
PROPERNESS FOR SCALED GAUGED MAPS
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Abstract. We prove properness of moduli stacks of gauged maps satis-
fying a stability condition introduced by Mundet [40], Schmitt [46] and
Ziltener [57]. The proof combines a git construction of Schmitt [46],
properness for twisted stable maps by Abramovich-Vistoli [1], a varia-
tion of a boundedness argument due to Ciocan-Fontanine-Kim-Maulik
[13], and a removal of singularities for bundles on surfaces in Colliot-
Thélène-Sansuc [14].
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1. Introduction

The moduli stack of maps from a curve to the stack quotient of a smooth
projective variety by the action of a complex reductive group has a natural
stability condition introduced by Mundet in [40] and investigated further in
Schmitt [46, 47]; the condition generalizes stability for bundles over a curve
introduced by Mumford, Narasimhan-Seshadri and Ramanathan [45]. In an
earlier paper [24] the first and third authors used the moduli of Mundet-
stable maps to give a formula that relates the genus zero gauged Gromov-
Witten invariants and Gromov-Witten invariants of the git quotient of a
smooth projective variety with reductive group action, termed a quantum
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analog of Witten’s localization theorem. The proof of the formula depended
on the properness of the stack. This properness was proved via symplectic
geometry and results of Ziltener [57] and Ott [43]. In this paper we give
a purely algebraic proof of properness via the valuative criterion for stacks
[37, Chapter 7].

The stability condition for maps to quotient stacks combines several sta-
bility conditions already present in the literature, and leads to a notion of
gauged Gromov-Witten invariant. Let X be a smooth projective G-variety
such that the semi-stable locus is equal to the stable locus, and X/G the quo-
tient stack. By definition a map from a curve C toX/G is a pair that consists
of a bundle P → C and a section u of the associated bundle P ×G X → C.
We denote by π : X/G → pt /G =: BG the projection to the classifying
space. In case X is a point, a stability condition for Hom(C,X/G), bun-
dles on C, was introduced by Ramanathan [45]. A stability condition that
combines bundle and target stability was introduced by Mundet [40]. There

is a compactified moduli stack MG
n (C,X, d) whose open locus consists of

Mundet semistable maps of class d ∈ HG
2 (X,Z) with markings:

C → S, v : C → X/G, (z1, . . . , zn) : S → Cn distinct.

The compactification uses the notion of Kontsevich stability for maps [53],
[54], [55]. The stack admits evaluation maps to the quotient stack

ev :MG
n (C,X, d)→ (X/G)n, (Ĉ, P, u, z) 7→ (z∗i P, u ◦ zi).

In addition, assuming stable=semistable there is a virtual fundamental class
constructed via the machinery of Behrend-Fantechi [6].

Let Q̂HG(X) denote the formal completion of QHG(X) at 0. The gauged
Gromov-Witten trace is the map

(1) τGX : Q̂HG(X)→ ΛGX , α 7→
∑
n,d

qd

n!

∫
MG

n (C,X,d)
ev∗(α, . . . , α).

The derivatives of the potential will be called gauged Gromov-Witten in-
variants. For toric varieties, the potential τGX already appears in Givental
[23] and Lian-Liu-Yau [32] under the name of quasimap potential.1 In those
papers (following earlier work of Morrison-Plesser [38]) the gauged potential
is explicitly computed in the toric case, and questions about Gromov-Witten
invariants of toric varieties or complete intersections therein reduced to a
computation of quasimap invariants. We wish re-prove and extend the re-
sults of those papers in a uniform and geometric way that extends to quan-
tum K-theory and non-abelian quotients and does not use any assumption
such as the existence of a torus action with isolated fixed points. The split-
ting axiom for the gauged invariants is somewhat different than the usual
splitting axiom in Gromov-Witten theory: the potential τGX is a non-linear

1We are simplifying things a bit for the sake of exposition; actually the quasimap
potentials in those papers involve an additional determinant line bundle in the integrals.
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version of a trace on the Frobenius manifold QHG(X). Note that there
are several other notions of gauged Gromov-Witten invariants, for example,
Ciocan-Fontanine-Kim-Maulik [13], Frenkel-Teleman-Tolland [20], as well as
a growing body of work on gauged Gromov-Witten theory with potential
[51], [19].

The gauged Gromov-Witten invariants so defined are closely related to,
but different from in general, the Gromov-Witten invariants of the stack-
theoretic geometric invariant theory quotient. The stack of marked maps to
the git quotient

v : C → X//G, (z1, . . . , zn) ∈ Cn distinct

is compactified by the graph space

Mn(C,X//G, d) :=Mg,n(C ×X//G, (1, d))

the moduli stack of stable maps to C ×X//G of class (1, d); in case X//G is
an orbifold the domain is allowed to have orbifold structures at the nodes
and markings as in [11], [2]. The stack admits evaluation maps

ev :Mn(C,X//G, d)→ (IX//G)n

where IX//G is the rigidified inertia stack of X//G. The graph trace is the
map

τX//G : Q̂HC×(X//G)→ ΛGX , α 7→
∑
n,d

qd

n!

∫
Mn(C,X//G,d)

ev∗(α, . . . , α)

and where the equivariant parameter for the C×-action is interpreted as a
ψ-class at the corresponding marking. The relationship between the graph
Gromov-Witten invariants of X//G and Gromov-Witten invariants arising
from stable maps to X//G in the toric case is studied in [23], [32], and other
papers.

The goal of this paper is to construct, using only algebraic geometry, a
proper algebraic cobordism between the moduli stack of Mundet semistable
maps and the moduli stack of stable maps to the git quotient with corrections
coming from “affine gauged maps”. Affine gauged maps are maps

v : P1 → X/G, u(∞) ∈ Xss/G, z1, . . . , zn ∈ P1 − {∞} distinct

where ∞ = [0, 1] ∈ P1 is the point “at infinity”, modulo affine automor-
phisms, that is, automorphisms of P1 which preserve the standard affine

structure on P1 − {0}. Denote by MG
n,1(A, X) the compactified moduli

stack of such affine gauged maps to X; we use the notation A to emphasize
that the equivalence only uses affine automorphisms of the domains. A table
with the different kinds of stable maps to quotients stacks is presented in
Section 12. Evaluation at the markings defines a morphism

ev× ev∞ :MG
n,1(A, X, d)→ (X/G)n × IX//G.
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In the case d = 0, the moduli stackMG
0,1(A, X, d) is isomorphic to IX//G via

evaluation at infinity. The quantum Kirwan map is the map

κGX : Q̂HG(X)→ QHC×(X//G)

defined as follows. Let ev∞,d : MG
n (A, X, d) → IX//G be evaluation at

infinity restricted to affine gauged maps, and

ev∞,d,∗ : H(MG
n (A, X, d))⊗Q ΛGX → HG(IX//G)⊗Q ΛGX

push-forward using the virtual fundamental class. The quantum Kirwan
map is

κGX : Q̂HG(X)→ QHC×(X//G), α 7→
∑
n,d

qd

n!
ev∞,d,∗ ev∗(α, . . . , α).

As a formal map each term in the Taylor series of κGX is well-defined on
QHG(X), but in general the sum of terms may have convergence issues.
The q = 0 specialization of κGX is the Kirwan map to the cohomology of a
git quotient studied in [29].

The cobordism relating stable maps to the quotient with Mundet semistable
maps is itself a moduli stack of gauged maps with scaling defined by allowing
the linearization to tend towards infinity. In order to determine which sta-
bility condition to use, the source curves must be equipped with additional
data of a scaling: a section

δ : Ĉ → P
(
ωĈ/(C×S) ⊕OĈ

)
of the projectivized relative dualizing sheaf. If the section is finite, one uses
the Mundet semistability condition, while if infinite one uses the stability
condition on the target. The possibility of constructing a cobordism in this
way was suggested by a symplectic argument of Gaio-Salamon [22]. A scaled
gauged map is a map to the quotient stack whose domain is a curve equipped
with a section of the projectivized dualizing sheaf and a collection of distinct
markings: A datum

Ĉ → S, v : Ĉ → C×X/G, δ : Ĉ → P
(
ωĈ/(C×S) ⊕OĈ

)
, z1, . . . , zn ∈ Ĉ

where Ĉ → S is a nodal curve of genus g = genusC, v = (P, u) is a morphism

to the quotient stack X/G that consists of a principal G-bundle P → Ĉ and

a map u : Ĉ → P ×G X of whose class projects to [C] ∈ H2(C), and δ
is a section of the projectivization of the relative dualizing sheaf ωĈ/(C×S)

satisfying certain properties. In the case thatX//G is an orbifold, the domain

Ĉ is allowed to have orbifold singularities at the nodes and markings and
the morphism is required to be representable. The moduli stack of stable

scaled gauged mapsMG
n,1(C,X, d) with n markings and class d ∈ HG

2 (X,Q)
is equipped with a forgetful map

ρ :MG
n,1(C,X, d)→M0,1

∼= P1, [Ĉ, u, δ, z] 7→ δ.



PROPERNESS FOR SCALED GAUGED MAPS 5

The fibers of ρ over zero 0,∞ ∈ P1 consist of either Mundet semistable
gauged maps, in the case δ = 0, or stable maps to the git quotient together
with affine gauged maps, in the case δ =∞: In notation,

(2) ρ−1(0) =MG
n (C,X, d), ρ−1(∞) =

⋃
d0+...+dr=d

⋃
I1∪...∪Ir={1,...,n}Mfr

g,r(C ×X//G, (1, d0))×(IX//G)r

r∏
j=1

MG
|Ij |,1(A, X, dj)

 /(C×)r

where the superscipt fr indicates the inclusion of framings at the tangent
spaces to the markings, (C×)r acts diagonally on the framings and on the
scalings, and we identify H2(X//G) as a subspace of HG

2 (X) via the inclu-
sion X//G ⊂ X/G. The properness of these moduli stacks was argued via
symplectic geometry in [54]. The advantage of the symplectic proof is that
the compactness is somewhat more natural; it follows by a combination of
Gromov and Uhlenbeck compactness theorems as in Ott [43] and also ap-
plies in the presence of Lagrangian boundary conditions as in Xu [56], for an
arbitrary symplectic manifold. However, in the setting of virtual fundamen-
tal classes constructed algebraically, one prefers to stay in the framework of
algebraic geometry. This is especially true in a subsequent paper of the first
and third authors in which we extend the results to quantum K-theory, and
in particular give presentations of the quantum K-theory ring of toric stacks;
the definition of quantum K-theory is at the moment heavily algebraic, and
there is no known definition purely in terms of symplectic geometry. Also,
it is good to have several proofs. In this paper we give an algebraic proof of
the following:

Theorem 1.1. For any real E > 0, the union of componentsMG
n,1(C,X, d),

MG
n (C,X, d), and MG

n,1(A, X, d) with (d, cG1 (X̃)) < E is proper.

The proof is a combination of boundedness arguments and valuative crite-
ria. By integration over the moduli stack of stable scaled gauged maps one

obtains the following identity: Let τG,kX denote the gauged potential of (1)

defined using the polarization X̃k for k a positive integer.

(3) lim
k→∞

τG,kX = τX//G ◦ κGX .

This is called in [22] and [53] the adiabatic limit theorem.

2. Scaled curves

Scaled curves are curves with a section of the projectivized dualizing
sheaf incorporated, intended to give complex analogs of spaces introduced
by Stasheff [48] such as the multiplihedron, cyclohedron etc. Recall from
Deligne-Mumford [17] and Behrend-Manin [7, Definition 2.1] the definition
of stable and prestable curves. A prestable curve over the scheme S is a
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flat proper morphism π : C → S of schemes such that the geometric fibers
of π are reduced, connected, one-dimensional and have at most ordinary
double points (nodes) as singularities. A marked prestable curve over S is a
prestable curve π : C → S equipped with a tuple z = (z1, . . . , zn) : S → Cn

of distinct non-singular sections. A morphism p : C → D of prestable curves
over S is an S-morphism of schemes, such that for every geometric point s
of S we have (a) if η is the generic point of an irreducible component of Ds,
then the fiber of ps over η is a finite η-scheme of degree at most one, (b) if
C ′ is the normalization of an irreducible component of Cs, then ps(C

′) is a
single point only if C ′ is rational. A prestable curve is stable if it has finitely
many automorphisms. Denote by Mg,n the proper Deligne-Mumford stack

of stable curves of genus g with n markings [17]. The stack Mg,n of prestable
curves of genus g with n markings is an Artin stack locally of finite type [5,
Proposition 2].

z0 z0

z3

z3
z2z1

z2

z1

Figure 1. Associativity divisor relation

The following constructions give complex analogs of the spaces constructed
in Stasheff [48]. For any family of possibly nodal curves C → S we denote by
ωC the relative dualizing sheaf defined for example in Arbarello-Cornalba-
Griffiths [4, p. 97]. Similarly for any morphism Ĉ → C we denote by ωĈ/C
the relative dualizing sheaf and P(ωĈ/C ⊕OĈ)→ Ĉ the projectivization. A

scaling is a section

δ : Ĉ → P(ωĈ/C ⊕OĈ), P(ωĈ/C ⊕OĈ) = (ωĈ/C ⊕OĈ)×/C×.

If Ĉ → C is an isomorphism then ωĈ/C is trivial:

(Ĉ ∼= C) =⇒ (P(ωĈ/C ⊕OĈ) ∼= C × P1).

In this case a scaling δ is a section C → P1, and δ is required to be constant.
Thus the space of scalings on an unmarked, irreducible curve is P1.

Scalings on nodal curves with markings are required to satisfy the follow-
ing properties. First, δ should satisfy the affinization property that on any
component Ĉi of Ĉ on which δ is finite and non-zero, δ has no zeroes and a
single double pole. In particular, this implies that in the case Ĉ ∼= C, then
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δ is a constant section as in the last paragraph, while on any component Ĉi
of Ĉ with finite non-zero scaling which maps to a point in C, δ defines an
affine structure on the complement of the pole. To define the second prop-
erty, note that any morphism Ĉ → C of class [C] defines a rooted tree whose

vertices are components Ĉi of Ĉ, whose edges are nodes wj ∈ Ĉ, and whose

root vertex is the vertex corresponding to the component Ĉ0 that maps iso-
morphically to C. Let T denote the set of indices of terminal components
Ĉi that meet only one other component of Ĉ:

T = {i | #{j 6= i|Ĉj ∩ Ĉi 6= ∅} = 1}

as in Figure 2. The bubble components are the components of Ĉ mapping
to a point in C. For each terminal component Ĉi, i ∈ T there is a canonical

z2

z5

z6
root

component

z3 z4

z8

z1

z7

Figure 2. A scaled marked curve

non-self-crossing path of components Ĉi,0 = Ĉ0, . . . , Ĉi,k(i) = Ĉi. Define a

partial order on components by Ĉi,j � Ĉi,k for j ≤ k. The monotonicity
property requires that δ is finite and non-zero on at most one of these (gray

shaded) components, say Ĉi,f(i), and

(4) δ|Ĉi,j =

{
∞ j < f(i)

0 j > f(i)
.

We call Ĉi,f(i) a transition component. That is, the scaling δ is infinite on the
components before the transition components and zero on the components
after the transition components, in the ordering �. See Figure 2. In addition
the marking condition requires that the scaling is finite at the markings:

δ(zi) <∞, ∀i = 1, . . . , n.

Definition 2.1. A prestable scaled curve with target a smooth projective
curve C is a morphism from a prestable map Ĉ to C of class [C] equipped
with section δ and n markings z = (z1, . . . , zn) satisfying the affinization,
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monotonicity and marking properties. Isomorphisms of prestable scaled curves
are diagrams

Ĉ1 Ĉ2

S1 S2

?

-ϕ

?
-

, (Dϕ∗)ϕ∗(δ2) = δ1, ϕ(zi,1) = zi,2, ∀i = 1, . . . , n

where the top arrow is an isomorphism of prestable curves and

Dϕ∗ : ϕ∗P(ωĈ2/C
⊕OĈ2

)→ P(ωĈ1/C
⊕OĈ1

)

is the associated morphism of projectivized relative dualizing sheaves. A
scaled curve is stable if on each bubble component Ĉi ⊂ Ĉ (that is, compo-
nent mapping to a point in C) there are at least three special points (markings
or nodes),

(δ|Ĉi ∈ {0,∞}) =⇒ #(({zi} ∪ {wj}) ∩ Ĉi) ≥ 3

or the scaling is finite and non-zero and there are least two special points

(δ|Ĉi /∈ {0,∞}) =⇒ #(({zi} ∪ {wj}) ∩ Ĉi) ≥ 2.

Introduce the following notation for moduli spaces. Let Mn,1(C) denote

the category of prestable n-marked scaled curves and Mn,1(C) the subcat-
egory of stable n-marked scaled curves.

The combinatorial type of a prestable marked scaled curve is defined as
follows. Given such (Ĉ, u : Ĉ → C, z, δ) Let Γ be the graph whose vertex set
Vert(Γ) is the set of irreducible components of C, finite edges Edge<∞(Γ)
correspond to nodes, semi-infinite edges Edge∞(Γ) correspond to markings,
and equipped with the labelling of semi-infinite edges by {1, . . . , n} a distin-
guished root vertex v0 ∈ Vert(Γ) corresponding to the root component and a
set of transition vertices Vertt(Γ) ⊂ Vert(Γ) corresponding to the transition
components. Graphically we represent a combinatorial type as a graph with
transition vertices shaded by grey, and the vertices lying on three levels de-
pending on whether they occur before or after the transition vertices. See
Figure 3. Note that the combinatorial type is functorial; in particular any
automorphism of prestable marked scaled curves induces an automorphism
of the corresponding type, that is, an automorphism of the graph preserving
the additional data.

We note that the graphical representation of the combinatorial type of a
curve can be viewed as the graph of a Morse/height function on the curve.
In general this gives a spider like figure with the root component being the
body of the spider. From this perspective the paths used in the monotonicity
property of scalings are the legs of the spider.

Example 2.2. (a) For n = 0, no bubbling is possible and M0,1(C) is the

projective line, M0,1(C) ∼= P1.
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Figure 3. Combinatorial type of a scaled marked curve

(b) For n = 1,M1,1(C) consists of configurationsM1,1(C) ∼= C×C with

irreducible domain and finite scaling; a configurations M1,1 −M1,1

with one component Ĉ0
∼= C with infinite scaling δ|Ĉ0, and another

component Ĉ1 mapping trivially to C, equipped with a one-form
δ|Ĉ1 with a double pole at the node and a marking z1 ∈ Ĉ1. Thus
M1,1(C) ∼= C × P1.

(c) For n = 2,M2,1(C) consists of configurationsM2,1(C) with two dis-
tinct points z1, z2 ∈ C and a scaling δ ∈ P1; configurations M2,1,Γ1

where the two points z1, z2 have come together and bubbled off onto
a curve z1, z2 ∈ Ĉ1 with zero scaling δ|Ĉ1, so thatM2,1,Γ1

∼= C ×P1;

configurationsM2,1,Γ2 with a root component Ĉ0 with infinite scaling

δ|Ĉ0, and two components Ĉ1, Ĉ2 with non-trivial scalings δ|Ĉ1, δ|Ĉ2

containing markings z1 ∈ Ĉ1, z2 ∈ Ĉ2; a stratum M2,1,Γ2 of config-

urations with a component Ĉ1 containing two markings z1, z2 ∈ Ĉ1

and δ|Ĉ1 non-zero; a stratum M2,1,Γ3 containing with three compo-

nents, one Ĉ0 mapping isomorphically to C; one Ĉ1 with two nodes
and a one form δ|Ĉ1 with a double pole at the node attaching to

Ĉ0; and a component Ĉ2 with two markings z1, z2 ∈ Ĉ2, a node, and
vanishing scaling δ|Ĉ2; and a stratum a stratum M2,1,Γ4 containing

the root component Ĉ0, a component Ĉ1 with infinite scaling with
three nodes, and two components Ĉ2, Ĉ3 with finite, non-zero scaling,
each containing a node and a marking. The two evaluation maps at
the markings, together with the forgetful map toM0,1(C), define an

isomorphism M2,1(C)→ C × C × P1.

Remark 2.3. The extension of the one-form in a family of scaled curves may
be explicitly described as follows. On each component of the limit, the one-
form is determined by the limiting behavior of the product of deformation
parameters for the nodes connecting that component to the root component
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of the limit: Let

Ĉ → S, δ : Ĉ → P(ωĈ/C×S ⊕OĈ), z : S → Ĉn

be a family of scaled curves over a punctured curve S = S − {∞} and Ĉ∞
a curve over ∞ extending the family Ĉ. Let Def(Ĉ∞)/DefΓ(Ĉ∞) denote

the deformation space of the curve Ĉ∞ normal to the stratum of curves of
the same combinatorial type Γ as Ĉ∞. This normal deformation space is
canonically identified with the sum of products of cotangent lines at the
nodes

Def(Ĉ∞)/DefΓ(Ĉ∞) =
∑
w

T∨w Ĉi−(w) ⊗ T∨w Ĉi+(w)

where Ĉi±(w) are components of Ĉ∞ adjacent to w, see [4, p. 176]. Over the

deformation space Def(Ĉ∞) lives a semiversal family, universal if the curve

is stable. Given family of curves Ĉ → S as above the curve Ĉ is obtained
by pull-back of the semiversal family by a map

S →
∑
w

T∨w Ĉi−(w) ⊗ T∨w Ĉi+(w), z 7→ (δw(z))

describing the curves as local deformations (non-uniquely, since the curves
themselves may be only prestable.) Let

Ĉ0 = Ĉi,0, . . . , Ĉi,l(i) := Ĉi

denote the path of components from the root component, and

wi,0, . . . , wi,l(i)−1 ∈ Ĉ∞
the corresponding sequence of nodes. The nodes wi,j , wi,j+1 lie in the same
component Ci,j+1 and we have a canonical isomorphism

T∨wi,jCi,j+1
∼= Twi,j+1Ci,j+1

corresponding to the relation of local coordinates z+ = 1/z− near wi,j .
Deformation parameters for this chain lie in the space

(5) Hom(T∨wi,0Ĉi,0, T
∨
wi,1Ĉi,1)⊕Hom(T∨wi,1Ĉi,1, T

∨
wi,2Ĉi,2) . . .

⊕Hom(T∨wi,l(i)−2
Ĉi,l(i)−2, T

∨
wi,l(i)−1

Ĉi,l(i)−1).

In particular, the product of deformation parameters

(6) γwi,0(z) · · · . . . · γwi,l(i)−1
(z) ∈ Hom(T∨wi,0Ĉi,0, T

∨
wi,l(i)−1

Ĉi,l(i)−1)

is well-defined. The product represents the scale at which the bubble com-
ponent Ĉi forms in comparison with Ĉ0 = Ĉi,0, that is, the ratio between

the derivatives of local coordinates on Ĉi and Ĉ0. If z is a point in Ĉi then
we also have a canonical isomorphism T∨z Ĉi → Twi,0Ĉ0. The product (6)

gives an isomorphism T∨z Ĉi → T∨w0
Ĉ0.

(7) δ|Ĉi = lim
z→0

δ(z)(γwi,0(z) · · · . . . · γwi,l(i)−1
(z))
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the ratio of the scale of the bubble component with the parameter δ(z)−1.
This ends the Remark.

One may view a scaled curve with infinite scaling on the root component
as a nodal curve formed from the root component and a collection of bubble
trees as follows.

Definition 2.4. An affine prestable scaled curve consists of a tuple (C, δ, z)
where C is a connected projective nodal curve, δ : C → P(ωC ⊕ OC) a
section of the projectivized dualizing sheaf, and z = (z0, . . . , zn) non-singular,
distinct points, such that

(a) δ is monotone in the following sense: For each terminal component

Ĉi, i ∈ T there is a canonical non-self-crossing path of components

Ĉl(i),0 = Ĉ0, . . . , Ĉi,k(i) = Ĉi.

The monotonicity condition is for any such non-self-crossing path
of components starting with a root component, that δ is finite and
non-zero on at most one of these transition components, say Ĉi,f(i),
and the scaling is infinite for all components before the transition
component and zero for components after the transition component:

δ|Ĉi,j =

{
∞ j < f(i)

0 j > f(i)
.

(b) δ is infinite at z0, and finite at z1, . . . , zn.

A prestable affine scaled curve is stable if it has finitely many automor-
phisms, or equivalently, if each component Ci ⊂ C has at least three special
points (markings or nodes),

(δ|Ci ∈ {0,∞}) =⇒ #(({zi} ∪ {wj}) ∩ Ci) ≥ 3

or the scaling is finite and non-zero and there are least two special points

(δ|Ci /∈ {0,∞}) =⇒ #(({zi} ∪ {wj}) ∩ Ci) ≥ 2.

We will see below in Theorem 2.5 that scaled marked curves have no
automorphisms. Examples of stable affine scaled curves are shown in Figure
4. Denote the moduli stack of prestable affine scaled curves resp. stable
affine n-marked scaled curves by Mn,1(A) resp. Mn,1(A).

Theorem 2.5. For each n ≥ 0 and smooth projective curve C the mod-
uli stack Mn,1(C) resp. Mn,1(A) of stable scaled affine curves is a proper
scheme locally isomorphic to a product of a number of copies of C with a
toric variety. The stack Mn,1(C) resp. Mn,1(A) of prestable scaled curves
is an Artin stack of locally finite type.

Proof. Standard arguments on imply thatMn,1(C) and Mn,1(C) are stacks,
that is, categories fibered in groupoids satisfying effective descent for objects
and for which morphisms form a sheaf. An object (Ĉ, z, δ) ofMn,1(C) over
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Figure 4. Examples of stable affine scaled curves

a scheme S is a family of curves with sections. Families of curves with mark-
ings and sections satisfy the gluing axioms for objects; similarly morphisms
are determined uniquely by their pull-back under a covering. Standard
results on hom-schemes imply that the diagonal for Mn,1(C), hence also

Mn,1(C), is representable, see for example [17, 1.11] for similar arguments,

hence the stacks Mn,1(C) and Mn,1(C) are algebraic.

In preparation for showing that Mn,1(C) is a variety we claim that for

any object (Ĉ, z, δ) of the moduli stack Mn,1(C) the automorphism group

is trivial. Let Γ be the combinatorial type. The association of Γ to (Ĉ, z, δ)

is functorial and any automorphism of (Ĉ, z, δ) induces an automorphism
of Γ. The graph Γ is a tree with labelled semi-infinite edges, each vertex
is determined uniquely by the partition of semi-infinite edges given by re-
moving the vertex; hence the automorphism acts trivially on the vertices of
Γ. Each component has at least three special points, or two special points
and a non-trivial scaling and so has trivial automorphism group fixing the
special points. Thus the automorphism is trivial on each component of Ĉ.
The claim follows.

The moduli space of stable scaled curves has a canonical covering by
varieties corresponding to the versal deformations of prestable curves con-
structed by gluing. Suppose that (u : Ĉ → C, z, δ) is an object of Mn,1(C)

of combinatorial type Γ. Let ρ :Mn,1(C)→M0,1(C) ∼= P1 denote the for-

getful morphism. The locus ρ−1(C) ⊂Mn,1(C) of curves with finite scaling

is isomorphic to Mn(C) × C, where the last factor denotes the scaling. In
the case that the root component has infinite scaling, let Γ1, . . . ,Γk denote
the (possibly empty) combinatorial types of the bubble trees attached at the
special points. The stratum Mn,1,Γ(C) is the product of Ck with moduli
stacks of scaled affine curves Mni,1,Γi(A) for i = 1, . . . , k, each isomorphic
to an affine space given by the number of markings and scalings minus the
dimension of the automorphism group (ni + 1) + 1− dim(Aut(P1)) = ni− 1
[35]. Let

γe ∈ T∨w(e)Ĉi−(e) ⊗ T∨w(e)Ĉi+(e), e ∈ Edge<∞(Γ)
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be the deformation parameters for the nodes. A collection of deformation
parameters γ = (γe)e∈Edge(Γ) is balanced if the signed product

(8)
∏
e∈P

γ±1
e

of parameters corresponding to any non-self-crossing path P between tran-
sition components is equal to 1, where the sign is positive for edges pointing
towards the root vertex and equal to −1 if the edge is oriented away from
it. Let ZΓ denote the set of deformation parameters satisfying the condition
(8). Then there is a morphism

Mn,1,Γ(C)× ZΓ →Mn,1(C)

described as follows. Choose local étale coordinates z±e on the adjacent com-
ponents to each node we,∈ Edge<∞(Γ) and glue together the components
using the identifications z+

e 7→ γe/z
−
e , see for example [4, p. 176], [42, 2.2].

Set the scaling on the root component

δ =
∏
e∈P

γe

where P is a path of nodes from the root component to the transition com-
ponent, independent of the choice of component by (8). This gives a family

(Ĉ, u, δ, z) of stable scaled curves over Mn,1,Γ(C) × ZΓ and hence a mor-

phism to Mn,1(C). The family (Ĉ, z, u, δ) defines a universal deformation

of any curve of type Γ. Indeed, (Ĉ, z) is a versal deformation of any of its

prestable fibers by [4], and it follows that the family (Ĉ, z, u) is a versal de-
formation of any of its fibers since there is a unique extension of the stable
map on the central fiber, up to automorphism. The equation (6) implies that
any family of stable scaled curves satisfies the balanced relation (8) between
the deformation parameters for any family of marked curves with scalings.
This provides a cover of Mn,1(C) by varieties. It follows that Mn,1(C) is a
variety.

The stack of prestable scaled curves Mn,1(C) is an Artin stack of locally

finite type. Charts for the stack Mn,1(C), as in the case of prestable curves

in [5], are given by using forgetful morphismsMn+k,1(C)→Mn,1(C). Since
these morphisms admit sections locally, they provide a smooth covering of
Mn,1(C) by varieties.

We check the valuative criterion for properness for Mn,1(C). Given a
family of stable scaled marked curves over a punctured curve S with finite
scaling δ

(Ĉ, u : Ĉ → C, z, δ)→ S = S − {∞}
we wish to construct there exists an extension over S. We consider only the
case Ĉ ∼= C × S; the general case is similar. After forgetting the scaling δ
and stabilizing we obtain a family of stable maps to C of degree [C],

(Ĉst, u : Ĉst → C, zst)→ S − {∞}.
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By properness of the stackMn(C) of stable maps to C, this family extends
over the central fiber ∞ to give a family over S. The section δ of ωĈst/C

defines an extension over S except possibly at the nodes. Here there are
possible irremovable singularities corresponding to the following situation:
suppose that Ĉ0, . . . Ĉi is a chain of components in the curve at the central
fiber, with Ĉ0

∼= C the root component. Suppose that Ĉi, Ĉi+1 are adjacent

component with δ infinite on Ĉi and zero on Ĉi+1. Taking the closure of

the graph of δ gives a family Ĉ of curves over C given by replacing some of
the nodes of Ĉst with fibers of P(ωĈst/C ⊕OĈst) over the node. The relative

cotangent bundle of Ĉ is related to that of Ĉst by a twist at D0, D∞: If
π : Ĉ → Ĉst denotes the projection onto Ĉ then on the components of Ĉ
collapsed by π we have

ωĈ/C = π∗ωĈst/C(−D0 −D∞)

where D0, D∞ are the inverse images of the sections at zero and infin-
ity in P(ωĈst/C ⊕ OĈst). Abusing notation ωĈst

i /C
(−D0) = ωĈst

i /C
resp.

ωĈst
i /C

(−D∞) = ωĈst
i /C

on components Ĉst
i contained in D0 resp. D∞. The

extension of δ to a rational section of π∗ωĈst/C has, by definition a zero at

δ−1(D0) and a pole at δ−1(D∞). Hence the extension of δ to a section of
π∗ωĈst/C(−D0 −D∞) has no zeroes at D0 and a double pole at D∞. This

implies that δ extends uniquely as a section of P(ωĈ/C ⊕OĈ) to all of S.

By the construction (7), the extension of δ satisfies the monotonicity

condition (4). Indeed suppose that a component Ĉi is further away from

a component Ĉj in the path of components from the root component Ĉ0.
Since all deformation parameters γwi,k(z) are approaching zero, from (7), at

most one of the limits δ|Ĉi, δ|Ĉj can be finite, and{
δ|Ĉi finite =⇒ δ|Ĉj zero

δ|Ĉj finite =⇒ δ|Ĉi infinite.
.

The condition (4) follows. �

3. Mumford stability

In this section we review the relationship between the stack-theoretic
quotient and Mumford’s geometric invariant theory quotient [39]. First we
introduce various Lie-theoretic notation. Let G be a connected complex
reductive group with Lie algebra g. When G is abelian (so a complex torus)
we denote by

gZ = {Dφ(1) ∈ g | φ ∈ Hom(C×, G)}, gQ = gZ ⊗Z Q
the coweight lattice of derivatives of one-parameter subgroups resp. rational
one-parameter subgroups. Dually denote by

g∨Z = {Dχ ∈ g∨ | χ ∈ Hom(G,C×)}, g∨Q = g∨Z ⊗Z Q
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the weight lattice of derivatives of characters of G and the set of rational
weights, respectively. If G is non-abelian then we still denote by gQ the set
of derivatives of rational one-parameter subgroups.

The targets of our maps are quotient stacks defined as follows. Let X be
a smooth projective G-variety. Let X/G denote the quotient stack, that is,
the category fibered in groupoids whose fiber over a scheme S has objects
pairs v = (P, u) consisting of a principal G-bundle P → S and a section
u : S → P ×G X; and whose morphisms are given by diagrams

P1 P2

S1 S2

?

-φ

?
-

ψ

, φ(X) ◦ u1 = u2 ◦ ψ

where φ(X) : P1(X) → P2(X) denotes the map of associated fiber bundles
[17], Tag 04UV [16].

Mumford’s geometric invariant theory quotient [39] is traditionally defined
as the projective variety associated to the graded ring of invariant sections
of a linearization of the action in the previous paragraph. Let X̃ → X be a
linearization, that is, ample G-line bundle. Then

X//G := Proj
(
⊕k≥0H

0(X̃k)G
)
.

Mumford [39] realizes this projective variety as the quotient of a semistable
locus by an equivalence relation. The semistable locus consists of points x ∈
X such that some tensor power X̃k, k > 0 of X̃ has an invariant section non-
vanishing at x, while the unstable locus is the complement of the semistable
locus:

Xss = {x ∈ X | ∃k > 0, σ ∈ H0(X̃k)G, σ(x) 6= 0}, Xus := X −Xss.

A point x ∈ X is polystable if its orbit is closed in the semistable locus
Gx ∩Xss = Gx ∩ Xss. A point x ∈ X is stable if it is polystable and the
stabilizer Gx of x is finite. In Mumford’s definition the git quotient is the
quotient of the semistable locus by the orbit equivalence relation

(x1 ∼ x2) ⇐⇒ Gx1 ∩Gx2 ∩Xss 6= ∅.

Each semistable point is then orbit-equivalent to a unique polystable point.
However, here we define the git quotient as the stack-theoretic quotient

X//G := Xss/G.

We shall always assume that Xss/G is a Deligne-Mumford stack (that is,
the stabilizers Gx are finite) in which case the coarse moduli space of Xss/G
is the git quotient in Mumford’s sense. The Luna slice theorem [34] implies
that Xss/G is étale-locally the quotient of a smooth variety by a finite group,
and so has finite diagonal. By the Keel-Mori theorem [28], explicitly stated
in [15, Theorem 1.1], the morphism from Xss/G to its coarse moduli space is

http://stacks.math.columbia.edu/tag/04UV
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proper. Since the coarse moduli space of Xss/G is projective by Mumford’s
construction, it is proper, hence Xss/G is proper as well.

Later we will need the following observation about the unstable locus. As
the quotient X//G is non-empty, there exists an ample divisor D containing
the unstable locus: takeD to be the vanishing locus of any non-zero invariant
section of X̃k for some k > 0:

(9) D = σ−1(0), σ ∈ H0(X̃k)G − {0}.

The Hilbert-Mumford numerical criterion [39, Chapter 2] provides a com-
putational tool to determine the semistable locus: A point x ∈ X is G-
semistable if and only if it is C×-semistable for all one-parameter subgroups
C× → G. Given a rational element λ ∈ gZ denote the corresponding one-
parameter subgroup C× → G, z 7→ zλ. Denote by

xλ := lim
z→0

zλx

the limit under the one-parameter subgroup. Let µ(x, λ) ∈ Z be the weight

of the linearization X̃ at xλ defined by

zx̃ = zµ(x,λ)x̃, ∀z ∈ C×, x̃ ∈ X̃xλ .

By restricting to the case of a projective line one sees that the point x ∈ X is
semistable if and only if µ(x, λ) ≤ 0 for all λ ∈ gZ. Polystability is equivalent
to semistability and the additional condition µ(x, λ) = 0 ⇐⇒ µ(x,−λ) = 0.
Stability is the condition that µ(x, λ) < 0 for all λ ∈ gZ − {0}.

The Hilbert-Mumford numerical criterion [39, Chapter 2] can be applied
explicitly to actions on projective spaces as follows. Suppose thatG is a torus
and X = P(V ) the projectivization of a vector space V . Let X̃ = OX(1)⊗Cθ
be the G-equivariant line bundle given by tensoring the hyperplane bundle
OX(1) and the one-dimensional representation Cθ corresponding to some
weight θ ∈ g∨Z. Recall if p ∈ X is represented by a line l ⊂ V then the fiber

of OX(1)⊗Cθ at p is l∨ ⊗Cθ. In particular if zλ fixes p then zλ scales l by

some zµ(λ), so that zλx̃ = z−µ(λ)+θ(λ)x̃. Let k = dim(V ) and decompose V
into weight spaces V1, . . . , Vk with weights µ1, . . . , µk ∈ g∨Z. Identify

H2
G(X) ∼= H2

C××G(V ) ∼= Z⊕ g∨Z

Under this splitting the first Chern class cG1 (X̃) becomes identified up to
positive scalar multiple with the pair

(10) cG1 (X̃) 7→ (1, θ) ∈ Z⊕ g∨Z.

The following is essentially [39, Proposition 2.3].

Lemma 3.1. The semistable locus for the action of a torus G on the pro-
jective space X = P (V ) with weights µ1, . . . , µk and linearization shifted by
θ is Xss = P(V )ss = {[x1, . . . , xk] ∈ P(V ) | hull({µi|xi 6= 0}) 3 θ}. A point
x is polystable iff θ lies in the interior of the hull above, and stable if in
addition the hull is of maximal dimension.
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Proof. The Hilbert-Mumford weights are computed as follows. For any non-
zero λ ∈ gZ, let

ν(x, λ) := min
i
{−µi(λ), xi 6= 0} .

Then

zλ[x1, . . . , xk] = [zµ1(λ)x1, . . . , z
µk(λ)xk]

= [zµ1(λ)+ν(x,λ)x1, . . . , z
µk(λ)+ν(x,λ)xk]

and

(−µi(λ) 6= ν(x, λ)) =⇒
(

lim
z→0

zµi(λ)+ν(x,λ) = 0
)
.

Let
xλ := lim

z→0
zλx = lim

z→0
[zµi(λ)xi]

k
i=1 ∈ X

Then

xλ = [xλ,1, . . . , xλ,k], xλ,i =

{
xi −µi(λ) = ν(x, λ)

0 otherwise
.

The Hilbert-Mumford weight is therefore

(11) µ(x, λ) = ν(x, λ) + (θ, λ).

By the Hilbert-Mumford criterion, the point x is semistable if and only if

ν(x, λ) := min{−µi(λ) | xi 6= 0} ≤ (−θ, λ), ∀λ ∈ gZ − {0}.
That is,

(x ∈ Xss) ⇐⇒ (θ ∈ hull{µi | xi 6= 0}).
This proves the claim about the semistable locus. To prove the claim about
polystability, note that µ(x, λ) = 0 = µ(x,−λ) implies that the minimum
ν(x, λ) is also the maximum. Thus the only affine linear functions ξ : g∨ → R
which vanish at θ are those ξ that are constant on the hull of µi with xi
nonzero. This implies that the span of µi with xi non-zero contains θ in its
relative interior. The stabilizer Gx of x has Lie algebra gx the annihilator
of the span of the hull of the µi with xi 6= 0. So the stabilizer Gx is finite
if and only if the span of µi with xi 6= 0 is of maximal dimension dim(G).
This implies the claim on stability. �

We introduce the following notation. As above G is a connected complex
reductive group with maximal torus T and g, t are the Lie algebras of G,T
respectively. Fix an invariant inner product ( , ) : g× g→ C on g inducing
an identification g→ g∨. By taking a multiple of the basic inner product on
each factor we may assume that the inner product induces an identification
tQ → t∨Q. Denote by

‖ · ‖ : qQ → R≥0, ‖ξ‖ := (ξ, ξ)1/2

the norm with respect to the induced metric.
Next recall the theory of Levi decompositions of parabolic subgroups from

Borel [10, Section 11]. A parabolic subgroup Q of G is one for which G/Q
is complete, or equivalently, containing a maximal solvable subgroup B ⊂
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G. Any parabolic Q admits a Levi decomposition Q = L(Q)U(Q) where
L(Q) denote a maximal reductive subgroup of Q and U(Q) is a maximal
unipotent subgroup. Let l(Q), u(Q) denote the Lie algebras of L(Q), U(Q).
Let g = t ⊕

⊕
α∈R(G) gα denote the root space decomposition of g, where

R(G) is the set of roots. The Lie algebras l(Q), u(Q) decompose into root
spaces as

q = t⊕
⊕

α∈R(Q)

gα, l(Q) = t⊕
⊕

α∈R(Q)∩−R(Q)

gα, u(Q) = q/l(Q)

where R(Q) ⊂ R(G) is the set of roots for l(Q). Let z(Q) denote the center
of l(Q) and

z+(Q) = {ξ ∈ z(Q) | α(ξ) ≥ 0, ∀α ∈ R(Q)}
the positive chamber on which the roots of Q are non-negative. The Levi
decomposition induces a homomorphism

(12) πQ : Q→ Q/U(Q) ∼= L(Q).

This homomorphism has the following alternative description as a limit. Let
λ ∈ z+(Q) ∩ gQ be a positive coweight and

φλ : C× → L(Q), z 7→ zλ

the corresponding central one-parameter subgroup. Then

πQ(g) = lim
z→0

Ad(zλ)g.

In the case of the general linear group in which the parabolic consists
of block-upper-triangular matrices, this limit projects out the off-block-
diagonal terms.

The unstable locus admits a stratification by maximally destabilizing sub-
groups, as in Hesselink [27], Kirwan [29], and Ness [41]. The stratification
reads

(13) X =
⋃

λ∈C(X)

Xλ, Xλ = G×Qλ Yλ, Yλ 7→ Zλ affine fibers

where Yλ, Zλ, Qλ, C(X) are defined as follows. For each fixed point compo-

nent Zλ of zλ there exist a weight µ(λ) so zλ acts on X̃|Zλ with weight
µ(λ):

zλx̃ = zµ(λ)x̃, ∀x̃ ∈ X̃|Zλ.
The group Gλ/C×λ acts on Zλ and we denote by Zλ ⊂ Zλ the semistable
locus. Define

(14) C(X) = {λ ∈ t+ | ∃Zλ, µ(λ) = (λ, λ)}

using the metric, where t+ is the closed positive Weyl chamber. The variety
Yλ is the set of points that flow to Zλ under zλ, z → 0:

Yλ =
{
x ∈ X | lim

z→0
zλx ∈ Zλ

}
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The group Qλ is the parabolic of group elements that have a limit under
Ad(zλ) as z → 0:

Qλ =
{
g ∈ G | ∃ lim

z→0
Ad(zλ)g ∈ G

}
.

Then Yλ is a Qλ-variety; and Xλ is the flow-out of Yλ under G. By taking
quotients we obtain a stratification of the quotient stack by locally-closed
substacks

X/G =
⋃

λ∈C(X)

Xλ/G.

This stratification was used in Teleman [49] to give a formula for the sheaf
cohomology of bundles on the quotient stack.

4. Kontsevich stability

In this section we recall the definition of Kontsevich’s moduli stacks of
stable maps [30] as generalized to orbifold quotients by Chen-Ruan [11]
and in the algebraic setting by Abramovich-Graber-Vistoli [2]. Let X be a
smooth projective variety. Recall that a prestable map with targetX consists
of a prestable curve C → S, a morphism u : C → X, and a collection
z1, . . . , zn : S → C of distinct non-singular points called markings. An
automorphism of a prestable map (C, u, z) is an automorphism

ϕ : C → C, ϕ ◦ u = u, ϕ(zi) = zi, i = 1, . . . , n.

A prestable map (C, u, z) is stable if the number # Aut(C, u, z) of automor-
phisms is finite. For d ∈ H2(X,Z) we denote by Mg,n(X, d) the moduli
stack of stable maps (C, u, z) of genus g = genus(C) and class d = v∗[C]
with n markings.

The notion of stable map generalizes to orbifolds [11], [2] as follows. These
definitions are needed for the construction of the moduli stack of affine
gauged maps in the case that the git quotient is an orbifold, but not if the
quotient is free. First we recall the notion of twisted curve:

Definition 4.1. (Twisted curves) Let S be a scheme. An n-marked twisted
curve over S is a collection of data (f : C → S, {‡i ⊂ C}ni=1) such that

(a) (Coarse moduli space) C is a proper stack over S whose geometric
fibers are connected of dimension 1, and such that the coarse moduli
space of C is a nodal curve C over S.

(b) (Markings) The ‡i ⊂ C are closed substacks that are gerbes over S,
and whose images in C are contained in the smooth locus of the
morphism C → S.

(c) (Automorphisms only at markings and nodes) If Cns ⊂ C denotes the
non-special locus given as the complement of the ‡i and the singular
locus of C → S, then Cns → C is an open immersion.

(d) (Local form at smooth points) If p→ C is a geometric point mapping
to a smooth point of C, then there exists an integer r, equal to 1 unless
p is in the image of some ‡i, an étale neighborhood Spec(R)→ C of
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p and an étale morphism Spec(R) → SpecS(OS [x]) such that the
pull-back C ×C Spec(R) is isomorphic to Spec(R[z]/zr = x)/µr.

(e) (Local form at nodal points) If p → C is a geometric point map-
ping to a node of C, then there exists an integer r, an étale neigh-
borhood Spec(R) → C of p and an étale morphism Spec(R) →
SpecS(OS [x, y]/(xy − t)) for some t ∈ OS such that the pull-back
C×CSpec(R) is isomorphic to Spec(R[z, w]/zw−t′, zr−x,wr−y)/µr
for some t′ ∈ OS.

Next we recall the notion of twisted stable maps. Let X be a proper
Deligne-Mumford stack with projective coarse moduli space X. Algebraic
definitions of twisted curve and twisted stable map to a X are given in
Abramovich-Graber-Vistoli [2], Abramovich-Olsson-Vistoli [3], and Olsson
[42].

Definition 4.2. A twisted stable map from an n-marked twisted curve (π :
C → S, (‡i ⊂ C)ni=1) over S to X is a representable morphism of S-stacks
u : C → X such that the induced morphism on coarse moduli spaces uc :
C → X is a stable map in the sense of Kontsevich from the n-pointed curve
(C, z = (z1, . . . , zn)) to X, where zi is the image of ‡i. The homology class
of a twisted stable curve is the homology class u∗[Cs] ∈ H2(X,Q) of any fiber
Cs.

Twisted stable maps naturally form a 2-category. Every 2-morphism is
unique and invertible if it exists, and so this 2-category is naturally equiva-
lent to a 1-category which forms a stack over schemes [2].

Theorem 4.3. ([2, 4.2]) The stack Mg,n(X ) of twisted stable maps from
n-pointed genus g curves into X is a Deligne-Mumford stack. If X is proper,
then for any c > 0 the union of substacks Mg,n(X , d) with homology class

d ∈ H2(X ,Q) satisfying (d, c1(X̃)) < c is proper.

The Gromov-Witten invariants takes values in the cohomology of the
inertia stack

IX := X ×X×X X

where both maps are the diagonal. The objects of IX may be identified with
pairs (x, g) where x ∈ X and g ∈ AutX (x). For example, if X = X/G is a
global quotient by a finite group then

IX =
⋃

[g]∈G/Ad(G)

Xg/Zg

where G/Ad(G) denotes the set of conjugacy classes in X and Zg is the
centralizer of g. Let µr = Z/rZ denote the group of r-th roots of unity. The
inertia stack may also be written as a hom stack [2, Section 3]

IX = ∪r>0IX ,r, IX ,r := Homrep(Bµr,X ).
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The classifying stack Bµr is a Deligne-Mumford stack and if X is a Deligne-
Mumford stack then

IX := ∪r>0IX ,r, IX ,r := IX/r/Bµr.

is the rigidified inertia stack of representable morphisms from Bµr to X , see
[2, Section 3]. There is a canonical quotient cover π : IX → IX which is
r-fold over IX ,r. Pullback acts on cohomology by an isomorphism

π∗H∗(IX ,Q)→ H∗(IX ,Q).

For the purposes of defining orbifold Gromov-Witten invariants, IX can be
replaced by IX at the cost of additional factors of r on the r-twisted sectors.
If X = X/G is a global quotient of a scheme X by a finite group G then

IX/G =
∐
(g)

Xg/(Zg/〈g〉)

where 〈g〉 ⊂ Zg is the cyclic subgroup generated by g. For example, suppose
that X is a polarized linearized projective G-variety such that X//G is locally
free. Then

IX//G =
∐
(g)

Xss,g/Zg

where Xss,g is the fixed point set of g ∈ G on Xss, Zg is its centralizer, and
the union is over all conjugacy classes,

IX//G =
∐
(g)

Xss,g/(Zg/〈g〉)

where 〈g〉 is the (finite) group generated by g. The moduli stack of twisted
stable maps admits evaluation maps to the rigidified inertia stack

ev :Mg,n(X )→ InX , ev :Mg,n(X )→ InX ,

where the second is obtained by composing with the involution IX → IX
induced by the map µr → µr, ζ 7→ ζ−1.

Constructions of Behrend-Fantechi [6] provide the stack of stable maps
with virtual fundamental classes. The virtual fundamental classes

[Mg,n,Γ(X , d)] ∈ H(Mg,n(X ),Q)

(where the right-hand-side denotes the singular homology of the coarse mod-
uli space) satisfy the splitting axioms for morphisms of modular graphs sim-
ilar to those in the case that X is a variety. Orbifold Gromov-Witten invari-
ants are defined by virtual integration of pull-back classes using the evalua-
tion maps above. The orbifold Gromov-Witten invariants satisfy properties
similar to those for usual Gromov-Witten invariants, after replacing rescal-
ing the inner product on the cohomology of the inertia stack by the order
of the stabilizer. The definition of orbifold Gromov-Witten invariants leads
to the definition of orbifold quantum cohomology as follows.



22 EDUARDO GONZÁLEZ, PABLO SOLIS, AND CHRIS T. WOODWARD

Definition 4.4. (Orbifold quantum cohomology) To each component Xk
of IX is assigned a rational number age(Xk) as follows. Let (x, g) be an
object in Xk. The element g acts on TxX with eigenvalues α1, . . . , αn with
n = dim(X ). Let r be the order of g and define sj ∈ {0, . . . , r − 1} by
αj = exp(2πisj/r). The age is defined by age(Xk) = (1/r)

∑n
j=1 sj . Let

ΛX ⊂ Hom(H2(X ,Q),Q) denote the Novikov field of linear combinations
of formal symbols qd, d ∈ H2(X ,Q) where for each c > 0, only finitely

many qd with (d, c1(X̃)) < c have non-zero coefficient. Denote the quantum
cohomology

QH(X ) =
⊕

QH•(X ), QH•(X ) =
⊕
Xk⊂IX

H•+2 age(Xk)(Xk)⊗ ΛX .

The genus zero Gromov-Witten invariants define on QH(X ) the structure
of a Frobenius manifold [11], [2].

5. Mundet stability

In this section we explain the Ramanathan condition for semistability of
principal bundles [45] and its generalization to maps to quotients stacks by
Mundet [40], and the quot-scheme and stable-map compactification of the
moduli stacks.

5.1. Ramanathan stability. Morphisms from a curve to a quotient of a
point by a reductive group are by definition principal bundles over the curve.
Bundles have a natural semistability condition introduced half a century
ago by Mumford, Narasimhan-Seshadri, Ramanathan and others in terms
of parabolic reductions [45]. First we explain stability for vector bundles. A
vector bundle E → C of degree zero over a smooth projective curve C is
semistable if there are no sub-bundles of positive degree:

(E semistable) iff (deg(F ) ≤ 0, ∀F ⊂ E sub-bundles).

A generalization of the notion of semistability to principal bundles is given
by Ramanathan [45] in terms of parabolic reductions. A parabolic reduction
of P consists of a pair

Q ⊂ G, σ : C → P/Q

of a parabolic subgroup of G, that is and a section σ : C → P/Q. Denote by
σ∗P ⊂ P the pull-back of the Q-bundle P → P/Q, that is, the reduction of
structure group of P to Q corresponding to σ. Associated to the homomor-
phism πQ of (12) is an associated graded bundle Gr(P ) := σ∗P×QL(Q)→ C
with structure group L(Q). In the case that P is the frame bundle of a vector
bundle E → C of rank r, that is,

P = ∪zPz, Pz = {(e1, . . . , er) ∈ Erz | e1 ∧ . . . ∧ er 6= 0}
a parabolic reduction of P is equivalent to a flag of sub-vector-bundles of E

{0} ⊂ Ei1 ⊂ Ei2 ⊂ . . . ⊂ Eil ⊂ E.
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Explicitly the parabolic reduction σ∗P given by frames adapted to the flag:

σ(z) = {(e1, . . . , er) ∈ Erz | ej ∈ Eik,z, ∀j ≤ ik, k = 1, . . . , l}.
Conversely, given a parabolic reduction the associated vector bundle has a
canonical filtration.

An analog of the degree of a sub-bundle for parabolic reductions is the
degree of a line bundle defined as follows. Given λ ∈ gZ−{0} we obtain from
the identification g → g∨ a rational weight λ∨. Denote the corresponding
characters χλ : L(Q)→ C× and χλ ◦ πQ : Q→ C×. Consider the associated
line bundle over C defined by P (Cλ∨) := σ∗P ×Q Cλ∨ . The Ramanathan
weight [45] is the degree of the line bundle P (Cλ∨), that is,

µBG(σ, λ) := ([C], (c1(P (Cλ∨)) ∈ Z.
The bundle P → C is Ramanathan semistable if

µBG(σ, λ) ≤ 0, ∀(σ, λ).

As in the case of vector bundle, it suffices to check semistability for all
reductions to maximal parabolic subgroups. In fact, any dominant weight
may be used in the definition of µBG(σ, λ), which shows that Ramanathan
semistability is independent of the choice of invariant inner product on the
Lie algebra and one obtains the definition given in Ramanathan [45].

5.2. Mundet semistability. The Mundet semistability condition general-
izes Ramanathan’s condition to morphisms from a curve to the quotient
stack [40], [46]. Let

(p : P → C, u : C → P (X)) ∈ Obj(Hom(C,X/G))

be a gauged map. Let (σ, λ) consist of a parabolic reduction σ : C → P/Q
and a positive coweight λ ∈ z+(Q). Consider the family of bundles P λ →
S := C× obtained by conjugating by zλ. That is, if P is given as a cocycle
in nonabelian cohomology with respect to a covering {Ui → X}

[P ] = [ψij : (Ui ∩ Uj)→ G] ∈ H1(C,G)

then the twisted bundle is given by

[P λ] = [zλψijz
−λ : (Ui ∩ Uj)→ G] ∈ H1(C × S,G).

Define a family of sections

uλ : S × C → P λ(X)

by multiplying u by zλ, z ∈ C×. This family has an extension over s = ∞
called the associated graded bundle and stable section

(15) Gr(P )→ C, Gr(u) : Ĉ → Gr(P )(X)

whose bundle Gr(P ) agrees with the definition of associated graded above.
Note that the associated graded section Gr(u) exists by compactness of the
moduli space of stable maps to Gr(P )(X). The composition of Gr(u) with
projection Gr(P )(X) → C is a map of degree one; hence there is a unique



24 EDUARDO GONZÁLEZ, PABLO SOLIS, AND CHRIS T. WOODWARD

component Ĉ0 of Ĉ that maps isomorphically onto C. The construction
above is C×-equivariant and in particular over the central fiber z = 0 the
group element zλ acts by an automorphism of Gr(P ) fixing Gr(u) up to
automorphism of the domain.

For each pair of a parabolic reduction and one-parameter subgroup as
above, the Mundet weight is a sum of Ramanathan and Hilbert-Mumford
weights. To define the Mundet weight, consider the action of the automor-
phism zλ on the associated graded Gr(P ). The automorphism of X by zλ is
L(Q)-invariant and so defines an automorphism of the associated line bun-

dle Gr(u)∗P (X̃) → Gr(C). The weight of the action of zλ on the fiber of

Gr(u)∗P (X̃) over the root component Ĉ0 is the Hilbert-Mumford weight

µX(σ, λ) ∈ Z, zλx̃ = zµX(σ,λ)x̃, ∀x̃ ∈ (Gr(u)|Ĉ0
)∗Gr(P )×G X̃.

Definition 5.1. (Mundet stability) Let (P, u) be a gauged map from a
smooth projective curve C to the quotient stack X/G. The Mundet weight
of a parabolic reduction σ and dominant coweight λ is

µ(σ, λ) = µBG(σ, λ) + µX(σ, λ) ∈ Z.

The gauged map (P, u) is Mundet semistable resp. stable if and only if

µ(σ, λ) ≤ 0, resp. < 0, ∀(σ, λ).

A pair (σ, λ) such that µ(σ, λ) ≥ 0 is a destabilizing pair. A pair (P, u) is
polystable iff

(16) µ(σ, λ) = 0 ⇐⇒ µ(σ,−λ) = 0, ∀(σ, λ).

That is, a pair (P, u) is polystable if for any destabilizing pair the opposite
pair is also destabilizing.

More conceptually the semistability condition above is the Hilbert-Mumford
stability condition adapted to one-parameter subgroups of the complexified
gauge group, as explained in [40]. Semistability is independent of the choice
of invariant inner product as follows for example from the presentation of
the semistable locus in Schmitt [47, Section 2.3].

We introduce notation for various moduli stacks. Let MG(C,X) denote
the moduli space of Mundet semistable pairs; in general, MG(C,X) is an
Artin stack as follows from the git construction given in Schmitt [46, 47] or
the more general construction of hom stacks in Lieblich [33, 2.3.4]. For any
d ∈ HG

2 (X,Z), denote by MG(C,X, d) the moduli stack of pairs v = (P, u)
with

v∗[C] := (φ×G idX)∗u∗[C] = d ∈ HG
2 (X,Z)

where φ : P → EG is the classifying map.
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5.3. Compactification. Schmitt [46] constructs a Grothendieck-style com-
pactification of the moduli space of Mundet-semistable obtained as follows.
Suppose X is projectively embedded in a projectivization of a representation
V , that is X ⊂ P(V ). Any section u : C → P (X) gives rise to a line sub-
bundle L := u∗(OP(V )(−1)→ P(V )) of the associated vector bundle P×GV .
From the inclusion ι : L→ P (V ) we obtain by dualizing a surjective map

j : P (V ∨) := P ×G V ∨ → L∨.

A bundle with generalized map in the sense of Schmitt [47] is a pair (P, j) as
above where j is allowed to have base points in the sense that

ζ ∈ C basepoint ⇐⇒ ((rank(jζ) : P (V )∨ζ → L∨ζ ) = 0).

Schmitt [47] shows that the Mundet semistability condition extends natu-
rally to the moduli stack of bundles with generalized map. Furthermore,

the compactified moduli space Mquot,G
(C,X, d) is projective, in particular

proper.
Schmitt’s construction of the moduli space of bundles with generalized

maps uses geometric invariant theory. After twisting by a sufficiently posi-
tive bundle we may assume that P (V ∨) is generated by global sections. A
collection of sections s1, . . . , sl generating P (V ∨) is called an l-level structure.

Equivalently, an l-level structure is a surjective morphism q : O⊕lC → P (V ∨).

Denote by MG,lev(C,P(V )) the stack of gauged maps to P(V ) with level
structure. The group GL(l) acts on the stack of l-level structures, with
quotient

(17) MG,lev(C,P(V ))/GL(l) =MG(C,P(V )).

Denote by MG,lev(C,X) ⊂ MG,lev(C,P(V )) the substack whose sections
u : C → P(V ) have image in P (X) ⊂ P (P(V )). Then by restriction we
obtain a quotient presentation

MG,lev(C,X)/GL(l) =MG(C,X).

Allowing the associated quotient P ×G V ∨ → P ×G L∨ to develop base
points gives a compactified moduli stack of gauged maps with level structure

MG,quot,lev
(C,X). Schmitt [46, 47] shows that the stack MG,quot,lev

(C,X)

has a canonical linearization and the git quotient MG,quot,lev
(C,X)//GL(l)

defines a compactification MG,quot
(C,X) of MG(C,X) independent of the

choice of l as long as l is sufficiently large. A version of the quot-scheme
compactification with markings is obtained by adding tuples of points to the
data. That is,

MG,quot
n (C,X) :=MG,quot

(C,X)×Mn(C)

where we recall that Mn(C) is the moduli stack of stable maps p : Ĉ → C
of class [C] with n markings and genus that of C. The orbit-equivalence
relation in can be described more naturally in terms of S-equivalence: Given
a family (PS , uS) of semistable gauged maps over a scheme S, such that
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the generic fiber is isomorphic to some fixed (P, u), then we declare (P, u)
to be S-equivalent to (Ps, us) for any s ∈ S. Any equivalence class of
semistable gauged maps has a unique representative that is polystable, by
the git construction in Schmitt [46, Remark 2.3.5.18]. From the construction
evaluation at the markings defines maps to the quotient stack

MG,quot
n (C,X, d)→ (V/C×)n, ((p ◦ zi)∗L, j ◦ p ◦ zi)

rather than to the git quotient Xn ⊂ P(V )n.2

Example 5.2. (Mundet semistable maps in the toric case) If G is a torus
and X = P(V ) then we can given an explicit description of Schmitt’s quot-

scheme compactification MG,quot
(C,X, d) of Mundet semistable maps [46].

Specifically let X = P(V ) where V is a k-dimensional vector space and

(18) V =

k⊕
i=1

Vi

is the decomposition of V into weight spaces Vi with weight µi ∈ g∨Z.

A point of MG(C,X, d) is a pair (P, u):

P → C u : C → P (X),

where P is a G-bundle and u is a section. We consider u as a morphism
ũ : L → P (V ) with L → C a line bundle. Via the decomposition of V , we
can write ũ as a k-tuple:

(ũ1, . . . , ũk) ∈
k⊕
i=1

H0(P (Vi)⊗ L∨).

The compactificationMG,quot
(C,X, d) is obtained by allowing the ũi to have

simultaneous zeros:

ũ−1
1 (0) ∩ · · · ∩ ũ−1

k (0) 6= ∅
We make use of this example later one so we collect a few results about

MG,quot
(C,X, d) below.

Recall (10) there is a projection H2
G(X) → H2(BG) = g∨Z and similarly

we have HG
2 (X) → H2(BG) = gZ. Associated to v = (P, u) is the discrete

data:

v∗[C] = d ∈ HG
2 (X,Z) and its image d(P ) ∈ H2(BG)

cG1 (X̃) ∈ H2
G(X) and its image θ ∈ H2(BG)

d(u) := −c1(L) ∈ H2(C,Z) ∼= Z.

Note d(P ) is the degree of P ; that is, d(P ) = c1(P ) ∈ H2(C, gZ) ∼= gZ. We
can now state the following.

2The Ciocan-Fontanine-Kim-Maulik [13] moduli space of stable quotients remedies this
defect by imposing a stability condition at the marked points z1, . . . , zn ∈ C. The moduli
stack then admits a morphism to InX//G by evaluation at the markings.
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Lemma 5.3. Let G be a torus acting on a vector space V . Let V =
⊕k

i=1 Vi
be its decomposition into weight spaces with weights µ1, . . . , µk.

(a) The Mundet semistable locus consists of pairs (P, u) such that

(19) hull({−d(P )∨ + µi|ũi 6= 0}) 3 θ.

(b) let W =
⊕k

i=1H
0(P (Vi) ⊗ L∨) and let W ss consist of (ũ1, . . . , ũk)

such that (19) holds. Then MG,quot
(C,X, d) ∼= W ss/G.

(c) If ũi 6= 0 then (µi, d(P )∨) + d(u) ≥ 0. If moreover (19) holds then

(θ − d(P )∨, d(P )) + d(u) ≥ 0.

(d) (v∗[C], c1(P (X̃)) = (θ, d(P )) + d(u).

Proof. Since G is abelian, Gr(P ) = P for any pair (λ, σ). It follows that for
any λ ∈ gQ, the Mundet weight is

µ(σ, λ) := {min
i

(d(P )∨, λ)− µi(λ) + θ(λ), ũi 6= 0}.

Hence the semistable locus is the space of pairs (P, u) where

hull({−d(P )∨ + µi|ũi 6= 0}) 3 θ.

This proves (a). The description (b) follows immediately. For (c), if ũi 6= 0
then deg div(ũi) ≥ 0. But we also have

(20) (µi, d(P )∨) + d(u) = c1(P (Vi)⊗ L∨) = deg div(ũi) ≥ 0.

In particular −d(P )∨ + θ ∈ hull({µi|ũi 6= 0}). Together with (20) this
shows (θ + d(P )∨, d(P )) ≥ 0.

To prove (d) we use that the sections ũi above are homotopic to the zero
section

ũ0 : C → P (V )⊗ L∨, z 7→ (z, 0)

and X̃ is induced from an equivariant line bundle on V with character θ at
the fixed point at zero. Therefore we have

(21) (v∗[C], c1(P (X̃))) = (u0,∗[C], c1(P (Cθ)⊗ L∨)) = (θ, d(P )) + d(u).

�

For an explicit example, if G = C× and V = Ck then

deg(P (Vi)⊗ L∨) = deg(P (Vi))− deg(L) = d(P ) + d(u), i = 1, . . . , k.

It follows that the moduli stack admits an isomorphism

MG,quot
(C,X, d) ∼= Ck(d(P )+d(u)+1),×/C× ∼= Pk(d(P )+d(u)+1)−1.

This moduli stack is substantially simpler in topology than the moduli space
of stable maps to CX/G, despite the dramatically more complicated stability
condition. This ends the example.
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A Kontsevich-style compactification of the stack of Mundet-semistable
gauged maps which admits evaluation maps as well as a Behrend-Fantechi
virtual fundamental class [24] is defined as follows. The objects in this com-

pactification allow stable sections, that is, stable maps u : Ĉ → P (X) whose

composition with P (X) → C has class [C]. Thus objects of MG
n (C,X)

are triples (P, Ĉ, u, z) consisting of a G-bundle P → C, a projective nodal

curve (Ĉ, z), and a stable map u : Ĉ → P ×G X whose class projects
to [C] ∈ H2(C,Z). Morphisms are the obvious diagrams. To see that
this category forms an Artin stack, note that the moduli stack of bundles
Hom(C,BG) has a universal bundle

U → C ×Hom(C,BG).

Consider the associated X-bundle

U ×G X → C ×Hom(C,BG).

The stack MG
n (C,X) is a substack of the stack of stable maps to U ×G X,

and is an Artin stack by e.g. Lieblich [33, 2.3.4], see [54] for more details.
Note that hom-stacks are not in general algebraic [8].

Properness of the Kontsevich-style compactification follows from a com-
bination of Schmitt’s construction and the Givental map. A proper relative
Givental map is described in Popa-Roth [44], and in this case gives a mor-
phism

(22) MG
(C,X, d)→MG,quot

(C,X, d).

For each fixed bundle this map collapses bubbles of the section u and
replaces them with base points with multiplicity given by the degree of
the bubble tree. Since the Givental morphism (22), the forgetful mor-

phism MG
n (C,X, d) →MG

(C,X, d) and the quot-scheme compactification

MG,quot
n (C,X, d) are all proper, so is MG

n (C,X, d).

5.4. Energy positivity. A natural notion of energy of a gauged map is
defined as follows. For a gauged map v = (P, u) the energy is given by the
pairing with the equivariant first Chern class of the linearization

E(v) := (d, c1(P (X̃))) ∈ Z, d = v∗[C] ∈ HG
2 (X,Z).

From Mundet’s correspondence [40] it is immediate that the energy is non-
negative, since in the symplectic definition the energy is defined as an inte-
gral of a non-negative function (the energy density) over the domain curve.
Here we give an algebraic proof:

Lemma 5.4. For any Mundet-semistable gauged map v = (P, u) from a
smooth projective genus zero curve C with class d = u∗[C] ∈ HG

2 (X,Z), the

pairing E(v) = (d, c1(P (X̃))) ∈ Z is non-negative. The energy E(v) vanishes
only if the bundle P is trivializable and u constant in some trivialization of
P (X) induced by a trivialization of P .
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Proof. We give two proofs. By a special case of the Drinfeld-Simpson the-
orem [18], [13, Lemma 3.2.7], P admits a reduction to a Borel subgroup
B ⊂ G. Let πB : B → T be the projection (12), and Gr(P ) the associ-
ated graded. Since the map πQ is T -equivariant, the section u induces a
section Gr(u) : C → Gr(P )(X) that is also T -semistable. Therefore it suf-

fices to consider the case G = T . Let k = dim(V ) and V =
⊕k

i=1 Vi the
decomposition of V into weight spaces Vi with weight µi.

We use the notation introduced in example 5.2. In particular the first
Chern class cG1 (X̃) becomes identified, up to positive scalar multiple with a
pair

cG1 (X̃) 7→ (1, θ) ∈ Z⊕ g∨Z.

The Mundet semistability criterion for one-parameter subgroups of Aut(P ) ∼=
T has Mundet weights equal to

µBG(σ, λ) = (d(P )∨, λ), µM (σ, λ) = (d(P )∨, λ) + µX(σ, λ).

By lemma 5.3 (c) we have

(θ − d(P )∨, d(P )) + d(u) ≥ 0.

This implies

(v∗[C], c1(P (X̃))) = (θ, d(P )) + d(u)(23)

= (θ − d(P )∨, d(P )) + d(u) + (d(P )∨, d(P ))(24)

≥ (θ − d(P )∨, d(P )) + d(u) ≥ 0(25)

as claimed. If (d(P ), d(P )∨) is zero then we must have d(P ) = 0, hence P
is trivializable. Hence

P (X̃) = C × X̃, (π ◦ u)∗[C] = 0 ∈ H2(X)

where π : P (X) ∼= C ×X → X is the projection on the second factor. This
implies that u is constant.

In the second proof we evaluate the Mundet weight for a carefully chosen
one-parameter subgroup. As before assume G = T = (C×)r and X = P(V ).

Consider v : C → X/G as a pair (P → C,P
α−→ P(V )) with α a T -equivariant

map. The energy of v is the pairing

(v∗[C], cG1 (X̃)), where v∗[C] ∈ Z⊕ tZ, cG1 (X̃) ∈ Z⊕ t∨Z.

The latter is up to positive scalar equal to (1, θ); the former is equal to
(λ, d(P )) for an appropriate integer λ. The energy is equivalently

E(v) = v∗cG1 (X̃) ∈ H2(C) = Z.

Hence λ = deg(α). The following is readily verified. If d(P ) = (d1, . . . , dr)
then P is the frame bundle of the vector bundle E defined by

E := ⊕ri=1OC(di).

The map α is given by global sections u0, . . . , um ∈ H0(α∗OP(V )(1)) which
are weight vectors for G. Consider the weight space decomposition V = ⊕iVi
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where G acts on Vi with weight µi. Equivariance implies that −µi is the
weight of ui. We claim deg(α) ≥ (−µi, d(P )). To see this let

|E| = Spec(Sym∗(E∨))

be the total space of E. Via the clutching construction T is given by gluing
of trivializations in coordinate charts near [1, 0], [0, 1] ∈ P1,

|E| = SpecC[z, x1, . . . , xr] ∪ SpecC[z−1, y1, . . . , yr]

with yi = z−dixi. The space of global sections H0(α∗OP(V )(1)) has a basis

of pairs (zj
∏
i x

ni
i , z

−k∏
i y
ni
i ) that transform as follows

zj
∏
i

xnii = zj
∏
i

znidiynii = zj+(−µi,d(P ))−deg(α))
∏
i

ynii

That is−k = j+(−µi, d(P ))−deg(α) ≤ 0.As j ≥ 0 we conclude (−µi, d(P )) ≤
deg(α). Mundet stability for the one-parameter subgroup generated by λ is
defined by a limiting equivariant map α0 : P → P(V ) given by sections u0

i

whose image is fixed by zλ. The stability condition is

min
i,u0i 6=0

(d(P )∨, λ) + (θ − µi, λ) ≤ 0.

Substitute in λ = −d(P )∨ and multiply by −1 to obtain

(d(P ), d(P )∨) + (θ, d(P )∨) + (−µi, d(P )∨) ≥ 0.

Therefore

E(v) = (θ, d(P )∨) + deg(α) ≥ (θ, d(P )∨) + (−µi, d(P )∨) ≥ 0.

For equality to hold we need d(P ) = 0 and deg(α) = 0. The first condition
together with equivariance says α factors through C; the second condition
says α is constant. �

Remark 5.5. The following gives an alternative proof of non-negativity of
the energy in the case that any Mundet semistable map (P, u) has non-
empty semistable locus u−1(P (Xss)), see Corollary 6.2 below. In this case
an invariant ample divisor D ⊂ X is given by choosing an invariant section
of the ample bundle X̃k for k large, as in (9). Let

D//G := (Xss ∩D)/G ⊂ X//G
denote the associated divisor in the git quotient. We may assume that the
divisor D//G ⊂ X//G ⊂ X/G does not contain v(C), since D//G is ample.
Since the divisor D is G-invariant and ample, D contains the unstable locus,
that is, D ⊃ (X −Xss). The divisor D then induces a divisor

P (D) = P ×G D ⊂ P (X).

Let uX//G : C → X//G denote the induced map to the symplectic quotient.
Since u(C) is not contained in P (D), the pairing is the number of intersection
points counted with multiplicity:

(v∗[C], c1(P ×G X̃)) = #u−1(P (D)).
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If the pairing is zero then the image of u is contained in the semistable locus,
and u induces a constant map to X//G. Hence the bundle and section are
trivializable.

5.5. Convex targets. The definition of Mundet semistability also gives
good moduli spaces in the cases of some affine targets. A finite dimensional
complex G-vector space V is said to be convex if there exists a central one-
parameter subgroup φξ : C× → G such that V has positive weights for the
induced action of φξ,

V =
⊕
µ

Vi, µi(ξ) > 0, i = 1, . . . , k.

Given a convex G-vector space, the projectivization of V is the quotient

V = ((V × C)× − {(0, 0)})/C×ξ
where C× acts on C with weight one. Thus V is a weighted projective
space (in a particular a smooth Deligne-Mumford stack) and contains V as
an open substack. A quasiprojective G-variety X is convex if there exists
a projective embedding π : X → V to a convex G-vector space V whose
image intersects the locus V − {0}. The following is a simple application of
the technique called symplectic cutting in the literature [31]:

Lemma 5.6. Any convex G-variety X embeds as a dense open substack
of a Deligne-Mumford stack X with complement a prime C×ξ -fixed divisor

isomorphic to (X − {0})/C×ξ .

Proof. Let X̃ → X denote the given linearization on X and X̃(l) the lin-
earization on X × C obtained by twisting by the C×-character with weight
l. Consider the git quotient

X = (X × C)//C×ξ .

The inverse image of (0, 0) ∈ V × C is unstable, for sufficiently large d.
Thus the proper morphism X → V induces a proper morphism X to V . In
particular, this implies that X is also proper. The G action on X ×C given
by g(x, z) = (gx, z) descends to a G-action on X, and restricts to the given
action on the open substack X ⊂ X. �

In the following we will refer to MG
n (C,X, d) allowing X to be a smooth

Deligne-Mumford stack without further comment; we do not allow stacky
structures on the domain curves since we are only interested in defining

MG
n (C,X, d) in which case the target X is a variety.

Corollary 5.7. Let d ∈ H2
G(X) be a class that pairs trivially with the di-

visor class [X −X] ∈ HG
2 (X). Then there exists a constant l(E) such that

if the energy bound E(d) < E holds and l ≥ l(E) then the moduli stack

MG
n (C,X, d) consists of maps whose images are disjoint from (X −X)/G.
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Proof. The intersection number of any curve u : P1 → V contained in V −V
with V − V is non-negative. Indeed V − V ∼= P[µ1, . . . , µk] has ample
normal bundle OP[µ1,...,µk](1). On the other hand, there are no stable gauged

maps C → X/G with image in (V − V )/G for sufficiently large l > l(d).
The trivial reduction σ together with the generator ξ of the one-parameter
subgroup C× has weight µ(σ, ξ) → ∞ as d → ∞, while (23) implies that
(d(P )∨, λ) is bounded in terms of the energy. Combining these observations

let v : Ĉ → V /G be a stable gauged map intersecting (V − V )/G. The
intersection number #u−1(P (V −V )) > 0 is positive and equal to the pairing
(d, [V − V ]) ∈ Q of d ∈ HG

2 (X,Q) with [V − V ] ∈ H2
G(V ,Q). The latter

vanishes by assumption, a contradiction. �

Lemma 5.8. Suppose that (P, u) is a map from C to X/G with X convex.
Any destabilizing pair (σ, λ) has associated graded (Gr(P ),Gr(u)) disjoint
from the divisor at infinity P (X −X), for l sufficiently large.

Proof. As in the proof of Lemma 5.4, by choosing a Borel structure refining
the parabolic structure and passing to the associated graded we may assume
that G is a torus. Suppose that (σ, λ) has associated graded Gr(P ),Gr(u)
intersecting P (X−X). By invariance of intersection number, the limit Gr(u)
must take values in P (X−X), since otherwise the intersection number with
P (X−X) would be positive. We suppose that µ1, . . . , µk are the weights of
G on V , so that u has components u1, . . . , uk. From the description of the
associated graded, if λ satisfies µi(λ) ≥ 0 for all i = 1, . . . , k such that ui is
non-zero, then the associated graded takes values in P (X). Hence µi(λ) > 0
for non-empty subset I ⊂ {1, . . . , k} of indices such that ui is non-zero. Let

m = min
i∈I

µi(λ)

µi(ξ)
.

The minimum m is negative since some µi(λ) < 0 and µi(ξ) > 0 for all
i = 1, . . . , k. The associated graded section is then given by the collection
of sections ui, i ∈ I with µi(λ)/µi(ξ) = m. The corresponding Hilbert-

Mumford weight is the weight of the action of C×λ on the fibers of X̃/C×ξ ,

and is equal to ml. Therefore, the weight µ(x, λ) is positive. For l sufficiently
large the pair is not destabilizing. �

As a result, for convex target it suffices to check semistability for pairs
such that the associated graded exists without compactification.

6. Variation of polarization

The moduli space of Mundet-semistable gauged maps depends on the
linearization. Changing the linearization leads to wall-crossing in which loci
of bundles with the same associated graded are flipped [24] as is standard
in variation of git as explained in e.g Thaddeus [50]. Consider the family

of linearizations X̃k given by the k-th tensor product of the given one X̃
for k a positive integer. While taking tensor products does not change the
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definition of semistability for X, it does change the definition of Mundet
semistability.

Lemma 6.1. For any fixed degree d ∈ HG
2 (X), there are at most finitely

many changes in the stability condition as k varies. That is, there exist

−∞ = k0 < k1 < . . . < kl =∞ ∈ Q ∪ {−∞,∞}
such that if k′, k′′ ∈ (ki, ki+1) then the semistable loci for k′, k′′ are equal.

Proof. Denote by µk(σ, λ) the Mundet weight corresponding to X̃k. Changes
in the definition of stability correspond to pairs (P, u) such that for some
pair (σ, λ) and k−, k+ ∈ Q,

µk−(σ, λ) < 0, µk+(σ, λ) > 0

while for some k ∈ (k−, k+), µk(σ, λ) = 0 so that the pair (P, u) is semistable
but not stable. As in 5.3(1), the wall-crossings arise from pairs (P, u) such
that

(26) dim(hull({µi|ũi 6= 0})) < rank(G), hull({µi|ũi 6= 0}) 3 θ + d(P )/k.

Suppose there are infinitely many wall-crossings. Let (Pk, uk) denote
the corresponding reducible gauged maps for some k in an unbounded set
W(d) ⊂ Q. The equation (26) implies that ‖d(Pk)‖ > ck for some positive
constant c and all k ∈ W(d). On the other hand, as in (23)

(uk,∗[C], c1(Pk(X̃))) = (θ, d(Pk)) + d(uk)

= (θ − d(Pk)/k, d(Pk)) + d(uk) + (d(Pk)/k, d(Pk))

≥ (d(Pk), d(Pk))/k ≥ c2k

for k ∈ W(d). Since W(d) is unbounded, this implies that the homology
class vk,∗[C] ∈ HG

2 (X) is also unbounded, a contradiction. �

Denote by MG
(C,X, d, k) the moduli space of Mundet semistable maps

using the linearization X̃k. By the finite-ness above in Lemma 6.1, we have
the following:

Corollary 6.2. For any d ∈ HG
2 (X,Q) there exists k(d) such that for k ≥

k(d), the stack MG
(C,X, d, k) consists of those bundles that are Mundet

semistable for all k ≥ k(d), that is,

(k1, k2 ≥ k(d)) =⇒ (MG
(C,X, d, k1) =MG

(C,X, d, k2)).

More precisely, an object (Ĉ, P, u, z) is destabilized by (σ, λ) for some k ≥
k(d) iff it is destabilized for all k ≥ k(d).

The following describes the Mundet semistability condition for large k.

Lemma 6.3. For any d ∈ HG
2 (X,Q) there exists k(d) such that for k ≥

k(d), the stack MG
(C,X, d, k) has objects given by tuples (P, Ĉ, u, z) for

which (u|Ĉ0)−1(Xss/G) is non-empty.
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Proof. It suffices to show that if v : C → X/G is a Mundet unstable gauged
map with class d for large k, then v(C) is contained in some Kirwan-Ness
stratum Xλ/G and vice versa. Let (σ, λ) be a pair destabilizing u:

µ(σ, λ) = µBG(σ, λ) + kµX(σ, λ) > 0.

By Corollary 6.2, we may assume that v = (P, u) is Mundet destabilized by
(σ, λ) for all k ≥ k(d). Then the Hilbert Mumford weight µX(σ, λ) > 0 must
be positive. The associated graded Gr(u) is contained in the fixed point set

Zλ, that is, Gr(u)(Ĉ0) ⊂ P (Zλ), and (Gr(P ),Gr(u)) has positive Hilbert-
Mumford weight with respect to (σ, λ). Thus u is generically unstable.

Conversely, suppose that v = (P, u) : Ĉ → X/G takes values in some

stratum Xµ/G generically on the root component Ĉ0 ⊂ Ĉ. The stratum
fibers

(27) Xµ = G×Qµ Yµ → G/Qµ

as in (13). By composition with the map P (X) → P (Qµ) = P/Qµ arising

from (27) we obtain a map σ : (u|Ĉ0 ∩ u−1(Xµ)) → P/Qµ. Locally P
is trivial, and so in a neighborhood of any point in u−1(Xµ) the map is
given by a map to G/Qµ. By completeness of G/Qµ this map extends to

σ : Ĉ0 → P/Qµ, by definition a parabolic reduction σ. Consider the one-
parameter subgroup generated by a positive coweight µ. The associated
graded Gr(u) maps to Zµ on the root component. The Hilbert-Mumford
weight µX(σ, λ) is positive, by construction. Hence µBG(σ, λ)+kµX(σ, λ) is
positive for large k, and the pair (P, u) is Mundet unstable for large k. �

7. Scaled gauged maps

The Mundet semistable moduli spaces have a large linearization limit
which includes both stable maps to the git quotient as well as what we
called affine gauged maps. This is an algebraic version of a limit that was
first studied in the symplectic context by Gaio-Salamon [22].

Definition 7.1. (Scaled gauged maps) A prestable scaled gauged map is a

datum (P, Ĉ, u, δ, z) consisting of a prestable scaled curve (Ĉ, δ, z) and pair

(P → C, u : Ĉ → P (X)) giving a map to the quotient stack Ĉ → X/G. In

the case that X//G is an orbifold, the domain Ĉ is allowed to have a twisted

stacky structure Ĉ so that the points with non-trivial automorphism are nodes
with infinite scaling and the data above gives a representable morphism v :
Ĉ → X//G as in [2]. Denote by

D∞ = P(ωĈ/C) ⊂ P(ωĈ/C ⊕OĈ), resp. D0 = P(OĈ) ⊂ P(ωĈ/C ⊕OĈ)

the divisor at infinity resp. the zero section. The datum (P, Ĉ, u, δ) is
semistable if either

(a) the scaling δ|Ĉ0 is finite, and the datum (P, Ĉ, u) is Mundet semistable;
here we are interested in the chamber k ≥ k(d) from Lemma 6.3, or
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(b) the scaling δ|Ĉ0 on Ĉ0 is infinite, and δ−1(D∞) ⊂ Ĉ maps to the
semistable locus in X/G,

A semistable scaled gauged map is stable if it has finitely many automor-
phisms.

We introduce the following notation for moduli stacks. Denote byMG
n,1(C,X)

the moduli of stable marked scaled gauged maps. The existence of a uni-

versal scaled curve implies that again, MG
n,1(C,X) is a hom stack from a

Deligne-Mumford stack to a quotient stack of a variety by a reductive group,
and so Artin by [33, Proposition 2.3.4].

The moduli stack of stable scaled curves defines a cobordism using the fol-
lowing forgetful morphism. Forgetting everything besides the map δ defines
a morphism

ρ :MG
n,1(C,X, d)→M0,1

∼= P1, (C, v, δ, z = (z1, . . . , zn)) 7→ δ|Ĉ0
∼=C .

The fiber of ρ over any non-infinite point α ∈ P1 − {∞} is

ρ−1(α) ∼=MG
n (C,X, d)

the space of Mundet semistable gauged maps in the chamber k ≥ k(d). On
the other hand, the fiber over infinity consists of stable maps to C ×X//G
of degree (1, d) together with bubble trees which call affine gauged maps
because of the affine structure given by the one-form. Affine gauged maps
were introduced first in a symplectic context by Ziltener [57]; a Narasimhan-
Seshadri correspondence which relates that viewpoint with the one given
here is in Venugopalan-Woodward [52].

Definition 7.2. An affine gauged map is a datum

(C, δ, z = (z0, . . . , zn), v)

where (C, δ, z) is an affine scaled marked curve from Definition 4, and v =
(P, u) : C → X/G is a morphism to the quotient stack such that

(a) v(δ−1(D∞)) ⊂ Xss/G. In other words, on the locus u−1(δ−1(D∞)),
the map has image in the X-semistable locus; and

(b) on the locus v−1(δ−1(D0)), the bundle is trivial.

In the case that X//G is an orbifold, C is equipped with an twisted stacky
structure C with non-trivial automorphism groups only at the nodes and
marking with infinite scaling as in [2] and data above defines a representable
morphism v : C → X/G. Such a datum is stable if there exist only finitely
many automorphisms ϕ ∈ Aut(C, v, δ, z), or in other words, if there each
component Ci on which the map v∗[Ci] = 0 ∈ HG

2 (X,Q) the scaling is finite
and non-zero (resp. zero or infinity) has at least two (resp. three) special
points.

We introduce the following notation for moduli spaces of affine gauged

maps. LetMG
n,1(A, X) denote the moduli space of affine gauged maps with

group G and target X with n markings in addition to the marking at infinity.
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For each d ∈ HG
2 (X,Q), let MG

n,1(A, X, d) denote the locus of maps with

v∗[C] = d ∈ HG
2 (X,Q). The moduli stack admits natural evaluation maps

ev× ev∞ :MG
n,1(A, X)→ (X/G)n × IX//G

given by evaluation at the markings zi, i = 1, . . . , n and z0. Also define, for
ease of notation,

Mn(C,X//G, d) =Mg,n(C ×X//G, (1, d))

the so called graph space of stable maps to X//G×C of degree (1, d). Gen-
eralizing the positivity of energy of stable gauged maps in Lemma 5.4 we
have the following:

Proposition 7.3. Any object (P, Ĉ, u, z) ofMG
n,1(C,X) or object (C, z, δ, P, u)

of MG
n,1(A, X) has non-negative energy, and vanishing energy only if the

bundle and section are trivializable on each component.

Proof. Each irreducible component of the domain carries either a Mundet-
semistable map, a map to X, a map to X//G, or an affine gauged map
which is necessarily generically semistable. The statement of the proposition
follows from applying Lemma 5.4 and Remark 5.5 to each component. �

Later we will need a bound on the number of irreducible components of
the domain in terms of the energy.

Corollary 7.4. Let k be an integer such that if x is any object of Hom(pt, X//G),
then the order of the automorphism group |Aut(x)| of x divides k. Any ob-

ject (P, Ĉ, u, z, δ) of MG
n,1(C,X, d) or object (P, C, u, z, δ) of MG

n,1(A, X, d)
with non-zero energy has energy at least 1/k.

Proof. By Proposition 7.3, any component with non-zero energy has positive
energy defined as the pairing of u∗c1(P (X̃)) with [C]. By [12, Theorem

1.187 part (iii)], ku∗c1(P (X̃)) is represented by an integral divisor, and so
an integral cohomology class. The statement of the Corollary follows. �

8. Properness for trivial actions

In this section we show properness of the moduli stack of gauged scaled
maps in the case that the group acting is trivial.

Proposition 8.1. Let X be a smooth proper Deligne-Mumford stack with
projective coarse moduli space X and ample line bundle on the coarse moduli
space X̃ → X. For any n > 0, E > 0, the union of the stacks Mn,1(C,X , d)

for (d, c1(X̃)) < E is proper.

Proof. By properness of moduli stacks of stable maps to Deligne-Mumford
stacks [1, Section 6], the union of the components⋃

d

Mn(C,X , d) :=Mg,n(C ×X , (1, d)), (d, c1(X̃)) < E
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is proper. Therefore it suffices to show that the forgetful morphism

f :Mn,1(C,X , d)→Mn(C,X , d) :=Mg,n(C ×X , (1, d))

obtained by forgetting δ and collapsing unstable components is proper. Let
[u] ∈ Mn(C,X , d) with representative u : Ĉ → X . Since X is projective,
Bertini implies that there exists a divisor D ⊂ X transverse u and meeting
each non-constant component of u transversally and disjoint from the mark-
ings and images of unstable components of the domain. Let D = D ×X X
and U ⊂ Mn,1(C,X , d) be the open substack of maps such that each com-
ponent meets D transversally and in a set of distinct points disjoint from
the markings and ghost components. By taking a divisor D of sufficiently
large degree, we may assume that for each component Ĉi ⊂ Ĉ, the map u
restricted to Ĉi meets the divisor in at least three points:

#(u|Ĉi)
−1(D) ≥ 3, ∀Ĉi ⊂ Ĉ.

Choose an ordering of the additional points u−1(D) meeting u. Let U denote
the substack ofMn+k,1(C,X , d) so that the last k points represent transverse
intersections with D. The map forgetting the last k points gives an étale
morphism from U toMn(C,X , d), see for example [21, Proposition 4]. The
map

Mn,1(C,X , d) ⊃ U →Mn+k,1(C), (u : Ĉ → X , z) 7→ (u : Ĉ → X , z∪u−1(D))

fits into a Cartesian diagram

Mn,1(C,X , d) U Mn+k,1(C,X , d) Mn+k,1(C)

Mn(C,X , d) f(U) Mn+k(C,X , d) Mn+k(C)

?

-�

?

-

? ?
-� -

where the right-hand vertical arrow is proper. Since the pull-back of proper
morphisms is proper and properness is étale local in the target, the left-
hand-arrow is also proper. Since Mn(C,X , d) is proper, Mn,1(C,X , d) is
proper as well. �

Proposition 8.2. For any E,n > 0 the union of moduli stacksMn,1(A,X , d)

with (d, c1(X̃ )) < E is proper.

Proof. Consider the forgetful map f : Mn,1(A,X , d) → M0,n+1(X , d) de-

fined by composing Mn,1(A,X , d) → M0,n+1(X , d) with the stabilization

map M0,n+1(X , d) → M0,n+1(X , d) [7, Proposition 3.10], [1, Proposition

9.1.1]. As before, choose [u] ∈ M0,n+1(X , d) with representative u : C → X
and a divisor D ⊂ X meeting u transversally away from the markings and
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ghost components. Properness of Mn+k,1(A) and the Cartesian diagram

Mn,1(A,X , d) U Mn+k,1(A)

M0,n(X , d) f(U) M0,n+k

?

� -

? ?
� -

imply that Mn,1(A,X , d) is proper over M0,n(X , d). Since M0,n(X , d) is

itself proper by [1, Theorem 1.4.1], Mn,1(A,X , d) is itself proper. �

9. Boundedness

In this section we show that the moduli space of gauged scaled maps with
fixed numerical invariants is finite type. The results of Ciocan-Fontanine-
Kim-Maulik [13, Section 3.2] imply such a result in the case of a vector space
target. We extend the argument here to the case of projective spaces.

Theorem 9.1. (c.f. [13, Theorem 3.2.5]) Let E > 0 and C a twisted
prestable curve. Let V be a finite-dimensional complex vector space with
an action of G via a representation G → GL(V ) with finite kernel and
X = P(V ). Suppose that the semistable locus Xss is non-empty and equal
to the stable locus. Then the following family of gauged maps is bounded:
pairs v = (P, u) consisting of a principal G-bundle P → C and representable
section u : C → P (X) such that the energy E(v) < E and the section u sends
the generic point of C to P (Xss).

Proof. A similar theorem with P(V ) replaced by V is given by Ciocan-
Fontanine-Kim-Maulik [13, Theorem 3.2.5].

First we assume that C is an ordinary curve and G is a torus. By lemma
5.3(4) we have

(28) E(v) = (u∗[C], c1(P (X̃))) = (θ, d(P )) + d(u) ∈ [0, E].

By the Hilbert-Mumford criterion the semistable locus in P(X) is

Xss = P(V )ss = {[x1, . . . , xk] ∈ P(V ) | hull({µi|xi 6= 0}) 3 θ} .
Let u : C → P (X) be a section that is generically semistable. Recall example
5.2 and that u is given by a k-tuple (ũ1, . . . , ũk). The condition that u is
generically semistable means each ũi 6= 0 hence by lemma 5.3(3)

(µi, d(P )∨) + d(u) ≥ 0, ∀i = 1, . . . , k.

The same holds for any vector near θ, since the condition of lying in the
convex hull is open in in the interior. Choose a basis

ξ1, . . . , ξr ∈ g∨Q, hull(ξ1, . . . , ξr) 3 θ
of points near θ so that

(29) (ξi, d(P )∨)− d(u) ≥ 0, i = 1, . . . , r.
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Combining (29) and (28) shows that the possible degrees d(P ) lie in a finite
set.

Next we consider the case that C is an ordinary curve and G is an ar-
bitrary compact connected reductive complex group. By a simple case of
the Drinfeld-Simpson theorem [18], [13, Lemma 3.2.7], the bundle P ad-
mits a reduction to a Borel subgroup B ⊂ G. Let πB : B → T be the
projection (12), and Gr(P ) the associated graded. Since the map πQ is
T -equivariant, the section u induces a section Gr(u) : C → Gr(P )(X) that
is also T -semistable. A G-bundle corresponds via a faithful representation
G → GL(r) to a vector bundle F → C together with a reduction of the
structure group, given by a section of an affine bundle GL(r)/G. Equation
(29) shows that splitting type of the associated graded Gr(F ) is uniformly
bounded given a fixed d ∈ HG

2 (X,Z), and furthermore the first Chern class

d(P ) has bounded pairing with cG1 (X̃).
Given this bound on the splitting type of the associated graded, a stan-

dard argument (see for example the boundedness arguments in [26, 3.3])
shows that after twisting by a sufficiently positive bundle depending only
on a bound on the splitting type, any vector bundle F → C as above is gen-
erated by their global sections and has no higher cohomology. Indeed the
long exact sequence in cohomology shows that, for any locally free subsheaf
F ′ ⊂ F appearing as a summand in the associated graded Gr(F ) we have
an exact sequence

H0(C,F ′)→ H0(C,F )→ H0(C,F/F ′)→ H1(C,F ′).

From this and the corresponding sequence for the twist F (−z), z ∈ C one
obtains that if F ′, F/F ′ are generated by their global sections and have no
higher cohomology then F has the same property. An induction shows that
F → C is a quotient of a fixed trivial bundle O⊕lC for l ≥ k(E) where k(E)
is a constant depending only on the energy bound E. Thus the family of
bundles is bounded.

To show that the families of sections are bounded, note that any two
sections u0, u1 : Ĉ → P (X) have homology classes that differ by an element
of H2(X,Q) ⊂ HG

2 (X,Q). The homomorphism

(·, cG1 (X̃)) ∈ Hom(HG
2 (X,Q),Q)

restricts to the standard pairing on H2(X,Q) corresponding to the hy-
perplane class, the energy bound (28) implies that d(u) is bounded from
above and below. Now the difference of homology classes of any sections of
P (P(V )) lies in the kernel of the map H2(P (P(V )) → H2(C) and so, since
P(V ) is simply-connected, lie in the image of the inclusion H2(P(V )) →
H2(P (P(V )) of a fiber. It follows that the degree also classifies homology
classes of sections:

(30) (u1
∼= u2) ⇐⇒ (d(u1) = d(u2)).
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By (30) the possible homology classes of the sections are bounded as well.
This shows that the family of maps to X/G is bounded.

Finally suppose that C is a twisted curve and G is complex connected
reductive. Let Ĉ → S be a family of twisted curves, P → Ĉ a family of
bundles and u : C → P (X) a family of sections as above. By [42, Theorem

1.14], after étale cover there exists a finite flat morphism π : Z → Ĉ from a

projective scheme Z → S to Ĉ; the proof in fact shows that π is surjective.
By faithfully flat descent, sheaves on C may be described in terms of descent
data as sheaves E on Z ←← Z ×C Z. Such data consists of the bundle Z
together with isomorphisms ϕ : π∗1E → π∗2E, where π1, π2 are the projections
onto the factors of Z ×C Z see Tag 03O6 in [16]. A principal G-bundle is
given via an embedding GL(r) as descent data for a locally free sheaf of rank
r together with a reduction given by a section of the associated GL(r)/G
bundle and an isomorphism ϕ : π∗1E → π∗2E preserving the G-reduction.
Any such substack may be realized via quot scheme techniques as a quotient
of a variety by a reductive group action as above. �

Corollary 9.2. For any real E > 0, the union of componentsMG
n,1(C,X, d),

MG
n (C,X, d), and MG

n,1(A, X, d) with (d, cG1 (X̃)) < E is finite type.

Proof. We consider onlyMG
n,1(C,X, d); the proof for the other moduli spaces

is similar. We first show that only finitely many combinatorial types are
possible for a given energy bound. Let v = (P → C, u : Ĉ → P (X))

be a gauged map of class d and energy E(v) = (d, cG1 (X̃)). The energy

of any component with non-zero energy 〈v∗[Ci], cG1 (X̃)〉 is at least 1/k for
some integer k, by Corollary 7.4. It follows that the number of irreducible
components Ĉi of the domain Ĉ with positive energy is bounded by kE(v)+n.

The bound on the number of components with positive energy gives a
bound on the total number of components as follows. Any component Ĉi
of Ĉ on which the map v : Ĉ → X/G is trivial and has trivial scaling has

at least three special points. Removing the component Ĉi defines a curve
Ĉ − Ĉi with at least three connected components, and so a partition of
the markings {z1, . . . , zn} and irreducible components of Ĉ with non-trivial
energy into three non-empty subsets. Thus the number of components of
the domain with trivial scaling is also bounded by the number of partitions
of kE(d)+n. On the other hand, by the monotonicity condition the number
of components with scaling is at most the number of terminal components,
since there is at most one component with finite, non-zero scaling on the
any path from a root component to the terminal component. That is, the
number of vertices Vert(Γ) of the combinatorial type Γ of Ĉ is bounded by
an integer v = v(d). There are finitely many trees Γ satisfying this bound,
hence finitely many possibilities for Γ.

Given an energy bound, the possible homology classes of each compo-
nent form a finite set by Theorem 9.1 and the requirement that d(P ) ∈
H2(C,Z/k). It follows that there are only finitely many possible labellings

http://stacks.math.columbia.edu/tag/03O6
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Vert(Γ) → HG
2 (X,Q) of the given graphs by degree two homology classes

with the given energy bound; hence finitely many combinatorial types as

claimed. It follows that the image ofMG
n,1(C,X, d)→Mn,1(C) is contained

in an Artin stack of finite type for each d ∈ HG
2 (X,Z).

We now use boundedness of the splitting type to prove that the moduli
stack is finite type. As in the proof of Theorem 9.1, we describe bundles on
stacky curves in terms of descent data. Let Ĉ → S be a family of stacky
curves, P → Ĉ a family of bundles and u : C → P (X) a family of sections
as above. By [42, Theorem 1.14], after étale cover there exists a finite flat

morphism π : Z → Ĉ from a projective scheme Z → S to Ĉ; the proof
in fact shows that π is surjective. By faithfully flat descent, sheaves on C
may be described in terms of descent data as sheaves E on Z ←← Z ×C Z;
that is, Z together with isomorphisms ϕ : π∗1E → π∗2E, where π1, π2 are the
projections onto the factors of Z ×C Z see Tag 03O6 in [16]. A principal
G-bundle is given via an embedding GL(r) as descent data for a locally
free sheaf of rank r together with a reduction given by a section of the
associated GL(r)/G bundle and an isomorphism ϕ : π∗1E → π∗2E preserving
the G-reduction. Because the splitting type of P → C is bounded, the
splitting type of E is bounded as well, and the image of P in Hom(Z,BG)
is contained in a substack of finite type. Any such substack may be realized
by standard constructions via quot scheme techniques as a quotient of a
variety by a reductive group action as in [33, 2.3.4]. Since the homology
class d ∈ HG

2 (X,Q) is bounded, the image of S in Hom(Z,X/G) consists
of sections with bounded homology class, and so also lies in a substack
of finite type by [1, Theorem 1.4.1], see also Lieblich [33]. It follows that

MG
n,1(C,X) is covered by finitely many stacks of finite type, and so is itself

finite type. �

10. Universal closure

In this section we show that the moduli stack of scaled gauged maps is
universally closed using the valuative criterion and Schmitt’s git construction
[46].

10.1. Removal of singularities for bundles on surfaces. We begin with
the following theorem of J.-L. Colliot-Thélène and J.-J. Sansuc, [14] de-
scribes extensions of bundles on complements of finite subsets of surfaces,
see also Ciocan-Fontanine-Kim-Maulik [13]: For any scheme X and reduc-
tive group G a principal G-bundle is a scheme P with a free right action of
G that is locally trivial in the fpqc topology on X. If X is smooth, then this
is equivalent to local triviality in the étale topology.

Theorem 10.1. Let X be a smooth complex variety of dimension two and
G a connected reductive group. If U ⊂ X is the complement of a finite
set of non-singular points on X, then any principal G-bundle on U is the
restriction of a principal G-bundle on X, unique up to isomorphism.

http://stacks.math.columbia.edu/tag/03O6
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We briefly recall the main point of the proof. First, we prove the cor-
responding result for vector bundles. let F → U be a locally free sheaf
and i : F → X the inclusion. The sheaf i∗F ∼= i∗F

∨∨ is reflexive by e.g.
Hartshorne [25, Corollary 1.7], and reflexive sheaves on surfaces are locally
free by e.g. Hartshorne [25, Corollary 1.4]. This shows that F has an exten-
sion. The extension is unique up to isomorphism by Hartog’s theorem. If
F1, F2 → X are two such locally free extensions then the given isomorphism
ϕ ∈ H0(U,Hom(F1, F2)) extends over X since X − U is a finite set.

Next we consider the case of arbitrary reductive groups. Fix an embedding
G → GL(r) for some r ≥ 1 and let P → U be a principal G-bundle. Using
the embedding, we obtain a vector bundle E, which extends uniquely to
X. Let Q denote the frame bundle of F . The bundle P corresponds to a
reduction of structure group σ : U → Q/P . Since G is connected reductive,
it follows from Matsushima’s criterion [36], [9] that the homogeneous space
GL(r)/G is a smooth affine variety. Moreover, by assumption, Q/G admits
a section σ over U . Thus, by Hartogs’ theorem, σ extends over X.

10.2. Existence of limits for families with finite scaling. First we
show properness over the space of finite scalings using Schmitt’s git con-
struction [46] the Keel-Mori theorem [28].

Lemma 10.2. The forgetful morphism to the moduli space of finite scalings

MG
n,1(C,X, d) ⊃ ρ−1(M0,1)→M0,1 ⊂M0,1, [Ĉ, u, P, z, δ] 7→ δ

is proper.

Proof. This follows an argument given with González [24]: there is a proper
relative Givental map described in Popa-Roth [44]

MG
(C,X, d)→MG,quot

(C,X, d).

For each fixed bundle, this map collapses bubbles of the section u and re-
places them with base points with multiplicity given by the degree of the

bubble tree. On the other hand, MG,quot
(C,X, d) has a git construction

given in (17) and so has a proper coarse moduli space. FinallyMG
n (C,X, d)→

MG
(C,X, d) is proper, each forgetful map being isomorphic to a universal

curve. Under the stable=semistable assumption, the Luna slice theorem

[34] implies that MG,quot
n (C,X, d) is étale-locally the quotient of a smooth

variety by a finite group and so has finite inertia stack. By the Keel-Mori
theorem [28], explicitly stated in [15, Theorem 1.1], the morphism from

MG,quot
n (C,X, d) to its coarse moduli space is proper, so MG

n (C,X, d) is
proper as well. Hence

ρ−1(C) ∼=MG
n (C,X, d)× C→ C

is proper. Schmitt’s construction [47, Section 2.7.2] implies that if sta-

ble=semistable then the automorphism groups of objects inMG,quot
n (C,X, d)
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are finite, and so the moduli stack is Deligne-Mumford. Since quot schemes
are projective, and moduli spaces of stable maps to projective schemes are

projective, the moduli spaces MG,quot
n (C,X, d) have projective coarse mod-

uli spaces and so are proper. �

Next we show the valuative criterion for universal closure in the case that
the scalings go to infinity. This is a combination of properness for stable
maps to the targets, its quotient, and removal of singularities for bundles on
surfaces.

Theorem 10.3. Given a family of scaled Mundet-semistable gauged maps
over a punctured curve S with finite scaling δ

(P, Ĉ, u, z, δ)→ S = S − {∞}
there exists an extension over S, after étale cover.

Proof. It suffices, by the Lemma 10.2, to consider the case that the scaling
δ becomes infinite. We first consider the case that Ĉ ∼= C. There are three
steps, in which we construct the central fiber curve and a scaled gauged map
by stages. First we construct a limit

ĈX//G∞ → C, vX//G∞ : ĈX//G∞ → X//G, z∞ ⊂ ĈX//G∞

by properness of the moduli space of stable maps to X//G. However, the

limiting domain ĈX//G∞ is not the one we want because there may be bub-
bling in X that is not captured by bubbling in X//G. Forgetting some of

the components of Ĉ
X//G
∞ and using removal of singularities for bundles on

surfaces gives a curve and map

ĈBG → C, φ : ĈBG → BG

where the map φ is a classifying map for an extension of the bundle P over
ĈBG. Then we apply properness of the moduli stack of sections of P (X) to
obtain the desired limiting curve

Ĉ∞ → C, u∞ : Ĉ∞ → P (X), δ∞ : Ĉ∞ → P(ωĈ∞/C ⊕OĈ∞), z∞ ⊂ Ĉ∞, .

Here are the details:

Step 1: Construct the part with infinite scaling. We first introduce the
following notation for the maps to the git quotient. By definition of k(d)
and Lemma 6.3, the maps u : C → P (X) are generically semistable, and so
defines a curve and map

CX//G := u−1P (Xss) 6= ∅, uX//G = (uX//G : CX//G → X//G).

By properness ofX//G, uX//G extends to a family of stable maps with domain
C × S. Order the base points so that they give sections

ζi : S → C, ζi(S) ⊂ P (Xus), i = 1, . . . , l.

Denote by z ∪ ζ : S → Cn+l the family of sections obtained by adding the
base points and removing duplicates; that is, after restricting to an open
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subvariety we may assume that any two sections that coincide in one fiber,
coincide everywhere; then we just remove one of the duplicate sections.
Because the domain is irreducible, the datum (C, uX//G, z ∪ ζ, δ) is a stable
scaled map to the smooth Deligne-Mumford stack X//G.

Properness for the moduli space of scaled maps with trivial group action
in Proposition 8.1 implies that the family extends over the central fiber:
Since Mn,1(C,X//G, d) is proper, the map uX//G extends over the central
fiber to a stable scaled map(

ĈX//G∞ → C, uX//G∞ : ĈX//G∞ → X//G, z∞ ∪ ζ∞, δ∞

)
.

In particular, the markings ζ∞ lie on the locus of ĈX//G∞ with finite scaling

ĈX//G∞ − δ−1
∞ (D∞).

Step 2: Construct the part with finite scaling. Let Γ be the combinatorial

type of the limit ĈX//G∞ in the previous step and Γ′ the combinatorial type

obtained by forgetting the components of ĈX//G∞ on which the scale δ|ĈX//G∞ is

zero. More precisely, choose a family of sections S → (ĈX//G∞ )k taking values
in the locus with non-zero scaling with the property that the components
with non-zero scaling become stable. By e.g. Behrend-Manin [7, Lemma

3.12], there exists a proper family ĈBG∞ of stable curves with a morphism

from ĈX//G∞ collapsing the components with zero scaling. The family ĈBG∞
consists of a collection of components on which the scaling is finite and
non-zero, or infinite, with a morphism

ϕ : ĈX//G∞ → ĈBG∞ .

The scaling δ∞ is finite at the base points ζ∞ and markings z∞. The image

of the base points ζ∞ under the morphism ϕ are denoted ζBG∞ = ϕ(ζ∞).

The points ζBG∞ are no longer necessarily distinct from each other and the

markings. Because the scalings δ
X//G
∞ are finite at ζ∞, the scalings δBG∞ are

finite at ζBG∞ , that is, δBG∞ (ζBG∞ ) < ∞. In particular, all of the points ζBG∞
are non-singular, since the only nodes in ĈBG∞ are contained in (δBG∞ )−1(∞).

Removal of singularities for bundles on surfaces implies that the bundle
extends over the central fiber. The morphism uX//G induces an extension
of the bundle PBG∞ over the complement of the base points ζBG∞ , given by
pull-back of

PBG∞ → ĈBG∞ − ζBG∞ , PBG∞ := (uX//G∞ |ĈBG∞ − ζBG∞ )∗(Xss → Xss/G)

under u
X//G
∞ . By construction, the points ζi,∞ are non-singular points in

ĈBG∞ . By removal of singularities for bundles Theorem 10.1, the bundle

PBG → ĈBG given by PBG∞ over the central fiber has a unique extension over

the points ζi,∞. This implies the existence of a limiting bundle P∞ → ĈBG∞
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with classifying map

φ∞ : ĈBG∞ → BG, P∞ := φ∗∞(EG→ BG).

Denote by ĈBG the resulting family over C×, and P the resulting bundle
over ĈBG.

Step 3: Construct the full limit. In the last step we apply properness for the
moduli stack of stable sections. The associated fiber bundle P (X)→ ĈBG is

projective, since X is projective and ĈBG is projective. Then it follows from
properness of stable maps to P (X) that there exists a limit u∞ : Ĉ∞ → P (X)
extending u. The scaling naturally extends to a scaling δ∞, possibly after
adding additional components with finite scaling and trivial maps.

We check that the limit constructed above satisfies the axioms of a stable
scaled gauged map. The monotonicity condition on the scalings is guaran-
teed by the description of the one-form in (7). Furthermore, on the locus

δ−1(D∞), the map u∞ agrees with the pull-back of u
X//G
∞ and so takes values

in the semistable locus. The locus δ−1(D0) is a union of components that

map to points in ĈBG∞ . This implies that bundle P is trivial on δ−1(D0). Fi-
nally, the inequality δ(zi,∞) <∞ is automatically satisfied since the scaling

on ĈX//G∞ is finite at the markings, and the forgetful map maps all compo-
nents with zero scaling to loci where the scaling is finite. Each component
on which the scaling and gauged are trivial has at least three special points,
since the limit u∞ is a stable section. Each component with finite, non-zero
scaling has at least two special points contains either the limit of a marking
or a base point. If trivial such a component is attached to a component
with trivial scaling, and so has at least two special points. Finally each
component with infinite scaling occurs in the domain uX//G and so has at
least three special points.

Finally we consider the general case that domains of the family are nodal.
That is, we have a family of gauged maps (P, Ĉ, u, z, δ)→ S = S−{∞} such

that every Ĉs is a nodal projective curve. In this case we repeat the first two
steps for the family obtained by restricting to the root component Ĉ0 ⊂ Ĉ.
In the last stage, properness for stable maps to P (X) implies the existence

of a limit of u : Ĉ → P (X). �

Almost exactly the same argument shows that the moduli stack of affine
gauged maps is universally closed:

Lemma 10.4. Given a family of stable affine gauged maps over a punctured
curve S,

(P, Ĉ, u, z, δ)→ S := S − {∞}
there exists an extension over S, after étale cover.

We use this and the statement of the Lemma above, which dealt with
irreducible domain, to prove universal closure of the moduli space of scaled
gauged maps:
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Theorem 10.5. The moduli stack MG
n (C,X) is universally closed.

Proof. Let (P, Ĉ, v, z, δ)→ S = S−{∞} be a family of scaled gauged maps
over a curve S. We may assume that either δ is finite or infinite on the
root component Ĉ0 for all s ∈ S, after possibly replacing S with an open
subscheme. In the finite case, the existence of a central extension over the
central fiber follows from 10.3. In the infinite case, the central fiber is a
collection of affine gauged maps and maps to X//G by gluing at the nodes.

That is, the curve Ĉ is a union of components Ĉ = Ĉ0∪Ĉ1∪ . . . Ĉr where Ĉ0

is a family of curves with infinite scaling and Ĉ1, . . . , Ĉr are families of affine
scaled curves. By Lemma 10.4, the restriction of the families (P, Ĉ, v, z, δ)

to Ĉ1, . . . , Ĉr have extension over the central fiber. Similarly properness of
the moduli stack of stable maps to X//G implies the existence of a limit of

the restriction of the family to Ĉ0. By closure of the diagonal, these families
glue together to a scaled gauged map on the central fiber. �

11. Separation

In this section we check the valuative criterion for separatedness. This is
again a combination of separatedness of the moduli stack of stable maps to
the target, its quotient, and uniqueness of extensions on bundles on surfaces.

Proposition 11.1. For i = 0, 1 let vi := (Ĉi → S, P i → Ĉi, ui : Ĉi →
X/G, δi, zi : S → Ĉi,n) be families of stable scaled gauged maps over a curve
S that are isomorphic over the punctured curve S = S − {∞}. Then v0 is
isomorphic to v1 over S.

Proof. Again this follows from a three-step process, in which we show that
the maps agree on parts of the limit corresponding to infinite, finite, and
zero scaling.

Step 1: The maps agree on the part with non-zero scaling. First we introduce

for notation the induced map to the git quotient. Let Ĉi,X//G∞ denote the
union of components Ĉi∞ with infinite or finite, non-zero scaling δi∞|Ĉi∞. The

inverse image of the semistable locus X//G is dense in Ĉi,X//G∞ by Lemma 6.3.
By properness of the stack X//G we obtain maps

ui,X//G∞ : Ĉi,X//G∞ → X//G.

We would like to apply separatedness for the moduli stack of stable scaled
maps to the git quotient to show that these maps are isomorphic. However,

the maps u
i,X//G
∞ may not be stable since they may contain unstable com-

ponents. To remedy this, choose an ample invariant divisor D ⊂ X as in
(9). Let ζi = u−1(P (D)) denote the points mapping to P (D). Consider

the scaled curve to X//G given by (ui,X//G, δi, zi ∪ ζi) where zi ∪ ζi denotes
the union obtained by adding the intersection points with the divisor and
deleting duplicates and nodes. After restricting to an open subscheme of
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S containing the central fiber, we may assume that zi ∪ ζi are distinct,
non-singular points.

We claim that the tuples constructed in the previous paragraph are stable
scaled maps. Any component of Ĉi with finite, non-zero scaling that becomes
a unstable component after passing to X//G must either be stable, or cor-
respond to a map to X/G that lies generically in a fiber of Xss → Xss/G.
Such maps always intersect D since D is ample. Hence any such component
has at least two special points and a non-trivial scaling, and so is stable.

Separation for the moduli stack of stable scaled maps to the git quotient
implies that the central fibers are isomorphic: By Proposition 8.1 there
exists an isomorphism

(31) (u0,X//G
∞ : Ĉ0,X//G

∞ → X//G, δ0, z0 ∪ ζ0)

∼= (u1,X//G
∞ : Ĉ1,X//G

∞ → X//G, δ1, z1 ∪ ζ1).

Step 2: The limits agree on the part with non-zero scaling. This step is an
application of uniqueness of removal of singularities for bundles on surfaces

in Theorem 10.1. Let Ĉi,X//G∞ denote the curves from Step 1. The classifying

maps φi : Ĉi,X//G∞ → BG are isomorphic (that is, the corresponding bundles
are isomorphic) except at finitely many non-singular points, the base points,

since the maps u
X//G
i agree. Furthermore, the base points ζ

i
are contained

in components of Ĉi,X//G∞ with infinite scaling, since D contains the unsta-
ble locus Xus. By uniqueness of the completion of bundles on surfaces in
Theorem 10.1, the bundles P0, P1 are isomorphic over Ĉi,X//G.

Step 3: The limits agree entirely. Finally we apply separatedness for families
of stable sections to show that the limiting sections are isomorphic. Sepa-
ration of stable maps to P∞(X) where P∞ := Pi|Ĉi,X//G∞

implies that there

exists an isomorphism,

(u0 : Ĉ0 → P∞(X), z0) ∼= (u1 : Ĉ1 → P∞(X), z1).

Since the scaled curves appearing in the limit already agree, this implies
that the stable scaled maps

(Ĉi → S, Pi → Ĉi, ui : Ĉi → Pi(X), δi, zi : S → Ĉi,n), i = 0, 1

are isomorphic.
The existence of a unique limit in the case of a family with infinite scaling

is similar and left to the reader. �

This proves the valuative criterion for separatedness. Universal closure
and of finite-type was shown in previous sections. This completes the proof

of properness of MG
n,1(C,X, d) in Theorem 1.1. Finally we complete the

proof of the properness of moduli stacks of affine gauged maps.
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Corollary 11.2. For any E > 0, the union of moduli stacks of affine gauged

maps MG
n,1(A, X, d) with (d, cG1 (X̃)) ≤ E is proper.

Proof. The proof is by an embedding argument. The stack MG
n,1(A, X, d)

embeds in MG
n (C,X, y) as follows: Given an affine gauged map (C0, δ, z, u)

and a point z ∈ C define Ĉ := (C0 t C)/(z0 ∼ z) and extend the map u so

that it is constant on the root component Ĉ0
∼= C. Since any closed substack

of a proper stack is proper, MG
n,1(A, X, d) is proper. �

Remark 11.3. (Convex targets) We conclude by describing results for convex
targets: For the moduli stack of gauged maps to a convex variety X defined
in Section 5.5, the conclusion of Theorem 1.1 also holds. As explained in
Corollary 5.7, Mundet stable maps to X are equivalent to maps to X as
long as the linearization X̃ is chosen so that the linearization is obtained
from X̃(l) for l sufficiently large.

Conversely, for any class d which pairs trivially with the class of the
divisor at infinity, affine gauged maps to X//G and maps to X//G of class d
are equivalent: the intersection number between the map and divisor is zero
and any such map cannot have a component mapping entirely to the divisor.
In the case of maps to the quotient, any point in X is unstable for X̃(l) for
l sufficiently large, and so X//G is isomorphic to X//G. It follows that the

inclusion MG
n,1(C,X)→MG

n,1(C,X) is an isomorphism, as claimed, and in

particular the union of components MG
n,1(C,X, d) with E(d) < E is proper

for any energy bound E > 0.

12. Table of notation

This section contains a table of the notations for the different moduli
stacks of stable maps to quotient stacks used in the paper.

Notation Moduli stack Page Number

Mg,n(X) Stable maps of genus g with n markings 19

MG
n (C,X) Mundet-semistable gauged maps with n markings 28

Mn(C,X//G) Stable sections of C ×X//G→ C 3

MG,quot,lev
n (C,X) Gauged maps with level structure 25

MG,quot
n (C,X) Quot-scheme compactification of gauged maps 25

MG
n,1(A, X) Scaled affine gauged maps 35

MG
n,1(C,X) Scaled gauged maps with domain C, n markings 34
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Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Math-
ematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern
Surveys in Mathematics]. Springer-Verlag, Berlin, 2000.

[38] D. R. Morrison and M. R. Plesser. Summing the instantons: quantum cohomology
and mirror symmetry in toric varieties. Nuclear Phys. B, 440(1-2):279–354, 1995.

[39] D. Mumford, J. Fogarty, and F. Kirwan. Geometric Invariant Theory, volume 34 of
Ergebnisse der Mathematik und ihrer Grenzgebiete, 2. Folge. Springer-Verlag, Berlin-
Heidelberg-New York, third edition, 1994.

[40] I. Mundet i Riera. A Hitchin-Kobayashi correspondence for Kähler fibrations. J. Reine
Angew. Math., 528:41–80, 2000.

[41] L. Ness. A stratification of the null cone via the moment map. Amer. J. Math.,
106(6):1281–1329, 1984. with an appendix by D. Mumford.

[42] M. C. Olsson. (Log) twisted curves. Compos. Math., 143(2):476–494, 2007.
[43] A. Ott. Removal of singularities and Gromov compactness for symplectic vortices. J.

Symplectic Geom. 12:257–311, 2014.
[44] M. Popa and M. Roth. Stable maps and Quot schemes. Invent. Math., 152(3):625–663,

2003.
[45] A. Ramanathan. Moduli for principal bundles over algebraic curves. I. Proc. Indian

Acad. Sci. Math. Sci., 106(3):301–328, 1996.
[46] A. Schmitt. A universal construction for moduli spaces of decorated vector bundles

over curves. Transform. Groups, 9(2):167–209, 2004.
[47] A. Schmitt. Geometric invariant theory and decorated principal bundles. Zurich Lec-

tures in Advanced Mathematics. European Mathematical Society (EMS), Zürich,
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