MATH 575 ASSIGNMENT 5

1. A subspace of H(div;2) can be constructed from the full set of linear vectors, i.e.,
functions of the form v = (a+bx +cy,d+ex+ fy). On each edge, v will be a linear function
of a single variable s. To ensure that v-n will be continuous across triangle edges, we choose

as degrees of freedom
/v-nds, /'v-nsds,

i.e., the zeroth and first order moments of v - n on the edge e. The basis functions corre-
sponding to these degrees of freedom will be the vectors ¢,;, © = 1,2,3 with the property
that

79

/cﬁi-nds:l, /(ﬁi-nsds:o,

and the corresponding values of these two quantities on the other two edges are zero and
also the vectors 1;, ©+ = 1,2, 3 with the property that

/d)i-nds:o, /wi-nsds:l,

and the corresponding values of these two quantities on the other two edges are zero. For
the reference triangle with vertices (0,0), (1,0), and (0,1), find the two basis functions
corresponding to the side joining the vertices (0,0) and (1,0).

2. Consider the approximation of the stationary Stokes equations by the mini-element for
which V', = [V3]? = [Si+ Bp)?, S consists of continuous piecewise linear functions vanishing
on 0f2 and By is the space of cubic bubble functions, i.e., functions which on each triangle
have the form crA1AaA3. For the space (), we take continuous piecewise linear functions
satisfying fQ qdx = 0. To prove stability of this element, we need to build an interpolation
operator 11 satisfying

(1) /Qdiv(u M) gude =0, gneQn  Thuly < Cllull.
To build ITj,, we use two operators IT} and II3 satisfying for all v € [Hl(Q)]2
(2) Ml < Culloll, TR = IG)vll < Cof|olls,

(3) /Qdiv('v —IBv) g dr =0, q, € Q.

2a. Show that if IT,u = IT} w + 112 (u — I} w) where IT} and 117 satisfy (2) and (3), then II,
satisfies the conditions in (1).

2b. Show that if II} w = (w,ws), where w; € S), satisfies

/(Vw,- Vv + wv)de = /(VuZ Vv +uww)de, v €Sy,
Q Q
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then [[IGull; < Cilluf.
2c. Show that if II3v € [By]? is defined by

/(Hiv —wv)-gradq,der =0, q, € P(T),
T

then
/ div(v — IEv) gudz =0, q, € Q.
Q
Hint: integrate by parts (recall that g, is continuous).
2d. It is possible to show by an easy scaling argument that
Mol < Ch7H vl 22,

and by a duality argument that ||u — I} u| ;20 < Chlju — Il ul;. Using these two facts
(you do not need to prove them), show that

(I = T)uls < Cllull.

Thus, we have established the inf-sup condition and shown the mini-element is stable.



