MATH 575 ASSIGNMENT 3

la. Let T be the triangle with vertices a; = (1,0), dp = (0,1), a3 = (0,0). Find linear
polynomials Ly, Lo, L3 in &, &5 such that any linear polynomial L(Z1,#5) can be written
as:

L(iy, d) = L(1/2,0) Ly (31, #2) + L(0,1/2) Lo (i1, &2) + L(1/2,1/2) Ly (i1, ).

b. Let T be an arbitrary triangle with vertices aq, as, az. Find linear polynomials Ly, L, L3
in A1, A2, A3 (the barycentric coordinates) such that any linear polynomial L(xy,z5) = L(z)
can be written as:

L(I) = L([a1 + CL3]/2)L1 + L([CLQ + (13]/2>L2 + L([a1 + CLQ]/2)L3,

i.e., the degrees of freedom are the values of L at the midpoints of the edges of the triangles.

c. Let 7, be a triangulation of a convex polygon 2 and let S, = {v : v|p € P, and v is
continuous at the midpoints of triangle edges}, where P, denotes the set of polynomials of
degree < 1in x1, x2. By considering two adjacent triangles, give an explicit example to show
that the functions in S; need not belong to C°(€2).

2. Show that the six degrees of freedom consisting of the average values and first moments
along the three sides of a triangle 7" with vertices a; = (1,0), as = (0,1), a3 = (0,0) do NOT
uniquely define a polynomial of degree < 2 in x,y. To do this, you need to find a quadratic
polynomial Q(x,y) # 0 such that the quantities
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are all zero. To simplify your search, you may consider only polynomials of the form Q(x,y) =
2% 4 by +y? +dv +dy + f, since we expect the polynomial to be symmetric in z and y and
may normalize it by setting one coefficient equal to one.

3a. Show that a quadratic polynomial P on a triangle 7" is uniquely determined by the six
degrees of freedom consisting of the values of P at the three vertices and the average values
of P along the three triangle sides. HINT: Use the representation formula

P(z) = N2\ — D)P(a;) + > 4NN P(mi;)
i=1 ) 1<J
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to show that if the six degrees of freedom described above are zero, then P = 0.
USEFUL FACT: The one-dimensional quadrature formula

/ Ft)dt ~ D0 @) £ Af(at b/2) + FO)
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is exact when f(t) is a quadratic polynomial in ¢.

b. Suppose 7, is a triangulation of a polyon 2. For any smooth function v defined on €, let v’
be a piecewise quadratic (with respect to the triangulation 73,) satisfying v’(z;) = v(z;) for
all vertices x; of 7, and [ v’ = [ v for all triangle edges. By part (a) v’ is uniquely defined
by these quantities. Now let w be a smooth vector function defined on Q, i.e., u = (uq,us)

and define w! = (ul,ul). Show that for all piecewise constant functions p,

/pdiv(u—ul) dx = 0.
Q

Hint: Write
/pdiv(u —ul)dr = Z /pTdiv(u —ul)da
Q TeT, VT
where T" denotes a triangle in 7;, and pr is the value of p on the triangle T', and integrate by
parts in each triangle. Also note that the unit outward normal vector n” to each triangle T
is constant on each edge of T'.

Note: The idea used above will be useful in the construction of stable finite elements for
the stationary Stokes equations.



