FLOER TRAJECTORIES AND STABILIZING DIVISORS

FRANCOIS CHAREST AND CHRIS WOODWARD

ABSTRACT. We incorporate pearly Floer trajectories into the transversality scheme
for pseudoholomorphic maps introduced by Cieliebak-Mohnke [15]. By choosing
generic domain-dependent almost complex structures we obtain zero and one-
dimensional moduli spaces with the structure of cell complexes with rational fun-
damental classes. Integrating over these moduli spaces gives a definition of Floer
cohomology over Novikov rings via stabilizing divisors for rational Lagrangians
that are fixed point sets of anti-symplectic involutions satisfying certain Maslov
index conditions as well as Hamiltonian Floer cohomology of compact rational
symplectic manifolds. A subsequent paper [14] extends the techniques to regu-
larization of moduli spaces needed for the definition of Fukaya algebras for more
general Lagrangians.
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1. INTRODUCTION

The Floer cohomology associated to a generic time-dependent Hamiltonian on
a compact symplectic manifold is a version of Morse cohomology for the symplec-
tic action functional on the space of paths between two Lagrangians [22], [23]. The
cochains in this theory are formal combinations of Hamiltonian trajectories connect-
ing the Lagrangians while the coboundary operator counts Hamiltonian-perturbed
pseudoholomorphic strips. When well-defined, Floer cohomology is independent of
the choice of Hamiltonian and can be used to estimate the number of intersection
points as in the conjecture of Arnol’d.

This work was partially supported by NSF grant DMS 1207194 and FRQNT grant B3 176181.
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In order to construct the theory one must compactify the moduli spaces of Floer
trajectories by allowing pseudoholomorphic disks and spheres, and unfortunately
because of the multiple cover problem these moduli spaces can not be made regular
in general using a fixed almost complex structure. In algebraic geometry there is
now an elegant approach to this counting issue carried out in a sequence of papers
by Behrend-Manin [10], Behrend-Fantechi [9], Kresch [37], and Behrend [8], based
on suggestions of Li-Tian [38].

In symplectic geometry several methods for solving these transversality issues have
been described. An approach using Kuranishi structures is developed in Fukaya-Ono
[28] and a related approach in Liu-Tian [39]. Technical details have been further
explained in Fukaya-Oh-Ohta-Ono [25] and McDuff-Wehrheim [43]. A polyfold ap-
proach has been developed by Hofer-Wysocki-Zehnder [34] and is being applied to
Floer cohomology by Albers-Fish-Wehrheim [3]. See also Pardon [46] for an alge-
braic approach to constructing virtual fundamental chains. These approaches have
in common that the desired perturbed moduli space should exist for abstract reasons.

On the other hand, it is very useful to have perturbations with geometric meaning
whenever possible. For example, in the case of toric varieties, Fukaya et al [27] have
pointed out that the general structure of the invariants is not enough to see that the
Floer cohomology of Lagrangian torus orbits is well-defined, and one has to choose
a perturbation system adapted to the geometric situation [27]. An approach to
perturbing moduli spaces of pseudoholomorphic curves based on domain-dependent
almost complex structures was introduced by Cieliebak-Mohnke [15] for symplectic
manifolds with rational symplectic classes and further developed in Ionel-Parker [35]
and Gerstenberger [31]. It was extended by Wendl [58] in genus zero to allow in-
sertions of Deligne-Mumford classes. Domain-dependent almost complex structures
can be made suitably generic only if one does not require invariance under automor-
phisms of the domain. Thus in order to obtain a perturbed moduli space, one must
kill the automorphisms. This can be accomplished by choosing a stabilizing divisor:
a codimension two almost complex submanifold meeting any pseudoholomorphic
curve in a sufficient number of points. Approximately almost complex submanifolds
of codimension two exist by a result of Donaldson [18]; the original almost complex
structure can be perturbed so that the Donaldson submanifolds are exactly almost
complex [15]. If the symplectic manifold admits a compatible complex structure
which makes it a smooth projective variety, then Donaldson’s results are not nec-
essary. Indeed, in this case the existence of suitable divisors follows from results of
Bertini and Clemens [16].

We work under the following assumptions. Let X be a compact connected sym-
plectic manifold with symplectic form w with [w] € H?(X, Q) rational. A Lagrangian
brane is a compact Lagrangian equipped with grading and relative spin structure,
see Section 2.2 below. Results of Borthwick-Paul-Uribe [12, Theorem 3.12] in the
Kéhler case, and Auroux-Gayet-Mohsen [7] more generally, imply the existence of
a stabilizing divisor in the complement of each Lagrangian such that each holomor-
phic disk meets the divisor at least once; the additional markings produced by the
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intersections allow us to achieve transversality using domain-dependent almost com-
plex structures. To define Floer cohomology we will also need further conditions to
rule out disk bubbling, which for lack of a better term we call admissibility; this
definition is local to this paper.

Definition 1.1. A Lagrangian L C X is admissible if either

(a) the Lagrangian
L =graph(y) C X =Y xY

is the graph of Hamiltonian diffeomorphism ¢ : Y — Y; here Y~ denotes Y
with symplectic form reversed; or
(b) the Lagrangian
L={zeX|i(zr)=x}C X
is the fixed point set of an anti-symplectic involution
1 X =X, fw=-—w,

has minimal Maslov number divisible by 4, and is equipped with an -relative
spin structure in the sense of [26].

Floer cohomology of more general Lagrangians is constructed, following Fukaya-Oh-
Ohta-Ono [24] who used Kuranishi structures, via stabilizing divisors in a follow-up
paper [14] as a complex of bundles over the space of weak solutions to the Maurer-
Cartan equation associated to the Fukaya algebra.

The main results of this paper are the following existence and invariance result for
Floer cohomology groups. For Ly, L; C X admissible Lagrangians, let CF(Lg, L1)
denote the group of Floer cochains with rational Novikov coefficients. Denote by

0: CF(L(),Ll) — CF(L(),Ll)

the coboundary operator defined by a rationally-weighted count of Floer trajectories
in the zero-dimensional component of the moduli space.

Theorem 1.2. Let Ly, Ly be admissible Lagrangian branes. There exists a comeager
subset of a set of domain-dependent almost complex structures such that the moduli
space of perturbed Floer trajectories of expected dimension at most one Mgl(Lo, Ly)
has the structure of a cell complexr with fundamental class in relative homology.
The boundary of the locus of expected dimension one is the union of broken Floer
trajectories consisting of pairs of Floer trajectories of expected dimension zero:

O[Mi(Lo, L1)] = [Mo(Lo, L1) X7(1y,,) Mo(Lo, L1)].
The Floer coboundary operator 0 is well-defined and satisfies 0° = 0. The resulting
Floer cohomology

ker(0)
HF (Lo, Ly) =

( 05 1) lm(a)
1s independent of all choices and invariant under Hamiltonian perturbation of either
Lagrangian. In the case Lo = L1 = A is equal to the diagonal Lagrangian A in a
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product X =Y~ x Y, the Floer cohomology HF (A, A) isomorphic to the singular
cohomology of Y with coefficients in the Novikov field.

Versions of this theorem, which includes a weak version of the Arnol’d conjecture,
appear in [26] and in Liu-Tian [39], and another version announced as [3]. However,
abstract results such as the weak Arnol’d conjecture are not the motivation for the
approach presented here; rather we have various applications in mind in which the
geometric meaning of the trajectories plays a role. Note that the proof of the weak
Arnol’d conjecture given here does not require the use of orbifolds (whose notion
of morphism is very involved) nor virtual fundamental classes of any type, nor the
transversality results for Floer trajectories in Floer-Hofer-Salamon [21].

We thank Mohammed Abouzaid, Eleny Ionel, Tom Parker, Nick Sheridan, Sush-
mita Venugopalan, and Chris Wendl for helpful discussions.

2. FLOER TRAJECTORIES

This section constructs a compactification of the moduli space of holomorphic
strips with interior markings which allows the formation of bubbles on the boundary.
The domains of these maps are nodal disks with two distinguished points. There
are morphisms between moduli spaces of these disks of different combinatorial type,
first studied by Knudsen [36] and Behrend-Manin [10]. These morphisms will play
a key role in the construction of the perturbations.

2.1. Stable strips. We recall the definition of stable marked curves introduced by
Mumford, Grothendieck and Knudsen [36]. By a nodal curve C' we mean a compact
complex curve with only nodal singularities denoted w1, ..., w; € C for some integer
I > 0. A non-singular point of C is a non-nodal point. For an integer n > 0, an
n-marking of a nodal curve C is a collection z € C" of distinct, non-singular points.
A special point is a marking or node. An isomorphism of marked curves (Cy, zy) to
(C1,2,) is an isomorphism Cy — C; mapping z, to z;. Let Aut(C) = Aut(C, z)
be the group of automorphisms of (C,z). A genus zero marked curve (C,z) is
stable if the group Aut(C) is trivial, or equivalently, any irreducible component
of C' has at least three special points. The combinatorial type of a nodal marked
curve C' is the graph T" whose vertices Vert(I") correspond to components of C' and
edges Edge(I") consisting of finite edges Edge_ (') corresponding to nodes w(e) €
C,e € Edge_ (') and semi-infinite edges Edge,.(I') corresponding to markings;
the set of semi-infinite edges with a labelling Edge (') — {1,...,n} so that the
corresponding markings are z1,...,z, € C. A connected curve C has genus zero if
and only if the graph I is a tree and each irreducible component of C has genus zero,
that is, is isomorphic to the projective line. Knudsen [36] shows that the moduli
space of stable genus zero n-marked connected curves has the structure of a smooth
projective variety, and in particular, a smooth compact manifold. Let C, denote
the moduli space of isomorphism classes of connected stable n-marked genus zero
curves, with topology induced by Knudsen’s theorem [36]. For a combinatorial type
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I" let Cr the space of isomorphism classes of stable marked curves of type I'. If T is
connected with n semi-infinite edges we denote by Cr the closure of Cr in C,,. We
also allow disconnected curves I' whose components are genus zero, in which case
we order the markings on each component and the combinatorial type I' is a forest
(disjoint union of trees.) If I' = Li;I'; is disconnected then Cr = [, Cr, is the product
of the moduli spaces Cr, for the component trees. Over C,, there is a universal stable
marked curve whose fiber over an isomorphism class of stable marked curve [C, z] is
isomorphic to C.

The smooth structures on the moduli spaces can be described by deformation
theory. Recall that a deformation of a nodal marked curve (C,z) is a germ of a
family Cp — B of nodal curves over a pointed scheme, say, (B,b) together with
sections zp : B — C} corresponding to the markings and an isomorphism of the
given marked curve (C,z) with the fiber over b € B. We omit the markings to
simplify the notation. Any stable curve has a universal deformation Cp — B, unique
up to isomorphism, with the property that any other deformation is obtained via
pullback by a unique map to B. The space of infinitesimal deformations Def(C) is
the tangent space of B at b. Similarly the tangential deformation space of a nodal
marked curve C' of type I is the space Defr(C) of infinitesimal deformations of the
complex structure fixing the combinatorial type. The deformation spaces sit in an
exact sequence

0 — Defp(C) — Def(C) — Gr(C) — 0

where

(1) @)= P Ty CeTy, C

ecEdge_ . (T')

is the normal deformation space, see for example Arbarello-Cornalba-Griffiths [4,
Chapter 11], and T+ C are the tangent spaces on either side of the corresponding
nodes w(e) € C. Elements of the normal deformation space are known as gluing
parameters in symplectic geometry. Given a universal deformation of stable curves of
fixed type I', the gluing construction produces a universal deformation by removing
small disks around each node in a local coordinate z and gluing the components
together using maps z +— d./z where . is the parameter corresponding to the e-
th node. In genus zero there are several canonical schemes for choosing such local
coordinates, for example, by using three special points on a component to fix an
isomorphism with the projective line.

The moduli space of stable marked disks is a smooth manifold with corners as
described in Fukaya-Oh-Ohta-Ono [24]. For integers [,n > 0, an (I, n)-marked disk is
a stable [+ 2n-marked stable sphere C equipped with an anti-holomorphic involution
Lo C' — C such that the first [ markings are those on the fixed locus of the involution
C*, and the quotient C' = C /i of the curve by the involution is a union of disk
components (arising from components preserved by the involution and with non-
empty fixed locus) and sphere components (arising from components interchanged
by the involution). The markings fixed by the involution are boundary markings of
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C while the remaining conjugated pairs of markings are interior markings of C. The
deformation theory of stable disks is similar to that of stable spheres, except that
the gluing parameters associated to the boundary markings will be assumed to be
real non-negative:

(2) Gr(C)i= @ (Ty+(00) ® Ty~ (9C))=0
ecEdge,(T")

\% \
& P Ty CeliyC
ecEdge, ()

where Edge,;(T") (resp. Edge,(T")) is the set of edges corresponding to boundary nodes
connecting disk components (resp. interior nodes connecting sphere components
to sphere or disk components), and (TJ(6)+(8C) ® Tz(e)_(ﬁc))zo C TU\J/(G)+(BC') ®
Tl\:(e),(ﬁc') =~ R is the non-negative part; the last isomorphism is induced from the
natural orientations on the components of the boundary 0C.

We introduce notation for moduli spaces of marked strips as follows. A marked
strip is a marked disk with two boundary markings. Let C be a connected (2,n)-
marked nodal disk with markings z. We write z = (2, 24, 21,...,2,) Where z4
are the boundary markings and zp,...,z, are the interior markings. We call z_
(resp. zy) the incoming (resp. outgoing) marking. Let Ci,...,C,, denote the
ordered strip components of C connecting z_ to z;; the remaining components are
either disk components, if they have boundary, or sphere components, otherwise.
Let w; := C; N Ci4+1 denote the intermediate node connecting C; to Ciyq for ¢ =
1,...,m—1. Let wg = z_ and w,, = z4 denote the incoming and outgoing markings.
Let C* := C — {wy,..., W} denote the curve obtained by removing the nodes
connecting strip components and the incoming and outgoing markings. Each strip
component may be equipped with coordinates

QZ)iZCiX Z:Ci—{ﬁ)i,ﬁ}ifl}—)RX[O,l], izl,...,m
satisfying the conditions that if j is the standard complex structure on R x [0, 1] and

ji is the complex structure on C; then

¢ =Ji, lim m oi(z) = —o0, lim 7 0 ¢;(2) = 00
Z—W; 2= Wi41

where 7; denotes the projection on the it factor. We denote by
(3) f:C* = 1[0,1], 2z mopi(z)

the continuous map induced by the time coordinate on the strip components. The
time coordinate is extended to nodal marked strips by requiring constancy on every
connected component of C* — J,C. The boundary of any marked strip C' is
partitioned as follows. For b € {0,1} denote

(4) (90, == F () N OC

so that 0C* = (0C)p U (0C);. That is, (0C)y is the part of the boundary from z_
to z4, for b =0, and from zy to z_ for b = 1. An example of a stable strip is shown
in Figure 1.
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FIGURE 1. A stable marked strip

A variation on the definition of moduli spaces of stable disks or strips involves
metric trees. A treed strip of type I' is a marked strip (C, z) with a metric

e Edge<oo,d(r) - [07 OO]

assigning lengths to the finite edges of the subgraph of I' corresponding to disk com-
ponents. The combinatorial type is defined as before, except that the subset of edges
with infinite, zero or ]0, co[ lengths is recorded as part of the data. Combinatorial
types of strips naturally define combinatorial types of treed strips by adding zero
metrics on their edges corresponding to boundary nodes. An isomorphism of treed
marked strips is an isomorphism of marked strips having the same metric. A stable
treed strip is one that has a stable underlying strip. Constructions of this type
appear in, for example, Oh [45], Cornea-Lalonde [17], Biran-Cornea [11], and Seidel
[54] and stable treed strips can be seen as special cases of the domain spaces used
in [13]. There is a natural notion of convergence of treed stable strips, in which
degeneration to a nodal disk assigns length zero to the node that appears. Let M,
denote the moduli space of isomorphism classes of connected stable treed strips with
n interior markings in addition to the incoming and outgoing markings. For I' a
connected type we denote by Mp C M,, the moduli space of stable strips of combi-
natorial type I and M its closure. Each M is naturally a manifold with corners,
with local charts obtained by a standard gluing construction. Generally M, is the
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union of several top-dimensional strata. In Figure 2 the locus in M; where the first
marking has time coordinate 1/2 is depicted (the stratum where the two interior
markings come together to form a sphere bubble is not shown.) For I' disconnected,

ikt
0o ¢ oo

FIGURE 2. Stable treed disks

M is the product IL ﬂri of moduli spaces for the connected components I'; of I'.

Orientations on the strata in the moduli space of treed disks may be constructed as
follows (see Charest [13] for a more general procedure). Each stratum is a product
of moduli spaces for the disk components and the intervals corresponding to the
length parameters. For the case of a single disk, m + 2 markings on the boundary
and n points in the interior, the moduli space may be identified with the subset of
distinct tuples in

(5) {(w1, .. W,y 21,y 2n) € R\(R x {0,1})™ x (R x (0,1))"}.

As a result, it inherits an orientation from the orientation on R x [0,1] and the
orientation on R. In particular, note that the configuration with m = 1,n =0 and
the points wy lying in R x {0} resp. R x {1} has orientation given by —1 resp.
+1 times the orientation of a point. If the disk has a single special point on the
boundary then its interior may be identified with the positive half-space H C C.
The moduli space Mr of disks with a single marking on the boundary and n points
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in the interior is the subset of distinct tuples in
Mrp = Aut(H)\{(z1,...,2,) € H"}

where Aut(H) is the Lie group of automorphisms of the upper half-plane H. Now
Aut(H) is generated by translations and dilations, and this identifies aut(H) with
R? and so gives Aut(H) an orientation. The moduli space is oriented by the orien-
tation on H" and Aut(H). In general, any stratum Mr of M, is oriented by taking
the product of the orientations for the disk components and strip components and
the product of the intervals corresponding to lengths of the edges. The resulting
orientation depends on the ordering of components and edges. However, the con-
structions below involve only the case of one disk component with only one boundary
special point (in which case the moduli space has even dimension and the ordering
is irrelevant) and at most two strip components (in which case the one containing
the incoming marking is ordered first, and at most one interval corresponding to an
edge with non-zero length). In particular, if I' is a type with a single disk bubble
attached to R x {0} resp. R x {1} by an edge of zero length and I" is the type
obtained by collapsing an edge then the map Mp — My is orientation preserving
resp. reversing.

Our perturbations will be maps defined on certain universal curves over the mod-
uli spaces above. The moduli space of treed strips of each fixed type admits a
universal strip

Hr — MF

whose fiber over an element [C,z,f] € Mr is the underlying stable marked disk
S = (C, z) without the metric. The universal strip is closely related to the moduli
space M of strips of the type IV obtained from I' by adding an additional interior
marking; the two spaces are homeomorphic away from the boundary nodes (where
the latter has real blowups). In particular, Ur is a manifold with corners away
from the boundary nodes. Later we will use local trivializations Ut of the universal
strip on each stratum Mrp giving rise to families of complex structures. For a
combinatorial type I' and a treed disk C of type I let

(6) U -+ Mex S, i=1,...,1

be a collection of local trivializations of the universal strip identifying each nearby
fiber with S in a way that the markings are constant. Let J(S) denote the space
of complex structures on the smooth curve underlying C, or equivalently, the space
of complex structures on its normalization of C' obtained by blowing up each node
(so each node gets replaced with a pair of points). The complex structures on the
fibers induce a map

(7) P = J(8), ms j(m).

Since the universal curve is locally holomorphically trivial in a neighborhood of the
nodes and markings (see for example [4, Chapter 11] for the case of curves without
boundary) we may assume that j(m) is independent of m on neighborhoods of the
nodes and markings of S.
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The combinatorial structure of the moduli spaces of stable treed strips involves
identifications between moduli spaces of different combinatorial types introduced
in Knudsen [36] and Behrend-Manin [10] in the case of stable curves. Families of
perturbations will later be chosen to be coherent with respect to those identifications.
In Behrend-Manin [10], these morphisms were associated to morphisms of graphs
called extended isogenies. Here we call them Behrend-Manin morphisms.

Definition 2.1. (Behrend-Manin morphisms of graphs) A morphism of graphs T :
I' —» I' is a surjective map of the set of vertices Vert(I') — Vert(I) obtained by
combining the following elementary morphisms:

(a) (Cutting edges) T cuts an edge e € Edge_, 4(I') with infinite length or an
edge e € Edge_., 4(I') if T is a bijection but the edge sets are related by

Edge(I") = Edge(T') — {e} + {e4,e_}

where e, are semi-infinite edges attached to the vertices contained in e.
Since our curves have genus zero, I is disconnected with pieces I'_,T", . If
the edge corresponds to a node connecting disk components then I'_, " are
types of stable disks, while if the edge corresponds to a node connecting a
disk or sphere to a sphere component then one type, say I'_ is the type
of a stable disk while I'| is the type of a stable sphere. The ordering on
Edge., s(I') induces one on Edge,, ;(I'+) by using on er the lowest value
label on Edge, ,(I's).

(b) (Collapsing edges) T collapses an edge if the map on vertices Y : Vert(I') —
Vert(I”) is a bijection except for a single vertex v' € Vert(I'"") which has two
pre-images connected by an edge in Edge(T") of length zero, and

Edge(I'") = Edge(T") — {e}.

(¢) (Making an edge finite or non-zero) T makes an edge finite or non-zero if I’
is the same graph as I” and the lengths of the edges £(e),e € Edge(I"”) are
the same except for a single edge for which ¢(e) = oo resp. 0 and the length
V'(e) in I is in (0, 00).

(d) (Forgetting tails) Y : T' — I" forgets a tail (semi-infinite edge) and collapses
edges that become unstable. The ordering on Edge,, ((I') then naturally
defines one on Edge,, ((I").

Each of the above operations on graphs corresponds to a map of moduli spaces
of stable marked disks.

Definition 2.2. (Behrend-Manin maps of moduli spaces)

(a) (Cutting edges) Suppose that I is obtained from I' by cutting an edge.
A diffeomorphism Mp — M obtained by identifying the two markings
corresponding to the cut edge and choosing the ordering of the markings to
correspond to the non-identified markings of the original curve.

(b) (Collapsing edges) Suppose that I is obtained from I' by collapsing an edge.
There is an embedding Mpr — Mp with normal bundle having fiber at
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[C] isomorphic to the space Gr/(C)/Gr(C), see (2). The image of such an
embedding is a 1-codimensional corner of M.

(¢) (Making an edge finite resp. non-zero ) If I is obtained from I' by mak-
ing an edge finite resp. non-zero then Mr also embeds in My as the 1-
codimensional corner where e reaches infinite resp. zero length, with trivial
normal bundle.

(d) (Forgetting tails) Suppose that I' is obtained from I" by forgetting the i-th
tail. Forgetting the i-th marking and collapsing the unstable components
and sum distances for the glued edges defines a map Mr — M.

Most of these maps were already considered by Knudsen [36] and might also
be called Knudsen maps. Each of the maps involved in the operations (Collapsing
edges), (Making edges finite or non-zero), (Forgetting tails), (Cutting edges) extends
to a smooth map of universal treed strips. In the case that I' is disconnected, say
the disjoint union of I'; and T'y, then Mp =2 Mpl X HFQ. In this case the universal
treed strip Ut is the disjoint union of the pullbacks of the universal treed strip Ur,
and U Iy

We recall the definition of the morphisms in (Forgetting a tail). Let (C, z1, ..., zp, {)
be a stable treed marked strip with n interior markings z1,...,2,. Given an inte-
ger i € {1,...,n}, we obtain an n — l-marked treed strip (C, z1,..., 2, zn,¥) by
forgetting the i-th marking. The unstable components can be collapsed as follows:

(a) If a sphere component Cj, C C becomes unstable after forgetting the i-th
marking, having only two remaining special points w’, w” € C}, collapse the
component, identifying the remaining special points w’ ~ w";

(b) If a disk or strip component C; C C becomes unstable after forgetting the
i-th marking, starting from the component containing the i-th marking, it-
eratively collapse the unstable disk components Cj,, ..., C;,, identifying the
boundary special points if there are more than one or forgetting it whenever
there is only one. At every step, if the collapsed disk Cj, has only one node
w € C;, with a metric, that metric should be forgotten (the node itself is for-
gotten), while if it has two nodes w’, w” with a metric, those metrics should
be summed and the two node identified to obtain a node w ~ w’ ~ w” with
length £(w) = £(w') + £(w").

The universal strip is equipped with the following maps. On the universal strip,
the time coordinates (3) on the strip components extend to a map

(8) f:Ur —[0,1]

On the subset with time coordinate equal to zero or one, we have additional maps
measuring the distance to the strip components given by summing the lengths of
the connecting edges:

b f7H0) > [0,00], 2z D le), be{0,1}
ecEdge(z)
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where Edge(z) is the set of edges corresponding to nodes between z and the strip
components. Thus any point on the universal strip z € Ur which lies on a disk
component has f(z) € {0,1} and so ¢,(z) is well-defined for either b =0 or b = 1.

2.2. Floer trajectories. We now turn to Floer theory. First we describe the space
of Floer cochains. Recall that (X,w) is a compact symplectic manifold. Let La-
grangians Lo, L1 C X be admissible Lagrangian branes. Let H € C°°([0,1] x X) be
a time-dependent Hamiltonian and let

H € Map([0,1], Vect(X)), +(H)w =dH
denote its Hamiltonian vector field with time ¢ flow ¢; : X — X. Denote by

d .
Z(Lo, L) := {:U : [O, 1] — X | @I =Hox, z(b) € Lybc {0,1}} = ¢1(Lo) N Ly

the set of perturbed intersection points, assumed to be transverse.

We are particularly interested in the special case of the diagonal. That is, suppose
that Y is a compact symplectic manifold, Y~ is the symplectic manifold obtained
by reversing the symplectic form and X =Y~ x Y. Let

A={(y,y) lyeY}CX

denote the diagonal Lagrangian. In the case that Ly = L1 = A there is a bijection
between perturbed intersection points and the space of one-periodic orbits,

I(Lg,Ll):{[BZSl—)X | (Zx:ﬁox}’l{xeX]m(x):m}.

A degree map on the set of intersection points is induced from gradings on the
Lagrangians. Suppose that X is equipped with an N-fold Maslov cover Lag™ (X) —
Lag(X) for some positive integer N; recall from Seidel [53, Lemma 2.6] that (X, w)
admits an N-fold Maslov covering if and only if N divides twice the minimal Chern
number. A grading of a Lagrangian L is a lift of the canonical section L — Lag(X)
to Lag™¥(X). Given gradings on Lg, L1, the intersection set Z(Lg, L) is equipped
with a degree map

I(Lo,Ll) —ZN, x> ‘.%"

Denote by Z(Lo, L1)r = {x € Z(Lo, L1) | |x| = k} the subset of degree k so that
I(Lo,L1) = | Z(Lo, Lok
kEZ N

The Floer cochains form a cyclically-graded group generated by the time-one peri-
odic trajectories. Let A be the universal Novikov field in a formal parameter q,

A= Za(p)qp, Ve, supp(a) N (—o0,€) < 0o, a(R) C Q
pER
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Products in A are defined by ¢°1¢qP? = ¢° 72 for pi1, p2 € R, and extended to linear
combinations. Let C'F(Lg, L1) denote the free A-module generated by Z(Lg, L1),

CF(Ly,L1) = @ CF*(Lo,L1), CF"ILo,Li)= P A<a>.
keZy x€Z(Lo,L1)g

The coboundary operator in Floer cohomology is defined by counting Floer tra-
jectories. To describe Floer’s equation we introduce notations for almost complex
structures and associated decompositions. We have the following notation for almost
complex structures on surfaces. Let C' be an oriented surface, possibly with non-
empty boundary dC. Denote by J(C) the space of complex structures j : C — C
compatible with the orientation. Let £ — C be a complex vector bundle and
let Q1(C, E) denote the space of one-forms with values in E, that is, sections of
TVC @g E. Given a € Q(C, E) and a complex structure j € J(C), denote by
a%t € QVL(C, E) its 0, 1-part with respect to the decomposition

TVC®r E = (TVC @ E)"* @ (TVC @r E)™.

We introduce the following terminology for almost complex structures. An almost
complex structure J : TX — T'X is w-tamed if w(-, J-) is positive, and w-compatible
if w(-,J-) is a Riemannian metric. Denote by J(X,w) the space of w-tamed al-
most complex structures and by J(X,w) the space of w-compatible almost complex
structures. In the following paragraphs, let J € J,(X,w).

Next we introduce notations for Hamiltonian perturbations and associated per-
turbed Cauchy-Riemann operators. Let K € QY(C,0C;C*(X)) be a one-form
with values in smooth functions vanishing on the tangent space to the boundary,
that is, a smooth map T'C' x X — R linear on each fiber of T'C', equal to zero on
TC|AC. Denote by K € Q(C, dC; Vect(X)) the corresponding one form with values
in Hamiltonian vector fields. The curvature of the perturbation is

(9) Rg =dK +{K,K}/2 € Q*(C,C™(X))

where {K, K} € Q?(C,C*(X)) is the two-form obtained by combining wedge prod-
uct and Poisson bracket, see McDuff-Salamon [44, Lemma 8.1.6] whose sign conven-
tion is slightly different. Given a map v : C' — X, define

(10) By ru = (du+ K)o € Q¥(C,w*TX).

The map u is (J,K)-holomorphic if jxu = 0. Suppose that C is equipped with a
compatible metric and X is equipped with a tamed almost complex structure and
perturbation K. The K-energy of a map u:C — X is

Ee(u) == (1/2) /C du + R(u)?

where the integral is taken with respect to the measure determined by the metric
on C and the integrand is defined as in [44, Lemma 2.2.1]. If 07 xu = 0, then the
K-energy differs from the symplectic area A(u) := [, u*w by a term involving the
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curvature from (9):

(11) Ex(u) = A(u) +/ Ry (u).
C
In particular, if the curvature vanishes then the area is non-negative.

The notion of Floer trajectory is obtained from the notion of perturbed pseudo-
holomorphic map by specializing to the case of a strip

C=Rx[0,1]={(s,t) | s€R,te[0,1]}.

Given H € C*°([0,1] x X) let K denote the perturbation one-form K = —Hdt and
let Ef == Ex. If u:R x[0,1] — X has limits z4 : [0,1] — X as s — £oo then the
energy-area relation (11) becomes

En(u) = A(u) — /[0 ; (z, H — 2™ H)dt.

Let 0 JH = 0 s,k be the corresponding perturbed Cauchy-Riemann operator from
(10). A map u : C — X is (J, H)-holomorphic if 9jgu = 0. A Floer trajectory for
Lagrangians Lo, L is a finite energy (J, H)-holomorphic map u : Rx [0,1] — X with
R x {b} C Ly, b =0,1. An isomorphism of Floer trajectories ug,u; : R x [0,1] = X
is a translation ¢ : R x [0,1] — R x [0, 1] in the R-direction such that ¢*u; = uyg.
Denote by

dypu=0
M(Lo,L1) = qu:Rx[0,1] - X | w(R x {b}) C Ly,b € {0,1} /R
Ep(u) < oo

the moduli space of isomorphism classes of Floer trajectories of finite energy, with
its quotient topology.

In order to apply the theory of Donaldson hypersurfaces we will need our Hamil-
tonian perturbations to vanish, and in order to achieve recall the correspondence
between Floer trajectories with Hamiltonian perturbation and trajectories without
perturbation with different boundary condition. Let H € C*°([0,1] x R, X) be a
time-dependent Hamiltonian and let J € Map([0, 1], J-(X,w)) be a time-dependent
almost complex structure. Suppose that Ly, L are Lagrangians such that ¢ (Lg)NL;
is transversal. There is a bijection between (J;, Hy)-holomorphic Floer trajecto-
ries with boundary conditions Lg, L1 and (qﬁf_lt)*,]t-holomorphic Floer trajectories
with boundary conditions ¢1(Lg), L1 obtained by mapping each (Lg, L1) trajectory
(s,t) — u(s,t) to the (¢1(Lo), L1)-trajectory given by (s,t) — ¢1-¢(u(s,t)) [21,
Discussion after (7)].

A compactification of the space of Floer trajectories is obtained by allowing sphere
and disk bubbling. A nodal Floer trajectory consists of a nodal strip C' together with
a map u : C — X satisfying the following conditions:

(a) u((0C)p) C Ly for b € {0,1} (see (4))
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(b) w is (J¢, Hy)-holomorphic in strip coordinates on each strip component C; —
{w;, wi+1} and

(¢) uis Ji-holomorphic on each sphere and disk component on which f is constant
and equal to t; see (4) for the definition of (OC)y.

An isomorphism of marked nodal Floer trajectories is an isomorphism of marked
nodal curves with disk structures intertwining the markings and the maps to X.
A marked nodal Floer trajectory u : C' — X is stable if it has finitely many auto-
morphisms, that is, # Aut(u) < co. A component C,,v € Vert(I') of C is a ghost
component if the restriction of u to C, has zero energy, that is, Eg(u|C,) = 0. A
nodal marked Floer trajectory u : C' — X is stable if and only if any sphere ghost
component C,, C C has at least three special points z; € Cy,w € C, and any disk
ghost component has either (a) at least three boundary special points or (b) one
interior special point and one boundary special point. Let

- . (9J7Hu:0, Eg(u) < oo

M(Lo, L1) = {u.C—>X v Lb,l()e){o,l} }/N
denote the moduli space of isomorphism classes of stable Floer trajectories of finite
energy. M(Lg, L1) may be equipped with a topology similar to that of pseudoholo-
morphic maps, see for example McDuff-Salamon [44, Section 5.6]: Gromov-Floer
convergence defines a topology in which convergence is Gromov-Floer convergence,
by proving the existence of suitable local distance functions. Given z+ € Z(Lg, L),
denote by

M(Lo, Ly, x4, 2_) = {[u] € M(Lo,L1) | lim wu(s,-) = aji}

s—=+o0
the moduli space with fixed limits along the strip-like ends near z4 € 0C.

In preparation for the transversality arguments later, we review the Fredholm the-
ory for the moduli space of Floer trajectories. Let C be a treed strip of type I'. We
denote by C* the curve with strip-like ends obtained by removing the nodes connect-
ing strip components and incoming and outgoing markings. For integers p > 2 and k
sufficiently large (for the moment, k > 2/p suffices) we denote by Map*?(C*, X, L)
the space of continuous maps of Sobolev class W*P on each component C,, C C*
and taking the given Lagrangian boundary conditions:

Map®?(C*, X) := {u: C* — X, ¥m, |[u|Cyl|r,p < 00, u((Ch) C Ly,b € {0,1}}.

Here the Sobolev k, p-norm || - ||, is defined using a covariant derivative on X and
C™* of standard form on the strip-like ends as in, for example, Schwarz [51]. Denote
by Q°(C*,u*(TX,TL))k, the space of continuous sections of Sobolev class k, p on
each component, taking values in the pull-back u*T' X of the cotangent bundle, and
with boundary values in (u|0Cy)*T'L, on 8C) C C on f~1(b) NAC. Given time-
dependent metrics that so that L are totally geodesic for time b € {0, 1}, we have
geodesic exponentiation maps

(12)  QUC*,u"(TX,TL))kp = Brp := Map™P(C*, X, L), &+ exp,(€)
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which provide charts for By ,. With these charts By, admits the structure of a
smooth Banach manifold by standard Sobolev estimates. Define a fiber bundle & ,,
over By, whose fiber at u is

(13) (Ekp)u = QO W T X )1,

that is, a product of (0, 1)-forms over the smooth components of C*. Local trivial-
izations of & ) are defined by geodesic exponentiation from u and parallel transport
using the Hermitian connection defined by the almost complex structure

De s QOO W TX )i 1, — QOH(CX, exp, () TX )i 1,
see for example [44, p. 48]. The Cauchy-Riemann operator defines a section
(14) 5J7H t Brp = Ekp, u aLHu.
Define a non-linear map on Banach spaces using the local trivializations
Fu: Q(C* u(TX, TL))kp — QO™ u (TX, TL) ) j-1p, &> 01051 expy(€).

The quotient of the zero level set F, !(0)/ Aut(C*) is naturally identified with a
subset of M(Lg, L1) and gives a local description of the moduli space.

The local smoothness of the moduli space can be guaranteed by the surjectivity of
the linearized operator by the implicit function theorem for maps between Banach
spaces. Let D,, denote the linearization of F,, (see Floer-Hofer-Salamon [21, Section
5]). Standard arguments show that this operator is Fredholm, see Lockhart-McOwen
[40] and Donaldson [19, Section 3.4]. A stable non-nodal Floer trajectory u : C* —
X is regular if D, is surjective. If C' =R x [0,1] and v : C* — X is a regular Floer

trajectory then 5;2 (0) is a smooth, finite dimensional manifold near u. The action
of Aut(C) is free and proper, and the quotient is Hausdorff by exponential decay
at the ends, equivalent to finiteness of the energy. It follows that M(Lg, L1) is a
smooth manifold near any regular [u]. Floer-Hofer-Salamon [21, Proof of Theorem
5.1] show, at least in the case of periodic Floer cohomology, that there exist time-
dependent almost complex structures such that every Floer trajectory is regular. We
avoid the use of [21] by using stabilizing divisors to construct coherent perturbations
in the next section.

3. COHERENT PERTURBATIONS

In this section we describe how to regularize the moduli space of Floer trajectories
using stabilizing divisors. We assume the reader is at least modestly familiar with
the results of Cieliebak-Mohnke [15], which show how to use stabilizing divisors to
kill the automorphisms of spheres appearing in the compactification of moduli spaces
of pseudoholomorphic maps.
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3.1. Stabilizing divisors. As mentioned in the introduction, our goal is to kill
automorphism groups of disks appearing in the compactification by adding markings
corresponding to intersection points with a codimension two symplectic submanifold
produced by Donaldson’s construction. Because any such disk has at least one
special point on the boundary, it suffices to choose divisors so that any non-constant
holomorphic disk intersects the divisor at least once.

We introduce the following terminology. By a divisor we mean a closed codimen-
sion two symplectic submanifold D C X. An almost complex structure J : TX —
TX is adapted to a divisor D if D is an almost complex submanifold of (X, J).

Definition 3.1. A divisor D C X is stabilizing for a Lagrangian submanifold L. C X
if and only if

(a) the divisor D is disjoint from the Lagrangian L, that is, L N D = ); and
(b) any positive area disk u : (C,0C) — (X, L) intersects the divisor D in at
least one point: w([u]) >0 = u~1(D) # 0.

Ezample 3.2. Suppose that the Lagrangian L is ezact in (X — D,w), that is, for some
one-form o € Q'(X — D) and function ¢ € Q°(L) we have da = w and d¢ = a|. In
this case D satisfies condition (b). Indeed, since w = da on X — D and «|L = d¢ for
some ¢ : L — R, the integral of w over any disk u : (C,0C) — (X — D, L) vanishes:

/u*w:/ a=0.
C oC

Thus in particular any disk with positive area must intersect the divisor.

Stabilizing divisors for Lagrangians exist under suitable rationality assumptions.
We say that X is rational if [w] € H?*(X,Q). Let X be rational and denote by
mg the integrality constant given by the minimal positive integer such that mglw] €
H?(X,Z). We say that a divisor D has degree k > 0 if [D] is Poincaré dual to
mok|w]. For later use we also define torsion constant

to = | Tor(H1(L))| = | Tor(H*(L))|.

Lemma 3.3. If X is rational and L C X is a Lagrangian submanifold then there
exists a codimension two submanifold D C X representing a positive multiple of [w]
in the complement of L.

Proof. By the rationality assumption, there exists a complex line bundle X — X
whose first Chern class ¢1(X) is equal to mglw]. Since [w|z] = 0 € H?(L,R), the
first Chern class of the restriction ¢;(X|r) is in the torsion submodule Tor(H?(L))
of H?(L). Note that the tensor product X®|r is topologically trivial. Choose a
section s : X — X®% that is non-vanishing on L. A generic perturbation s + o of s
is transverse to the zero section (for instance, by Sard-Smale applied to sections of
some differentiability class.) The zero set D = (s + ¢)~1(0) is then smooth by the
implicit function theorem and disjoint from L. O
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The following is an example of a Lagrangian disjoint from a Donaldson hypersur-
face but not exact in the complement. Consider a circle in the symplectic two-sphere,
with Donaldson hypersurface given by a point. One of the disks bounding the cir-
cle meets the hypersurface, but the other does not. In this case one sees that in
general there is no relation between the area and the intersection number of a disk
with the hypersurface. However, in the exact case discussed in Example 3.2 we
have the following relation between area of disks with boundary in the Lagrangian
and their intersection number with codimension two submanifolds as in the previous
paragraph.

Lemma 3.4. Suppose that u : (C,0C) — (X, L) is a disk with boundary in L and
D C X — L is an oriented codimension two submanifold given as the zero set of a
section s : X — X such that L is exact in X — D. Then the intersection number is
proportional to the area:

w([C]) - [D] :mo/cu*w.

Proof. The proof is an integration-by-parts computation. Fix on X a Hermitian
metric and a unitary connection with curvature —2mimgow. Let X7 C X denote the
unit circle bundle, and suppose that

as € QX |X — D), 7 (—2mimow) = dag

is the connection one-form of V with respect to the trivialization defined by the
section s. For any curve u : (C,0C) — (X, L), the intersection multiplicity p(u, 2)
of any intersection point z € u~!(D) is the residue of s,

w(u, z) = lim u* .
e—0 9B (2)
The total intersection number is the sum of the local intersection multiplicities
wlC) (D= 3 ulw2)

zeu—1(D)

Since L is exact in X — D, there exists a function ¢, : L — R such that d¢s = as.
By Stokes’ theorem the area is related to the intersection multiplicity by

(15) /Cu*w = (1/mo) lim Z / u*as + 1/m0)/80u*a8

zeu—1(D) OB (z
(16) = (1/mo) (u, z) + u*dos
" ZGUZ;(D)H /80
(17) = (1/mo)u.([C]) - [D].

g

There are various notions of what it means for a Lagrangian to be rational. For
example, one could require simply that the relative cohomology class [w] lies in
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the rational relative cohomology group H?(X, L; Q). This is equivalent, by relative
Poincaré duality, to requiring that relative two-cycles having rational area. However,
a slightly stronger condition is convenient for the construction of stabilizing divisors:

Definition 3.5. Given a rational symplectic manifold X, an immersed Lagrangian
submanifold L C X is rational or rationally Bohr-Sommerfeld if there exists a line
bundle X with a connection o € Q'(X;) (here X; is as above the unit circle bundle)
whose curvature satisfies

JkeZ, curv(a)=—2mikmow

and that restricts to a trivial line-bundle-with-connection on L. That is, L is rational
if and only if X|; = L x C as line bundles with connection.

Rationality can be phrased in terms of holonomies as follows. Given a line-bundle-
with-connection X — X, the restriction of X to L is automatically a flat line bundle
by the Lagrangian condition. Flatness implies that the parallel transports give rise
to a holonomy representation

h:mi(L,1) — U(1)

at any base point | € L. The Lagrangian L is rational for X if and only if the
restriction X |z is trivial if and only if its holonomy representation h is trivial for all
base points [ € L. It suffices to check the condition for one base point in each con-
nected component of L. Moreover, using trivializations of X over disks representing

ma(X, L,1), one gets a refined holonomy representation ho(ma (X, L,1)) " R that is
proportional to the integral of w over the disks. Thus L will be rational if and only
if there exists r > 0 such that the image of this representation has the form Z - r for
all base points [ € L.

In particular the rationality condition is slightly stronger than the condition of
rationality for the relative symplectic class: there may be loops in the Lagrangian
which are not bounding, which nevertheless have rational holonomies by the above
condition. On the other hand, the rational Bohr-Sommerfeld condition implies ra-
tionality of the relative symplectic class since the pairings with relative cycles may
be computed by Stokes’ theorem.

In order to produce stabilizing divisors we apply a modification of Donaldson’s
construction [18], [6] introduced by Auroux-Gayet-Mohsen [7], with a minor improve-
ment in the exactness property for rational Lagrangians. Donaldson’s construction
proceeds by the construction of approzrimately holomorphic sequences of sections of
line bundles. These sections are then carefully perturbed to obtain the approxi-
mately holomorphic submanifolds. Fix an w-compatible almost complex structure
J € J(X,w) so that w(_,J_) defines a Riemannian metric g on X. Recall that for
any 2m-dimensional submanifold D C X the Kéahler angle is a map measuring the
failure of D to be an almost complex submanifold. The Kéahler angle is defined by

W

m
angp : D — [0,71'], T = COS_1 <TTL‘S;TZD>
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where Qr, p is the volume form defined by the metric and orientation [15, p. 325].
A codimension two submanifold D C X is called 0-approximately J-holomorphic if
its Kéhler angle satisfies angp(z) < 6,Vz € D.

Theorem 3.6. Let X,L C X be rational and J € J;(X,w). There exists an integer
km > 0 such that for every 8 > 0 there is an integer kg > 0 such that for every k > ko
there exists a 0-approximately J-holomorphic divisor D of degree tok,k stabilizing
for L and such that L is exact in (X — D,w).

Proof. The rationality assumption allows us to start, in Donaldson’s construction
in [18], with a section that is covariant constant over the Lagrangian. We suppose
that w is integral (that is, mo = 1) so that there is a line bundle X over X with
Hermitian connection V whose curvature is —2miw and such that X®%|; is triv-
ial. Since L is rational, there is an integer k,, > 0 such that X ®lokm | together
with the connection V®%Fn is trivial. There is therefore a choice of exactly flat
unitary sections 75 : L — X ®lokmk|; over the Lagrangian at the beginning of the
Auroux-Gayet-Mohsen construction [7], that choice being unique up to the S! action
given by scalar multiplication on the fibers. As explained in Auroux-Gayet-Mohsen
[7], Donaldson’s perturbation scheme gives asymptotically holomorphic sections sy,
which define codimension two symplectic submanifolds D = s, '(0) ¢ X — L for k
sufficiently large.

It remains to show that the Lagrangian L is exact in the complement of the
submanifolds D produced in the previous paragraph. The quotient si/|sk| gives a
trivialization of the line bundle away from D = s '(0). The connection one-form
Br € Q1 (X —D) for V®0knk with respect to this trivialization satisfies d8, = w|x_p,
which vanishes on L. The flat connection defined by the trivialization si|r (which
is only approximately equal to V®t0kmkl 1) has the same trivial holonomies as the
restriction of V®0kmk to [, Hence, the two connections with flat sections sy, 7y
are gauge equivalent by some gauge transformation gy : L — U(1). Thus g =
gk_ldgk. We wish to show that g is in the identity component of the group of gauge
transformations. Lemma 4 of [7] states that the phase of the restriction of s to L
with respect to 73 is less than 7/4 in absolute value. It follows that s is related to
the trivial section 73 by the exponential of an infinitesimal gauge transformation:

(18) I L =R, silr = exp(2miy) 1.

So Bkl = d& is exact as claimed. O

Donaldson’s construction is a symplectic imitation of well-known results in alge-
braic geometry. Many of the examples we have in mind are actually smooth pro-
jective varieties, and the results of Donaldson and Auroux-Gayet-Mohsen are not
necessary. Indeed smooth divisors in smooth projective varieties exist by Bertini’s
theorem [33, 11.8.18]. Holomorphic sections concentrating near rational Lagrangian
submanifolds exist by e.g. results of Borthwick-Paul-Uribe [12]. Generic perturba-
tions of the divisors corresponding to these sections are smooth and intersect any
other divisor transversally, by Bertini again.
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The following are well-known properties of the (rational) Bohr-Sommerfeld con-
dition:

Ezample 3.7. (a) (Disjoint unions) Let X be a rational symplectic manifold and
X — X a linearization. Let Ly, L1 C X be rational disjoint Lagrangians so
that X’Lb is trivial for b = 0,1. Then the restriction of X to the disjoint
union Ly U L is again trivial, so Ly U L; is also rational.

(b) (Products) If X; is a rational symplectic manifold with linearization X; — X;
with ¢1(X;) = kifwi], i = 0,1, then X{* RXPF — X x X is a linearization
for Xox X;. If L; C X is rational for X; for the line bundle Xi, 1 =0,1, then
Lo x Ly C Xy x X7 is a rational Lagrangian with line bundle Xgi’kl X f(1®k°.

(c) (Duals) Let (X,w), or X for short, be a symplectic manifold. The dual
(X,w)™ = (X, —w) of (X,w) is obtained by changing the sign on the sym-
plectic form. A linearization of X~ is given by the inverse line bundle X .
Any rational Lagrangian L C X is also rational in the dual X~ since the
trivialization of X on L induces a trivialization of the inverse X .

(d) (Diagonals) Let X be a linearized symplectic manifold and A € X~ x X
the diagonal Lagrangian. The restriction satisfies (X~ K X)[a = X~ ® X =
X x C. It follows that A is rational.

(e) (Hamiltonian perturbations) Let H € C*°(R x X) be a time-dependent
Hamiltonian with Hamiltonian vector field H € Map(R, Vect(X)). If L C X
is rational, then so is ¢;(L) for any ¢. Indeed the flow ¢, lifts to an iso-
morphism ¢; : X — X of line bundles with connection: If o € Q(X;) is
the connection one-form and H € Vect(X) is the lift of He Vect(X) with
a(H) = —H then by Cartan’s formula

Lo = W(H)da + du(H)o = o(H)w —dH = dH — dH = 0.

After restriction one obtains an isomorphism from X| ¢ (L) tO X|r.
(f) (Graphs of Hamiltonian diffeomorphisms) In particular, if ¢ : X — X is a
Hamiltonian diffeomorphism then (1x¢)A C X x X is a rational Lagrangian.

It follows from the last item above that transversally-intersecting rational La-
grangians may always be perturbed so that the union is rational. Indeed choose
a Hamiltonian perturbation H € C°(X) near any intersection point p € Ly N Ly
with H(p) non-zero and is tangent to Ly in a neighborhood of p. Let ¢ : X — X
denote the flow of H and p; € Lo N ¢(L1) (for ¢ small) the unique family of in-
tersection points with pg = p, given by flowing p; under H. The trivializing flat
section of ¢;(Lq) is obtained by flowing the trivializing flat section of L; under H.
The phase change at p; between the flat sections over Ly and ¢¢(Lq) is the integral
of H(ps),s € [0,t], and can be made rational by suitable choice of H. After suitable
tensor products the phase changes become identities and so the flat sections glue to
a flat section over the union.
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For a general Lagrangian submanifold, it is still possible to find divisors that still
intersect holomorphic non-constant disks for a given holomorphic structure. We
introduce the following definition.

Definition 3.8. A divisor D C X is weakly stabilizing for a Lagrangian submanifold
L C X if and only if

(a) the divisor D is disjoint from the Lagrangian L, that is, LN D = (), and

(b)” there exists an almost-complex structure Jp € J(X,w) adapted to D such
that any Jp-holomorphic disk u : (C,9C) — (X, L) with w([u]) > 0 intersects
D in at least one point, that is, u~1(D) # 0.

Lemma 3.9. Let L be a Lagrangian, not necessarily rational, and J € J-(X,w).
There exists an integer ky, > 0 such that for every 8 > 0, there is an integer kg > 0
such that for every k > kg there exists a 8-approximately J-holomorphic divisor D
of degree toky, k that is weakly stabilizing for L.

Proof. We will choose the divisor as in Auroux-Gay-Mohsen [7], and then show that
the relationship (15) between intersection number and area holds up to a small
error. In order to carry this out we wish to choose the sections 7; so that they
satisfy a topological condition: Given a class [u] € ha(m2(X, L)), the intersection
number [u] - [D] is given by the degree of 73, over du, and is equal to the degree
of sg. On the other hand, the holonomy (calculated in multiples 27) of V®%k on
[Ou] € Hi(L) with respect to a trivialization over [u] is tokw([u]). Indeed, denote by
o, the connection 1-form of v ®tok |1, in the trivialization given by 75. Note that since
d(ar|L) = (dar, )| = tokw|r = 0, a,, defines a class [a,,] € H'(L,R) which only
depends on the homotopy class of the section 7. Changing the class of 7, amounts
to changing the class of a,, by an element of H'(L,Z). More precisely, if 7, and
7, are two trivializing sections, then their connection 1-forms satisfy [o% —ar] =

[a] € HY(L,Z), so that changing the homotopy class of the trivializing section 73,
corresponds to adding an integer class [a] € H'(L,Z) to the class [ar,] € H(L,R).
As in (15) one has a relationship between the intersection number and area:

(19) [u] - [D] = tgk/cu*w - /ac u* g,
for every [u] € ha(m2(X, L)).

Next we obtain a bound of the homology class of a disk in terms of its bound-
ary class. Choose bases {f1,...,0p} and {a1,..., a4} for (the torsion-free part of)
H?(X,L) and H'(L), respectively. Define

il = max{[8;([ul)[}, [[[9u]]| = max{je;([Oul)[}-

Let ||0|| be the norm of 9 with respect to the latter norms, so that
[[Ou]l] < [[O1/[[[ull
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for every [u] € ha(m2(X, L)). By uniform boundedness of the forms o, , there exists
a constant C, > 0 such that for all [u],

(20) |, ([u)] < Call[0u]]| < Cal||[ul]-

Secondly, we show that the homology class of a holomorphic disk can be bounded
in terms of its area: for every almost-complex structure Jp € J;(X,w) such that
|Jp — J|| < ¢, there exists a constant Cggr > 0

(21) Tl < Cs,prw([u])
for every Jp-holomorphic disk u : (C,0C) — (X,L). Equation (21) is mostly a
relative version of [44, Proposition 4.1.5] or [15, Lemma 8.19]. Its proof goes as
follows. For every 2-form 3 € Q?(X, L) on X vanishing on L we have
B, Jpv) = Bv,(J +(Jp = D))
181 z2< [l + (18] 26" [v]|*
L+ )Bllzelv]?
where ||Jp — J|| < @' and the norms are again taken with respect to the metric

g@)=aMwU+WU+D:MwU-%ﬂmxwthZO—WWWwo
that

IN

~

B(v, Jpv) < (v, Jpv).
Therefore, if u : (C,0C) — (X, L) is a J D- holomorphlc disk,

/‘g1+%wv‘ = ()

Il = max{18 (]} < g Iyl

1+6
1—

and

<

max{llﬁgH}W([ 1) = Coow(lu])
where Bj is a representative of 3;, 1 < j < p, and Cgg = %*z,max{HﬂJH}

Combining inequalities (20) and (21) gives a uniform bound on the boundary
term of (19) of any holomorphic disk in terms of its area:

|om, ([0u])] < CaCp 10| ([u])
for every Jp-holomorphic disk u : (C,0C) — (X, L). Then equation (19) gives

[u] - [D] = tok/ u W/BCU g, > toku([w]) — Ca|0][Cpprw([u])
= (tok = Cal|9]|Cg o )w([u])

where the constants C, and Cgg do not depend on k. Hence for large enough
values of k, [u] - [D] > 0 for every Jp-holomorphic disk u : (C,0C) — (X, L) with
w([u]) > 0. O
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Remark 3.10. (a) The sections used in the proof of Lemma 3.9 are the same

(b)

()

that are used in [7]. The associated divisors become weakly stabilizing in the
sense of (3.8) as k increases.

In the case of a general Lagrangian L as in Lemma 3.9, the intersection
numbers of the Jp-holomorphic disks with boundary in L with the divisor
D are no longer necessarily proportional to their symplectic areas.

The reverse isoperimetric inequality of Groman and Solomon [32] would allow
for a more direct proof of the above result if Jp could be chosen to be C2-
close to J instead of C%-close as we are given. Indeed, [32, Theorem 1.1]
states that there exists a constant f > 0 such that length(Ou, g) < fw([u])
for every J-holomorphic disk u : (C,0C) — (X, L), while [32, Theorem 1.4]
extends that inequality to a C?-neighborhood of J. Then one could argue
that since |V®"Fr | < O, for every k > 0,

/ vtk
ou

uniformly for all Jp-holomorphic disks.

|, ([Oul)] = < O length(Ou, g) < Cp fw([u])

Next we turn to pairs of Lagrangians, needed to define Lagrangian Floer theory.
Note that divisors that are stabilizing for each Ly, L; individually, are not necessary
stabilizing for the union. For example, take Ly to be a circle in the symplectic two-
sphere, and L; to be a small Hamiltonian perturbation. Even if D is stabilizing for
both Ly and L;, there may be non-constant holomorphic strips that do not intersect
D. The following Lemma provides divisors so that holomorphic strips with boundary
in Lg, L1 intersect the divisor at least once.

Lemma 3.11. (a) (Existence for pairs of rational Lagrangians) Suppose that

Lo, Ly are rational Lagrangians intersecting transversally and Lo U Ly is ra-
tional with line bundle X. Then there exists a divisor D such that Ly U L
s exact in X — D in the sense that there exists a one-form

acQYX —-D), da=uw|(X-D)
and functions ¢g : Lo — R, ¢1: L1 — R such that
dgbb = Oé|Lb, b S {0’ 1}7 ¢0’L0ﬂL1 = ¢1|LOOL1‘

(Existence for pairs of Lagrangians) Let Ly, L1 be Lagrangians intersecting
transversally, let to = | Tor(H1(LoU L1))| and let J € J-(X,w). There exists
an integer ky, > 0 such that for every 8 > 0, there is an integer kg > 0 such
that for every k > kg there exists a 0-approximately J-holomorphic divisor
D of degree toknk that is weakly stabilizing for Lo U Ly.

(Uniqueness) Suppose that (J, € J(X,w),t € [0,1]) is a time-dependent
almost complex structure. Let Dy be stabilizing divisors for L (resp. a pair
Ly, b = 0,1) constructed as the zero set of approximately Jy-holomorphic
sections sp 1 X — X ®tokmk o1t from homotopic unital sections

Tkt L — X®t0kmk’L, k> kO,t; te {0, 1}
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(resp. sections sy and Ty for b=0,1.)

Then there exists an integer kn,, > 0 such that for every 6 > 0 there is an
integer kg such that for k > kg, there exists a smooth family Dy, t € [0,1],
of 0-approximately Jy-holomorphic divisors stabilizing for L (resp. LoU L)
of degree tokk,, connecting Dy and D1. Moreover, there exists a symplectic
isotopy {¢+ }o<i<1 preserving L such that Dy = ¢¢(Dy).

Proof. For part (a), suppose Lo U Ly is rational with respect to some linearization
X. Let 7y resp. 71 be trivializing sections of norm one of X |L, resp. X |L, so
that 79(p) = 7i(p) for each p € Lo N Ly. Let opp, 014 : X — X®k be a sequence
of sections constructed from 79,71 that are concentrated along Lo, Ly as in [7, p.7
Remark]|. The sum og) 4+ 01 : X — X is non-zero at each point in Ly U Ly for k
sufficiently large, since for example on Lg it is the sum of a section of norm one and
a second of norm less than one.

The remainder of the argument is the same as in the case of a single Lagrangian: A
small perturbation of g ;. +01 k. as in [7] then defines a divisor D = (¢ +01.) " (0)
disjoint from LoU L;. The restriction of the perturbed section to D may be assumed
to differ from the trivializations 7y, 71 by phase at most 7/4. The union Lo U L; is
exact in the complement by the previous argument around Equation (18).

For part (b), let 7, g resp. 73 1 be trivializing sections of Xtokmk|L0 resp. X®t0kmk|Ll
with uniformly bounded derivatives. Let {p;}1<; be the (finite) set of intersection
points of Lg and L. In general, 75,0(pi) # 7k,1(p;) for some subset of the indices in
I. We would like to continuously deform one of those trivializing sections, say 7% 1,
to obtain trivializing sections 7; , = 740 and 71 ; in the same homotopy classes (of
non-vanishing sections) as 75,0 and 7,1, respectively, such that

e (Matching condition) 77 o(p;) = 74, (p;) for all indices i € I, and
e (C%-bound) 1Tk o@i)| + V77 0(Pi)lg + IVVT0(pi)lg < C and |77, (pi)lg +
V71 (pi)lg + IVVT, 1 (pi)]g < C for some constant C' (independent of k).

To construct the sections 77, ,, first define the numbers

Or,i := arg(T,o0(pi)) — arg(7r,1(pi)) €] — m, 7.
Choose smooth functions 0y : L1 —] — m, 7] with 0(p;) = 014, Vi € I satisfying the
uniform bounds |0x|+|V6i|s+|V Vs < Cy. Such functions exist since || < oo, Ly

and [—m, 7| are both compact and g does not depend on k. Define 7'];,1 = e2milk Tk
By definition,

arg (7. 0(pi)) — arg(rg 1 (pi)) = arg(mho(pi)) — arg(e1(pi)) — Ok =0, 1<i<1I

so the (Matching Condition) holds. Furthermore, since there are uniform bounds on
the derivatives of both 7,1 and 6y, one can find a constant Cr,, such that |7/, (p;)|+

V17,1 (Pi)lg + [VV T 1 (pi)lg < CL, so the (C?-bound) holds as well.
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One can therefore take og 1,01 : X — X ®tokmk 5 sequence of sections constructed

from 79,7 that are concentrated along Lo, L; as in [7, p.7 Remark]. The sum
00,k + 01 is bounded from below at each point in Lo U L1 and can be used as an
asymptotically holomorphic family of sections concentrated along Lo U Lq. The fact
that the resulting divisor D = 5,;1(0) C X — (Lo U Ly) is weakly stabilizing for a
general pair Ly U L follows as in the proof of Lemma 3.9.

(c) The uniqueness statement is based on results of Auroux [5] and Auroux-
Gayet-Mohsen [7] and Lemmas of the previous section: Any family of approximately
Jk-holomorphic sections sj; built from homotopic unitary sections 73, & > ko,
t € {0,1} can be modified, for large enough k, to a family s;; so that the zero sets
D, = s,;% (0) are approximately holomorphic and related by a symplectic isotopy
preserving L. In [7], the case where the family Ji; is constant is considered.

If the almost complex structure is time-dependent, then the argument of [7] can
be modified as follows: The almost-complex structure J; provides a way to identify a
Weinstein neighborhood V; of L, i.e. V; is symplectomorphic to a neighborhood of the
0-section in T*L. Choosing a trivialization of X \%tokm — L and extending it properly
to V4, let p denote the local coordinate on the fibers of T* L. Let g; denote the metric
on the fibers of T*L induced through the identification by the metric g¢|, associated
with w and J;. The norm |p|y, is a globally defined function on T*L. Define oy, 1+ =

1 2
e~ ztokmklplg, Multiplying oy, 1, by an appropriate cutoff function, one verifies that

the resulting sections sy, 1, ; are asymptotically Ji-holomorphic sections concentrated
over L, t € [0,1], from which the asymptotically Ji-holomorphic s, can be built,
te{0,1}.

One can then use a one-parameter perturbation argument from [5] to obtain a
family of divisors. Consider sections s} , that are equal to (1 — 3t)sk o + 3tsk,10

for ¢t € [0, %], to sgr3—1 for t € [%, %] and to (3 — 3t)sp 1 + (3t — 2)sgy for t €
[%, 1]. The family sy is a one-parameter family of asymptotically Jiin(1,max(0,3t—1))-
holomorphic sections non-vanishing on over L. One can then invoke [5, Theorem 2]
to get perturbed sections sy ; that are transverse to the 0-section, asymptotically .J;-
holomorphic sections and non-vanishing over L. Note that this requires raising the
degree of Dy and Dy. The fact that the corresponding isotopy between (sg o)~ 1(0)
(isotopic to Dy) and (s 1)~1(0) (isotopic to Dy) can be realized through a symplectic
isotopy preserving L then follows from the argument of [5, Section 4]. Regarding the
compatibility with L condition, note that the cohomology class [a;, ]| only depends
on the homotopy class of 7. In the case of a pair Ly, L1, the above argument is
repeated with sy 1.+ + Sk, ¢ Teplacing sg 1 ;. Il

3.2. Coherent perturbations. In this section we use the stabilizing divisors in the
previous section to allow the almost complex structures to vary over the domains.
Existence of the gluing maps will require the domain-dependent almost complex
structures to satisfy coherence conditions related to the Behrend-Manin morphisms
introduced in Section 2.
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We begin by fixing an almost complex structure that we wish to perturb, and this
almost complex structure should make the Donaldson hypersurface almost complex
so that the intersection multiplicities with holomorphic curves are positive. Given a
divisor D, we denote by J,(X, D) the space of w-tamed almost complex structures
Jp for which D is an almost complex submanifold. If J € J,;(X,w) and 6 > 0,
let J,(X,D,.J,0) be the subset of elements §-close to J in C° norm. The space
J-(X, D, J,0) is non-empty by [15, Section 8§].

Domain-dependent almost complex structures are almost complex structures de-
pending on a point in the universal strip, and equal to the fixed almost complex
structure at the boundary and nodes. If I' is a type of stable strip with a single
vertex, then Ur is smooth and it makes sense to talk about class C! maps for some
integer | > 0 from Ur to a target manifold. More generally, if I' has interior edges
then let IV be the graph obtained by cutting all edges. By definition a map from
Ur of class C! is a map from Up of class C satisfying the matching condition at
the markings identified under the map U — Ur. For any type I', the compactified
universal strip Ur is a manifold with corners away from the boundary nodes. Given
an almost complex structure Jp € J,(X, D) we say that a map from U to J,(X, D)
agreeing with Jp near the nodes is of class C! if it is C' away from the boundary
nodes.

Definition 3.12. Let Jp € J(X,D) and [ > 0. A perturbation datum (resp.
perturbation datum of class C') adapted to D for a type I' with a single vertex is a
smooth (resp. C!) map

JF : Hr — jT(X,w)
such that

(a) (Compatible with the divisor) Jr(z) € J-(X, D) and Jr(z)|p = Jp for all
A Hr.

(b) (Constant near the nodes and markings) The restriction of Jr to a neighbor-
hood of any node or boundary marking is equal to Jp.

(c) (Constant at the boundary) The restriction of Jr to the boundary of the
(nodal) strips is equal to Jp.

If I’ has multiple vertices, for each vertex v let I'(v) be the subtree consisting of
the single vertex v and all edges meeting v. A domain-dependent almost complex
structure is then a domain-dependent almost complex structure

Jp(v) : Hp(v) — jT(X,w)

for each type I'(v); these patch together Jr to a map on the universal curve by the
(Constant near the nodes and markings) axiom.

The following are three operations on perturbation data:

Definition 3.13. (a) (Cutting edges) Suppose that I' is a combinatorial type
and I is obtained from I' by cutting edges corresponding to nodes con-
necting strip-like components. A perturbation datum for IV gives rise to a
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perturbation datum for I' by pushing forward Jp under the map U — Ur,
which is well-defined by the (Constant near the nodes and markings) axiom.

(b) (Collapsing edges/making an edge finite or non-zero) Suppose that I is ob-
tained from I' by collapsing an edge or making an edge finite or non-zero.
Any perturbation datum Jp+ for IV induces a datum for I by pullback of Jp
under Ur — Up.

(¢) (Forgetting tails) Suppose that I is a combinatorial type of stable strip is
obtained from I' by forgetting an marking. In this case there is a map of
universal disks U — U given by forgetting the marking and stabilizing.
Any perturbation datum Jps induces a datum Jr by pullback of Jp.

We are now ready to define coherent collections of perturbation data. These are
data which behave well with each type of operation above.

Definition 3.14. (Coherent families of perturbation data) A collection of perturba-
tion data J = (Jr) is coherent if it is compatible with the Behrend-Manin morphisms
in the sense that

(a) (Cutting edges axiom) if I is obtained from I' by cutting an edge corre-
sponding to a strip-like edge, then Jr is the pushforward of Jp;

(b) (Collapsing edges/make an edge finite or non-zero axiom) if IV is obtained
from I' by collapsing an edge, then Jr is the pullback of Jy;

(¢) (Product axiom) if I is the union of types I';, 'y then Jr is obtained from
Jr, and Jr, as follows: Let 7y : Mrp = ﬂpl X Mrz — ﬂrk denote the
projection on the k-factor, so that Ur is the union of miUr, and T3Ur,.
Then we require that Jr is equal to the pullback of Jr, on WZHpk.

3.3. Perturbed Floer trajectories. We now define Floer trajectories satisfying a
given perturbation datum. If a treed strip is stable there is a unique identification
of the curve with a fiber of the universal strip. More generally, if C' is a possible
unstable treed strip of type I' with at least one interior marking then one obtains a
map ¢ : C — Ur by identifying the stabilization with a fiber. In particular, if Jpr
is a perturbation datum then n}Jr : C — J-(X,w) is a domain-dependent almost
complex structure taming the symplectic form.

Definition 3.15. (Perturbed Floer trajectories) A perturbed stable Floer trajectory
of type I' for a perturbation datum Jr is a treed strip C of type I' together with a
map u : C' — X which is holomorphic with respect to 7. Jr.

The regularity properties of the domain-dependent almost complex structures are
sufficient for the following version of Gromov-Floer compactness to hold:

Theorem 3.16. Suppose that I' is a type of stable treed strip and Jr, : Ur —
Jr(X,w) is a sequence of domain-dependent almost complex structures of class
C' 1 > 2 converging to a limit Jp , C, C Ur is a sequence of stable treed strips
of type I', and uy, : C,, — X is a sequence of stable Floer trajectories with bounded
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energy. Then after passing to a subsequence, u, : C, — X converges to a limiting
stable Floer trajectory u : C' — X.

Sketch of proof. Since Mr is compact, after passing to a subsequence we may assume
that [C,] converges to a limit [C] € Mp. We may view the development of nodes
as stretching of the neck. On each compact subset of C disjoint from the nodes, the
almost complex structure J,|cy., converges to Jr|c uniformly in all derivatives. On
the other hand, on the neck regions J, is equal to Jp, by the (Constant near the
nodes and markings) axiom. Hence the standard compactness arguments (finitely
many bubbles, soft rescaling, bubbles connect) in e.g. [60] allow the construction of
a limiting map u : C' — X, where C is obtained from C by adding a finite collection
of bubble trees of sphere and disk components. O

It follows from the Theorem that the spaces of perturbed stable Floer trajectories
in general admits a compactification involving domains that may be unstable. Since
our perturbation maps have constant values over the unstable components, we are
not in a position to achieve transversality over the compactification unless we can
avoid such instability of the limit domains. The choice of (either strictly or weakly)
stabilizing divisors containing no non-constant holomorphic spheres and the restric-
tion to “adapted” nodal Floer trajectories on which the interior markings keep track
of the intersections with the stabilizing divisors will ensure that domain stability is
preserved under taking limits. Their precise definition is the following:

Definition 3.17. (Adapted Floer trajectories) Let D be a divisor and Jr a pertur-
bation datum adapted to D. Let u : C' — X be a nodal Floer trajectory which is
m¢&Jr-holomorphic. The trajectory u : C' — X is adapted to D, or D-adapted, if

(Stable domain property) C' is a stable marked disk; and

(Marking property) Each interior marking lies in «~!(D) and each component
of u=!(D) contains an interior marking.

We introduce the following moduli spaces. Let M, (L, D) be the set of isomor-
phism classes of stable D-adapted Floer trajectories to X with n interior mark-
ings. The space M, (L, D) admits a topology defined by Gromov-Floer convergence,
whose definition is similar to that for pseudoholomorphic curves in McDuff-Salamon
[44, Section 5.6]. Despite the notation, it is compact only for generic choices of
domain-dependent almost complex structure, see Theorem 4.9 below. Because the
constraint that the marking map to a divisor is codimension two, the formal dimen-
sions of the moduli spaces are independent of the number of markings. We define a
stratification of the moduli space of adapted trajectories as follows. The vertices of
the graph are labelled as follows. Denote by

(a) TI(X) the space of homotopy classes of maps from the two-sphere S? to X;
(b) TI(X, Ly) the space of homotopy classes of maps from the disk (B2, S!) to
(X7 Lb)7 be {07 1}5
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(c¢) TI(X, Ly, L1) the space of homotopy classes of maps from the square [—1, 1] x
[0, 1] mapping [—1,1] x {b} to Ly for b € { 0,1} and {£1} x [0,1] to x4 €
(Lo, L1).

Each stable trajectory u : C' — X gives rise to a labelling
Vert(I') — II(X, Lo, L) UTI(X, Lo) UTI(X, Ly) UTI(X)

giving the homotopy class of u restricted to the corresponding component of C. Let
Edge,(T") € Edge(I") denote the set of contact edges corresponding to markings or
nodes that map to the divisor D. Given an edge e € Edge,(I") corresponding to
a marking w(e) let p(e) denote the intersection multiplicity of u at w(e), that is,
the order of tangency. For an edge e € Edge,(I') corresponding to a node w(e),
let p(e) = (uy(e), p—(e)) denote the intersection degrees on either side of the node.
The combinatorial type of a stable adapted Floer trajectory u : C' — X is the
combinatorial type I' of the domain curve C' equipped with a labelling of Vert(T")
by homotopy classes I1(X, Lo, L1) UII(X, Lo) UII(X, L) UII(X), and a labelling of
contact edges Edge, (") by the intersection degrees pu(e).

Definition 3.18. For any connected type I' we denote by Mp(L, D) the space of
adapted stable Floer trajectories of type I'. If I' is disconnected then My (L, D) is
the product of the moduli spaces for the connected components of I'.

The Behrend-Manin morphisms in Definition 2.1 naturally extend to graphs la-
belled by homotopy classes. For example, to say that I' is obtained from I by
(Collapsing an edge) means that if v',v” are identified then the homotopy classes of
the components satisfy d(v) = d(v") + d(v”) using the natural additive structure on
homotopy classes of maps, and the labelling of edges of IV by intersection multiplici-
ties, intersection degree and tangencies is induced from that of I'. There is a partial
order on combinatorial types of stable trajectories generated by relations I' < IV if T’
is obtained from I" by collapsing edges or making edges finite or non-zero. Whenever
[' < I we have an inclusion of strata Mr (L, D) C Mr(L, D).

The following is an immediate consequence of the definition of coherent family of
domain-dependent almost complex structures in Definition 3.14:

Proposition 3.19. (Behrend-Manin maps for Floer trajectories) Suppose that J =
(Jr) is a coherent family of perturbation data. Then

(a) (Cutting edges) If TV is obtained from T' by cutting a edge connecting strip
components, then there is an embedding Mr(L, D) — My (L, D) whose im-
age is the space of stable marked trajectories of type I'' whose values at the
markings corresponding to the cut edges agree.

(b) (Collapsing edges/making edges finite or non-zero) If I is obtained from T’
by collapsing an edge or making an edge finite or non-zero, then there is an
embedding of moduli spaces Mr(L, D) — M (L, D).

(d) (Products) if T' is the disjoint union of I'y and T'y then Mrp(L,D) is the
product of Mr,(L,D) and Mr,(L, D).
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For the (Qltting edgesﬂnorphism, if I ' is obtained by cutting a strip-connecting
edge, then Mr/(L, D) = Mr, (L, D) x Mr,(L, D). We denote by

(22) e MT& (Lv D) XT(Lo,L1) MF2 (L7D> - HF(L7D)

the map obtained by combining this isomorphism with the Behrend-Manin map and
call it concatenation of Floer trajectories.

We introduce the following notations for numerical invariants associated to a com-
binatorial type. The indez i(I") of a type I' is the Fredholm index of the operators
associated with trajectories of Mr(L, D) given by linearizing (14); this is determined
by the homotopy classes of the maps which are part of the definition of the combi-
natorial type I'. The strata contributing to the definition of the Floer coboundary
operator are those with index one (so that the expected dimension of the top stra-
tum is zero) while the proof that the coboundary squares to zero involves those of
index two.

We discuss several variations on the definition.

Remark 3.20. (Boundary divisors) In the first variation, we use different divisors
to stabilize the disk bubbles. Recall from [15, Lemma 8.3] that for a constant
e > 0, two divisors D, D’ intersect e-transversally if at each intersection point x €
D N D’ their tangent spaces T, D, T, D’ intersect with angle at least e¢. Cieliebak-
Mohnke [15, Theorem 8.1] shows that there exists an ¢ > 0 such that a pair of
divisors of sufficiently high degree constructed in the last section can be made e-
transverse. Moreover, for any 6 > 0, w-compatible almost complex structures #-close
to J making a pair of e-transverse divisors almost complex exist (provided that the
degrees are sufficiently large).

Now suppose that Dy is stabilizing for Ly, b € {0,1}, stabilizing for Lo U Ly
and assume that Dy is e-transverse to D, b € {0,1}. Assume that there exists a

compatible almost-complex structure J € J(X,w) preserving the tangent spaces to
D and Dy, b € {0,1}. For b € {0,1} let

Cy = f_l(b)\(aC)b ccC

be the union of disk and sphere components of f~1(b) and for ¢t € [0,00]. Let
6,1 (t) € Cy be made of the disk and sphere components of f~!(b) connected to
a strip component through a sequence of edges of total length equal to ¢t. Let
zi,i = 1,...,n be the same markings as before, choose extra (interior) markings
22i=1,...,np on Cp, b € {0,1}, and set n = (n,n0,n1). Choose (Jr) a coherent
family of perturbation data that is, as in the previous section, depending on the
position relative to the z; markings on the strata with Cy U C; = (0. Suppose that
Jr is equal to J near the nodes, boundary markings and boundary components,
and suppose that its restriction to D is equal to Jp|p. We may assume that (Jr)
depends only on the z? markings over the components in £, '(c0), b € {0,1}, that
is, so that Jp is compatible with the forgetful morphism on ¢, '(co) forgetting all
but the markings 2. The coherence condition on (Jr) implies that each Jr is given

as a product on the product strata associated with edges of infinite length, and
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the latter condition means that the perturbation on the components of f;l(oo) will
now be independent of the z; markings, depending on the zf markings instead. On
components with ¢, ' (]0, 0c[) # ), the perturbation is allowed to depend on both the
z; markings and the zf markings.

Let u : C — X be a stable n-marked J-holomorphic Floer trajectory v : C' — X
for L = (Lo, L1) with markings 2;,i = 1,...,n, 2%,i = 1,...,n. The trajectory
u: C — X is adapted to D = (D, Dy, Dy) if in addition to the conditions above
describing the intersections with the divisor D, for the divisors D, b € {0,1} the
following holds:

(Marking property) For each b € {0,1}, each interior marking z? lies in
u~1(Dy) N Cy and each component of u~1(Dy) N Cj, contains a marking 2?.

Note that the intersection loci u=1(D,) in C'\C}, are not required to contain mark-
ings, b € {0,1}. On the disks and spheres at distance 0 from a strip component, the
location of these intersections do not influence the perturbed Floer equation, but
as their distance goes to infinity, they become the only intersections influencing the
perturbation on their components. This choice of perturbation on disk bubbles is
very similar to the one used to prove invariance in [15].

The combinatorial type I' now includes for each b € {0,1} a subset Edge,, ,(I') C
Edge. (") of semi-infinite edges (on C}) corresponding to markings that are required
to map to Dy. If T' has edges of length 0, take IV to be the type obtained by
forgetting the edges of Edge,, ,(I') that are on components at distance 0 from a

strip component. One gets a morphism of combinatorial types, a map Mp —
My that lifts to a map of Floer trajectories Mr(L, D) — My (L, D). Two stable
Floer trajectories are equivalent if they are isomorphic or they are related by such a
forgetful morphism.

We denote by M(L, D) the moduli space of equivalence classes of adapted stable
Floer trajectories,

(23) M(L,D) = JMr(L,D)/ ~
I

where the union is over connected types I and ~ is the equivalence relation defined by
the above forgetful maps and the Behrend-Manin maps of Floer trajectories. Note
that, as opposed to the Behrend-Manin maps of Floer trajectories, the forgetful
morphisms are in general many-to-one. Indeed, the labels of the forgotten markings
of Edge., (') can be permuted without affecting the Floer equation. However,
counting n-marked Floer trajectories with a weight 1/n!, as our perturbation setting
suggests, could ensure that forgetful equivalences still lead to well-defined rational
fundamental classes.

Remark 3.21. (Families of divisors) In this remark let J = (Jp,Jp,,Jp,) be a
triple of almost complex structures where Jp (resp. Jp,) preserves D (resp. Dy,
b€ {0,1}). Assuming that the divisors D, D;, have the same degree and were built
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from homotopic sections 74|z, and 73, , b € {0,1}, Lemma 3.11 (c) gives a family of
divisors Dy in the complement of L; that are J; j-holomorphic for some homotopy
of almost-complex structures J; 3, t € [0,1], from Jop = Jp, to Jip = Jp, b € {0,1}.
Let (Jr) be a coherent family of perturbation data equal to J;j near the nodes,
markings and boundary components over the components of Eb_l(— log(t)) and such
that Jr|p,, = J» over 0,1 (= log(t)).

Given such perturbations, adapted trajectories are defined as follows. Let u :
C — X be a stable n-marked (Jr)-holomorphic Floer trajectory v : C' — X for L =
(Lo, L1) with markings z;,i =1,...,n, zf?,i =1,...,np. The trajectory u: C — X
is adapted to D = (D, Dy, D1) if in addition to the conditions above describing the
intersections with the divisor D, for the divisors Dy, b € {0,1} we have

(Marking property) For each b € {0, 1}, each interior marking z; € Kb_l(— log(t))
lies in ™1 (Dy 5)NC}, and each component of u~! (D, ,)NCy contains a marking

zi € £, ' (—log(t)).

Remark 3.22. (Anti-symplectic involutions) Suppose now that ¢, : X — X is an anti-
symplectic involution, i.e. Ll2) = Id and (jw = —w, with fixed locus Ly, b € {0,1}.
We may then assume that the anti-symplectic involution ¢;, preserves the divisor Dy
in the sense that ¢,(Dy) = b for b € {0,1}. Indeed if L; is the fixed point set of an
anti-symplectic involution ¢, which lifts to X, a result of Gayet [29, Proposition 7]
implies that the divisor D; may be chosen stable under ¢, b € {0, 1}.

Perturbations compatible with anti-symplectic involutions may be chosen as fol-
lows. Let I" be a type corresponding to a (nodal) disk component in Bb_l(oo) C Cp.
Reversing the complex structure on the disk at infinity defines an involution * :
Mp — My, which lifts to an involution on the universal moduli space * : Ur — Ur.
Identifying the disk components with the complex unit disk with the boundary
marking identified to —1, the fixed points of * on Mr are the configurations where
the special points on the disk component all lie on the real locus of the disk, while
the fixed points of * on Ur consist of the real locus over any fixed disk. In addition
to choosing perturbations as in (Families of divisors) (or (Boundary divisors)), one
may then choose the perturbation datum so that the involution induces an invo-
lution on the moduli space of trajectories with disk bubbles at infinity. Given a
stratum Mrp(L, D) corresponding to a single disk component in €b_1(oo), we require
that Jr is anti-invariant under the symplectic involution in the sense that

(a) Jrox = —ufJr on the disk component of Zb_l(oo), and
(b) Jr o* = Jp over the other components.

Note that if we choose perturbations Jr in the set J,, (X,w) of t-anti-invariant
almost-complex structures, that is, almost-complex structures J € J.(X,w) such
that «;JJ = —J, one obtains that Jr o x = —;Jr = Jr.

Remark 3.23. (Perturbations for the diagonal) In the case that one of the La-
grangians is a diagonal an alternative regularization scheme uses the identification
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of disks with Lagrangian boundary with spheres. That is, suppose that
me{0,1}, Lp,=ACX=Y xY.

Choose a Donaldson hypersurface Dy C Y of sufficiently large degree. Given a treed
strip C', a sphere lifting with markings consists of, for each disk component C; C C
in the strip, a holomorphic sphere C; equipped with an anti-holomorphic involution
1 so that C; /ti = C; as surfaces with boundary and a collection of markings on C;.
Let Ur — Mr be the universal bundle whose fiber over C is the curve obtained
by replacing each disk at infinity distance from the strip with the corresponding
sphere. The map Ur — Ur taking the quotient of these spheres by the involution
is a covering on each stratum. A perturbation datum is then a domain-dependent
almost complex structure Jp : Ur — J-(X,w). Below we will assume that (Jp)
is a collection of perturbations satisfying the conditions in Definition 3.14, and if
in addition for any component at infinite distance from the strip components, the
perturbations depend only on the spherical markings.

For later use we note that there is also a map of moduli spaces obtained by
replacing each disk at infinity with the sphere obtained by gluing together two
copies of the disk. Let I’ denote the marked sphere obtained in this way and consider
corresponding map of moduli spaces M — M;. This map has positive-dimensional
fiber whenever a disk at infinity has at most two boundary markings, since the
difference between dimensions of automorphisms of the sphere and disk is three.

4. TRANSVERSALITY AND COMPACTNESS

4.1. Transversality. In this section we achieve transversality of strata of index
one or two by a choice of domain-dependent almost complex structure. Recall that
a comeager subset of a topological space is a countable intersection of open dense
sets [48], while a Baire space is a space with the property that any comeager subset
is dense. Any complete metric space is a Baire space. In particular, the space of
almost complex structures of any class C* or C* is a Baire space, since each admits
a (non-linear) complete metric. We construct comeager sets of perturbation data
by induction on the type of stable trajectory making the strata of index one or two
smooth of expected dimension. We assume for simplicity of notation that the Hamil-
tonian perturbation vanishes; the same discussion goes through with Hamiltonian
perturbations that are supported away from the divisor.

In preparation for the transversality argument we define a space of perturbatlons

as follows. We fix an open neighborhood of the nodes and markings UF C Ur, on
which the perturbation is assumed to vanish. Suppose that perturbation data Jr
for all boundary types Ur» C Ut have been chosen. Let

veVert(T")
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denote the space of domain-dependent almost complex structures on X of class C"
with [ > 2 for a type I' such that the following conditions hold:

(a) The restriction of Jr to U is equal to Jpv, for each boundary type I7,
that is, type of lower-dimensional stratum Mp C Mrp. This condition will
guarantee that the resulting collection satisfies the (Collapsing edges/Making
edges finite or non-zero) axiom of the coherence condition Definition 3.14.

(b) The restriction of Jr to H;hin is equal to Jp.

For any fiber C' C Ut we denote by C*M™ the neighborhood of the nodes and markings

of C given by the intersection of C' with Zj%hin, and C*™Mk the complement of Cthin,
Let Jr(X, D) denote the intersection of the spaces jli(X, D) for [ > 0.

We wish to achieve transversality by choosing generic perturbations of the given
almost complex structure. However, it is not possible to obtain transversality with
expected dimension for all strata using domain-dependent almost complex struc-
tures. To explain the problem, we introduce the following terminology. A mazimal
ghost component of a stable marked strip is a union of ghost components that is con-
nected and maximal among such unions. Consider the case that a mazimal ghost
component contains several markings. From any such stable trajectory we can ob-
tain a stable trajectory with a single marking on each maximal ghost component,
by forgetting all but one such marking. The forgetful map has positive dimensional
fibers but the two strata have the same expected dimension. It follows that the
strata with multiple such markings cannot be made regular by this method. A type
I' will be called uncrowded if each maximal ghost component contains at most one
marking. Given any crowded type an uncrowded type may be obtained by forgetting
all but one marking on each maximal ghost component.

Theorem 4.1. (Transversality) Suppose that T is an uncrowded type of stable trajec-
tory of expected dimension at most one. Suppose that reqular coherent perturbation
data for types of stable trajectories I with T' > T' are given. Then there exists
a comeager subset Jp%(X, D) C Jr(X, D) of regular perturbation data for type T
compatible with the previously chosen perturbation data such that if Jp € Jpr (X, D)
then

(a) (Smoothness of each stratum) the stratum Mrp(L, D) is a smooth manifold
of expected dimension;

(b) (Tubular neighborhoods) if T' is obtained from T by collapsing an edge or
making an edge finite or non-zero then the stratum Myp/(L, D) has a tubular
neighborhood in Mr(L, D); and

(c) (Orientations) there exist orientations on Mr(L, D) compatible with the Behrend-
Manin morphisms (Cutting an edge) and (Collapsing an edge/Making an
edge finite or non-zero) in the following sense:

(i) If T' is obtained from I" by (Cutting an edge) then the isomorphism
Mrpi(L, D) — Mr(L, D) is orientation preserving.
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(ii) If T is obtained from I by (Collapsing an edge) or (Making an edge
finite or non-zero) then the inclusion Myp/(L,D) — Mrp(L,D) has
orientation (using the decomposition

TMF(L7 D)|Mp/ (L,D) =R® TMF’ (La D)

and the outward normal orientation on the first factor) given by a
universal sign depending only on T, T". (In particular, this condition
implies that contributions from opposite boundary points of the one-
dimensional connected components cancel.)
In particular, any isomorphism class [u] in any zero-dimensional stratum
Mr(L, D)o of an index two moduli Mr(L, D) is associated a sign €([u]) = £1
by comparing its orientation with the canonical orientation of a point.
In the case of (Collapsing an edge) the inclusion My (L, D) — Mr(L, D)
s orientation preserving resp. reversing if I' corresponds to splitting of Floer
trajectories or breaking off a disk bubble in Lo resp. breaking off a disk bubble
m Ll.

Proof. The proof of the first part of the theorem is an argument using the Sard-Smale
theorem on universal moduli spaces. The universal moduli spaces are constructed
using the implicit function theorem for Banach manifolds. For p > 2.k > 2/p
as in (12) let Maplli’p(CX,X, L) be the space of maps u from C* to X of Sobolev
class W*P with type specified by the labellings of the vertices and edges of I' by
homotopy classes and tangencies, mapping (9C), to L for b € {0,1}. The homo-
topy class of the component C;¢ corresponding to a vertex v € Vert(I') is d(v); for
each edge e € Edge(I')\ U;eqo,13 Edges (') (resp. Edge,,;(I')) the intersection
degree u with D is p(e). In order that these derivatives be well-defined we require
k> u(e)+2/p+1 for each edge e € Edge. ('), where p(e) is the intersection multi-
plicity of the map with the divisor at the corresponding marking. The conditions on
the homology classes d(v) are topological, that is, locally constant among maps with
a fixed domain. Each of the other conditions defining Maplki’p (C*, X, L) corresponds
to a 7 differentiable map from Map®?(C*, X, L) for ¢ < k — 2/p — min, u(e) with
surjective linearization for ¢ > 1, which we assume. It follows from the implicit func-
tion theorem for Banach manifolds that Maplli’p (C*, X, L) is a Banach submanifold
of the space Map®?(C*, X, L).

The universal space will incorporate perturbation data. The space J}(X, D) of
domain-dependent perturbations of class C! is a Banach manifold, and similarly
for the space Ji(X, D) of domain-dependent perturbations whose value is fixed on
the boundary of Ur corresponding to lower-dimensional strata. Indeed, the space
of almost complex structures Jr equal to Jp near the nodes is a smooth Banach
manifold as in McDuff-Salamon [44, Proposition 3.2.1]. Each of the conditions fixes
Jr on a subset. Hence JE(X, D) is also a smooth Banach manifold. We leave it to
the reader to show that J4(X, D) is non-empty, using the fact that C! functions on
the boundary of smooth manifolds with corners have extensions over the interior.
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The universal moduli spaces are cut out locally by Fredholm sections of a Banach
vector bundle. Recall from (6) the local trivializations U — M} x C. Our local
universal moduli spaces are cut out from the spaces

Bi, ur = Mp x Mapp?(C*, X, L, D) x JH(X, D).

Consider the map given by the local trivializations (7). Let C' be a nodal disk and
u € Map"P(C, X). Let QO(C*,u*(TX,TL,TD));, denote the space of sections of
class W¥P on each component that match at the nodes, mapping the boundary (0C)
to T'Ly, for b € {0, 1} and the markings z; to TD, 1 < i < n. Let Q" (C*, u*TX)k_1,
denote the space of 0, 1-forms of class W*~1P with no matching condition. In the
case of an intersection with non-vanishing first derivative, define a fiber bundle
gli,p,l,F over Bz,p,l,l‘ whose fiber at m,u, J is

(24) (Etpar)maug ==L (C U TX ).

Local trivializations of S;MI of class C'? are provided by geodesic exponentiation
from u and parallel transport using the Hermitian connection defined by the almost
complex structure, see for example [44, p. 48]. We may suppose that the metric
on X is chosen so that Ly, b € {0,1}, and D are totally geodesic. The derivatives
of the transition maps involve derivatives of these parallel transports and hence the
derivatives of the almost complex structure. In order for the g-th derivative of the
transition map to preserve W*~1P one needs Jr to be of class C! for ¢ < | — k, and
so the transition maps are of class C? only for ¢ also satisfying ¢ < I — k, which we
now assume. The Cauchy-Riemann operator defines a C'? section

(25) 9t Bipir = Ehprrs  (Myu,J) = i) gu
where

_ 1
(26) Byt = i = L (du+ T o duo j(m),

and the almost complex structure J = prm%u(z) depends on (m, z) € MZF x C*.
The section 9 has Fredholm linearization on Sobolev class W*P sections by results
of Lockhart-McOwen [40] on elliptic operators on strip-like end manifolds which are
non-degenerate at infinity, as for (14). For p > 2 these results depend on work of
Maz’ja-Plamenevskii [42], see also the treatments in Schwarz [51] and Donaldson
[19, Section 3.4]. The local universal moduli space is

i L
Mipir(L D) =0 (B pir)

where B}'ﬁp’l’
linearization of (26) is surjective, under some assumptions. Assuming this, it follows
from the implicit function for Banach manifolds that each local universal moduli
space MZI;\;ZF (L, D) is a Banach manifold of class C?. The forgetful morphism

r is considered as the zero section in 5,2 pII ‘We will later show that the

pi s ML, D) — JH(X, D)

is the restriction of a C? Fredholm map (the projection times the Cauchy-Riemann
operator) and so also C'? Fredholm.
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The Sard-Smale theorem may be applied in each local trivialization to guarantee
the existence of a comeager set of perturbations for which the moduli space is cut
out transversally. Let

MTr(L, D)a € ML, D)
denote the subset on which ¢; has Fredholm index d > 0, and is therefore submer-
sive since the linearization of (26) is assumed to be surjective. By the Sard-Smale
theorem, for q greater than d the set of regular values jlf’l’reg(X , D) in the image of
M, pir(L, D)g in JL(X, D) is comeager. The set Ji8(X, D) of smooth domain-
dependent structures is also comeager. Indeed, for any fixed bound on the first
derivative, the space of jlf’reg’l’<B(X , D) that are regular for every stable Floer tra-
jectory u : C'— X with sup |du| < B is open and dense, as in Floer-Hofer-Salamon

[21, Proof of Theorem 5.1]. Taking the intersection over the first derivative bounds

B implies that J2"8(X, D) is comeager in Jr(X, D). Let
Ji®(X, D) = N J"%(X, D).

Fix Jp € J-*(X, D). The moduli space My (L, D) = ¢; *(Jr) is a finite-dimensional
manifold of class CY. By elliptic regularity, every element of M&L(L, D) is smooth
and so this definition agrees with the previous definition and is independent of g.

Finally we patch together the moduli spaces defined using the local trivializations
of the universal disk. The transition maps for the local trivializations define smooth
maps

Therefore the space Mr(L, D) = U;M&L(L, D) has a smooth atlas. Since the moduli
space of stable strips Mp = Ui./\/lip of type I' is Hausdorff and second countable
and each piece M&L(L, D) is Hausdorff and second countable, the union Mr(L, D)
is Hausdorff and second countable. So Mrp(L, D) has the structure of a smooth
manifold.

We now prove that the linearization of (26) is surjective provided that there is
at most one marking on each maximal ghost component. Let n be a distributional
0, 1-form representing an element in the cokernel of the linearization of (25). On
each component of C, we obtain an element in the kernel of the adjoint on the
complement of the interior markings. By elliptic regularity 7 is class W*? on this
complement. We show 7 vanishes on each component.

On components without tangencies, the element 7 vanishes near any point z € C'
at which the derivative du(z) of the map is non-zero, by an argument similar to that
in McDuff-Salamon [44, Proposition 3.2.1]: The linearization of (26) with respect
to the almost complex structure on the sphere components is

(27) T Jr(X,D) = QN C™ w*TX )1, T+ ((T|C*)oduoj)/2.

At any point z € C*M where du(z) # 0 we may find an infinitesimal almost complex
structure 7 such that the right hand side of (27) pairs non-trivially with n(z). It
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follows that 1 must vanish in a neighborhood of z. Unique continuation for solutions
to D;n = 0 implies that n vanishes identically.

Next we consider components of the two-dimensional part on which the map is
constant. If u : C' — X is a map that is constant then the linearized operator is
constant on each disk component of C' and surjective by a doubling trick. However,
we also must check that the matching conditions at the nodes are cut out transver-
sally. Consider a “ghost component” C’ C C' consisting of a union of disks on which
u is constant, attached by nodes, say with boundary in L; for b € {0,1}. Let C”
denote the normalization of C’, obtained by replacing each nodal point w; in C’
with a pair of points wii in C”. Since the combinatorial type of the component is a
subgraph of a tree, the combinatorial type must itself be a tree. We denote by Ty, Ly
the tangent space at the constant value of v on C’. We suppose that there are m
ghost components. Given a choice of a distinguished “root” component, each non-
root component has a unique “outgoing node” pointing towards the root component.
Taking the differences of the maps at the nodes defines a map

(28) § i ker(D,|C") 2 T, Ly — T, Ly, &~ (E(w)) — &(w]))im,.

)

An explicit inverse to § is given by defining recursively as follows. Consider the
orientation on the combinatorial type I'” C T' induced by the choice of outgoing
semi-infinite edge of I'. For n € T/™ define an element & € T,,L* by

§(h(e)) — &(t(e)) = nle)

whenever t(e), h(e) are the head and tail of an edge e corresponding to a node. The
element £ may be defined recursively starting from any choice of component in the
maximal ghost components. The matching conditions at the nodes connecting C’
with the complement C' — C’ are also cut out transversally. Indeed on the adjacent
components the linearized operator restricted to sections ¢ vanishing at each node
w connecting ¢’ with C'— C” is already surjective by [15, Lemma 6.5]. This implies
that evaluation map on the universal moduli space £ — {(w_) —&(w ) is transverse.
A similar discussion for collections of sphere components on which the map is con-
stant implies that the matching conditions at the spherical nodes are also cut out
transversally, that is, the evaluation map & — ({(w-),{(wy)) is transverse to the
diagonal for each spherical node. In the case that the maximal ghost component
C’ has a marking 2, the inductive argument starts with a root component C; C C’
containing the marking z; as the first step at the first step in the recursion. Com-
bining these arguments completes the proof of surjectivity of the linearized operator
except in the case of a constant strip with values in LyN L. Since the intersection is
assumed transversal, the linearized operator on such a component is also transverse,
and a similar argument shows transversality at nodes connecting to other ghost
components.

To show transversality in the presence of tangencies with divisors we require
an auxiliary result of Cieliebak-Mohnke [15, Lemma 6.5] that if the Hamiltonian
perturbation vanishes, then on the universal moduli space, the map taking the jets
up to order k — 2/p at any marking is surjective onto the space of jets of 0, 1-forms
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of holomorphic functions. A similar result holds for Floer trajectories as well as
pseudoholomorphic maps. In the case of a single tangency at w(e), set

Erpir = {n€ QL (CX W TX)o1, | nlw(e) =0}

as in [15, Lemma 6.6]. Then the map 0 of (25) has surjective linearization and
has Fredholm index two less than the corresponding map for transverse intersection.
This shows that these strata are of codimension at least two, and so empty.

Next we prove part (b) of Theorem 4.1. That is, we show that each stratum of
index one or two corresponding to a broken trajectory or disk bubble at distance
0 or oo has a tubular neighborhood in any larger stratum whose closure contains
it. First consider the case of a broken Floer trajectory. The existence of a tubular
neighborhood is a consequence of a parametrized version of the standard gluing
theorem for Floer trajectories, keeping in mind that the gluing parameter is not (at
least obviously) a local coordinate on the moduli space. Let u = (u1,u2) be a broken
trajectory with domain C' = (C1, Cs) of type I' = T'1 #I'y with n = nj +ng markings.
One constructs for any sufficiently small gluing parameter é and approzimate Floer
trajectory us : Cs — X with domain the stable strip Cs given by gluing C', Cs using
a neck of length 1/4. Choose a local trivialization of the universal bundle as in (7).
We identify M locally with T[C]M% by choosing coordinates. For any m € Mk
let j(m)s denote the complex structure on Cs obtained by gluing together the given
complex structures on the components of C' given by j(m). Consider the map

(29) Foo Mr x QUCF ui(TX,TL, TD))1, = (CF,usTX)oy
(30) (TTL, 5) '%q)glgj(m)g,t]r CXPus (g)

We show that (F2)~1(0) is non-empty and cut out transversally. To show that the
linearized operator is surjective, one constructs a right inverse from the right inverses
associated with ug,a = 1,2. Namely consider the maps

(31) Fuy : Mp, x QUCX wi(TX,TL,TD))1, —Q" N (CX, uiTX)o,
(32) (mw 5) H(I)g_lgj(ma),g]pa €XDy,, (5)

Since the moduli spaces of index one are regular, one has right inverses @), for the
linearized operators DF,,, for a = 1,2. Using these, one constructs a right inverse Q)5
for the linearization DyFJ. Then one checks that the following zeroth-order, first-
order, and quadratic estimates hold: For some constant p > 0 and m, & sufficiently
close to 0, there exists a monotonically decreasing function €(d) — 0 such that for
all § € (0, 60]

120 llops < (@), NQ < p,  IDoFy = DmgyFull < plllm] + lI€]|1.p)

where the second norm is the operator norm from W% to WP on Cs and the
third norm is the operator norm from WP to W% on Cj as in Ma'u [41, 5.2.1],
[41, 5.4], [41, 5.5]. (It seems that versions of these estimates for W*P k > 1 are
missing from the literature and so these gluing arguments do not apply to the case
that T" includes non-trivial tangency conditions.) The quantitative version of the
implicit function theorem as in [44, Appendix A.3] shows that there exists a unique



FLOER TRAJECTORIES AND STABILIZING DIVISORS 41

solution (m(68),£(8)) to F2(m(8),£(8)) = 0 with (m(6),£(8)) € Im(Q?). Thus the
solution space is non-empty. By the implicit function theorem in its standard form,
(F2)~1(0) is locally a smooth manifold modelled on ker DyF?.

Each broken trajectory is the limit of a unique end of the one-dimensional com-
ponent of the moduli space. Indeed, if v is an adapted Floer trajectory sufficiently
close to a broken trajectory u then v corresponds to an element of (F2)~'(0) near
(m(9),£(0)) for some § € (0,0p), see for example [41, Section 5.7]. Therefore v can
be connected by a small path of Floer trajectories to the trajectory corresponding
to (m(0),£(6)). Thus the gluing map is locally surjective. Since [u] is the limit of a
unique end, there exists a neighborhood of [u] in M(L, D) homeomorphic to [0,1),
with [u] mapping to 0 under the homeomorphism. This argument shows that [u] has
a tubular neighborhood in M(L, D). Note that this argument does not show that
the parameter § is a coordinate, that is, that the gluing map is injective.

The case of gluing at a boundary node is treated in Abouzaid [1, 5.50] and Biran-
Cornea [11, Section 4], for example, in the domain-independent case. Let u : C' — X
be a map from a nodal disk to X, with value x € X at a node w € C. For simplicity
we assume that w separates C' into components C,,a = 1,2. Associated to the
punctured surface C* — {w} there is a surjective linearized operator defined as
follows. Choose strip-like coordinates s, € (0,00) and t, € [0,1] near z in Cj.
Consider the Banach manifold Map, ,, .(C, X) of continuous maps locally of class
WP with finite weighted norm

1/p
il = ([ Gautalp + dise. u@)Peria:)

where the integral is defined using a measure dz constructed using cylindrical coor-
dinates near the node, that is, dz = dsdt near the node, and € > 0. Let

Bipe = M x Map, , (C, X).

For such u and one-forms n € Q% (C,u*TX) there is a similar norm

1/p
Hn”l,p,e = (/C |77(Z)p€€pls|dz>

Let (£1p,c)u denote the space of one-forms with finite 1,p,e-norm and &, =
Utm,u)eByp.c (E1p.e)u- Then € is a smooth Banach vector bundle over By j, ¢, with
a smooth section By, — &1 pe given by the Cauchy-Riemann operator Ej(m) s
For § € (0,1) the linearization Dy, of (), s, may be identified with the linearized
Cauchy-Riemann operator on the un-punctured curve C' and so is surjective by as-
sumption.

Given a gluing parameter § as in (2), form a glued curve C'(§) by removing small
balls around the nodes and gluing together using a map z — 0/z; the image of
|z| € (62/3,6/3) is called the neck region. The local coordinates on the small balls
induce cylindrical coordinates on the neck region. Associated to u is the preglued
map u(0) defined as follows. Fix a cutoff function x(s) such that y(s) = 1 for
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s < —1 and x(s) = 0 for s > 1. Given A > 0 choose § sufficiently small so that
A < —log(8'/%). The preglued map u(d) is given by u away from the neck region,
and given by

u(8) = exp,(Xj2a—1] €xp; " u)
on the neck region. Thus u(¢) is constant and equal to x on the part of the neck with
coordinates [—2), 2A] x[0, 1]. Consider a weighted Sobolev space QU (C/(8), u(8)*T X )o.p.c
of sections of u(§)*TX @ A®'TVC(5) by

1/p
171lp.6.e = (/ |T]|pe(2>‘_|5|)176dz> .
c(5)

Similarly define a weighted Sobolev space Q°(C(8), u(8)*T X)1 . of sections of u(8)*TX
by

1/p
€ll1pe = <15<0,0>\p + / = 5(0,0>|pe<”'5'>p6|1’> dz.
c(%)
Let ®¢ denote parallel transport along exp,,s)(§). Then the non-linear map
Ft: My x QUC(6), u(8)"TX) = Q¥H(C(8), u(8) TX), & ;10 5m)

cuts out the moduli space locally. The gluing estimates in e.g. [1, Lemma 5.2] show
that for some constant C' independent of the gluing parameter § and neck length A,

IFE(0)Ipe < Ce2(me

IFE(61) = Fh(&2) — DoFi(€1 — &)llp.e < Cllér + E2ll1pellér — E2llipe

and the linearized operator DoJF} has a uniformly bounded right inverse Qu(s)-
By the quantitative version of the implicit function theorem, there exists a unique
solution to Fi(€) = 0 with £ in the image of the right inverse Qu(s)- Thus any
trajectory with a boundary node of index one is a boundary point of a component
of the top-dimensional stratum of trajectories without nodes. A similar argument
to the case of gluing along strip-like ends shows that each nodal trajectory is a limit
of a unique end of the one-dimensional stratum.

The existence of systems of orientations in part (¢) of Theorem 4.1 compatible with
the Behrend-Manin morphisms is a special case of the construction of orientations
for Lagrangian Floer theory in Fukaya-Oh-Ohta-Ono [24], see also [56] or [13]. The
tangent space to M, (L, D) at any element [u : C — X] is the product of the tangent
space T[C]mn to M,, with the kernel ker(D,) of the linearized Cauchy-Riemann
operator Dy, : Q°(C,u*(TX,TL)) — Q%(C,u*TX). The former was oriented in the
discussion following (5). To orient the latter, for each element x € Z(Ly, L;) one
chooses an end datum consisting of a Cauchy-Riemann operator D, on a map from
a disk with one removed marking on the boundary (considered as a surface with
a strip-like end) asymptotic to = at the end with Lagrangian boundary condition
F,, € Lag(T,X) interpolating between T, Lo and T,L;. Given a trajectory u,
a degeneration argument gives an isomorphism of determinant lines det(D,) —
det(D,_)~' ® A*™P(T,Lo) @ det(D,, ) for the ends x4 of u, up to the determinant
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line of a Cauchy-Riemann operator on a sphere which is canonically oriented by
the almost complex structure. A choice of orientations for det(D,),z € Z(Lo, L1)
induces orientations on the moduli spaces of Floer trajectories. The gluing sign for
the kernel of D,, is positive while the sign for the inclusion Mp — My is computed
in the discussion after (5). This ends the proof of Theorem 4.1. O

Remark 4.2. (Loss of derivatives issues) The reader is warned that the above con-
structions do not give a universal moduli space over all of Mrp. The reason is that the
transition maps for the universal disk do not induce differentiable maps of Sobolev
spaces because of the loss of derivatives: the derivative of the transition map from Z/lfé
to U does not map MZIZ‘% (L, D) to Mzr;‘;? (L, D) but rather to MZTT;N (L, D).
It seems likely that using elliptic regularity as in Dragnev [20] one can show that
U, /\/lzr;‘;; (L, D) is a C'? Banach submanifold by showing that the transition maps
are differentiable after restricting to holomorphic maps, by an inductive argument
showing elliptic regularity for each derivative. The more straightforward approach
taken here is to apply Sard-Smale in each local trivialization, and then show that
the moduli space with fixed almost complex structure is C9. For similar reasons,
there are issues representing the deformations of complex structure on the domains
as variations of the nodal points on curves with fixed complex structures: if one
does so, then the requirement that the maps on either side of the node agree is not
differentiable and so the resulting space is not a differentiable Banach manifold. In
this respect, [15, Proposition 5.7] is incorrect, but the treatments in [31] and [44,
Section 6.2] avoid this problem, by different means; essentially McDuff-Salamon [44]
solve this problem by breaking the construction down into stages.

More generally if I' is a crowded combinatorial type of treed stable map then
the same proof shows that there exists a comeager subset jlfeg (X, D) such that the
moduli space Mrp(L, D) is a smooth manifold whose dimension is the sum of the
expected dimension plus the sum of the number #{z; € C,, [u(S")] = 0} of markings
on the maximal ghost components S’, minus the number of such components S’.
Given a combinatorial type of treed marked disk I', we define perturbation data
Jr depending only on I' (that is, depending on the combinatorial type of source
rather than combinatorial type of map) by considering all combinatorial types I
of (possibly crowded) treed marked map with underlying disk I" and taking the
countable intersection of regular subsets:

jIr‘eg(Xa D) = ﬂl—"jlfsg(Xv D)

We call perturbation data Jr € J-*®(X, D) regular. Since countable intersections
of comeager sets are comeager, the theorem above implies the regular perturbation
data form a comeager subset.

Remark 4.3. (a) (Extension to boundary divisors) The results of Theorem 4.1
hold for the moduli spaces Mrp (L, D) when we add a pair of boundary divisors
(Do, D1) by an adaptation similar to that of [15, Theorem 9.8].
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(Extension to families of divisors) The results of Theorem 4.1 hold for the
moduli spaces My (L, D) when we add families of divisors by arguments
similar to that of the proof of invariance of [15].

(Anti-symplectic involutions) In the case that L is the fixed point set of a
anti-symplectic involution ¢y, the same result (regularity for a comeager set
of perturbations) holds for perturbation data Jr that are t-anti-invariant on
6,1 (00), b € {0,1}. Adapted stable maps u : C — X on involution-fixed
domains C automatically satisfy u(z) # tp(u(*2)) = 1p(u(Z)) for some z € C,
where * acts as complex conjugation on the disks at infinity, the latter being
identified to complex unit disks. Indeed, an involution-fixed domain C auto-
matically has markings z; contained in the fixed-point set of the involution
Cr. T u(z) = up(u(Z)) = w(u(z;)) then u(z;) is tp-fixed. So u(z;) € Ly which
is impossible since Ly N D = (). Hence u(z;) # u,(u(%;)) and the same is true
for z € C near z; as well. In this case an anti-invariant perturbation which is
non-vanishing near u(z) but vanishing near ¢,u(2z) which makes the universal
moduli space transverse. The map u > ¢, o u o * defines an involution of the
moduli space Mr (L, D) also denoted ¢.

Remark 4.4. The strata Mr(L, D) of index two and expected dimension zero are of
three possible types.

(a)

The first possibility is that I' is a tree with a single edge corresponding
to a node connecting two components connected by a segment of infinite
length. The normal bundle to the stratum has fiber canonically isomorphic
to R>q, corresponding to deformations that make the length finite. We call
such a Mr(L,D) a true boundary stratum. We denote by T the set of
combinatorial types of true boundary strata. Each is represented by a tree
with two vertices, one finite edge endowed with an infinite metric and some
number of semi-infinite edges. There are two subcases, depending on whether
the incoming and outgoing markings lie on the same disk component, or
different disk components; the latter subcase corresponds to concatenation
of Floer trajectories.

The second possibility is that I corresponds to a stratum with a boundary
node of length zero. We call such a Mr(L, D) a fake boundary stratum. The
stratum is not a boundary in the sense that the space is not locally home-
omorphic to a manifold with boundary near such a stratum since any such
trajectory may be deformed either by deforming the disk node, or deforming
the length of the node to a positive real number.

Remark 4.5. (Diagonal boundary conditions) We continue Remark 3.23. In the
case of diagonal boundary conditions, for the disk components at infinite length
we assume that the domain-dependent almost complex structure Jp is pulled back
from the universal moduli space of marked spheres on each such component. Let I'
denote the type of stable marked strip with at at least one component at infinity.
Denote the T' the type of stable curve where each disk has been replaced by a
sphere. Since there are no boundary markings on each component at infinity, there
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must be at least one component at infinity with a single node, connecting that
component to the rest of the configuration. Such a component cannot be a sphere
since configurations containing these are codimension two. In the case of a disk, by
assumption the perturbation system on the disk (considered as a sphere with anti-
holomorphic involution) is independent of the choice of involution. By rotating the
sphere in a way fixing the node but not fixing any other marking on the boundary,
we obtain a family of configurations which, as disks with markings, are all distinct.
Hence again such a configuration is not isolated.

4.2. Compactness. Next we show that the subset of the moduli space satisfying
an energy bound is compact for suitable perturbation data and stabilizing divisors
of sufficiently large degree. In general, compactness of the spaces of adapted Floer
trajectories (so that they have stable domains) can fail since unstable components
can develop. For simplicity, we restrict to the case of a single stabilizing divisor; the
other cases are similar.

Definition 4.6. For £ > 0, an almost complex structure Jp € J(X,D) is E-
stabilized by a divisor D if and only if the following holds:

(Sufficient intersection condition) Each non-constant Jp-holomorphic sphere
u : S? = X with energy less than E has at least three intersection points
with the divisor D, that is, ~'(D) has order at least three.

Definition 4.7. A divisor D with Poincaré dual [D] = kmg|w] for some k € N has
sufficiently large degree for an almost complex structure Jp if and only if

(Sphere condition) ([D]Y, ) > 2(c1(X), o) +dim(X) +1 for all « € Ho(X,Z)
representing non-constant Jp-holomorphic spheres, and

(Disk condition) ([D]Y,8) > 1 for all 3 € Hy(X,L,Z) representing non-
constant Jp-holomorphic disks.

Sufficiently large divisors always exist by an argument of Cieliebak-Mohnke [15]:
Let J € J(X,w) be a compatible almost complex structure. By [15, Lemma 8.11]
and Lemma 3.9, for any 6 > 0, there exists do(#) such that if kmg > do(6) then D
is sufficiently large for any almost complex structure Jp that is 6-close to J.

We introduce the following notation for almost complex structures close to the
given one. Given J € J(X,w) (resp. J; € J(X,w) depending smoothly on ¢ €
[0,1]), denote by J-(X, D, J,0) (resp. Jr+(X, D, J;,0)) the space of tamed almost
complex structures Jp € J-(X,w) such that ||Jp — J|| < 6 (resp. of families Jp; €
Jr(X,w), t € [0,1], such that ||Jps — J¢|| < €) in the sense of [15, p. 335]. The
following lemma on existence of stabilizing almost complex structures is a special
case of Cieliebak-Mohnke [15, Proposition 8.14, Corollary 8.20].

Lemma 4.8. Suppose that D has sufficiently large degree for an almost complex
structure 0-close to J. For each energy 2 > 0, there exists an open and dense subset

JX,D,J,0,E) in J-(X, D, J,0) such that if Jp € J*(X,D, J,0,E), then Jp is
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E-stabilized by D. Similarly, if D = (Dy) is a family of divisors, then for each energy
E >0, there exists a dense and open subset J*(X, D, E, Ji,0) in J:(X, D, Ji,0) such
that if Jpy € J*(X, D, E, Ji,0), then Jp; is E-stabilized for all t.

Proof. For the sake of completeness, we recall the proof in the time-independent
case. An application of Sard-Smale shows that the set J*(X, D, J, 0, E) of almost
complex structures such that all simple holomorphic spheres of energy at most F
are regular is comeager in J (X, D, J,0). An argument using Gromov compactness
(see [15]) shows that J*(X, D, J,0, E) is open. To complete the proof it remains to
show that any Jp € J*(X, D, J,0, E) is E-stabilized.

We compute the dimension of the moduli space of holomorphic spheres in the
divisor as follows. If ¢ : D — X is the inclusion then ¢*T'X is the sum of T'D and the
normal bundle N to D. Hence A*Pi*TX = A*PTD ® N and ¢1(D) = ¢1(X)|p —
[D]|p. For [D] sufficiently large the expected dimension of the parametrized moduli
space of simple holomorphic spheres in D of class d € Hy(D) is

(33)  dim(X) + 2(c1(D),d) — 5 = dim(X) + 2(c1(X), ixd) — 2([D)], ixd) — 5 < 0.

So the moduli space of such spheres is empty for generic almost complex structures.
Since any Jp-holomorphic sphere covers a simple holomorphic sphere, there are no
multiply covered Jp-holomorphic spheres of energy less than E in D either.

The lower bound on intersection points follows from an upper bound on inter-
section multiplicity. The dimension of the moduli space of sphere components with
intersection multiplicity p at one point in the homology class d € Ha(X) is

dim(X) —4 4 2(c1(X),d) —2u > 0.

Hence p < dim(X)/2 — 2 + (¢1(X),d). On the other hand, since the divisor D is
sufficiently large the total intersection number with D is ([D],d) > 2(ci1(X),d) +
dim(X) > 2u. If there were two or fewer intersection points with D each with
multiplicity at most p, then since ([D],d) is the sum of intersection multiplicities we
would have ([D],d) < 2u, a contradiction. Hence each Jp-holomorphic sphere must
have at least three intersection points with the divisor D. O

A version of Gromov compactness holds for moduli spaces of trajectories defined
using stabilizing almost complex structures. We restrict to perturbation data taking
values in J*(X, D, J,0, FE) for a (weakly or strictly) stabilizing divisor D having
sufficiently large degree for an almost-complex structure 6-close to J. Let Jp €
J(X, D, J,0) be an almost complex structure that is stabilized for all energies, for
example, in the intersection of J*(X,D,J,0, FE) for all E. For each energy F,
there is a contractible open neighborhood of Jp in J*(X, D, J,0, FE) that is E-
stabilized. Let I' be a type of stable trajectory. Disconnecting the components that
are connected by boundary nodes with positive length one obtains types I'y, ..., I},
and a decomposition of the universal curve Ur into components Ur,, . ..,Ur,. Since
PDI[D] = kmyg|w], any stable trajectory with domain of type I' and only transverse
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intersections with the divisor has energy at most
C(k)

on the component in Ur,, where n(I';) is the number of markings on Ur, and C(k) is
the increasing linear function of & arising in the construction of D in Section 3.1. A
perturbation datum Jr for a type of stable strip I' is stabilized by D if Jr takes values
in J*(X, D, J,0,n(I;,k)) on Ur,. For example, in Figure 2 assuming C(k) = £ for
a certain K > 0 and k£ = 1, this means that the perturbation data should be chosen
K-stabilized on the boundary of the square, while on the smaller middle square the
perturbation data should be chosen in the smaller set of 2K -stabilized perturbation
data.

TL(FZ', /{?) =

Theorem 4.9. (Compactness for fixed type) For any collection (Jr) of coherent,
reqular, stabilized, perturbation data and any uncrowded type I' of expected dimension
at most one, the moduli space Mr(L, D) of adapted stable trajectories of type I is
compact and the closure of Mr(L, D) contains only configurations with disk bubbling.

Proof. Because of the existence of local distance functions, similar to [44, Section
5.6], it suffices to check sequential compactness. Let u, : C;,, — X be a sequence
of stable trajectories of type I', necessarily of fixed energy E(I'). The sequence of
stable strips [C,] converges to a limiting stable strip [C] in Mr. Then u, : C, — X
has a stable Gromov-Floer limit u : ¢ — X , where Cis a possibly unstable strip
with stabilization C, see Theorem 3.16. We show that v is adapted.

From (Compatible with the divisor), we have Jp = Jp € J*(X, D, J,0,n(I';, k))
over D. Let C; be a connected component of u~1(D). Either C; is a single point,
or a union of sphere components on which u is constant. In the first case, u has
positive intersection multiplicity with D at C;. It follows from conservation of local
intersection multiplicity that C; is the limit of components of u;,*(D), which must
contain markings by the (Marking Property) for u,. Similarly, if C; is a union of
sphere components, then the intersection multiplicities at the nodes joining C; with
C\C; are positive. Let C;, be a sequence of subsets of C, converging to a small
neighborhood C! of C; in C. Once again, the intersection multiplicity of u|C;, with
D must be positive, hence u, (D) N C;, is non-empty for each v. It follows that C!
also contains a marking; since this holds for any neighborhood C/ of C;, a marking
must be contained in C;. Note that if u, (z;,) € D then u(z;) € D, by convergence on
compact subsets of complements of the nodes. This shows the (Marking property).

To see (Stable domain) property, consider possibly unstable sphere components.
Since Jr is regular, the trajectories u, have only transverse intersections with D
on the strip components. Any unstable spherical component C; of C' attached to a
component of C' in Uy, has energy at most n(I';, k). Suppose that u is non-constant
on C;. Then since Jr is constant with value an element of J*(X,D, J,0,n(;,k))
on C’i, the restriction of u to C; has at least three intersection points with D. Since
D contains no non-constant holomorphic spheres, these intersection points must be
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isolated and so markings, which contradicts the instability of C;. Hence the stable
map u must be constant on C;, and thus C; must be stable.

Similarly any strip or disk component without interior markings occurs via bub-
bling at a bubbling sequence approaching the boundary. Since the almost complex
structure Jr is equal to Jp at the boundary, the disk or strip is Jp-holomorphic.
Since Jp is stabilizing for D, LyU L1, any disk or strip component must have at least
one interior intersection point z € u~!(D) with D. The corresponding component
of u=1(D) must contains a marking, so either there is another component of the do-
main attached at z, or z is itself a marking; either way, this disk or strip component
is stable. This shows that C is equal to C and shows the (Stable domain property).

It remains to check that the limiting configuration is uncrowded. Suppose C
has a spherical component. After forgetting all but one marking on maximal ghost
components (see Remark ??) we obtain (using the assumptions that the pertur-
bations are independent of the markings on ghost components) a configuration in
an uncrowded stratum My (L, D) of negative expected dimension, a contradiction.
Hence all components of C' are disks. But there are no disk ghost components, since
the divisor is disjoint from the Lagrangian. O

Remark 4.10. (Involutions) Continuing Remark 3.22, 4.3 suppose that ¢, : X — X
are anti-symplectic involutions, i.e. L% = Id and yyw = —w, with fixed locus Ly,
b € {0,1} and preserving D,. We show that perturbations exist satisfying good
transversality and compactness properties, and so that the moduli spaces inherit
the involution.

First note that generic anti-invariant almost complex structures are stabilizing for
all energies: Let J-(Dp)" be the space of tamed almost complex structures that are
anti-invariant under the symplectic involution, that is, elements J € [J.(Dp) such
that 1;J = —J. Let M(D;) be the moduli space of simple holomorphic spheres in
Dy, and M(Dy)* the moduli space of simple real holomorphic spheres with respect
to the involution, that is, spheres C' equipped with an anti-holomorphic involution ¢
and a pseudoholomorphic map u : C' — Dy, such that uovc = 1| p,ou. For a comeager
subset of J;(Dyp)®, M(Dyp)\M(Dp)* is a smooth manifold of expected dimension
and M(Dp)" is a smooth manifold of dimension dim(M (Dy)*) = dim M(Dy)/2,
see [57, Theorem 1.11]. It follows from the argument of Lemma 4.8 (but replacing
the dimension on the left hand side of (33) by its half) that generic elements of
Jr(Dp)" are stabilizing for all energies.

We wish to choose generic domain-dependent almost complex structures for which
the anti-symplectic involutions induce an involution on the moduli space of Floer
trajectories with disk bubbles. Let J (X, D)t be the space of time-dependent
almost complex structures J; € J-(X),t € [—00, 00| such that Jy = Jp and J_o, =
Jp, resp. Joo = Jp, is anti-invariant under ¢, and preserves D for b = 0 resp.
b = 1. Generic elements of J, (X, D) are stabilized for all energies, by a time-
dependent version of the argument from the previous paragraph. Each element J; of
Jr(X, D)"*t induces a domain-dependent almost complex structure Jp = J; except
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that the domain is the normalization of any fiber of Ur, obtained by taking the
disjoint union of the components and defining Jr to equal J; on ¢y(—t),t € [—00, 0]
resp. Efl(t),t € [0,00]. For Jr a domain-dependent perturbation of J; sufficiently
close to J; as in Remark 3.22, all moduli spaces of adapted stable strips of expected
dimension at most one are regular and compact. Furthermore, the involution in

Remark 4.3 is well-defined.

5. FLOER COHOMOLOGY

In this section we construct Floer cohomology for admissible Lagrangians, using
the regularity of the perturbed moduli spaces in the previous section.

5.1. Fundamental classes. Although the moduli of index two Floer trajectories is
not a manifold (it is a cell complex), it has a natural rational fundamental class. This
class is a homology class of top dimension generating the local homology groups at
any point in the interior of a one-cell. In this section we use these classes to construct
the Floer operator. Fix a family of domain-dependent almost complex structures
J = (Jr) that is regular and stabilized by D, Dy and D; where D = (D, Dy, D) is a
collection of stabilizing divisors as in Remark 3.20, 3.21 or 4.10. Then transversality
holds and the moduli spaces of expected dimension at most one have the expected
boundary.

Proposition 5.1. (Zero and one-dimensional moduli spaces)

(a) The subset Mq(L, D) of expected dimension zero of M(L, D) is discrete; and

(b) the components of the expected dimension one subset My(L, D) of M(L, D)
have one-dimensional cell complex structures.

(¢) The cell structures may be chosen so that the 0-skeleton M1(L, D)oy of the
non-circle components of My(L, D) is the (disjoint) union of zero-dimensional
strata Mrp(L, D), where T' ranges over true and fake boundary types.

Proof. By Theorems 4.9, 4.1 each stratum of H<E(L, D) of expected dimension
at most one has expected dimension and has compact closure and only finitely
many combinatorial types occur. Part (a) follows from the fact that any compact
0-manifold is a finite set of points.

For parts (b) and (c¢) note that by Theorem 4.1, for every type I' of index two with
only one vertex, each connected component of Mr(L, D) is a compact connected
one-manifold with (possibly empty) boundary corresponding to the boundary types
in Remark 4.4 and so either homeomorphic to a closed interval or a circle. The space
M (L, D) is obtained from their union by gluing together the closed intervals along
the boundary points, and so has the structure of a one-dimensional cell-complex. [

Introduce the following notation for moduli spaces. Denote by M; (L, D)o (resp.
M;i(L,D);) the O-skeleton (resp. the 1l-skeleton) of M;(L, D). We consider the
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relative singular homology H(Mj(L, D), M1(L, D)o, Q) with rational coefficients.
Assuming the cell complexes are finite for each energy bound, each 1-cell is oriented
by Theorem 4.1 fundamental class relative to the O-skeleton. The sum of these
classes for each index two type I' with one vertex and energy bound F is denoted by

[ﬂ;E(L, D)1]. Let |I'| = n = (n,ng,n1) denote the number of semi-infinite edges in

I’ corresponding to interior markings of each type and |I'|! = nlngln;!. Let E > 0.

The rational fundamental class of MTE(L, D) is

ML, D)) = Y (rI) T MFE(L, D)) € H(M; " (L, D), MFE(L, D)o, Q)
N

where I' ranges over types of expected dimension one. We write the zero-dimensional
rational fundamental class

MFE(L,D) = Y o([u)e([u])[u]
[u]e M7 (L,D)

where the coefficient o ([u]) € Q is equal to |['|!~! if [u] is represented by an element
of M5F(L, D) and €([u]) is the orientation sign in Theorem 4.1.

The rational fundamental class of the one-dimensional locus defined above is an
element of relative homology and we investigate its boundary. Recall that the long
exact sequence for relative homology includes a boundary map

§: Hy(M;"(L, D), M¥(L, D)o, Q) — Hy(M{P(L, D)o, Q).

Theorem 5.2. (Boundary of the rational fundamental class) The dimension one

component MTE(L, D) 0fﬂ<E(L, D) has rational fundamental class relative to the
0-skeleton

M7 (L. D)) € Hi (M7 (L, D). M{¥(L, D)o, Q)
with image

OIM; " (L, D)] € Ho(M;*(L, D)o, Q)
equal to the sum of fundamental classes of true boundary components
——<E ——<E
OMy (L. D) = Y _[Mr (L, D)]
ret
where T is the set of index two true boundary types.

Proof. By Proposition 5.1 the boundary ¢ [MTE(L, D)] is a sum of contributions
from combinatorial types corresponding to fake and true boundary components.
Any fake boundary component I appearing in the boundary

S[M; “(L, D)] € H(M; (L, D), Mi®(L, D)o, Q)

is in the boundary of two combinatorial types corresponding to cells of maximal
dimension by the tubular neighborhood part of Theorem 4.1, up to forgetful equiva-
lence. That is, the fake boundary strata corresponds to the morphism in which the
intersection points z¢ with the divisor Dy, for some b € {0, 1} are forgotten.
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Let I't (resp. I'") be the fake boundary type so that I'y has n = (n,n;) markings
mapping to D and D, and I'_ has n markings mapping to D. The fiber of the
forgetful morphism M+ (L, D) — Mp-(L, D) has order

nlng!

T/ = "0

=ny!,
corresponding to ways of ordering the additional marking. Hence
(T IH ™ M+ (L, D)) = (IP7 1)~ M- (L, D)] = 0.
So the contributions of these types to § [HTE(L, D)] cancel. O
Let 8ﬂ1<E(
types

L, D) denote the true boundary given as the union of true boundary

OM; " (L, D) = | Mi"(L, D).
reT

Corollary 5.3. The one-dimensional fundamental class [MTE(L, D)] lifts to an ele-
ment in the homology relative to the true boundary Hy (MTE(L, D), GMTE(L, D), Q).

Proof. Consider the long exact sequence in relative homology

(34) Hy(M; (L, D),oM; (L, D),Q) — Hy(M; (L, D), M{E(L, D)o, Q)
— Ho(MFE(L, D)o, oM; " (L, D), Q) = Hy(M:F(L, D)y — OM; " (L, D), Q).

The final isomorphism is by excision. The image of [me(L, D)] in relative homol-

ogy Ho(M7E(L, Q)O,GMTE(L, D), Q) vanishes by Theorem 5.2, hence the corol-
lary. O

Proposition 5.4. (Product axiom for fundamental classes) If " is the combinato-
rial type of a true boundary component corresponding to a strip connecting node of
infinite length and 'y, 'y are the trees obtained by cutting the single edge of I' and
the incoming and outgoing markings do not lie on the same disk component then
[Mr(L, D)] is the image of [Mr,(L,D)] x [Mr,(L,D)] under the isomorphism of
moduli spaces Mr(L, D) — Mr, (L, D) X1(ry,1,) Mr, (L, D) and the restriction map
Ho(Mr, (L, D) x Mr,(L, D)) = Ho(Mr, (L, D) Xz(1y,1.,) Mr,(L, D)) that sends 0-
cycles not in Mr, (L, D) X1(ry,1,) Mr,(L, D) to 0.

Proof. By the (Cutting edges) and (Product) axiom for domain-dependent almost
complex structures in Proposition 3.19, Mp(L, D) is the fiber product of the mod-
uli spaces Mr, (L, D) and Mr,(L, D) over Z(Lg, L;). Orientations are compatible
with the (Cutting edges) morphism by Theorem 4.1, hence the statement of the
Proposition. O
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5.2. Floer operator. The Floer operator is defined by a count of elements in the
zero-dimensional component of the moduli space of Floer trajectories:

Definition 5.5. (Floer operator) Given x4 € Z(Lg, L1) define 0 <x1>€ CF(Lg, L1)
as the sum

(35) O <w,>= > e([u)) g Mo ([u]) <z_>
[U]EMO(L?sz+1$*)
and extend to 0 : CF(Lgy, L1) — CF(Lg, L1) by linearity.

In general the Floer operator fails to square to zero because of configurations
involving disk bubbles; in Fukaya-Oh-Ohta-Ono [24] the Lagrangian Floer complex
is called obstructed in this case. In general the operator 9 is part of an A, -bimodule
structure on CF(Lg, L1) in [24]. In the case of admissible Lagrangians in Definition
1.1, in the first case we assume that Jr is ¢p-anti-invariant on E;l(oo) as in Remark
4.3, while in the second we assume that Jr is spherical on Eb_l(oo) as in Remark
3.23.

Theorem 5.6. Suppose that Lo, L1 are admissible Lagrangian branes as in Defini-
tion 1.1. For reqular, coherent, stabilizing collections of perturbation data, the Floer
coboundary operator O is well-defined and satisfies 0> = 0.

Proof. Since the zero-dimensional component of the moduli space is a finite set of
points for each energy bound by the first part of Proposition 5.1, the sum in (35)
is well-defined. The boundary of the fundamental class on the one-dimensional
component of the moduli space is a sum of points whose sum of coefficients is zero,
since two points with opposite coefficients occur for each one-cell. The contributions
corresponding to fake boundary types cancel by Theorem 5.2. It follows that the
sum of coefficients of the true boundary types also vanishes:

(36) 0=> > o ([u))g""Ve([u])

TeT [uleMrp(L,D,xq x_)

where 7 is the set of true boundary types. By Theorem 4.1 (for fixed point
sets of anti-symplectic involutions) and Remark 4.5 (for graphs of symplectomor-
phisms) the contributions from the boundary components corresponding to disk
bubbles at infinity on Lo or Lj cancel in the right-hand of (36), so that the con-
tributions corresponding to breaking of Floer trajectories also satisfy (36). Each
[u] € Mp(L,D,x4,z_) above can be written as a concatenation [ui]#][us] of sta-
ble Floer trajectories [ui] € Mr,(L,D,zy,y),[us] € Mr,(L,D,y,z_) for some
y € I(Lo,L1), as in Proposition 5.4 and (22), where each I'; has one vertex for
k = 1,2. Because of the additional possibilities in re-ordering the markings of each
type, each glued trajectory ui#us corresponds to

(IT1] + [T/ [T1fTa)t = o([ur#us]) /o ([ur])o([us])

trajectories in Mrp(L, D). As in 5.4 the orientations and energies satisfy

e([urttuz]) = e([ur])e(fua]),  E([ur#tuz]) = E([ua]) + E([uz]).
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Hence for z; € Z(Ly, L1),

0 <wy> = 2. o ([ur))o([ua])g " DD e([ur])e([ua]) <o—>

[Fl] 7[1—‘2}7:57 7yEI(L0,L1)
[ul] GMF:[ (L7Q:m+ 7y)
fus]eMry (L D,z )

= > o ([ur]#[uz]) g P # D e fuy o)) <a-> = 0
[F]ET,IE,GI(L(),[q),
[ur #u2lEMr (L,Dxy,x_)

as claimed. O

Corollary 5.7. Let ¢ : X — X be a non-degenerate Hamiltonian diffeomorphism
generated by the time-one flow of a time-dependent Hamiltonian H € C°(R x X).
The boundary operator 0 for CF(H) := CF(A, (1 x ¢)A) satisfies 0> = 0, hence the
Floer cohomology HF(H) = ker(9)/im(0) is well-defined.

5.3. Clean intersections. Recall that a pair Lg, L1 C X of submanifolds intersect
cleanly if LoN Ly is a smooth manifold and T'(LoNLy) = TLoNT L;. Floer homology
for clean intersections was constructed in Pozniak [49] and also Schméschke [50,
Section 7] under certain monotonicity assumptions. In this section we show how to
extend the monotone results to the case that the union of the cleanly-intersecting
Lagrangians is rational using stabilizing divsiors. We have in mind especially the
case that the two Lagrangians are rational and equal. In the particular case of
diagonal boundary conditions, we show that the Floer cohomology is the singular
cohomology with Novikov coefficients.

The definition of Floer cohomology in the clean intersection case is a cout of con-
figurations of holomorphic strips, disks, spheres, and Morse trees as in, for example,
Biran-Cornea [11, Section 4]. We suppose that Lo N Lj is clean and Ly U L is ra-
tional, that is, some power of the line-bundle-with-connection X is trivializable over
Lo U Ly. For example, if Ly = L; is rational then the intersection is clean and the
union is rational. Let F': Lo N L1 — R be a Morse function. By the Morse lemma,
the critical set

I(L(),Ll) = crit(F) = {l e Lon L ‘dF(l) = 0}

is necessarily finite. Choose a generic metric G on Ly N L1, and let ¢; be the time ¢
flow of — grad(F’) € Vect(Ly N L1). Denote the stable and unstable manifolds of F":

+ _ : _
VV$ = {l € LoN Ly |tl>1£:noo¢t(l) = l’} .
The space of Floer cochains is then as before

CF(Lo, L) = @ A<a>.
IEZ(L07L1)

The Floer coboundary counts combinations of holomorphic disks and gradient
segments for the Morse function on the intersection. We assume that (F,G) is
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Morse-Smale, that is, the stable and unstable manifolds meet transversally
LW + LW, =Ti(LoNLy), Ylie W nW,, z,y € crit(F).

Choose a compatible almost complex structure J on X. Given a stable strip Cy
with boundary markings z_, z4 let wy, ..., w; € Cp denote the nodes appearing in
any non-self-crossing path between z_ and z;. Define a topological space

C = Co LU [0, (w;)]/ ~
by replacing each node w; by a segment 7; = [0, £(w;)] of length ¢(w;). Denote by
T=T1uU...UuT, S=C-T

the tree resp. surface partof C. A Floer trajectory is then a map from C' = SUT that
is J-holomorphic on the surface part and a F-gradient trajectory on each segment
in T. See Figure 3.

LoN Ly
Lo Ll

LoN Ly

FIGURE 3. A treed strip with Lagrangian boundary conditions

A perturbation datum for Floer trajectories consists of a perturbation of the
Morse function and the almost complex structure. The universal treed strip can be
written as the union of one-dimensional and two-dimensional parts

u r= gr @) 77‘1‘

so that S N Tt is the set of points on the boundary of the disks meeting the edges
of the tree. As before, we fix thin parts of the universal curves: a neighborhood
Ttphm of the endpoints and a neighborhood g%hm of the markings and nodes. In the
regularity construction, these neighborhoods must be small enough so that either a
given fiber is in a neighborhood of the boundary, where transversality has already
been achieved, or otherwise each segment and each disk or sphere component in
a fiber meets the complement of the chosen thin parts. For an integer [ > 0 a
domain-dependent perturbation of F of class C is a C! map

(37) Fr:Trx(LonL) =R

equal to the given function F' away from the endpoints:

—=thin
Fl“ ‘TI‘ = '7'[';< F

where 79 is the projection on the second factor in (37). A domain-dependent almost
complex structure of class C' for treed disks of type I' is a map from the two-
dimensional part St of the universal curve Ur to J,(X) given by a C' map

Jr: Sr x X = End(TX)
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equal to the given Jp away from nodes and boundary:

Jr|SE™" = 75 Jp
and equal to the given stabilizing almost complex structure Jp on the boundary. A
Floer trajectory for the pair (Lo, L) consists of a treed disk C' and a map u : C' =
SUT — X such that

(Boundary condition) The Lagrangian boundary condition holds u(0SUT') C
Lo U L.

(Surface equation) On the surface part S of C' the map u is J-holomorphic
for the given domain-dependent almost complex structure: if j denotes the
complex structure on S then

Jru(z),> duls = duls j.

(Boundary tree equation) On the boundary tree part T'C C the map u is a
collection of gradient trajectories:

$U|T == gradFNS’u(s))(u\T)

where s is a local coordinate with unit speed. Thus for each edge e €
Edge(T') the length of the trajectory is given by the length ulecr is equal
to £(e).

Given a stabilizing divisor D C X — (Lo U L1), one says that a stable trajectory
u: C — X is adapted if and only if

(Stable domain property) C'is a stable marked strip; and

(Marking property) Each interior marking lies in u~!(D) and each component
of u=!(D) contains an interior marking.

Let M(L, D) denote the set of isomorphism classes of stable D-adapted Floer trajec-
tories to X, and by Mp(L, D) the subspace of combinatorial type I". Compactness
and transversality properties of the moduli space of Floer trajectories in the case of
clean intersection, including exponential decay estimates, can be found in [59] and
[50]. The necessary gluing result can be found in Schméschke [50, Section 7]. The
compactness and transversality results for Floer trajectories allow the definition of
Floer cohomology by counted treed strips: as before in (35), define

(38)

CF(Lo,L1)= P M, 0<ay>= > e([u)) " "o ([u]) <z_> .
leZ(Lo,L1) [uleMo(L,D,xy,x—)

Remark 5.8. (The case of equal Lagrangians) In the special case that the boundary
conditions on the two sides are equal, the Floer operator may be identified with a
count of treed holomorphic disks. That is, let Ly = Ly = L. By removal of singular-
ities for pseudoholomorphic maps with Lagrangian boundary conditions [44, Section
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4.2], any holomorphic strip with boundary values in (L, L) extends to a holomorphic
disk with boundary values in L. Thus the Floer operator counts configurations of
treed holomorphic disks in X with boundary in L together with Morse flow lines
in L. The Fukaya algebra for an arbitrary such Lagrangian is constructed using
stabilizing divisors in [14].

Remark 5.9. (Floer cohomology for the diagonal) Continuing Remark 4.5, consider
the case of the diagonal Lagrangian. Let Lo = L1 = A where A C X =Y~ xY
is the diagonal Lagrangian in a product symplectic manifold Y~ x Y. In this case,
there are two natural regularization procedures involving stabilizing divisors.

The first regularization procedure involves the interpretation of these configura-
tions as holomorphic strips. In this scheme, one chooses a Donaldson hypersurface
D C Y~ x Y disjoint from the diagonal. In particular, this means that the in-
tersection points with the Donaldson hypersurface always intersect the interior of
the strip. On the other hand, a strip with values in a product as above naturally
defines a holomorphic cylinder, hence a holomorphic sphere by removal of singular-
ities. Any sphere in Y may be regularized by choosing a Donaldson hypersurface in
Y and a domain-dependent almost complex structure on Y, as in Remark 3.23. Let
Ur — My denote the universal treed cylinder. As in Remark 4.5, there are forgetful
maps

fp:Mr—)./\;lF, ¢F:UF—>Z/~{F.

The fiber of the forgetful map fr maybe described as follows. Given a disk com-
ponent (C;,w,, z;) with boundary special points w; and interior special points z;,
the corresponding sphere component (C’Z, Z;) has interior special points arising from
both boundary and interior special points on C;. If C; has at most two boundary
points, then the dimension of the moduli space containing (Cj, Z;) is strictly greater
than that containing (Cj, w;, 2;), since the difference in dimensions of the automor-

phism groups of the disk and sphere is three. As explained before in Remark 4.5,
the fibers of the forgetful map are always positive dimensional.

Suppose regular perturbations have been chosen making uncrowded moduli spaces
of treed holomorphic cylinders regular. By pulling back under the forgetful maps,
one obtains perturbations for strips making all uncrowded moduli spaces of treed
holomorphic cylinders regular. As a result, treed holomorphic cylinders with at least
one cylinder can never be isolated, because of the fiber (S1)*, k > 1 of the projection
map where k is the number of cylinders.

This argument implies that the Floer operator, for this particular perturbation
scheme, is the same as the Morse operator. So HF(A,A) = H(L;A) is the Morse
cohomology with Novikov coefficients. In Section 6 we show that the Floer coho-
mology is independent of the perturbation scheme and Hamiltonian perturbation,
as long as the perturbation is chosen so that the intersection is clean.

5.4. Open invariants. This section describes how the previous stabilization setting
can be used to define open Gromov-Witten invariants without relying on a virtual
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perturbation setup as in Solomon [55] or Georgieva [30]. The open Gromov-Witten
invariants are defined for Lagrangians that are fixed point sets of anti-symplectic
involutions satisfying certain conditions.

We introduce the following notation for moduli spaces of stable treed disks. For
integers n > 1 and k > 0, let ﬂifiks be the space of stable connected (k,n)-marked
nodal disks with markings (z,z) = (x1,...,2k, 21,...,2,). That is, the markings

zi, 1 < i < n, are interior markings as before, but there are now k (say ordered)

boundary markings x;, 0 < i < k. We enlarge the moduli Mﬁfj‘s as in Section 2
by adding treed disks and denote the space of stable (k,n)-marked treed disks as
M. A treed disk of type I is a (k,n)-marked disk (C,z) of combinatorial type
' together with a metric £ : Edge_., 4(I') — [0,00]. We will no longer see the
boundary markings as punctures, so that every disk component of a marked treed
disk is seen as a marked disk instead of a punctured disk.

Open Gromov-Witten invariants are defined by counting pseudoholomorphic curves
with certain Lagrangian boundary conditions. Let (X, w) be a rational compact sym-
plectic manifold and L C X a rational Lagrangian brane that is the fixed locus of an
anti-symplectic involution ¢ : X — X. Moreover, assume that the minimal Maslov
number is divisible by four and L admits an t-equivariant relative spin structure as
in [26, Corollary 1.6 (a)]. Let D € X — L resp. D, be a weakly stabilizing resp.
stabilizing divisor for L as constructed in Section 3.1 with Jp € J,(X,w) resp.
Jp, € J,(X,w) adapted to D resp. D,. As in Remark 3.21, since D and D, can be
chosen to come from homotopic trivializing sections over L, one can find a family
of symplectically isotopic divisors D; € X — L, t € [0, 1], such that D; = D and
Dy = D, together with a family of almost-complex structures J;, ¢ € [0, 1], such that
Jl = JD and J() = JDL-

As before, one can achieve transversality via domain-dependent almost complex
structures. Consider a coherent family of perturbation data J = (Jr)r as in Defini-
tion 3.14 that satisfy the conditions of Remarks 3.21 and 3.22 with the distances of
the components now being measured relative to the component containing the mark-
ing z1 (instead of the strip components). In particular the Jr are equal to J; around
the markings and at the boundary of disks components at distance —log(t) from the
component containing z;. We restrict to the case k = 0. Choose a combinatorial
type I' of maps from (0, n)-marked nodal treed disks of a certain combinatorial type

o (X, L). One can consider as in Section 3.3, the spaces Mr(X, L, J, D) of adapted
Jr-holomorphic disks with boundary on L. Again, the fact that the divisors D and
D, are weakly stabilizing resp. stabilizing for L ensures that those spaces can be
compactified by considering stable domains.

Theorem 5.10. Suppose that I is an uncrowded combinatorial type of stable disk
tragectories of index i(I') < 3. Suppose that reqular coherent perturbation data Jp for
types I’ > T are given. Then there exists a comeager subset J°%(X, D) C Jr(X, D)
of regular perturbation data, compatible with the given types on the boundary strata,
such that if Jr € Jp°8(X, D), then Mp(X, L, J, D) is a smooth compact manifold of
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the expected dimension, that is, it is a finite number of points if i(T') = 3 and it is
empty whenever i(I") < 3.

The proof of the above transversality statement is obtained by the transversality
proof of Theorem 4.1 for trajectories with index at most one. The compactness
part can be achieved as in Theorem 4.9. The open Gromov-Witten invariants are
counts of points of Mr(X,L,.J, D) using signs ¢(u) obtained by a fixed reference
orientation on My, ,,. Let 8 = m(I") € II(X, L) be the sum of the the II(X, L) labels
on the vertices of I" and [08] € m1 (L) be the homotopy class of the boundary of
mo(T"). Since the index i(T") only depends on f3, given a class 5 € II(X, L), we write
the resulting index as ().

Definition 5.11. For § € II(X, L) is such that i(8) = 3 and [05] # 0 € m1(L), set
mx,.(8) = 7x,0(8,J, D) = ! > > e(u) €Q

|
n(ﬁ) T (T)=B ueMr(X,L,J,D)

We sketch an argument that the open Gromov-Witten invariants defined above are
independent of the choice of regular perturbation data J and the choice of divisors
D. Suppose first that two regular choices of coherent perturbations .J (0), Q(O), and
JM. DM are smoothly homotopic through a 1-parameter family J®), D) s € [0, 1].
In particular, the stabilizing divisors have the same degree and are built from ho-
motopic trivializing sections over L. For i(8) = 3, consider the moduli spaces

M(X,L,8,J9,D9) = | ] Mr(X,L,J®), D).
w2 (T)=4
s€[0,1]
As in the proof of Theorem 4.1 regarding dimension one trajectories and their glu-
ings, for a comeager subset of homotopies J(S),J(S), M(X, L,B,J(S),Q(S)) has a 1-
dimensional cell complex structure. Furthermore, the zero skeleton M(X, L, 3, J () D) )o
of the non-circle components is the union

MX,L,8,J% DW)y= | )] Mp(X,LJ® D®),  ke{0,1}
ma(I)=p

and a union of fake boundary strata Uff:l./\/lpf (X, L, JGr), Q(Sf)). The fake boundary
strata correspond to configurations with domains in a codimension one strata of
Mo,n(ﬁ) made of nodal disks having exactly one node of length 0 or co. Consider
first the length 0 case. The gluing arguments in the proof of Theorem 4.1 imply
that the configuration can be glued by both (Collapsing an edge) or (Making an
edge non-zero). An orientation transfers consistently over such stratum in the sense
that it induces opposite orientations on the two glued families. On the other hand,
in the length oo case, as in Proposition 5.9, the anti-symplectic involution acts on
a pair of points of U?Zl Mr, (X, L,l(sf),Q(sf)) in such a way that an orientation
induces opposite orientations on the two corresponding glued families. Combining
these arguments gives that

mx.0(8,J©, DO = 7 1(8,JV, DW).
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If the data J©, DO and J® DM are not homotopic, for instance if D© and
D have different degrees, one can reduce the problem to the homotopic case as
n [15, Theorem 1.3], using homotopic stabilizing divisors D@ and DY of the
same sufficiently high degree that are respectively J ©) and JM almost-complex and
e-transverse to Q(O) and Q(l).

The open Gromov-Witten invariants can be also defined without the use of treed
disks as follows. In the above setting, taking D = D,, that is, choosing D to be a ¢-
invariant stabilizing divisor, and choosing the perturbations J to be t-anti-invariant
on disk components allows the cancellation of the contribution of the configurations
having a disk bubble.

6. RELATIVE INVARIANTS

In this section we construct maps between Lagrangian Floer cohomology groups
associated to surfaces with strip like ends. We show that these maps are independent
of all choices; in the case that the surface is simply an infinite strip, it follows that the
Lagrangian Floer cohomology is independent, up to isomorphism, of Hamiltonian
perturbation and independent of the choice of stabilizing divisor and perturbation
data used to construct it. We also show that in the case of the diagonal, the per-
turbation scheme above constructed from holomorphic spheres gives the same Floer
cohomology, up to isomorphism as a perturbation constructed from holomorphic
strips with diagonal boundary conditions. This suffices to show that in case of di-
agonal boundary conditions, the Floer cohomology is the singular cohomology with
Novikov coeflicients.

6.1. Relative invariants. Relative invariants are maps between Floer cohomology
groups defined by counting perturbed pseudoholomorphic sections of a symplectic
fibrations with strip-like ends.

Recall the basic notations for surfaces with strip-like ends from, for example,
Seidel [52]. A surface with strip like ends consists of a surface with boundary %
equipped with a complex structure 7 : 7Y — T%, and a collection of embeddings

Ke:£(0,00) x [0,1] = X, i=0,...,n

such that j is the standard almost complex structure on the strip, and the com-
plement of the union of the images of the maps k. is compact. Any such surface
has a canonical compactification 3 with the structure of a compact surface with
boundary obtained by adding a point at infinity along each strip like end and taking
the local coordinate to be the exponential of £2mik,.

Our surfaces with strip-like ends will be labelled by Lagrangian boundary condi-
tions and equipped with Hamiltonian perturbations. Denote the connected compo-
nents of ¥ by (0%);,7 = 0, ..., m. We assume for simplicity that each boundary com-
ponent (9%); is contractible (rather than a circle) and that for each i = 0,...,m we
have fixed a Lagrangian brane L;. For each end e = 1,...,n we denote the adjacent
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Lagrangian branes L. _, L. ;. For each end e we suppose that H, € C*>°([0, 1] x X)
be time-dependent Hamiltonian perturbations such that ¢, (Le, —) N Le 4 is a clean
intersection and ¢ g, (Le,—) U Le 4 is rational for each end.

Ly

He,

0

H,,
Ly

FIGURE 4. A surface with strip-like ends

The construction of relative invariants begins with the extension of the Hamilton-
ian perturbation and almost complex structures on the ends over the entire surface.
Choose an extension of the Hamiltonian perturbations at the ends over the strip as
a one-form

K € QY(%,0%(X)), Vee€&, viK = —H.dt.
Suppose almost complex structures Je : [0,1] — J(X,w) for each end have been cho-
sen compatible with the symplectic form w. Extend the almost complex structures
Je to a compatible almost complex structure

J: Y= J(X,w), kiJ(s,t)=J(t),Vee&, tel0,1],s € +(0,00).

The Hamiltonian-perturbed Cauchy-Riemann operator is the usual Cauchy-Riemann
operator for a modified almost complex structure on the total space of a fibration.
Namely consider F := ¥ x X as fiber bundle over ¥ with fiber X. Following [44,
(8.1.3)], let mx : E — X denote the projection on the fiber. In local coordinates s, ¢
on X define Ky, K; by K = Kqds + Kidt. Let

wgp =7yw — TxdKs Ads — mxdKp Adt + (0: K5 — 05Ky )ds A dt.

The form wg is closed, restricts to the two-form w on any fiber, and defines the
structure of a symplectic fiber bundle on E over ¥. Consider the splitting TE =
T TX @ (X x R?). Let jx : TS — T denote the standard complex structure on X.
Define an almost complex structure on £ by

Jg:TE - TE, (v,w)— (JK - Kjg)w+ Jv, jsw)

where, as in Section 2.2, K € Q'(2, Vect(X)) is the Hamiltonian-vector-field-valued
one-form associated to K. See Figure 4. A smooth map v : ¥ — X is (J, K)-
holomorphic if and only if the associated section (id xu) : ¥ — E is Jg-holomorphic
[44, Exercise 8.1.5]. Let L; = (9%); x L; the fiber-wise Lagrangian submanifolds of
E defined by L;. Then u : ¥ — X has boundary conditions in (L;,i = 1,...,m)
if and only if id xu : ¥ — E has boundary conditions in (L;,i = 1,...,m). Thus,
we have re-formulated Hamiltonian-perturbed holomorphic maps with Lagrangian
boundary conditions as holomorphic sections.
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The construction of the relative invariants proceeds, similar to Floer’s original
work [22], [23], by constructing moduli spaces of holomorphic sections of the bundle
in the previous paragraph. Our regularization uses a divisor in the total space of
the fibration. Suppose that J. € J(X,w) are compatible almost complex structures
stabilizing for ¢, 1(Le,—) U Le 4. Let @41, 1-4Je denote the corresponding time-
dependent almost complex structures, and o, : X — XF* are asymptotically J,-
holomorphic, uniformly transverse sequences of sections with the property that D, =
a,;i (0) are stabilizing for ¢ g, (Le—) U Le 4 for k sufficiently large. The pull-backs
®%1-t0k,e are then ¢ ;_,Je-holomorphic, and any (Je, He)-holomorphic strip with
boundary in (Le,—, Le ) meets qﬁ;%_t(ﬁ x D.) in at least one point. Denote by
E — E the pull-back of X — X to the fibration, equipped with the almost complex
structure induced by the given almost complex structure on E.

Lemma 6.1. Let ¥ be a surface with strip-like ends, let L; C X be rational La-
grangians associated to the boundary components (0%);, and suppose that stabi-
lizing divisors De for the ends e = 1,...,n of ¥ have been chosen as zero sets
of asymptotically holomorphic sequences of sections oej for k sufficiently large.
There exists a asymptotically Jp-holomorphic, uniformly transverse sequence oy, :
E — E* with the property that for each end e, the pull-back Kiok(- + s,-,-) con-
verges in C°° uniformly on compact subsets to ¢F 1,0 as s = £oo. The zero set
D = ak_l(O) is approzimately holomorphic for k sufficiently large, asymptotic to
(1 X ¢pe.1—¢) LR x [0,1] x D) for each end e = 1,...,n, and the intersection of Dg
with each boundary fiber 7=1(z),z € O is stabilizing.

Proof. We first compactify the fibration as follows. Let H = {z € C | Im(z) > 0}
denote complex half-space. Let E be the fiber bundle over ¥ with fiber X defined
by gluing together

Uy=SxX, U=HxX,e=1,...,n

using the transition maps ke X ¢p, 14+ on H—{0} = R x [0, 1] from Uy to U,. Denote
the projections over U, to X by mx .. The two-forms wg on Uy, and 7% w on U,

glue together to a two-form wg on E, making F into a symplectic fiber bundle.

The fiber-wise symplectic form above may be adjusted to an honest symplectic
form by adding a pull-back from the base, and furthermore adjusted so that the
boundary conditions have rational union. For the first claim, since wg is fiber-wise
symplectic, there exists a symplectic form v € Q?(X) with the property that wg+7*v
is symplectic, where 7 : E — X is the projection. The almost complex structure Jg is
compatible with wg +7*r, and equal to the given almost complex structures Jg @ J,
on the ends. For the second claim, let ¥ — 3 be a line-bundle-with-connection
whose curvature is v € Q%(X). Let E — ¥ be a line-bundle-with-connection whose
curvature is wg + 7*v. Denote by L; the closure of the image of (0%); x L; for
1 =0,...,m. Fix trivializations of FE over L. N I~167+ & Le,— N Le 4 for each end e.
By assumption, the line bundle E is trivializable over L., hence also L. by parallel
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transport along the boundary components. Let e, k = 0,1 be ends connected by a
connected boundary component labelled by L;. For any p; € ¢Hek71(Lek,,) N Le, +
the parallel transport T'(pg, p1) € U(1) from pg to p; is independent of the choice of
path. Indeed, any two paths differ up to homotopy by a loop in L;, which has trivial
holonomy by assumption. After perturbation of the connection and curvature on
E, we may assume that the parallel transports T'(po,p1) are rational for all choices
of (po,p1). After taking a tensor power of E, we may assume that the parallel
transports T'(pg, p1) are trivial, hence E admits a covariant constant section 7 over
the union Le,e = 1,...,n.

Donaldson’s construction [18] implies the existence of a symplectic hypersurface
in the total space of the fibration. We show that the hypersurface may be taken to
equal the pullback of one of the given ones over a neighborhood of the boundary
of the base, as follows. Let o, @ X — X% be an asymptotically holomorphic
sequence of sections concentrating on L, fore =1,...,n. Let o : X — X* be an
asymptotically holomorphic sections of sections concentrating on ¢g, 1(Le—) U Le 4
and o5, an asymptotically holomorphic sequence of sections concentrating on Lj;,
both asymptotic to the given trivializations on the Lagrangians themselves. For each
point z € ¥, let 0,y : ¥ — Sk denote the Gaussian asymptotically holomorphic
sequence of sections of 3* concentrated at z as in (39). We may assume that the
images of the strip-like ends are disjoint. Let V; be disjoint open neighborhoods
(0%); — UeIm(ke) in X. For each p = (2,2) € L, let o, be either equal to
Oe s, for z € Im(¢e) or otherwise equal to oy if b lies in V;. Let Py be a set of
points in 0% such that the balls of gj-radius 1 cover 0% and any two points of P,
are at least distance 2/3 from each other, where g; is the metric defined by kv.
The desired asymptotically-holomorphic sections are obtained by taking products
of asymptotically-holomorphic sections on the two factors: Write 0(z,x)7(z,x) =
ozk(x) Mo, 1 (2) so that O(z, z) € C is the scalar relating the two sections. Define

(39) o = Z Q(Z,x)flo'xk X Oz k-
PEPR;

Then by construction the sections (39) are asymptotically holomorphic, since each
summand is.

It remains to achieve the uniformly transverse condition. Recall from [18] that a
sequence (sg)k>0 is uniformly transverse to 0 if there exists a constant 7 independent
of k such that for any = € X with |sg(z)| < 7, the derivative of sj is surjective
and satisfies |Vsi(z)| > n. The sections oy are asymptotically Jg-holomorphic
and uniformly transverse to zero over 90X x X, since the sections ok and o,y are
uniformly transverse to the zero section. Hence oy, is also uniformally transverse over
a neighborhood of 9%. Pulling back to F one obtains an asymptotically holomorphic
sequence of sections of E|E that is uniformally transverse in a neighborhood of
infinity, that is, except on a compact subset of E. Donaldson’s construction [18§]
although stated only for compact manifolds, applies equally well to non-compact
manifolds assuming that the section to be perturbed is uniformly transverse on the
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complement of a compact set. The resulting sequence oy is uniformally transverse
and consists of asymptotically holomorphic sections asymptotic to the pull-backs
of 0. on the ends. The divisor D = O'E}k(()) is approximately holomorphic for
k sufficiently large and equal to the given divisors £(0,00) x D, on the ends, by
construction, and concentrated at L;, over each boundary component (9%);. O

We warn the reader that the Donaldson hypersurface constructed above does not
stabilize bubbles in arbitrary fibers. Indeed in general the Donaldson hypersurface
in the total space of the fibration constructed above will not be of product form, and
the projection to the base will have singular values. In particular, the intersection
of Di with {z} x X could, for some z € X, be singular and cannot be used to
stabilizes sphere bubbles in these fibers. However, the genericity assumptions below
will guarantee that sphere and disk bubbles meet Dp transversally and so do not
meet these singular points.

Because of the perturbation required to make the Donaldson hypersurface almost
complex, the projection to the base is no longer an almost complex map. In partic-
ular, the projection of a component lying in the small neighborhood of a fiber need
no longer be a point. However, the following holds for the disk components in the
perturbed moduli space: For each perturbed stable strip u : C' — E, consider the
projection mowu : C — X. For each disk component Cj C C, the long exact sequence
of homotopy groups implies that the homotopy class of 7 o u|C}, is classified by its
winding number. The boundary conditions now imply that any disk with boundary
in L, has homotopically trivial projection, any strip connecting the positive end of
E with itself has homotopically trivial projection, while any strip C}, connecting the
two ends of E has projection 7 o u|C) homotopically trivial to the identity.

A perturbation scheme similar to the one for Floer trajectories makes the moduli
spaces transverse. Choose a tamed almost complex structure Jp € J-(E,wp +
niv) making Dg holomorphic, so that Dg contains no holomorphic spheres, each
holomorphic sphere meets D in at least three points, and each disk with boundary
in L. U I~/e7+ meets Dp in at least one point. Since Dpg is only approximately
holomorphic with respect to the product complex structure, the complex structure
Jg will not necessarily be of split form, nor will the projection to ¥ necessarily be
(Jg, j»)-holomorphic away from the ends. Furthermore, choose domain-dependent
perturbations Fr of the Morse functions F, on ¢p, 1(Le,—) N Le 4+, so that FT is a
perturbation of Fi on the segments that map to ¢, 1(Le,—) N Le +.

Domain-dependent perturbations give a regularized moduli space of stable adapted
treed strips. These are maps to F, homotopic to sections, with the given Lagrangian
boundary conditions and mapping the positive resp. negative end of the strip to the
positive resp. negative end of E. Let M(L, D, P) denote the moduli space of adapted
stable treed strips in E of this type. For generic domain-dependent perturbations
Prg = (Fr.g,Jr.g) on E, the moduli space M(L, D, P, (z.)) of perturbed maps
to E with boundary in (Lgo,Lg1) and limits (z.) has zero and one-dimensional



64 FRANCOIS CHAREST AND CHRIS WOODWARD

components that are compact and smooth (as manifolds with boundary) with the ex-
pected boundary. In particular the boundary of the one-dimensional moduli spaces
My (L, D, P, (z.)) are 0-dimensional strata Mrp(L, D, P, (x.)) corresponding to ei-
ther a Floer trajectory bubbling off on end, or a disk bubbling off the boundary.

Remark 6.2. (Area-energy relation) Suppose that X is a disk with points on the
boundary removed and u : ¥ — FE is a smooth map with a continuous extension to a
map X — E, exponential convergence on the strip like ends to limits z.,e =1,...,n
and boundary conditions L;,i = 1,...,m. Since wg is only fiber-wise symplectic,
the area A(u) = [, u*wp may be negative.

We obtain a lower bound on the area as follows. If the projection is pseudoholo-
morphic, then the composed map 7 o u is pseudoholomorphic and one easily obtains
the identity

(40) A(u):/Eu*wE:/Eu*(wE—l—ﬂ*u)—/Euz _/Zy.

Indeed because of the boundary conditions 7w o v maps isomorphically onto . In
general, since the projection 7 is not necessarily almost complex after perturbation,
the composed map 7 o u is not necessarily the identity. However, by the boundary
condition the map on the boundary 7 o u|0¥ is homotopic to the identity. The
maps from the disk relative its boundary are classified up to homotopy by their
winding number, as a special case of the long exact sequence for relative homotopy
groups. It follows that the composed map 7 o u is homotopic to the identity. Hence
[w*r*v = [v. This identity implies the area identity (40) for maps u : B — E with
the given boundary conditions. The same identity (40) holds for maps from stable
holomorphic strips u : C — FE, since these consist of a principal component as above
and a number of “bubble components” for which the projection is homotopically
trivial. In particular the wg-area of a stable holomorphic strip v : C' — FE differs
from the energy as a map to the total space by a universal constant.

Definition 6.3. (Chain-level relative invariants) Given Dg, Pr g = (Jr g, Fr.E) and
with D, the collection of stabilizing divisors for the incoming resp. outgoing ends,
define

(41) ¢ : Q) CF(Le,— Ley i He,D_,P_) = (X) CF(Le,—, Ley; He, Dy, P,
eef_ ec&y

Rece <Te> Y > e([u))g* Mo ([u))@cee, <ze> .
Te,eCEy [u]€My(L,H,D,P,x)

Theorem 6.4. The chain-level map v associated to the surface with strip-like ends
3 is well-defined and a chain map: Y0 = .

Proof. First we show that the sum (41) is well-defined. By Remark 6.2, any area
bound A(u) < Ep implies an energy bound E(u) < Ep as maps into the total space
of the fibration F|X, viewed as a symplectic manifold with strip-like ends. Gromov

compactness implies that the moduli space M (L, H, D, P) with the given area
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bound is compact, hence has finite zero-dimensional component ﬂé Fo (L,H,D,P).
It follows that the map v is well-defined.

The proof of the chain relation is similar to the proof of Theorem 5.6: the bound-
ary of the one-dimensional components of the moduli space of perturbed trajectories
Mi(L, H,D, P) consists of configurations of type I' corresponding to a Floer tra-
jectory bubbling off at the positive or negative end of the strip, or to a disk bubble
forming at the boundary. The latter cancel by Remark 4.3 or in the case of graphs
as in Remark 5.9, assuming the perturbation system is anti-invariant in the first case
or spherical on the disk components with diagonal boundary conditions at infinite
distance. O

Our main application of the relative invariants is the isomorphism of Floer coho-
mologies defined using different perturbation systems. Suppose that ¥ = R x [0, 1]
is an infinite strip, Lo and L, are equal and one of the Hamiltonian perturbations,
say H_, vanishes while the other H is such that ¢p, 1(Lo) N L1 is a transverse
intersection. In this case, the gradient trajectories on the positive end are constant
and so may be ignored, while the gradient trajectories on the negative end are the
Morse trajectories on Ly = L;. Thus in this case one obtains the Lagrangians
Piunikhin-Salamon-Schwarz maps of Albers [2]. In particular, for Lo = L1 = A we
obtain the usual Piunikhin-Salamon-Schwarz maps.

Remark 6.5. (Relative invariants for diagonal boundary conditions) Similar relative
invariants may be used to relate the Lagrangian Floer cohomology HF (A, A) de-
fined using the sphere perturbation scheme with HF (A, A) defined using the strips
perturbation scheme. Recall from Remark 5.9 that in the first case, the stabilizing
divisor is a Donaldson hypersurface Dy C Y, while in the second the stabilizing
divisor Dx € X =Y~ x Y lies in the complement of the diagonal. After perturba-
tion we may suppose that Dx is chosen transversally to (Dy x Y) and (Y x Dy)
and intersects Dy x Dy transversally, hence trivially; see Remark 3.20. Choose a
base almost complex structure Jp on X which, for disk components C; at distance
greater than 2 is of split form Jp|c, = Jp,y X Jp,y while on components C; distance
less than 1 from the strip components, preserves Dx, Dy XY and Y x Dy. Note that
on components of the latter type, Jp will not be of split form. Fix perturbations Jr
depending only on the markings mapping to Dy, for any cylinder at infinite distance
from the positive end, and only on the markings mapping to Dx for any cylinder
at infinite distance from the negative end; that is, pulled back under the relevant
forgetful maps. The same set-up as before defines a homotopy operator between the
complexes defined using the two perturbation systems.

A parametrized version of the moduli spaces leads to independence of the relative
invariants of all choices. We first deal with independence of the almost complex
structure. Let Jg o, Jg,1 be almost complex structures on the total spaces E as
above, equal to the given complex structures J. on the ends. Contractibility of the
space of almost complex structures implies the existence of a homotopy Jg : between
Jeo and Jg 1. The parametrized moduli space consists of pairs (t,u : C — X, z)
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where (u : C — X, z) is a stable marked treed Jg ; holomorphic section on the surface
part of C'. First suppose that Jg o, Jg,1 both leave a stabilizing divisor D invariant,
that is, D is almost complex with respect to both Jg ¢ and Jg ;. Perturbations are
then defined as before. We assume that perturbations Jr g; are chosen so that at
t = 0 resp. t = 1, the perturbation data only depends on the intersections with
Dg resp. Dg1;, that is, are pulled back via forgetful maps forgetting markings
mapping to Dg 1 resp. Dgo. Denote by M(L, H, D, P) the parametrized moduli
space of such configurations. The compactness and transversality properties of the
moduli space are similar to those given before, but now there are additional boundary
components: The boundary of the one-dimensional component M (L, H, D, P) of
the parametrized moduli space consists of configurations with either ¢t = 0, ¢t = 1,
Floer trajectories bubbling off the positive or negative ends of the strip, or disk
bubbles bubbling off the left or right boundary components. Define a homotopy
operator

(42) h: Q) CF(Le— Leyy;He,D P ) = Q) CF(Le—, Ly He, D, P),
ecE_ e€£+

Rece_ <T>H Y > e([u) g "o ([u)) @ece, <we> .
Te,e€E4 [u]le Mo (L,H,D,P,z)

A modification of this construction allows the divisor to vary. Given two choices
Dg and Dg; that are sections of the same bundle E , Lemma 3.11 (c) provides a
family Dg; such that Dg; is approximately Jg -holomorphic. One then requires
the markings for (¢,u) to map to Dg; and obtains moduli spaces and a map as
before.

A final modification deals with the case that the stabilizing divisors are defined
by sections of different bundles. As in Remark 3.20, there exist divisors D, k =0, 1
intersecting D e-transversally, such that DjE,o and D};J are sections of the same
line bundle. By Auroux’s result [5, Theorem 2] D%, Dz | may be connected by a
family Dg ;. Choosing perturbations depending only on the intersections with Dg
at t = k,k € {0,1} map h as in the previous case.

Theorem 6.6. Suppose that L; C X are admissible rational Lagrangian branes
fori=0,....,m, and g, 1 relative maps defined using perturbations and divisors
Py, Dgy over 3 for b € {0,1}. Then in each of the cases above the map h is well-
defined and a homotopy from g to ¥y

(43) Y1 — 1o = O1h + hdp.
As a result, the induced map in cohomology

[w] : ®6687HF(L6,—7 L6,+; D P ) — ®6€5+HF(L€,—7L€,+;Q57£(5)

ZerL e
is independent of the all choices. In case that ¥ = R x [0, 1] is the strip, the divisors

D, = D, for the incoming and outgoing ends are equal and P, = P, _, the
induced map in cohomology is the identity map.
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Proof. The proof that h is well-defined is a Gromov compactness argument similar to
that in Theorem 6.4. Only the contributions from boundary components correspond-
ing to bubbling off Floer trajectories or the boundaries at ¢ = 0 or ¢ = 1 contribute,
leading to the relation (43). In the case ¥ = Rx[0,1], D_ =D, and P_ = P, one
may take for the divisor and perturbation data used to define the relative invariant
the pull-back of the divisor and perturbation data used to define the Floer operator.
It follows that the only elements in the dimension-zero moduli space M(L, H, D, P)
are constant configurations linking two equal intersection points x4 = x_. Thus the
chain level map ¢ : CF(Lo, L1;D_,P_) — CF(Lo,L1;D,, P, ) is the identity.

The map for the first two cases shows that the invariants are independent of the
choice of almost complex structure, as long as the stabilizing divisors are taken to
be defined by sections of the same line bundle. The last case shows that for a fixed
almost complex structure, the maps are independent of the choice of line bundle used
to define the stabilizing divisors. Combining these observations gives independence
of all choices. O

6.2. Gluing laws and homotopies. The relative invariants satisfy a gluing law as
in topological quantum field theory. Suppose that ¥y, 212 are surfaces with strip-
like ends such that ¥g; has the same number of outgoing ends as 12 has incoming
ends. Let ¥go denote a surface obtained by gluing together strip-like ends, as in
Figure 5, by removing the intervals +(27,00) x [0,1] on each end for some real
number 7' > 0 and gluing together the intervals £(7,27") x [0, 1].

201 E12

E02

FIGURE 5. Gluing surfaces with strip-like ends
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Theorem 6.7. Suppose that H. are Hamiltonian perturbations such that ¢, (Le,—)N
Le + is clean and ¢p,(Le,—) U Le 4 is rational for each end of ¥_ and ¥4. Let D,
be stabilizing divisors for ¢p,(Le_) U Le, and P, reqular perturbations. Then the
relative invariants

ij: Q) CF(Le,—, Ley; He, Do, P) = () CF(Le,—, Le 4, He, D, P,)
e€&; e€E;

where &; is the set of incoming ends of o1 for i = 0, the set of outgoing ends for
Y01 for i = 1 and the set of outgoing ends for Y19 for i = 2, satisfy the gluing law

[¥12] © [01] = [o2].

The argument depends on the construction of another family of moduli spaces
which interpolate between the fiber products

M(L, Ho1, Doy, Pyy) Xeee, I(¢HG(LE,,),L6,+)M(L7 Hiz,Dyy, Pyy) and  M(L, Hoz, Dy, Pyy).

Namely consider a family of surfaces with strip-like ends ¥, for ¢t € [0, 1] obtained
from g1 and >19 by repeating the same gluing as before but gluing in necks of
lengths 1/t for each glued end. If &y, &1, &, are the sets of ends then ¥, has incoming
ends & and outgoing ends &. Associate to the family g2 = U X, is a family of
fiber bundles
Epi2 = Ut€[071](Et =3 x X).

Let Jo12 = (Joi2,t) denote a collection of almost complex structures on E; connecting
the almost complex structures obtained from Jyi, J12 on the one hand and Jyo on the
other. Let 7;; denote the two-forms on ¥;; used to construct the stabilizing divisors
D;j. We may assume (by independence of the choice of divisor) that Dys is the divi-
sor obtained by gluing together Dy and D1s. A treed holomorphic section of Egio
consists of a treed curve C, a map u : C' — X that is a Jyio-holomorphic section on
the surface part, is a gradient trajectory on each edge. The conditions for interior
markings are similar to those before: each interior markings is required to map to
Dy12, and each connected component of the inverse image of Dgio is required to
contain at least one interior marking. Let M(L; Ho12, D9, Po12) denote the space
of perturbed adapted stable treed sections of Ey1o with domain-dependent pertur-
bations Pg,. For generic choices of perturbations, the zero and one-dimensional
components of M(L; Ho12, Doy9, Po12) are compact with the expected boundary. As
before, counting elements in the zero-dimensional moduli space defines a homotopy
operator

(44) h: ®€€500F(L67—7L67+; Hevgeﬁﬂe) - ®66520F(L6,—7Le,+3 He:Qeyﬂe)
<zo>H> Z e([u))g* Mo ([u]) <ao>
[U}EMO(L7H012720127£012:370:932)
satisfying 119 0 g1 — o2 = Ooh + hdy. The Theorem follows.
Remark 6.8. (Products in Lagrangian Floer cohomology) If Lg, L1, Ly are admissi-

ble Lagrangian branes then the relative invariant for the half-pair-of-pants (trian-
gle) gives rise to a relative invariant HF'(Lg, L1) ® HF (L1, Ly) — HF(Lg, Ls). A
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well-known argument for a surface with four strip-like ends, split in two different
ways, implies the associativity relation for these products. The category one ob-
tains it the cohomology of the Fukaya category with objects restricted to admissible
branes. Presumably one could use a similar argument to compare the perturba-
tions constructed here with those of Fukaya-Oh-Ohta-Ono [24]; the details of such
a construction would be at least as lengthy as their construction.

Remark 6.9. (Periodic Floer cohomology) Continuing Remark 5.9 on the case that
both Lagrangians are the diagonal correspondence, combining the gluing laws with
invariance under perturbation implies that HF'(A, (1 x ¢g)A) = HF(A,A) is iso-
morphic to the singular cohomology H (Y, A) for any choice of Hamiltonian such that
the intersection is AN (1 X ¢z )A is transverse. This completes the proof of Theorem
1.2.

Corollary 6.10. For any compact symplectic manifold (X,w) and time-dependent
Hamiltonian H € C*°(X x [0,1]) whose time-one flow ¢1 : X — X has non-
degenerate fized point set Fix(¢p1), the following inequality holds:

#Fix(¢1) > rank(H (X, Q))

Proof. The proof is by a perturbation argument to reduce to the rational case. Since
H?(X,Q) is dense in H?(X,R) and the set of symplectic forms is open, there exists
a small perturbation «’ of w with rational cohomology class [w'] € H?(X,Q). The
time-one-flow ¢} : X — X of H with respect to w’ is a perturbation of ¢1, and so still
has non-degenerate fixed point set for w’ sufficiently close to w and admits a canonical
bijection Fix(¢1) = Fix(¢}). Indeed, since the set of two-forms ' for which the fixed
point set is non-degenerate is open, for w’ sufficiently close to w there exists a path
wy from w’ to w so that the fixed point set Fix(¢41,w;) is non-degenerate for each
t € [0,1]. The union Ug(o ) Fix(¢1,wt) is a one-manifold projecting submersively
onto [0, 1], and so has the structure of a fiber bundle with discrete fibers. Choosing
a connection defines the bijection. Thus as claimed we have

#Fix(¢1) = rank(CF((1 x ¢1)A, A)) > rank(HF(A,A)) = rank H(X, Q).
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