MATH 575 ASSIGNMENT 2

la. Using the Greens’s identity

/Vu-Vvd:U:/—Auvd:U—i-/ @vds,
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(a special case of the result derived in class), derive the identity
/Avud:c—/Auvd:c— —vds+ —uds
o0 O a0 0

Hint: First obtain another expression for fQ Vu - Vo dz by interchanging the roles of u and
v.

1b. Use part (a) to derive the identity
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lc. Consider the variational problem:
Findu € V={ve H*Q) :v=0on dQ} such that
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If w is sufficiently smooth, what boundary value problem does w satisfy?

1d. Consider the boundary value problem

A%y = f, in §, u:g—uzo, on Of).
n

Find a variational formulation of this boundary value problem in which v is sought in an
appropriate subspace of H?(f2). (The above is a model of a clamped plate.)

2. Consider the two-point boundary value problem
—u" = f, 0<z<l1, u(0) =0, u(1) = 0.

a) Write a Matlab program which approximates the solution of this boundary value problem
using a finite element scheme with continuous piecewise linear functions on a uniform mesh
of width h. Choose f = 1 when 0 < z < ¢, and f = 0 when ¢ < z < 1, where ¢ = v/2/2.
The exact solution is given by u = —2%/2 + (¢ — ¢*/2)z for 0 < z < ¢ and ¢*(1 — z)/2 for
¢ <x < 1. Do this for N = 4,8, 16,32, 64 subintervals. Use format long in all calculations.

b) Let u;(x) denote the piecewise linear interpolant of u, i.e., the piecewise linear function
satisfying us(z;) = u(x;), i =0,..., N, and e(x) = ur(z) —up(x). Let Ej = maxo<i<n |e(z;)],
where h = 1/N, and z; = ih. Have the computer determine Ej, for each value of N and

hand in these results along with a copy of your program.
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c) This is a special boundary value problem for which the finite element approximation is
much better than we can expect on more general problems. For this problem you are asked
to prove that if the computations are done exactly (i.e., there is no roundoff error), then
up(x;) = u(x;), so that Ej, = 0.

Hint: Use the error equation a(u — uy,v) = 0, with v,(x) = x/(ih) for 0 < = < ih and
vp(z) = (1 —2)/(1 —ih) for ih < z < 1, and integration by parts.



