MATH 575 ASSIGNMENT 7

1. Suppose the partial differential equation
Up = OUgy + LUy, + au
is approximated by the difference equation
grtt—_pyr 4

la. Find the amplification factor for this difference scheme.

p

1b. Use the result of (1la) to show that if o, 8, and o are constants with ¢ > 0 and
0 < h < 20/|f|, then the scheme is stable for ok /h? < 1/2. Hint: Use the fact that [e?| = 1

to simplify the analysis.

2. Consider the approximation of u; = ou,, given for 0 < 6§ < 1 by

n n g n n n n n n
(U = U1k = 351 = O)[Uy — 207 + U] + O[U7S! — 207 4+ U4}

Show that for 0 < § < 1/2, the scheme is stable when ok/h? < 1/[2(1 — 260)] and for 1/2 <
6 < 1, the scheme is unconditionally stable. HINT: Use the identity cos(z) = 1 — 2sin?(x/2)
to write the amplification factor

A= [1— %ku —0) sin2(ph/2)} / {1 + %ke sin®(ph/2)

and then show that under the conditions given above, |[A| < 1.

3. The simplest three level explicit scheme for the solution of the heat equation u; = g, is
given by
(U7 = U7~/ (2k) = (U} — 207 + U]/ 12,
Show that the scheme is unstable for all values of the constant r = k/h* > 0.
HINT: Write the equation as a two level system:
Ut = 9K{U7yy — 207 + U /12 4 V7,
n+1 __ n
vt =0y,

and show that the eigenvalues of the amplification matrix G are given by

A\ = —4drsin®(ph/2) £ \/16r2 sin*(ph/2) + 1.



