Math 152-T6 Test 3 Solutions 

August 10, 2014
Last Name_____________    

First Name_____________
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1.Find the arc length of the astroid 
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in the first quadrant. 

First solve for y. 
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. Differentiate with respect to x, getting 
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. We substitute this into the formula
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This curve can also be parametrized as 
[image: image7.wmf])

sin

,

(cos

)

(

3

3

t

t

t

c

=

, for t between 0 and 1. The derivative of this is 
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. The formula for arc length for parametric curves is 
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, and integrating this, we get 
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, the same answer as above, though much more easily arrived at.

2. Find the surface area when the parametric curve c(t) = (Rcos(t), Rsin(t)) is rotated around the x axis from t = 0 to t = ( .

First notice that these are the parametric equations of a circle of radius R centered at the origin, so we expect the answer to be 4(R2, the surface area of a sphere of radius R. Set up the integral for the surface area for parametric curves as 
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. In our particular case, this becomes 
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, just the answer we expected.

3.Find the equation in rectangular coordinates of the polar equation r = cos(().

Multiply both sides of this equation by r, getting r2 = rcos(, or x2 + y2 = x, the equation in rectangular coordinates we were looking for.

4.Find the area of the polar curve r = 1 – cos(() in the second quadrant, i.e., from 

    ( = (/2 to ( = (. 

First, the integral formula for area in polar coordinates is 
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. Integrating this, we get
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, our answer.

5.Find the volume obtained by rotating the polar curve r = cos(3() from ( = 0 to ( = (/6 about the x axis. Use the formula 
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This is one half leaf of a 3 leaved rose. Here are 3 solutions. The first two are the first ones I saw, and are now what I call “stupid solutions”. The third and last one is much shorter than the others, and I saw it last. In our particular case, the formula above is 
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. Using the trig formulas. This becomes 
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. After multiplying out, this is 
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 , and using the trig identities, we get
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collecting like terms, we get
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we get 
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. This is our final answer. If we want to check this by doing our problem in another way, let us work it by assuming that we are using parametric equations c(t)=(cos(3()cos((),cos(3()sin(()). Rewriting x(() as (1/2)(cos(3(-()+cos(3(+()) 

or (1/2)(cos(2()+cos(4()). Its derivative is -sin(2()-2sin(4(). The formula for the volume obtained by rotating a curve around the x axis in rectangular coordinates using the disk method is 
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. Using the trig identities, this becomes 
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Collecting terms we get 
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We get 
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  For the third solution, we start off with 
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6.Write r = cos(2() in parametric form.

In general, if r = f(() is the polar equation of a curve, its parametric equations are 

C(()=(f(()cos((), f(()sin(()). In our case this would be (cos(2()cos((), cos(2()sin(()).

7. Solve the initial value problem 
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The only problems of this sort we solved were separable equations, which means that we are looking to write this in the form 
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 Since we are looking for a product, that means that we are looking to factor a function of t and y. First, add t to both sides of this differential equation, getting 
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. Now if we could factor the right hand side of this, we could divide the t factor by t2, and it would still be a function of t. A first step in this direction, and a few of you got some points for this, is to write the right hand side as (1 + t) + y(1 + t). The final step is to factor out 1 + t, getting (1 + y)(1 + t). Then divide the factor 1 + t by t2, and write everything as 
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 Integrating this, we get 
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  Now in order to determine C, set t = 1 and y = 0, getting 
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 or C = 1, which gives us
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 Exponentiating both sides gives 
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 Solving this for y gives us our final answer 
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8. Solve y’ + 6y = 12 subject to y(2) = 10.

Write this first as y’ = -6y + 12 = -6(y – 2), and then as  
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, and integrating this, we get 
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. In order to determine C, we set x = 2 and y = 10, getting 

ln(10 - 2) = ln(8) = -12 + C , C = 12 + ln(8). Substituting this into the solution, we finally get 

ln(y – 2) = -6x + 12 + ln(8) . Exponentiating this, we get y – 2 = 8e-6(x-2) or y = 8e-6(x-2) + 2. 
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