws,
SkW(U}H, Wa1, U)31>d£[}2 A dxg — SkW(wlg, W29, U}32)d33'1 A di[fg + SkW(wlg, Wa3, U)gg)dl'l A diL‘Q,
Skw(wy, we, w3)dry A dzgy A dxs.

Note that from the above formulas, there is an obvious identification of A°(V;K) and
A3(V;K) with the space of 3-dimensional vectors and of A'(V;K) and A?(V;K) with 3 x 3
matrices (again with W;; = w;; in both cases).

In the mixed formulation of elasticity, we shall need a special operator S = Sy, : A¥(V,V) —
ARV, K) defined as follows: First define K}, : A*(Q; V) — A¥(Q; K) by

Kww = Xw! —wXT,
where X = (x1,--- ,2,)”. Then define
Sp = dp K, — Kpyrdy - AP(Q; V) — AFPHQK).

Using the definition of the exterior derivative, the definition of K, and the Leibniz rule, one
can show that for any vector (vq,...,vg41),

(Skw)r(vlv R Jvk—i-l)

k+1

(=17 o (01, 05, vpga) —w(vg, -, O, ,Uk+1)vf]7
1

+

.
Il

where the notation 9; means that this argument is omitted. Thus, S} is a purely algebraic
operator.

More specifically, we shall need this operator when £ = n —2 and k =n — 1. We examine
these cases below for n =2 and n = 3. When n = 2, we get for w = (wy, ws)7,

Kow = (w1 — wamwy)X
and after a simple computation,
Sow = (do Ko — K1dy)w = —waxdzy + wyxdzs.
Note that Sy is invertible with
So mxdey + paxdas] = (p2, —p)"
If w e AY(V;V) is given by:
w = widry + wady, wy = (Wi, wn)",  we = (wiz, wa)”,

then
Siw = —("LU11 + ’LUQQ)XdZL‘l A dxs.
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If we identity w with a matrix W by

Wi Wis _ [ W2 wn
Waor Wag —Way War )’

then we can identify Sjw with the matrix

( 0 W12 - W21

Wt — Wi 0 > = 2skw W.

When n = 3, we get for w = widz; + wadry + wsdrs, with w; = (w1, way, ws;)7T,

Slw = SkW(—U}gg — W29, W12, wlg)di’g A\ dl’g
— Skw(wa1, —wi1 — wss, waz)dxy A ds
+ Skw(w31, W32, —W11 — wgg)dl'l A\ dIL‘Q.

If we identify w € AY(V;V) with a matrix W by W;; = w;;, and identify Sjw € A?*(V;K)
with the matrix U given by

—W33 — Wa2 W21 W31
U= W12 —wi1 — W33 W32 ;
w13 W23 —W11 — W22

then, W and U are related by the equations
1
U=ZW=W' —t:(W)I, W==z='U=U"- 3 tr(U)1.

Hence, S is invertible.
If w = widry N drs — wedxy N dxs + widry A dxo, then

0 W21 — W12 W31 — W13
Sga) = W12 — W1 0 W32 — Wa3 dl‘l VAN dl’g VAN dl’g.
Wiz — W31 W23 — W32 0

If we identify w with the matrix W given by W;; = w;;, then by the above, Sew may be
identified with the matrix —2skw W.

We easily obtain from the fact that dg,1d;, = 0 and the definition S, = dp Ky — Ky 1dy
that

(412) dk+1Sk + Sk+1dk - 0

This identify, for k =n — 2, i.e., d, 1S, 2 + Sn_1d,_2 = 0 is the key identity in establishing
stability of continuous and discrete variational formulations of elasticity with weak symmetry.

Note that this formula is much more complicated and also different in different dimensions
when stated in terms of proxy fields (which are reasons why we have introduced differential
forms). When n = 2 and k = 0, if we identify w = (wy,ws)T € A°(Q; V) with the vector W,
then the formula (d; Sy + Sidy)w = 0 becomes

(div W)x + 2skw curl W = 0, skw M = (M — MT)/2.

When n = 3 and k = 1, if we identify w € AY(Q; V) with the matrix W, then the formula
(dS1 + Sady)w = 0 becomes

Skw div(EW) — 2skw curl W = 0.
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5. MIXED FORMULATION OF THE EQUATIONS OF ELASTICITY WITH WEAK SYMMETRY

In order to write (1.3) in the language of exterior calculus, we will use the spaces of vector-
valued differential forms presented in the previous section. We assume that {2 is a contractible
domain in R”, V = R", and K is again the space of skew-symmetric matrices. We showed
in the last section that the operator S = S, ; : A" 1(Q; V) — A"(Q;K) corresponds (up
to a factor of +2) to taking the skew-symmetric part of its argument. Thus the elasticity
problem (1.3) becomes: Find (o, u,p) € HA"1(Q; V) x L2A™(Q; V) x L2A"(Q; K) such that

(5.1) (Ao, 7) + (dr,u) — (ST,p) =0, 7€ HA" 1 (Q;V),
(do,v) = (f,v), ve’A"(;V),  (So,q) =0, q¢e L’A"(%K).
This problem is well-posed in the sense that, for each f € L2A™(2;V), there exists a unique
solution (o, u,p) € HA"1(Q; V) x L2A™(Q; V) x L*A™(€; K), and the solution operator is a
bounded operator
L*A™(Q; V) — HA"H(Q; V) x LEA™(; V) x L*A™(Q; K).
This will follow from the general theory of such saddle point problems [14] once we establish
two conditions:
(W1) [|7]|% < e1{AT, 7) whenever 7 € HA"1(Q; V) satisfies (dr,v) = 0
Vo € L2A™(; V) and (ST,q) = 0 Vg € L2A"(Q; K),

(W2) for all nonzero (v,q) € L2A™(2; V) x L?A™(Q; K), there exists nonzero
7€ HA"H V) with (dr,v) = (S7,q) = ca||7llaalllv]l + [lalD),
for some positive constants ¢; and ¢;. The first condition is obvious (and does not even
utilize the orthogonality of S7). However, the second condition is more subtle. We will
verify it in Theorem 7.2 in a subsequent section.
We next consider a finite element discretizations of (5.1). For this, we choose families of
finite-dimensional subspaces

AN V) c HAHO; V), AM(V) € L*A™(Q; V), AMK) € L*A™(Q;K),
indexed by h, and seek the discrete solution (o, un, pn) € A} (V) x A?(V) x A?(K) such
that
(5.2) (Aop, 7) + {dr,up) — (ST,pp) =0, 7€ AF(V),

(dop,v) = (f,v) veAV),  (Son,q) =0, gqeA;(K).
In analogy with the well-posedness of the problem (5.1), the stability of the saddle point
system (5.2) will be ensured by the Brezzi stability conditions:
(S1) ||71|%a < c1(Ar,7) whenever 7 € A}~ (V) satisfies (dr,v) =0
Vo € AR(V) and (ST, ¢q) = 0 Vq € A}(K),
(S2) for all nonzero (v,q) € A}(V) x A}(K), there exists nonzero
7 € ApTH(V) with (d7,v) — (ST,9) = cal|7l|aa(llv]| + [lall),
where now the constants ¢; and ¢y must be independent of h. The difficulty is, of course, to
design finite element spaces satisfying these conditions.
We have seen previously that there is a close relation between the construction of stable
mixed finite element methods for the approximation of the equations of linear elasticity
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and discretization of the associated elasticity complex (2.3). This relationship extends an
analogous relationship between the construction of stable mixed finite element methods for
Poisson’s equation and discretization of the de Rham complex. It turns out that there is
also a close, but non-obvious, connection between the elasticity complex and the de Rham
complex. This connection is described in [19] and is related to a general construction given
in [13], called the BGG resolution (see also [16]).

The elasticity complex (2.3) is related to the formulation of the equations of elasticity
with strong symmetry. It is also possible to derive an elasticity complex that is related to
the equations of elasticity with weak symmetry, again starting from the de Rham complex.
In [8] (two dimensions) and [6] (three dimensions), such an elasticity complex is derived and
a discrete version of the BGG construction also developed. This was then used to derive
stable mixed finite element methods for elasticity in a systematic manner based on the finite
element versions of the de Rham sequence described earlier. The resulting elements in both
two and three space dimensions are simpler than any derived previously. For example, the
simple choice of PyA"1(T,; V) for stress, PoA™(Tx; V) for displacement, and PyA™(Ty; K) for
the multiplier results in a stable discretization of the problem (5.2). In Figure 4, this element
is depicted in two dimensions. For stress, the degrees of freedom are the first two moments
of its trace on the edges, and for the displacement and multiplier, their integrals on the
triangle (two components for displacement, one for the multiplier). Moreover, this element
is the lowest order of a family of stable elements in n dimensions utilizing P,A" " (T5; V)
for stress, P,_1A"(Tp; V) for displacement, and P,_;A"(Ty; K) for the multiplier. In fact,
the lowest order element may be simplified further, so that only a subset of linear vectors is
needed to approximate the stress. More details of this simplified element are presented in
Section 11.

I

FI1GURE 4. Approximation of stress, displacement, and multiplier for the sim-
plest element in two dimensions.

In the next section, we follow the approach in [9] and outline how an elasticity complex with
weakly imposed symmetry can be derived from the de Rham complex. Since this derivation
produces a sequence in the notation of differential forms, we then translate our results to
the more classical notation for elasticity in two and three dimensions. In Section 7, we give
a proof of the well-posedness of the mixed formulation of elasticity with weak symmetry for
the continuous problem, as a guide for establishing a similar result for the discrete problem.
Using this proof as a guide, we develop in Section 8 the conditions that we will need for stable
approximation schemes. These results are then used to establish the main stability result
for weakly symmetric mixed finite element approximations of the equations of elasticity in
Section 9 and some more refined estimates in Section 10. The results presented in this paper
are for the case of displacement boundary conditions. An extension to the equations of
elasticity with traction boundary conditions can be found in [9].
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6. FROM THE DE RHAM COMPLEX TO AN ELASTICITY COMPLEX WITH WEAK
SYMMETRY

In this section, we discuss the connection of the elasticity complex in n dimensions with
the de Rham complex. Details of the derivation can be found in [6] and [9] and follows
the ideas in a a derivation of elasticity from the de Rham sequence in the case of strongly
imposed symmetry given in [19] in three dimensions.

We start with the two vector-valued de Rham sequences, one with values in V and one
with values in K, i.e.,

AP2(Q;K) 25 AT K) S AY(K) — 0,
dn—3 dn—2

AP V) S22 A2 V) 2 AL V) 2 AV 0,

Using the fact that these sequences are exact, one is able to show that the sequence

(6.1)
AP=3 (W) s Sns) Ane2 () & AL V) L L AN (W) = 0

is exact, where W = K x V. We refer to the sequence (6.1) as the elasticity sequence with weak
symmetry. Crucial to this construction is the fact that the operator S, o : H'A"2(Q; V) —
H'A"1(Q;K) is an isomorphism.

We next interpret this sequence in the language of differential operators in two and three
dimensions. When n = 2, we have the sequence

-1
n—205, _g0dn—2 —Sn—1,dn-1

doSy tody (—S1,d1)T
= 5 0,

A’ (Q; K) AN(Q; V) A*(W) — 0.

Hence, if we begin with an element wx € A°(Q; K) that we identify with the scalar function
w, then

ow dw _1 ow  Ow\’
o) = e + e 8 o) = (G50 )
. 0*w/0x,0x 0%*w /02
dOSO 1[d0<wX)] = ( —aéw/lﬁx%2) d$1 + (—Eﬂw/{?xl?}@) dl’z.

We then identity this vector-valued 1-form with the matrix

—0%w/0x3  0*w/0x 019 _ 7
Pw/0x0x, —w/0a? ) =

To translate the second part of the sequence, we begin with an element w = (zll) dzry +

(512> dry € A(V;V) that we identify (as in (4.11)) with the matrix

22
W = Wi Wiy _ [ W2 wWn
W21 W22 —Wyy Wap )’
We have seen previously that —Sjw corresponds to —2 skw W. Now

8w12/8:c1 — 8w11/8:1:2

diw = (aw22/8x1 B 8w21/8x2> dri N\ dxy = — div Wdxy A dxs.
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Hence, modulo some constants, we obtain the elasticity sequence

(skw,div)T
—_—

C>(Q) L C®(Q; M)

When n = 3, we have the sequence

C=(Q,K x V) = 0.

d10S7 Mody (—S2,d2)T
- s

AO(w) 750 AL K) A2(Q; V) A3(W) — 0.
Hence, if we begin with a pair (Skww, ) € A°(W) = A°(Q,K) x A%(Q, V) that we identify
with the pair (w,Skwp) € C®(Q,V) x C>(02,K), then dy corresponds to the row-wise
gradient and Sy to the inclusion of C*(Q,K) — C>°(Q2,M). We have discussed previously
natural identifications of A'(Q; K) and A%(Q; V) with C°°(Q; M). With these identifications,
dy corresponds to the row-wise curl and S; to the operator =. Finally, we have also seen how
— S5 corresponds to the operator 2 skw. Since ds corresponds to the row-wise divergence, we
obtain (modulo some unimportant constants), the elasticity sequence with weak symmetry

(grad,I

C®(V x K) &2, ooy curlET eurl, ooy C%(K x V) = 0.

More details, and the extension of these ideas to more general domains, can be found in [9].

(skw,div)T
—_—

7. WELL-POSEDNESS OF THE WEAK SYMMETRY FORMULATION OF ELASTICITY

As discussed in Section 5, to establish well-posedness of the elasticity problem with weakly
imposed symmetry (5.1), it suffices to verify condition (W2) of that section. This may be
deduced from the following theorem, which says that the map

_ T
HA (V) 25t an (i K) x HA™(S; V)
is surjective. We present the proof in detail, since it will give us guidance as we construct
stable discretizations. The proof will make use of the following well-known result from partial
differential equations.

Lemma 7.1. Let ) be a bounded domain in R™ with a Lipschitz boundary. Then, for all
p € LPA™(Q), there exists n € H'A"1(Q) satisfying d—1m = p. If, in addition, [,p =0,
then we can choose n € H'A™1(Q).

Theorem 7.2. Given (w, u) € L*A™(Q; K) x L2A"(Q; V), there exists 0 € HA" 1 (Q; V) such
that d,_10 = p, —S,_10 = w. Moreover, we may choose o so that

loflza < e(llwll + llxl),

for a fixed constant c.

Proof. The second sentence follows from the first by Banach’s theorem, (i.e., if a continuous
linear operator between two Banach spaces has an inverse, then this inverse operator is
continuous), so we need only prove the first.
(1) By Lemma 7.1, we can find n € H*A"1(Q; V) with d,,_1n = pu.
(2) Since w + S,—1n € HA"(Q; K), we can apply Lemma 7.1 a second time to find
T € H'A" Y (Q; K) with d,, 17 = w + S,_17.
(3) Since S, is an isomorphism from H'A""%(Q; V) onto H'A"*(Q;K), we have p €
H'A"2(Q; V) with S,,_sp=17.
(4) Define 0 = d,—2p +n € HA" 1(Q; V).
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(5) From steps (1) and (4), it is immediate that d,,_10 = p.
(6) From (4), —SnflO' = — nfldnfgp — Snfln. But, since dnflsnfg = — nfldnfg,

- n—ldn—Qp = dn—lsn—Qp = dn—lT =w+ Sn—lna

S0 —S,_10 = w.

O

We note a few points from the proof.

(i) Although the elasticity problem (5.1) only involves the three spaces HA"(Q;V),
L2A™(Q; V), and L2A™(Q;K), the proof brings in two additional spaces from the BGG con-
struction: HA"2(Q; V) and HA"1(Q; K).

(ii) Although S,_; is the only S operator arising in the formulation, S,_» plays a role in
the proof.

(iii) We do not fully use the fact that S,,_s is an isomorphism from A"~2(V; V) to A"~ 1(V; K),
only the fact that it is a surjection. This will prove important in the next section, when we
derive conditions for stable approximation schemes for elasticity.

(iv) Other slightly weaker conditions can be used in some places in the proof (a fact we
also exploit in discrete versions for some choices of finite element spaces).

8. CONDITIONS FOR STABLE APPROXIMATION SCHEMES

To obtain stable approximation schemes, we now mimic the key structural elements present
for the continuous problem. In particular, we see that to establish stability of the continuous
problem, we do not use the complete exact sequences, but only the last two spaces in the
top sequence and the last three spaces in the bottom sequence, connected by the operators
Sp—2 and S,,_1.

AYK) &5 AYK) — 0
(81) /lSn—Q /‘Sn—l

d'n—l

AP2(V) 223 AnL(v) 22 A (V) - 0.
Thus, we look for five finite dimensional spaces that are connected by a similar structure,
i.e., in addition to the spaces
ANK) € HAM(K), ApPY(V)c HA" V), AR(V) C HA™(V)
used in the finite element method, we also seek spaces
ATHK) € HAY(K), APA(V) € HAV3(V).

To mimic the structure of the continuous problem, but taking into account the comments

made following Theorem 7.2, we require that the finite element spaces are also connected

by exact sequences, but where we introduce some additional flexibility by inserting the L?
projection operator I} and using approximations of the operators S,_» and S,_;.

APY(K) T ARy 0
(8.2) " Sn—a.n " Sn—1.h

dn_2 dn—l

AP2(V) == APH(V) = AZ(V) — 0.
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In anticipation of proving a stability result for the mixed finite element method for elas-
ticity that mimics that proof used in the continuous case, we need to define interpolants
into each of these finite element spaces that have appropriate properties. The reason for the
choice of the specific properties will become apparent in the stability proof.

We first define II} and IZIZ to be the L? projection operators into the spaces A}(K) and
AZ(V), respectively. We then define II7~! and TI7~! to be interpolation operators mapping
H'A"Y(K) to A}~ 1K) and H'A" (V) to A}~ (V), respectively, and satisfying

(8.3) d, I~ = d, 17, 7 € (H' + PHA"Y(K),
Myd, I = d, 17, 7€ H'A" (V).

(84) M7l < Cli7lh, 7€ (H' + PHA"(K), | '7)) < Cll7ll, 7€ H'A™ (V).
Next, we define 11?2 mapping H'A" (V) to AT ~%(V) satisfying
(8.5) dn—oTT2pll < cllpll, p€ H'A"2.

(In (8.5), the exterior derivative d,,_o corresponds to the differential operator curl.) As we
shall see in the examples, in some cases these will be the canonical interpolation operators
we usually associate with standard finite element spaces, while in other cases, we will need
to make some modifications so that the interpolation operators are defined on spaces of
functions will less smoothness than we usually assume.

The key to the derivation of the formulation of elasticity with weak symmetry at the
continuous level was the introduction of the operators S = Sy : A¥(V) — A*1(K). In the
reduced sequence (8.1), only the operators S,,_5 and S5,,_; will enter the analysis. One of the
key properties of these operators was that

(86) dn715n72 = _Snfldnf2-

For the discrete version of this analysis, we will need to modify the definitions of S, _»
and S,_; in a simple way. As a discrete analogue of the operator S,_;, we define S, 5 :
AZ’l(V) — A3(K) by S,_1 = IS, 1. As a discrete analogue of the operator S, o, we
define S, o : AZ’Q(V) — A2(K) by S, o = H’,f’lsn,g. With these definitions, we establish
the following discrete version of (8.6),

(87) szn—lsn—lh = - n—l,hdn—2-
To see this, we observe that using (8.3) and (8.7),
szn—lsn—lh = szn—lnzilsn—2 = szn—lsn—Z = _stn—ldn—2 = - n—l,hdn—2-

Another key property of the operator S,_, was that it was invertible as a map from
H'A"2(V) to H'A"*(K). This fact was used in the prove of stability of the weak symmetry
formulation at the continuous level, although we observed that surjectivity of this map would
be sufficient. We cannot expect invertibility of the map 5,5, However, a key condition to
prove stability of the finite element approximation to the weak symmetry formulation is that
S,_on maps A}%(V) onto A} (K). To ensure this condition, we will assume that A}~?(V)
and A7'(K) are related by the condition.

(8.8) Sp_opIl 27 = 1IP71S, or, 7€ H'A" (V).
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To see that this condition ensures surjectivity, note that given a function o, € AZ‘I(K), we
can find ¢ € H'A"(K) (e.g., a continuous piecewise polynomial differential form), such
that o), = II} " 'o. Defining 7 = S, ',0 and 7, = I} *r € A} *(V), we find that

e
n—1 n—1 rTn—2
op =170 =115, ot = Sy _o Il "7 = S0 nTh.

To summarize the results of this section, we will develop stable mixed finite element
approximation schemes by finding five finite element spaces. The three spaces A} (K) C
HA™MK), A7~H(V) € HA"Y(V), A?(V) € HA™(V) are used in the method and the spaces
APHK) € HA™Y(K) and A72*(V) € HA"2(V) are auxiliary spaces crucial to the proof of
stability. Associated with each of these spaces is an operator for which we need properties
(8.3), (8.4), and (8.5) We further assume that the five spaces are connected by the exact
sequences given in (8.2). Finally, we require (8.8), which ensures that S, 5 maps A} (V)
onto A77!(K). Under these conditions, we can then prove the following stability result for
the mixed finite element method for elasticity.

9. STABILITY OF FINITE ELEMENT APPROXIMATION SCHEMES

Theorem 9.1. Assume that the finite element subspaces A¥(K) and AF(V) are connected by
the exact sequences given in (8.2), that there are operators associated with these subspaces
satisfying conditions (8.3), (8.4), (8.5), and that condition (8.8) is satisfied. Then, given
(w, 1) € AMK) x AN(V), there ezists 0 € AN} (V) such that d, 10 = p, —Sp_ 140 =
—1I}S,—10 =w, and

(9.1) loflzza < cllwll + Tl

where the constant c is independent of w, i and h.

Before proving this theorem, we note that condition (8.2) immediately implies that the
first Brezzi condition (S1) is satisfied and that the second Brezzi condition (S2) easily follows
from the conclusion of the theorem.

Proof.
(1) By Lemma 7.1, we can find n € H'A"1(Q; V) with d,,_1n = p and ||n||; < c||u]|.

(2) Since w + IS, (17" 'n € HA™(Q; K), we can apply Lemma 7.1 a second time
to find 7 € H'A" Y K) with d, 17 = w + II}S, 17 'y and ||7]l; < o||w]| +
L3S I~ ).

(3) Since S, is an isomorphism from H'A"72?(Q;V) to H'A"1(;K), we have p €
H'A"2(Q; V) with S,,_op =7, and ||p||1 < ¢||7:1.

(4) Define 0 = d,, LI} 2p + 1171y € AP~1(V).

(5) From step (4), (8.3), step (1), and the fact that II? is a projection, we have
dp_10 = dn_lﬁzfln = ﬁZdn_m = l:[;fu = L.

(6) Also from step (4),

ryn—2 rrn—1
—On—1,h0 = — n—l,hdn—2Hh p_Sn—l,hHh n.
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Applying, in order, (8.7), (8.8), step (3), (8.3), step (2), and the fact that II} is a
projection, we obtain

St oIl 2p = ~IT}d, 58, 24T %p
= —Id, o111 Sy op = —Ijdy I ' = =10} d, a7
= T (w + TS, (I 1) = —w — S,y (117 1.
Combining, we have —II7'S,,_1 = —95,,_1 0 = w.
(7) Finally, we prove the norm bound. From the boundedness of S, ; in L?, (8.4), and
step (1),
TS I pl] < el St I M| < el T pl] < elmlly < el
Combining with the bounds in step (3) and (2), this gives |[p[[1 < c([|w||+[|u]]). From
(8.5), we then have ||d, oI} ?p|| < c(||w|| + ||¢]]). From (8.4) and the bound in step
(1), I |l < ellnlli < cllpl|. In view of the definition of o, these two last bounds

imply that [|of| < c(|lw]| + [lul]), while |d,-10]] < C|[Idn-10]| = [lul|, and thus we
have the desired bound (9.1).

O

We have thus verified the stability conditions (S1) and (S2), and so obtain the following
quasi-optimal error estimate (see [14], [15]).

Theorem 9.2. Suppose (o, u,p) is the solution of the elasticity system (5.1) and (op, un, pp)
is the solution of discrete system (5.2), where the finite element spaces satisfy the hypotheses
of Theorem 9.1. Then there is a constant C, independent of h, such that

lo = onllaa + [lu = unll + lp — pull < Cinf([lo — 7{laa + [[u = vl +lIp — gl]),
where the infimum is over all T € A}~ (V), v € AX(V), and q € A}(K).

10. REFINED ERROR ESTIMATES

To see more precisely the contribution to the error from each of the approximating sub-
spaces, we now follow the theory developed in [18] and [20] for error estimates for mixed finite
element methods. Since the derivation is fairly simple and we are in an intermediate case to
the general theory developed in the references above, we present the complete derivation for
the problem we are considering.

Theorem 10.1. Suppose (o, u, p) is the solution of the elasticity system (5.1) and (op, un, pp)
is the solution of discrete system (5.2), where the finite element subspaces satisfy the hypothe-
ses of Theorem 9.1. Then

lo = aull + lp = pall + llun — IWiull < C(lo — I ol + p — ILpl),
lu—unll < C(llo =1L ol + llp — Ipl| + lu — Iul)),
ldn1(o = on)l| = [ldnr0 = IT5dn |-
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Proof. Subtracting the equations in (5.2) from the corresponding equations in (5.1), and
adding and subtracting appropriate interpolants, we get the error equations

(A(oy, — I Y0), 7) + (dr, up, — Ru) — (ST, pp — p) = (A(0 — I 1o), 7)
+{d1,u — fIZu) —(ST,p—1}p), 1€ AZ_I(V),
(10.1) (d(oy, — 1112710),@ = (d(o — 1112710),11% v e AVY),
(S(on =117 7"0),q) = (S(c — I} 7'0).q), q € AR(K),

where we use d as an abbreviation for d,,_;. Now by (8.3), (d(c—TI""'),v) = 0 for v € AP(V)
and hence by (8.5), d(o;, — II'"'o') = 0. Also note that the second term on the right of the
first error equation vanishes, since dA?~'(V) € AZ(V) and TI} is the L? projection.

Applying Theorem 9.1, with w = pj, — IIfp and pu = u, — I}u, we can find 7 € AP~H(V)
such that

fIZdT = up — ﬁZu, —Sponm = 1S, = pp, — 1p,
I7llma < e(llpn — Wyl + [Jun — Iul]).
Making this choice of 7 in (10.1), we get
lpn = T05pl|* + un — ul|? = (A(o —11;10), 7) = (A(on — ;o) 7) + (p — Ip, p — 1),
Applying standard estimates, we easily obtain
(10.2)  lpn = T5pll + [lun — iul| < C(llo = I ol| + o — ;"o || + [lp — TT;p])-
Now choose
=04~} "0, v=u, —ju, q = pn — p,
and add the error equations. Then
Clloy — I o |? < (Ao, — 1117 0), 05 — I 10)
= (Ao — 117" Y0), 00, — I o) — (S(oy, — T o), p — TIp) + (S(o — T 2a), pp — TIp).
< C(lo =1~ ol + llp = Ipl)) (lon — I ol + [[pn — Ipl)).
Using (10.2) and applying standard estimates, we then obtain
(10.3) lo, — 11" ol| < O(llo =1 ol| + |p — ;p])),

and hence,
lo = onll < C(llo =I5 "ol + lp — T0p)).
The estimates for ||[p — pa|| and |lu, — IIul| then follow directly from (10.2). Finally, since

(d(o — op,v) = 0 for v € A}(V), we get doy, = I1'do, which establishes the last estimate of
the theorem. 0
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11. EXAMPLES OF STABLE FINITE ELEMENT METHODS FOR ELASTICITY

11.1. Arnold, Falk, Winther families. In the approach of [8, 6, 9], the spaces are chosen
for r > 0 to be:
A2(V) = PN 2(Th),  AHY) = Pog A H (TR V), AR(V) = PA(Tw; V),
AHK) =P A H T K),  ARK) = PA" (T K).

The sequences

Pro A Y (T K) -5 PAYTHK) — 0

Prioh (T V) <5 PraA U (T V) <5 PAM(Ti V) — 0

are the final parts of longer exact sequences involving the P, and P, spaces. Hence, (8.2)
is satisfied without the additional projection at the end of the first sequence. For these
spaces, the canonical projection operators Hzfl, 113, f[Z’l, and 1:[2 satisfy conditions (8.3)
and (8.4). Although the canonical projection operator I:IZ_2 does not satisfy (8.5), since
this operator is not defined on functions in H'A"~%(V), we can define a modification of this
operator, Dy, : A" 2(Q; V) — P ,A"2(T;; V) that does satisfy (8.5). The operator Pyw
will have the same moments as w on faces of codimension 0 and 1, but with moments of
a smoothed approximation of w on the faces of codimension 2. When n = 2, the issue is
simply that the vertex values are not defined and this can be remedied by using the ideas
of the interpolant of Clement. When n = 3, additional details are provided in [6]. Thus, to
satisfy the hypotheses of Theorem 9.1, it remains to show that

S, 9B, =718, .
This is equivalent to showing that
1S, sw=0, Vo= (-PF)o, ocA" V).

Since Pyw = 0, we have for n — 1 < d < min(n,r +n — 1),
(11.1) /Trfw AC=0, CEPrain A" 2(£Y), feATh).
!

Note that we have not included similar statements for the vertex degrees of freedom when
n = 2 or the edge degrees of freedom when n = 3, since we will not need them here. We
must show that (11.1) implies that for n — 1 < d < min(n,r +n — 1),

(11.2) /Trf SnawAp=0, p€PagniANT(K),  f e D(Th)
f

The simplest case is when 7 = 0. When n = 2, (11.1) becomes

/Trfw AC=0, CEPMANSV), feA(T),
f

which for w = (wy, ws)7, is simply the condition

(11.3) /wide:(], i=1,2, e AT,
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We then require that

/Tre(—ngdazl +wixdry) =0, e € A(Ty).

e

But if (¢!,¢?) is the unit tangent to e, then by (11.3),

/Tre(—ngdxl + wyxdzy) = /(—wgtl +wt*)x de = 0.
An analogous argument works for general » when n = 2, and the basic outline of the proof
is the same when n = 3, although in this case the operator S; is more complicated. The
details can be found in [6].

Using Theorem 10.1, it is straightforward to derive the following error estimates, valid for
1 <k <r+41, assuming that o, p, and u are sufficiently smooth.

lo = onll + Il — pall + llun — W]l < CR*(lolli + llplx).
lu—unll < CR (ol + lIplle + lulle),  Ndu-1(o = on)ll < Ch¥||dn-r0]|x.

11.2. Arnold, Falk, Winther reduced element. In the reduced element proposed in [§]
(in two dimensions) and [6] (in three dimensions), the spaces AZ(V), A7~1(K), and A?(K)
remain as chosen above, while the spaces A}"2(V) and A}~ (V) are modified. Thus, the
reduced element has a somewhat simpler stress space than the methods described above.
The basic idea is that in the verification of condition (8.8) in the last section, we did not
use all the degrees of freedom of the space P, A°(Ty), i.e., we did not use the vanishing of
the edge integral of both components of w, but only the combination —wsyt! + wt? (the
normal component). Hence, instead of the vector-valued quadratic space PoA°(T,, V), we
can use the reduced space obtained from it by imposing the constraint that the tangential
component on each edge vary only linearly on that edge. This space of vector fields, which
we denote by P,_A°(T;,, V) has been used previously to approximate the velocity field in
the approximation of the stationary Stokes equations (cf. [23, p. 134 ff., 153 ff.]). Together
with piecewise constants, it gives a stable finite element approximation scheme for the Stokes
equations. An element in this space is determined by its vertex values and the integral of
its normal component on each edge. In order to complete the construction, we must provide
a vector-valued discrete de Rham sequence in which the space of O-forms is Py A°(7j; R?).
This will be the sequence

Py  AO(Ti: V) -2 PL_AN T V) - PoA(Ti; V) — 0,

where it remains to define P;_A'(7,; V). This will be the set of 7 € PyA'(T,; V) for which
Tr.(7)-t is constant on any edge e with unit tangent ¢ and unit normal n. (In more detail: for
7 € PiAY(Th; R?), Tr.(7) is a vector-valued 1-form on e of the form g ds with i : e — R? linear
and ds the volume form—i.e., length form—on e. If y -t is constant, then 7 € P AY(Ty,; V).)
The natural degrees of freedom for this space are the integral and first moment of Tr.(7) - n
and the integral of Tr.(7) - t. If we use (4.11) to identify vector-valued 1-forms and matrix
fields, then the condition for a piecewise linear matrix field W to correspond to an element
of Py A'(Ty; R?) is that on each edge e with tangent ¢ and normal n, Wn -t must be constant
on e. This defines the reduced space ¥;,, with three degrees of freedom per edge. Together
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with piecewise constant for displacements and multipliers, this furnishes a stable choice of
elements.

A three-dimensional simplified element can be constructed using a similar approach. We
start from the space Py A(T,; V) and see that we do not use all the degrees of freedom to
satisfy condition (8.8). We thus define a reduced space P, A(Ty; V) and a space P;_A*(Ty,; V)
such that these spaces, together with PyA3(7y; V), form the exact sequence

Po AV (T V) -2 PLAX(Ti: V) 25 PoA3(Th; V) — 0.

We are then able to replace the space PiA(Ty,; V), which has 36 degrees of freedom (9 per
face), by the space P;_A%(Ty; V), which has 24 degrees of freedom (6 per face). If we identify
an element in our reduced space with a matrix W is the manner discussed previously, then
we get on each face the six degrees of freedom:

/Wn df, /(:z: - Wn df, /(ac - s)n Wn df, /[(x t)sT — (2 - s)tH W df,
Wherefs and t denfote orthogonal unitftangent vectors on jcche face f. More details can be
found in [6].

11.3. PEERS. In the PEERS method, n = 2 and we choose
AL(V) = PrANT V) +dBsA (Tis V), AR(V) = PoA* (T V),
AZ(K) = PiA%(Th; K) N H'A*(K)  which we denote by PYA?(T5; K),

where Bj denotes the space of cubic bubble functions. We then choose the two remaining
spaces as

It is easy to see that
AL (K) = (P1+ Bs) A (Th; K) N H'AY(K) = (P} + Bs)A'(Tw; K).
Since the sequence
PUA(To V) <2 PrANTL V) 5 PAX(Ty V) — 0
is exact, so is the sequence
(Pr+ Bs)A(Tis V) < PrAN T V) + doBsAY(Tis V) = PoA2 (T V) — 0.

For this choice of spaces, however, it is not true that dA} (K) = A% (K). Instead, we use the
more general condition TT2dAj (K) = A?(K), which allows the use of stable Stokes elements.
The proof that the combination (PY + Bs)AY(Ty; K) and PYA?(Ty; K) is stable Stokes pair
(the Mini-element) involves construction of an interpolation operator IT} : H'AY(K)
(PP + B3)AY(Th; K) satisfying

<d1(7_ - HillT)a Qh> = Oa an € A2<K)>

M7l < Clirl, 7€ HAYK),
which gives properties (8.3) and (8.4) for the operators IT; and II}. Properties (8.3) and
(8.4) for the operators I} and II7 are satisfied by the Raviart-Thomas interpolant

I} H'AYNV) — PrANTL V).
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Finally, one can easily check that (8.5) and (8.8) are satisfied if we define
I : H'A°(V) = (P1 + B3)A*(Th; V)
by
97 = Sy I Sy
Note that condition (8.8) is then trivial, since for 7 € H'AY(V),
So 107 = IT}S0Sy I} Sor = IT} S,

Applying Theorem 10.1, and standard approximation and regularity results, we obtain the
error estimates

lo = anllo + lp = pallo + llu = unllo < Chllolly + lIplly + lully) < Ch|flo.

11.4. A PEERS-like method with improved stress approximation. In this new
method, we change one of the spaces used in the PEERS element and both of the aux-
iliary spaces used in the analysis, i.e., we choose

A(V) = PIAN (TR V), AR(V) = PoAX(Ti; V), AR(K) = PYA*(Ti: K),
and the two remaining spaces as
AD (V) = PoAY (T V), AL(K) = SoA) (V) = PoA (T K) N HAY(K).

The basic change from the analysis of the PEERS element is that we use the fact that the
combination of PoA!(Ty; K) N H'AY(K) and PYA%(Ty,; K) is a stable pair of spaces for the
Stokes problem (i.e., the Taylor-Hood element).

We may also view this new method as a modification of the lowest order Arnold-Falk-
Winther method, where we are using the same stress and displacement spaces and lower
exact sequence as in that method, but have changed the spaces with values in K. The
advantage of this modification is that it produces a higher order approximation to the stress
variable. Looking at the error estimates given in Theorem 10.1, we see that the error estimate
for ||o — 4|0 depends both on ||o I}y and ||[p—T17plo. In the lowest order Arnold-Falk-
Winther method, ||o — I oo < Ch?||o]|s, since we are using P; elements to approximate
0. The fact that piecewise constants are used to approximate the multiplier results in only an
O(h) approximation for the second term. By using linear elements in the modified method,
we recover second order convergence. Since we use only piecewise constants to approximate
u, we can only obtain the estimate ||u—up||o < Ch. However, since the quantity ||us, —II}ullo
is also O(h?), we might be able to obtain a better result by a post-processing procedure.

Remark. We note that some of these same ideas have been used to develop hybrid methods
for the approximation of the elasticity equations. For example, see [21].

11.5. Methods of Stenberg. A family of methods proposed and analyzed by Stenberg [29]
chooses for r > 2, n =2 or n = 3,
APHY) = PN (T V) + dBry o NV 2(Ts V), AN(V) = P A (T V),
AR (K) = P.A™(Th; K),
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where B,, denotes the space of functions which on each simplex 7" have the form byP,_1,
where br(z) = [[2] \i(x), i.e., the space of bubbles of degree r 4 n. To fit our framework,
we then choose the two remaining spaces as

AZ_Q(V) - (Pr+1 + Br+n)An_2(771§V)a AZ_I(K) = (7)7"+1 + BT+n)An_1(771; K) N HlAl (K)

Since the sequence

P’r—l—lA (777,7 ) An 1(77L7 ) —> 'r lA (77L7 ) — 0

is exact, it is easy to see that the sequence

(PT‘+1 + BrJrn)An_Q(,ﬁL; V) M ,PrAn_l(,];L;V) + dn723r+nAn_2(771; V)
) r 1A (7717 ) — 0

will be exact. Again it is not true that dA7~'(K) = A(K), and so we use the more general
condition,

TT7aA} () = AR(K),
which allows the use of stable Stokes spaces. From the definition of 5, 5, it it easy to see
that when n = 2,
SoA (V) = (Prs1 + Bryn) A (To; K) N H'AY(K),
and when n = 3,
SyUALV) N HIAR(V)] = (Prys + Bryn) A2(Ti K) 1 HUA(K).

The proof that the combination (P41 + Byyyn) A" (Th; K) N H'A" 1K) and P.A"(Tp; K) is
a stable pair of Stokes elements (cf [23, 15]) gives us precisely what we need to establish (8.3)
and (8.4) for the operators HZ’l and II}, i.e., the construction of an interpolation operator
I HUAYK) = (Pryt + Bryn) A" H(Th; K) N HIA 1K) satisfying

(doa(r =574 ) q0) =0, qn € AR(K), [T < Clirlh, 7€ H'A"H(K).

Properties (8.3) and (8.4) for the operators II7~! and II} are satisfied by the canonical
canonical interpolant II}~! : H*A"Y(V) — P.A""1(Ty; V). Finally, it is easy to check that
(8.5) and (8.8) are satisfied if we define

2 H'A"2(V) = (Pry1 + By A 2(T; V) 0 HPAM (V)
by
HZ_QT = S;EQHZ_lsn_QT.

When n = 2, this same analysis also carries over to the case r = 1, since the combination
(P + B3)A'(Ty; K) N H'AY(K) and P;A?(T,;K) is a stable pair of Stokes elements. The
situation is more complicated in three dimensions, since the analogous combination is not a
stable pair of Stokes elements.

Using Theorem 10.1, it is straightforward to derive the following error estimates, assuming
that o, p, and u are sufficiently smooth.

lo = onll + lp = pall + llun = IWiull < CH*(llolle + lIple), 1<k <r+1,
lu = unll < CH*(lloll + ol + lulle),  llda-s(o = o)l < CR*durolle, 1<k <.
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