Orientations for pseudoholomorphic quilts

Katrin Wehrheim and Chris Woodward

ABSTRACT. We construct coherent orientations on moduli spaces of pseudoholomorphic
quilts and determine the effect of various gluing operations on the orientations. We also
investigate the behavior of the orientations under composition of Lagrangian correspon-

dences.
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1. Introduction

In previous work on quilted Floer cohomology [WW15], [WW10b], [WW12a], we associ-
ated to a sequence of Lagrangian correspondences between symplectic manifolds satisfying
certain conditions a quilted Floer cohomology group. The boundary operator in quilted Floer
theory is defined by a signed count of isolated quilted pseudoholomorphic cylinders consist-
ing of collections of pseudoholomorphic strips with Lagrangian seam conditions, analogous
to the way that Morse homology is defined by a signed count of gradient trajectories. In
the case of Morse homology, the signs are derived from orientations on the spaces of Morse
trajectories induced by choices of orientations on stable manifolds for each critical point, as
in [Sch93, Chapter 2]. In this paper, we similarly construct coherent orientations on moduli
spaces of pseudoholomorphic quilts by auxiliary choices. Much of the construction follows
the work of Fukaya-Oh-Ohta-Ono in [FOOO09]. Since the preprint version of this paper,
further work of Fukaya [Fuk25] has appeared giving another approach to the construction
of Ay functors.

The main result, for a single quilted domain, is the following: Let S be a quilted surface.
Such a surface is obtained from a collection of patches (Sp, j,), p € P, complex surfaces with
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strip-like ends, by gluing along boundary components. Let M be a collection of symplectic
labels for the patches
M = (Mp7 p € P)
assigning to each patch S, a symplectic manifold M, equipped with compatible almost
structures J, : TM, — TM,. Let L be a collection of Lagrangian seam and boundary
conditions: for each seam or boundary component ¢ C S, NS, a Lagrangian seam or
boundary condition
L=(Ls CM, xM,,)

where M), is a point if o represents a boundary component. Suppose that the components

of L are equipped with relative spin structures. Let x denote a collection of generalized
intersection points for the quilted ends and M(M, L, z) the space of pseudoholomorphic

quilts
(1) u=(up:Sp — M, Jpydu,=duyj, p€P)

with domain S, targets M, Lagrangian seam and boundary conditions L, and limits x;
see Figure 1 for a picture. We suppose that almost complex structures have been chosen
so that the moduli space M (M, L, z) is regular; that is, is cut out transversally by the
Cauchy-Riemann equation so that the tangent space at w € M(M, L, z) is the kernel of a
surjective Fredholm operator denoted D,:

TyM (Ma L, l) = ker(Du)
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FI1GURE 1. Lagrangian boundary conditions for a quilt

Our goal is to orient the moduli space. That is, we wish to provide the top exterior power
of the tangent space, isomorphic to the determinant line of the Fredholm operator, with a

system of non-zero elements
oy € A"P(T,M(M, L,z)) = det(D,).

We then investigate the signs of various gluing operations. The main result is:
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Theorem 1.0.1. Suppose that M(M, L, z) is reqular and L are relatively spin as above.
Then M(M, L, z) admits a canonical orientation. The operations of gluing along strip-like
ends, gluing at boundary nodes, and composition of seam conditions act on determinant
lines by universal signs (specified in Theorem 4.5.3.)

In particular, under suitable monotonicity assumptions we obtain versions of Lagrangian
Floer cohomology defined over the integers and the Fukaya category, described in Sections
6 and 6.2 respectively. A family version is given in Theorem 5.1.6 below.

The orientations are constructed as follows. For each generator of the cochain complex
we fix an orientation on a certain determinant line associated to a once-marked disk with
a path of Lagrangian subspaces along the boundary. We then show that the orientations
constructed in this way have good gluing properties: the quilted Floer boundary operator
squares to zero, and the composition theorem of [WW12a] holds over the integers. The
construction is a generalization of the work of several authors already in the literature.
For periodic Floer trajectories the construction is given in Floer-Hofer [FH93], while for
pseudoholomorphic disks the construction is outlined in Fukaya-Oh-Ohta-Ono [FOOO09],
and generalized in Ekholm-Etnyre-Sullivan [EES05]. In the setting of Fukaya categories
orientations are constructed in Seidel’s book [Sei08]. Most of the proofs in this paper are
slight modifications of proofs in one of these sources, and so the paper should be considered
largely expository.

The present paper is an updated and more detailed version of a paper the authors have
circulated since 2007. The authors have unreconciled differences over the exposition in the
paper, and explain their points of view at https://math.berkeley.edu/~katrin/wwpapers/
resp. http://christwoodwardmath.blogspot.com/. The publication in the current form is
the result of a mediation.

2. Orientations for Cauchy-Riemann operators

In this section, we construct orientations for determinant lines of Cauchy-Riemann op-
erators. Most of this material is standard: Knudsen-Mumford [KM76] study determinant
lines of complexes with a view towards orienting moduli spaces of curves; Quillen [Qui85]
introduced determinant lines of Cauchy-Riemann operators; Segal gave a construction of a
determinant line bundle over the space of Fredholm operators published eventually in [Seg04,
Appendix D]. This construction is described in more detail in Huang [Hua97, Appendix D],
see also Freed [Fre87]; Determinant lines for families of Cauchy-Riemann operators occur-
ring in symplectic geometry are studied in McDuff-Salamon [MS04, Appendix A.2], Seidel
[Sei08, Section 11], and Solomon [Sol06] sometimes with different conventions.

2.1. Determinant lines. We begin with a review of the construction and properties of
the determinant line bundle over the space of Fredholm operators. Let V, W be real Banach
spaces. Let Fred(V, W) be the space of Fredholm operators D : V' — W, that is, operators
with finite dimensional kernel and cokernel

ker(D) ={v eV | D(v) =0}, coker(D)=W/{D(v)|veV}.

The image of a Fredholm operator is necessarily closed.
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Definition 2.1.1. (a) (Indices) The index of a Fredholm operator D : V — W is the
integer
Ind(D) = dim(ker(D)) — dim(coker(D)).
(b) (Determinant lines) The determinant line of a Fredholm operator D : V' — W is the
one-dimensional vector space

det(D) = A™**(coker(D)") @ A™**(ker(D))

where coker(D)Y := Hom(coker(D),R) is the dual of coker(D) and A™#* denotes
the top exterior power.

Remark 2.1.2. As in Deligne-Freed [DF99], the determinant line is best considered an
object in the category of Zs-graded lines, that is, even or odd depending on whether the
index was even or odd. Many of the signs in the paper are then Koszul signs.

Remark 2.1.3. Our convention follows Seidel [Sei08], which is adapted from Knudsen-
Mumford [KM76]. The original definition of Quillen [Qui85] defines the determinant as
A (ker(D)V) @ A™*(coker(D)). McDuff-Salamon [MS04] uses our convention but with
the factors reversed; however, the clarification posted on Salamon’s website [MS] uses the
opposite order. Zinger [Zin16] defines the determinant line bundle as the tensor product of
the top exterior power of the kernel with the dual of the top exterior power of the cokernel,
which is essentially Quillen’s [Qui85] definition.

Remark 2.1.4. (a) (Behavior under direct sums) Let V;, W; be real Banach spaces for
j=1,2and D; : V; — W; Fredholm operators. Denote by

D@Dy ViV — Wi W,
the direct sum of the operators D; and Dy. Equality of indices
Ind(Dy @ D2) = Ind(Dy) + Ind(D2)
holds and there is a canonical isomorphism of determinant lines
(2) det(D1 @ Dy) — det(D1) ® det(D2).
Explicitly, let
{vgi,i=1,...,a, = dim(ker(Dy))} C ker(Dy)
{wy;i=1,... by := dim(coker(Dy))} C coker(Dy)"
be bases for k = 1,2. The isomorphism (2) is defined by

(3) (AZywd; A AL wY,) @ (AL o1 A A ny)
s (—1)dim(coker(D2)) Ind(Dy) (/\flzlw}/,i ® /\?;lvl,z) ® (/\filw;/,i ® /\?ilvz’z) )
The isomorphism (2) is associative and graded commutative in the following sense:
The composition
(4) det(D2) ® det(D1) — det(D2 @ Dy) — det(Dy @ Dy) — det(D1) ® det(D2),
where the middle map is induced by exchange of summands, agrees with the map
det(Dy) ® det(Dy) — det(D1) ® det(D2)
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induced by exchange of factors by a sign (—1)?d(P1)Ind(D2)

(b) (Determinant lines in finite dimensions) Let D : V' — W be a linear operator on
finite dimensional spaces V, W. There is a canonical isomorphism to the determinant
of the trivial operator from V to W,

(5) tD : det(D) — det(O) = AmaX(WV) ® An’lax(v)
To define the map (5) explicitly, choose bases

{e1,...,ent CV, {f1,....fm}CW
so that
D(ej)=f;, j=1,....k, D(ej) =0, j=k+1,...,n
Let f,..., fY, be the basis for WV dual to fi,..., f;n € W. Define

to((f A A L) @ (k1 Aee o Aen)) == (F A AFY) @ (e1 A e Aey).
Note that tp is independent of the choice of bases e;, f;.

Remark 2.1.5. (Determinant line bundles) For real Banach spaces V, W let
det(V, W) — Fred(V, W), det(V,W)p := det(D)

be the determinant line bundle whose fiber det(V, W)p over D is the one-dimensional vector
space det(D), as introduced by Quillen [Qui85]. Zinger [Zin16, Theorems 1, 2] describes the
topology in more detail and gives a classification of the topological structures on det(V, W)
which satisfy desired conditions. As a result, the construction of determinant lines works in
families: For a topological space X consider Fredholm morphisms D~ : V — W of Banach
vector bundles V — X, W — X. The determinant line bundle of D is a topological line
bundle over X defined by

det(D) — X, det(D), := det(D|V, — W,)

with fibers det(D), the determinant lines of the restriction of D to fibers. In particular,
any homotopy of Fredholm operators D = (Dt)te[o,l] induces a determinant line bundle
det(D) over X = [0,1]. The bundle det(D) is trivial, and any trivialization induces an
isomorphism of determinant lines det(Dy) — det(D;), uniquely up to isotopy. We refer to
this isomorphism throughout the text as an isomorphism of determinant lines induced by a
deformation of operators.

Remark 2.1.6. The determinant line bundle on Fredholm operators induces the following
version of the determinant line bundle on finite dimensional Grassmannians. Let V, W be fi-
nite dimensional. Then Fred(V, W) = Hom(V, W). Let Hom;,;(V, W) C Hom(V, W) denote
the (possibly empty) subspace of injective operators. The Grassmannian Gr(dim(V'), W) of
dim(V')-dimensional subspaces of W is isomorphic to the quotient

Hominj(V, W)/ Aut(V) — Gr(dim(V'), W))

with Aut(V') acting by pre-composition, by the map [D] — Im(D). The tangent space
to Gr(dim(V'), W) is isomorphic to the bundle whose fiber at [D] € Gr(dim(V),W)) is
isomorphic to Hom(V,W/D(V)). Therefore, the bundle whose fiber is det(ker(D)") ®
det(coker(D)) is the top exterior of the tangent bundle, while det(coker(D)Y)® det(ker(D))
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is the top exterior power of the cotangent bundle. Note that in dualizing a tensor product it
is natural to reverse the order of the factors. In particular, it is Seidel’s convention [Sei0§],
rather than Quillen’s [Qui85], which give the ample line bundle over the Grassmannian.
On the other hand, on the space of invertible operators the section 1V ® 1 extends to a
section over the space of index zero operators only with Quillen’s convention, as explained
in Zinger [Zin16, 3.11]. Segal [Seg04, Appendix B] defines the determinant line of a Fredholm
operator as the line as a quotient associated to the determinant, defined on determinant class
operators between Banach spaces, and shows that the determinant line bundle descends to
a semi-infinite version of the Grassmannian.

2.2. Orientations for Fredholm operators. By definition, an orientation for a Fred-
holm operator is an orientation of its determinant line. There are natural constructions of
orientations on duals and sums of Fredholm operators.

Definition 2.2.1. (Orientations for Fredholm operators)

(a) Let V be a finite dimensional real vector space, and A™**(V') its top exterior power.
An orientation for V' is a component of A™*V\ {0}, that is, a non-vanishing element
of A™3*V up to homotopy. Denote by

Or(V) := (A" \ {0})/R>o

the space of orientations.

(b) An oriented vector space is a pair (V,0) of a vector space V and an orientation
o € Or(V). Given an oriented vector space (V,0) of dimension n, a basis ey, ..., e,
of V is oriented if

o=Rople1 A...Ney) € Or(V)
defines the orientation o on V.

(c) Let V and W be finite dimensional vector spaces. A linear isomorphism 7" : V' — W

induces a map on orientations

Or(T) : Or(V) — Or(W).

If V, W are oriented then the map T is orientation preserving resp. reversing if Or(7")
is orientation preserving resp. reversing.

(d) An orientation of a Fredholm operator D : V — W between real Banach spaces
V, W is an orientation of the one-dimensional vector space given by its determinant
line det(D).

Remark 2.2.2. (a) (Orientations on duals) An orientation for a finite dimensional vec-
tor space V induces an orientation for the dual V. Explicitly, let e1,...,e,,n =
dim(V) be an oriented basis for V and eY,..., e, the dual basis for VV. Give V'V
the orientation defined by

(6) oyv = le) A...Nef € A™*>(VV)].

Note the reverse order. Identify V' with V'V by an inner product B: V x V — R:
L:V—=VY v~ B,).
The orientation on V relates to the pull-back orientation on V' by
Lopv = (—1)dmM)dm()-1)/2,
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This convention is opposite to the convention of [EES05].
(b) (Orientations on direct sums) Orientations on finite dimensional vector spaces V, W
induce an orientation on the direct sum V @& W as follows. Let

fer,...;ent C V. {f1, fmp CW
be oriented bases. Define on the sum V' & W on the orientation given by
1IN Nen ANIA . A fn € NPV @ W).

The isomorphism ¢ : V& W — W @ V given by transposition acts on orientations

dim(V') dim(W) »

ovew = (—1) ifowev.

(¢) (Orientations on complex vector spaces) Let V be a complex vector space. If
v1,...,Vy, is an oriented basis over the C, then

{v1,101, ..., 0p, 00, CV
is a basis over R and the orientation given by
o(V) :=[vi Ndvg Ao Aoy Aoy

is called the complex orientation on V. Let W denote the real span of vy, ..., v,;
note that the isomorphism W @ iWW — V induces an orientation on V that differs
from the complex orientation by a sign (—1)dimW)(dim(W)=1)

(d) (Orientation for the identity) For finite-dimensional V, W, orientations on V' and W
induce an orientation og on det(0). By (5), op induces an orientation op on det(D).
By convention (6) op is compatible with the canonical orientation on det(Id) = R
for the identity operator D =1d if V = W.

(e) (Orientation double cover) For real Banach spaces V, W let

D :V — W Fredholm
0 € Or(D) :=det(D)* /R0

denote the space of Fredholm operators equipped with orientations of their determi-
nant bundles det(D). Thus

Fred™(V,W) — Fred(V, W), (D,0)+ D

is a double cover. The pull-back of the determinant line bundle to Fred™ (V, W) is
automatically orientable.

Fredt(V,W) = { (D, o)

Example 2.2.3. (Orientations induced by difference maps) The following example of ori-
entations for difference maps will be used later. We compare the difference maps

D2 D% RpR — R, Dlz(xl,xg) =1 — 9, D21(a:1,m2) = —D12(a;1,a:2) =29 — T1.
The kernel and cokernel of D2, D?! are
ker(D'?) = ker(D*) = {(z,z) | z € R}, coker(D'?) = coker(D?') = {0}.
Choose standard bases for R @ R, R:
{e1 =(1,0),e2 = (0,1)} CR? {f=1}CR
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The isomorphism (5) identifies

det(D'?) — det(0), e; +ez = 2fY A(er —e2) A (e1 + e3)
and so induces the standard orientation on the diagonal ker(D'2);

det(D*) — det(0), e+ e — —2fY A(e1 —e2) A (e1 + €2)
and so one obtains the opposite orientation on ker(D?!') from that on ker(D2).

2.3. Cauchy-Riemann operators. Our terminology for Cauchy-Riemann operators fol-
lows that of McDuff-Salamon [MS04]; in particular, the Cauchy-Riemann operators arising
in pseudoholomorphic curve theory are real Cauchy-Riemann operators in the sense that
the zero-th order term is not complex-linear.

2.3.1. Cauchy-Riemann operators on surfaces with boundary. Let S be a compact
surface with boundary.

Definition 2.3.1. (a) (Bundles with boundary condition) A bundle with boundary con-
dition for S is a complex vector bundle E (given as a real vector bundle £ — §
together with an operator Jg : E — FE, J]%J = —id) over S with a maximally totally
real subbundle F' C Elgg; that is,

FnNJg(F)={0}, rankg(F)=rankg(FE)/2 = rankc(E).

For each component 05, C 95 we denote by Fj, the restriction of F' to 05p. Given
E = (E, Jg) we denote by E~ = (FE,—Jg) over S the bundle obtained by reversing
the complex structure. Denote by F'~ the bundle F' considered as a totally real
sub-bundle of £~

(b) (Forms with boundary condition) Let Q*(E) denote the space of k-forms with values
in F for integers k > 0. For k =0 let

OB, F) = {¢ € QE) | €os € Q°(08, F)}

denote the space of sections of F with boundary values in F.
(¢) (Dolbeault forms) Suppose that S is equipped with a complex structure. Let Q¥!(E)
denote the forms of type k,[ for integers k,l with values in E. Thus

OI(E)=  o*(B).
k+l=j

Definition 2.3.2. (Cauchy-Riemann operators)
(a) An operator Dgp : QU(E,F) — Q%(E) is a Cauchy-Riemann operator if it is
complex linear and satisfies the Leibniz rule

Dgr(f€) = fDEr(6) + (0f)(€), VfeCX(S,C), &€ (B, F).

(b) A real Cauchy-Riemann operator, according to the terminology introduced by McDuff-
Salamon [MS04] is the sum of a Cauchy-Riemann operator with a zeroth order term
taking values in Endr(E).
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(c) Consider trivial bundles with rank n for some integer n > 0 given by
E=SxC" F=05xR"
The trivial Cauchy-Riemann operator is the operator Dg r defined by

Dpr(f®€)=(0f)®¢.

(d) (Adjoint Cauchy-Riemann operator) Let Dg r denote a real Cauchy-Riemann op-
erator acting on sections of F with boundary values in F'. The cokernel of Dg
can be identified with the kernel of the adjoint Dy, - The operator Dy, fp is a real
Cauchy-Riemann operator acting on sections of

(E®(TS))" =Hom(E~ ®@TS™,C).

The sections are required to have boundary values in the annihilator subbundle
(F®T(0S))*™", the real sub-bundle of E* @ (T'S)* whose evaluations on F' ® T'(95)

vanish.

Remark 2.3.3. The set of all Cauchy-Riemann operators is an affine space modelled on
Q01(S,End(E)) in the sense of D0E7F and D}EF are two such operators then

(D%,F — D}EF)U =aANo,VoeQE F), forsome ac Q" (S,End(E)).

The set of all real Cauchy-Riemann operators forms an affine space modelled on Q%!(S) ®g
Endgr(F). In particular both spaces are contractible.

The Riemann-Roch theorem generalizes to Cauchy-Riemann operators on compact sur-
faces with boundary as follows; see for example [MS04, Appendix].

Definition 2.3.4. (Euler characteristic and Maslov index) For any compact surface with
boundary S denote by

HI(S) = ker(d’)/im(d’*1), d7 : Q/(S) = QIT1(S)
the j-th de Rham cohomology of S for integers j > 0. Let
x(S) = dim H°(S) — dim H'(S) + dim H%(S)
denote the Euler characteristic of S. Let I(E,F) € Z be the Maslov index of the pair

(E,F), as in [MS04, Appendix|. For S without boundary, the index I(E, F') is twice the
Chern number,

I(E,@):/SCl(E).

On the other hand, for E trivial, I’ is the sum of the winding numbers of the boundary
conditions around the boundary components, considered as paths in the Grassmannian of
totally real subspaces.

Proposition 2.3.5. ( Riemann-Roch for surfaces with boundary [MS04, Appendix]) For
any Cauchy-Riemann operator Dg r on a surface with boundary S,

(7) Ind(Dg ) = rankg(F)x(S) + I(E, F).
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2.3.2. Cauchy-Riemann operators on surfaces with strip-like ends.

Definition 2.3.6.

(a) A surface with strip-like ends consists of the following data:

(i)

(1)
(iii)

(iv)

a compact surface S with boundary

08 =CiU...uCy,
and d, > 0 distinct points

2y Zndn € Cn

in cyclic order on each boundary circle C,, = S*. (We will use the indices on
C,, modulo d,,. The index set for the marked points is denoted

E=E&(S):= {e:(n,l)‘ne{l,...,m},le{1,...,dn}};

We use the notation e £ 1 := (n,l £ 1) for the cyclically adjacent index to
e = (n,l). Denote by

I, .= n,l C Ch

the component of S between 2z, = 2z,; and ze41 = 2p141. However, S may
also have compact components I = C,, = S1.)

a complex structure jg on S := S\ {z.|e € £};

a set of strip-like ends for S, that is a set of embeddings with disjoint images

€0 : RE x [0,6,] = S
for all e € £ such that

e.(R* x {0,6.}) < a8
lm (e(s,t)) = =z

s—do0
€Js = Jo
where jo is the canonical complex structure on the half-strip R* x [0, 6] of
width 0, > 0; (By a conformal change of coordinates, we can always assume
the width to be §. = 1. The freedom of widths will only become relevant in the

definition of quilted surfaces with strip-like ends. Denote the set of incoming
resp. outgoing ends

Er:=EL(S) :={e: RT x [0,d.] — S}.)
an ordering of the set of (compact) boundary components of S and orderings
E_ =(e],....en ), Er= (ef,...,e}ﬁ

of the sets of incoming and outgoing ends; (Here e = (ni,l:f) denotes the
incoming or outgoing end at z,+).
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(b) Let S be a surface with strip-like ends, and E, F' a pair of vector bundles as in
Definition 4.1.1 of [WW10a]. The bundle E admits a trivialization with fiber E.
over each strip like end e, and F' C FE|9S is a totally real sub-bundle constant on
the strip-like ends with fibers F, = (F¢ 4, Fe—). A real Cauchy-Riemann operator
Dg r for (E, F) is asymptotically constant if the following condition is satisfied: On
each strip-like end e € £(S) there exists a time-dependent operator

. : 0,1] — Endg(E,)

such that the operator Dg» pp on sections (eg)«&, & : R* x [0,1] — E, has asymptotic
limit given by the following operator:

8) 2(d€ +ip, 0dg 0 ) + ((He&)ds — (im, o Hel)dt)

where i, and j denote the complex structures on E, and R* x [0, 1] respectively,
and d is the trivial connection on the trivial bundle E, over R* x [0,1]. More
precisely, the difference between €} (Dp,p(ec)«£) and (8) is a zero-th order operator
that approaches 0 uniformly in all derivatives in ¢ as s — oco.
(c) An asymptotically constant Cauchy-Riemann operator D  is non-degenerate if the
operator
O + He : Q°([0,1); E., F.) — Q°([0,1]; E.)

has trivial kernel. Any non-degenerate, asymptotically constant operator Dg r
is Fredholm on suitable Sobolev completions; see for example Lockhart-McOwen
[LM85] for the case of surfaces with cylindrical ends.

Remark 2.3.7. (Non-degeneracy of the trivial operator) Suppose that E, F are trivial and
for each end e € £(S) the subspaces Fy,, Fy, for the components by, by of S meeting e are
transversal, that is, Fy, N Fy, = {0}. Then the trivial Cauchy-Riemann operator Dg p is
non-degenerate:
ker(@t) = Fbo Nky, = {0}

Furthermore, if in addition the surface is a strip then the kernel and cokernel are trivial:

S=Rx[0,1] = ker(Dgr)={0}, coker(Dgp)={0}.
2.3.3. Cauchy-Riemann operators on nodal surfaces.

Definition 2.3.8. (Cauchy-Riemann operators on nodal surfaces)

(a) A nodal surface S (with boundary and strip-like ends) consists of
(i) a surface with strip-like ends S? (here the superscript p is used to indicate the
surface “with nodes resolved”) with boundary 9.5”;
(ii) a collection of interior nodes: pairs

Z = {{Zf’zf}’ i '7{27"_’Z7:~_}}
of distinct interior points of S¥;
(iii) a collection of boundary nodes: ordered pairs

W = {(w,w)),..., (wg,w)}

s

of distinct boundary points of S”; and
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(iv) an ordering of the set {I;} U{w;}U{ex} of boundary components I;, boundary
nodes w;, and strip-like ends e
Note that S? is the normalization (resolution of singularities) of S.
(b) A complex vector bundle E — S on a nodal surface with boundary consists of
(i) a complex vector bundle EP — S°;

(ii) isomorphisms E”, — E” and E”, — E” for each interior node 2E

;- and

k3 1 7

boundary node wii; and
(iii) a trivialization Ef|iy,., = E. x (R x [0,1]) for each strip-like end e € £(SP).
(c) A totally real boundary condition F' for E — S is a totally real subbundle F? C EP|yg
such that the following conditions hold:
(1) the identifications of the fibers at the boundary nodes induce isomorphisms
FP_ — FP_;
Wy Wy
(ii) F* is maximally totally real, that is rankg(F*) = rankc(E”); and
(iii) in the trivialization over each strip-like end e € £(S?), the subspaces
FP

€e(s,0)

:FE,OCE€7 Fp

66(871) - Fe’l - Ee

are constant along s € R*. (These subspaces form a transverse pair
Fe,(] @ Fe,l = Ee-)

(d) Let E — S be a complex vector bundle on a nodal surface S with totally real
boundary condition F. A real Cauchy-Riemann operator D  for (S, E, F) is an
operator

Dpr:QUE,F)— Q" (E,F), o+ Dgorro

defined in terms of a real Cauchy-Riemann operator Dg» rr on S? with values in E7
and boundary conditions in F*. Here we set QU (E, F) := Q%! (E?, Ff) and define
QUE,F) c QU(E?, FP) as the kernel of the surjective map

O 5 ) — D e Dr,
. K3 . J
i J

(10) o — Ploz) —olz)) e Plo(w]) —o(w))).
i i

(e) The family versions of the above definitions are as follows. A family of nodal surfaces
S — B is a smooth family S? — B of complex surfaces (compact, possibly with
boundary) over a smooth, open base B, together with nodes Z, W C (S°)? varying
smoothly over B. A family of complex vector bundles E — S is a complex vector
bundle E? — S”, together with smoothly varying identifications of the fibers at
the nodes and constant trivializations on the strip-like ends. A family of totally
real boundary conditions F' — 0S consists of a totally real boundary condition
FP — 0S5” that is constant in the trivializations on the strip-like ends. A family of
real Cauchy-Riemann operators D p for the families (S, E, F) — B is a family of
real Cauchy-Riemann operators Dy, for (Sy, Ey, Fp), varying smoothly with b € B.
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Definition 2.3.9. There are several variations on the linearized Cauchy-Riemann operator.
Define an unreduced linearized operator

DR QB FY) - D BL 0 D Fye © V(BN FY), - 0 (3(0), Do)
? J

where 0 is the operator of (9). The kernel and cokernel are canonically isomorphic to those
of Dg r. The isomorphisms define an isomorphism of determinant lines

(11) det(Dp,p) — det(DFRE?).
Define the reduced linearized Cauchy-Riemann operator

(12) Dj;gf}; :ker(Dpo po) — @E§+ & @F£+ @ coker(Dpgp pr), o+ (6(c),0).
Yz ~ W
i J

Lemma 2.3.10. (Unreduced and reduced Cauchy-Riemann operators) The determinant
line det(Dpg ) for a Cauchy-Riemann operator Dg p over a nodal surface S is related to
the determinant det(Dge po) for the corresponding operator over the smooth surface SP with
resolved nodes by an isomorphism

v
red max
(13) det(Digd,) — A™ (@ B, @ EBF%) © det(Dpo ).
i J
Hence orientations on Dge o and the fibers E§+,F£+ induce an orientation on Dg r.
i j

Proof. The kernel and cokernel of DEC"}; are canonically isomorphic to those of D}gﬁﬁd. The
isomorphisms define an isomorphism of determinant lines

(14) det(DEEY) — det(DEG).

Since the domain and codomain of Dg’:} are finite dimensional, we have by (5) the isomor-
phism of the statement of the Lemma. O

Remark 2.3.11. A similar isomorphism holds when a surface S and bundles F, F' are
obtained from another nodal surface S and bundles E, F by resolving some subset of the
nodes of §. That is, S is obtained by removing some subset of the sets of interior and
boundary nodes Z, W so that some nodal points of S are replaced by pairs of points in S5,
and E, F are the bundles obtained by pullback under S — S.

The construction of orientations depends on orderings of the components and boundary
nodes as in Definition 2.3.8. In the case that the ordering of the boundary nodes and
components is such that the boundary nodes are ordered first (w; appears before p;, for each
i,7) we take the orientation from the previous paragraph to be the orientation of Dg r. In
general, an orientation of Dg r is defined by the orientation from the previous paragraph
times the sign arising from permuting the determinant lines A™**(F,,) of the boundary
nodes so that they appear before the determinant lines for the boundary components.

Example 2.3.12. (Orientation for the trivial bundle over a nodal disk) Continuing Ex-
ample 2.2.3, suppose that S is a nodal surface consisting of two disks joined with a single
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boundary node (w_,w,). Also suppose that the ordering of the disks inducing the ordering
of (w—,w4). Equip S with the trivial bundles E, F. Then the reduced operator is

TEGS; Dz, x9) > o — 1.
Thus the reduced operator has kernel equal to the diagonal
ker(DE%) = {(z,2) |z € F} C F& F.

By 2.2.3, the determinant line det(Dfﬁ%) inherits the orientation of det(F) times (—1) k().
If the ordering of the boundary components and boundary node is (first component, bound-
ary node, second component), then the orientation induced on Dp r is the standard one.

Remark 2.3.13. The class of Cauchy-Riemann operators is closed under the following
operations:

(a) (Conjugates) Let (E,F) be a bundle with boundary condition over S. Let E~
the complex conjugate of E, and F'~ the subspace F' considered as a totally real
subspace of F. Let S~ denote the surface S with complex structure Jg = —Jg.
Given a Cauchy-Riemann operator Dg r the first order part of Dg r is complex
linear with respect to the dual complex structures —J, —j and defines a Cauchy-
Riemann operator Dp- p- on the dual (E~, F7).

(b) (Direct Sums) Let (Ey, Fy),k = 0,1 be bundles with real boundary conditions over
a surface S, and

(E, F) = (Eo, Fo) © (E1, F1).
Let Dg, r,,k = 0,1 are Cauchy-Riemann operators for the components. The direct
sum
Dg.r = Dgyr, ® DE, 1y
is a Cauchy-Riemann operator for the direct sum.

(c) (Disjoint Unions) Let (Ey, Fy) denoted bundles with totally real boundary condition

over surfaces Sy for k = 0,1. Then

(B, F) = (Eo, Fo) U (E1, F1)

is a bundle with totally real boundary condition over S = Sy LI S7. Then the space
of forms Q°(E, F) is naturally isomorphic to the direct sum of the Q°(Ey, F},). If
Dg, r,,k = 0,1 are Cauchy-Riemann operators for the components then the direct
sum Dg r = Dg, r, ® DE, r, is a Cauchy-Riemann operator for the disjoint union.

Now we turn to quilted surfaces. We could allow nodes in the following definition, but
have no need for nodal quilted surfaces and so that extension is left to the interested reader.

Definition 2.3.14. (Quilted surfaces) A quilted surface S with strip-like ends consists of
the following data:
(a) A collection of patches (Sp),cp indexed by a set P, so that each patch S), is a surface
with strip-like ends. Each S), carries a complex structures j, and has strip-like ends
(€pe)ece(s,) of widths ;. > 0. Each end has limit equal to a marked point

SEIEOO €pe(s,t) =: zpe € 0S).

Denote by I, . C 05, the noncompact boundary component between z, .1 and z .
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A collection of seams S. Each seam ¢ € § is a pairwise disjoint 2-element subset of
the set of patches and boundary components:

o C [ J{p} x m(9Sy).

peEP
We write

o = {(p-(0) L), (p+(0), L)}

recording the patches and components of the boundary that are identified. For each
o € S, a diffeomorphism of boundary components

QYo - 8Sp_(g) > IU,_ = Io’7+ - 85p+(a)

is given and supposed to satisfy the conditions:
(i) real analytic: Every point z € I, has an open neighborhood U C S,,_(,) on one
side of the seam such that ¢,|yyn, extends to an antiholomorphic embedding
on the other side:

Yz U= Sy (o)) Vidpi(o) = ~Ip-(o)-
In particular, this condition forces ¢, to reverse the orientation on the bound-
ary components. This condition is presumably technical, and could be removed
at the cost of working with linearized operators whose principal symbol is not
the same as that of a standard Cauchy-Riemann operator.

(i1) compatible with strip-like ends : Let I, (and hence I’) be noncompact, i.e.
lie between marked points, I, = Ip, e, and I, = I,y . We require that ¢,
matches up the end e, with €/ — 1 and the end e, — 1 with €. That is,

6;/0176; O Y5 O €py e, —1 MAPS (8,0p, c,—1) — (8,0) if both ends are incoming, or

it maps (s,0) — (8,0, ¢ ) if both ends are outgoing. We disallow matching

of an incoming with an outgoing end, and the condition on the other pair of
ends is analogous.

Given a quilted surface with strip-like ends S as above:

(a)

(b)

The true boundary components I, C 0Sp,,b € B are those that are not identified
with another boundary component of S. Let B denote the set of true boundary
components, and for each b € B let pp denote the patch and I, the component.
The quilted ends

e € E(S) = E(S)LUEL(S)

consist of a maximal sequence
e = (pi,€i)i=1,.n.
of ends of patches. The boundaries of each end of each patch are identified
€p;.e; ('7 51%'761) = €pit1,€it1 ('v 0)
via some seam ¢,,. The end sequence could be cyclic, i.e. with an additional identifi-
cation €, ¢, (*; Opn.en) = €pyei (-, 0) via some seam ¢,,,. Otherwise, the end sequence

is noncyclic, i.e. €y, ¢,(+,0) € Iy, and €p, ¢, (*,9p,.c,) € Ip, take values in some true
boundary components by, b, € B.
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(c) The ends €, ¢, of patches in a quilted end e are either all incoming, e; € £_(S),),
in which case we call the quilted end incoming, e € £_(S), or they are all outgoing,
e; € £+(Sp,), in which case we call the quilted end outgoing, e € £,(S).
We assume, as part of the definition, that orderings of the patches and of the boundary
components of each Sy, orderings £+(S) = (ef, ..., gﬁi( S)) of the quilted ends are given.

Definition 2.3.15. (Cauchy-Riemann operators for quilted surfaces with strip-like ends)
(a) (Boundary and seam conditions) A collection of bundles with totally real boundary
and seam conditions is a pair (E, F) — S consisting of a family of complex vector
bundles over the components E together with totally real subbundles F' over the
boundary components and seams. That is, for each seam o, the resulting component
F, is a totally real subspace of the restriction of components of E:

Fo C EP_+(J)’(6SP+(U)>U X Ep_(a)‘(asp_(a))o

of the bundles E), () on the patches S, (5 adjacent to o.
(b) (Quilted Cauchy-Riemann operators) A quilted Cauchy-Riemann operator for (E, F)
is a collection of Cauchy-Riemann operators

Dpr = (Dp,p €P)

on the patches S,,p € P, acting on the space of sections with the given boundary
and seam conditions.

2.4. Gluing of Cauchy-Riemann operators. Nodal surfaces with strip-like ends can
be glued along the ends, or at interior or boundary nodes. We explain the behavior of
determinant lines under gluing of strip-like ends.

Definition 2.4.1. (Gluable ends) Let S be a surface with strip-like ends. Let E — S be
a complex vector bundle and F' — 0S5 a totally real boundary condition. Let Dg r be
a real Cauchy-Riemann operator. Let ey € £,(S) and e_ € £_(S) be an outgoing resp.
incoming end. Suppose a complex isomorphism is given that maps the totally real boundary
conditions on the ends:

(15) Ee+ — Ee_a Fe+,k,‘ — F _ks k € {0, 1}

We say that the ends ey are gluable if the asymptotic limits (8) of Dg r on the ends e, are
equal, after the identification of fibers (15).

Definition 2.4.2. (Glued surface and Cauchy-Riemann operator) Let S be a surface with
gluable ends e+ equipped with bundles £, F' and a gluable Cauchy-Riemann operator Dg .

(a) Let S = #c.(S) be the glued surface formed by gluing the ends of S. That is,
consider a pair of ends

e, (RT x [0,1))Ue. (R™ x[0,1]) C S.

We may construct a surface S with two fewer ends by replacing the ends e, 4 bya
strip [—7, 7] x [0, 1] depending on a gluing parameter 7 > 0, where {7} x [0,1] is
identified with e.. ({0} x [0,1]), gives a surface after a choice of a new ordering on
the boundary components and strip-like ends. See also Section 4.1 of [WW10a] and
Definition 4.1.1 of [WW10a].
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(b) Let E, F be the complex vector bundle and totally real boundary condition over S
that arise from gluing F, I’ via the isomorphism E,, = E._ on the middle strip. Let
p+ be cutoff functions on the strip-like ends with p4 + p— = 1. Given a section & of
E define a section ¢ of E by

o =26 on S\ex(£(0,00) x [0,1]), & = p+& on e+(=£(0,00) x [0, 1]).

Given Dpg pr define a glued real Cauchy-Riemann operator D  for (g, E, F) by
defining D, >0 to be the section of E obtained from Dg ro by adding together the
forms on the strip-like ends:

(16) D 0 = mDpro

where
7 S\ex(£(0,00) x [0,1]) = S

is the gluing map, and m, is integration over the fibers
man(z) = D, mn(z—) + Do, mn(zy), 7 Hz) = (22, 24).

Proposition 2.4.3. (Identification of indices and determinant lines under gluing strip-like
ends) Suppose that D, 7 is obtained from Dg p by gluing strip-like ends. Then there is an
equality of indices Ind(Dp,r) = Ind(Dj, ) and a canonical isomorphism of determinant
lines

(17) det(DE,F) — det(DE,F)‘

Proof. For simplicity, we assume that the surface is unquilted. For sufficiently large 7 there
exist isomorphisms

ker(Dp,r) = ker(Dg ), coker(Dp, ) = coker(Dp )

defined as follows. Given a section £ in the kernel of Dg r, one may use cutoff functions on
[—7, 7] to glue it together to a section & = #,£ of E — S with boundary conditions in F.
Explicitly
€ =¢on S\ex(£(0,00) x [0,1]), € = p+& on ex(=(0,00) x [0, 1]).

Then é is an approximate zero of Dz 7. The isomorphism is defined by gluing followed by
orthogonal projection onto the kernel of D, 7 defines, for 7 sufficiently large; see [Ma’09,
Section 5.3] for details of the analysis. The construction for the cokernels follows by identi-
fying the cokernels of Dg r and Dy z with the kernels of their adjoints. Gluing of Cauchy-
Riemann operators on quilted surfaces along quilted ends is similar. O

2.5. The exact sequence for a deformation of a node. We describe the behavior of
determinant lines under deformation of nodes. The result of this section is analogous to the
long exact sequence in homology of sheaves:

Definition 2.5.1. (Deformation of a node) Consider an interior node of S represented by
a pair z¥ € §P, and 7 € Rog + [0, 1]i.
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(a) (Deformed surface) Let S be the (possibly still nodal) deformed surface with strip-
like ends obtained by deforming the node. Thus S is the surface obtained gluing
punctured disks around z* using the map z — exp(277)/z. Denote by

s+it=In(z)/m—71
the coordinates on the cylindrical neck [—|7],|7|] x S'. In the case of a boundary
node, we require that the gluing parameter 7 is real and glue together half-disks by

z +— exp(2n7)/z and identify the neck with [—7,7] x [0, 1] with coordinates s + it.
See Figure 2, in which the glued disks/neck regions are shaded.

OO

FIGURE 2. Deformation of a boundary node

(b) (Deformed vector bundles and Cauchy-Riemann operators) Let E,F denote the
vector bundles over S, 0S obtained by gluing in the trivial bundles

(Ez Fy) = (B, F-) = (E+,F+)

in the fixed trivialization over the (half)disks around z*. Using cutoff functions, one
constructs from Dg r a family of real Cauchy-Riemann operators

DE~,IE’ : QO(E,F) — Qo’l(E)

for (S, E, F) similar to the construction of (16). Each operator Dy ; in the family

is equal to Dg r away from the gluing region and approaches the trivial operator on
the neck in the limit 7 — oo.

Note that the conformal structure of S depends on the value of the gluing parameter 7,
as well as the choices of local coordinates R* x S or R* x [0, 1] on punctured neighborhoods
of z*. In addition, to obtain a surface with strip-like ends in our sense one has to choose a
new ordering on the nodes and possibly the boundary components of S.

The following gluing result is the basic result used in the identification of determinant
lines of the deformed Cauchy-Riemann operator with the determinant line of the original.
The result is a slight modification of [EES05, Lemma 3.1]. We suppose that the node is on
the boundary; the interior case is similar. We also assume for simplicity that S is smooth.

Theorem 2.5.2. (Long exact sequence in homology for surfaces with boundary and strip-
like ends) Let S,E.F be a deformation of a node from S, E, F obtained from the resolved
surface and bundles SP, EP, F* by identifying small balls around the node. For sufficiently
large values of the gluing parameter T there is an exact sequence

Dred

(18) 0 — ker(Dg £) % ker(Dpge o) 5 Fe coker(Dpp,pr) — coker(Dg ) — 0
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such that in the limit 7 — oo, the middle map DTEO% converges to Dg} from (12) as

operators on finite-dimensional vector spaces.

Remark 2.5.3. (Relation to the long exact sequence for a normalization) The sequence
(18) is a real version of a standard long exact sequence in algebraic geometry. Namely,
suppose [E is a vector bundle on a nodal curve S with a node at z, and 7 : S» — S is the
normalization of S at z. There is a short exact sequence of sheaves given by

0—2E—mr'E =, E—=0

where abusing notation ¢, +t;[E denotes the skyscraper sheaf with fiber E.. The short ex-
act sequence induces a long exact sequence of cohomology groups, described in terms of
linearized Cauchy-Riemann operators as

0 — ker(Dg) — ker(Dgp) — E, — coker(Dg) — coker(Dgp) — 0.
See for example [Beh97, (1)].

Proof of Theorem 2.5.2. First, we construct suitable Sobolev spaces on the glued surface
S, depending on the gluing parameter 7. We will require a nested sequence of cutoff
functions on the neck region of S for which we introduce the following notation. For each
integer n € [2,6] let 8, be a family of smooth functions on S depending on 7 with the
following properties:

(a) By is supported on the part of the neck parametrized by [—n7/7,n7/7] x [0, 1];
(b) Bpisequaltolon [—(n—1)7/7,(n—1)7/7]x]0, 1], and takes values in [0, 1] elsewhere;
(c) By has first derivative bounded by C/7 for some constant C' > 0.

For § € (—1,0) consider the weight function

(19) e C®(8), ¢ =(1—f)+ Bs(PC™T) 4 700+,

The second term is well-defined since B¢ is supported on the neck. Let VV(s1 2 (E, F ) be the

Sobolev space with weight function (-, or more precisely, the space of Wlif functions with
finite weighted norm

Hf”wélv?(];,ﬁ) = ||CT§HW1,2(E,I5)‘
The Cauchy-Riemann operator Dy 5 is Fredholm on this Sobolev space by standard results.
With these Sobolev spaces defined we study the kernel and the cokernel of the linearized

Cauchy-Riemann operator on the glued surface. We have an exact sequence of Banach
spaces defined by the linearized

(20) 0 — ker(Dg p) — QYE, F) = Q"YE) — coker(Dg ) — 0

where the middle terms are the I/V(S1 2 resp. VV(SO’2 spaces defined above. We wish to show that
(20) is equivalent, modulo stabilization, to an exact sequence of finite-dimensional spaces.
More precisely, we show that the middle map in (20) is uniformly bounded from below on a
space isomorphic to the complement of the kernel of the Cauchy-Riemann operator for the
normalization.

First we identify the kernel of the operator on the normalization with a subspace of sec-
tions on the deformed bundle. For any ¢ € Q°(E, F') we denote by (1 — )¢ € QO(E, F) the
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section obtained by multiplying by the cutoff function (1 — B2) and using the identification
of F and F away from the neck. The map

(21) keI‘(DEp,Fp) — (1 — ,82) ker(DEppr), f — (1 — 52)5

is an isomorphism, since by analytic continuation no element is supported on the neck. We
identify ker(Dpg» pp) with its image under the map (21).

The first map in the four-term sequence (18) is now defined by orthogonal projection.
Namely, let V; denote the W(?Q—orthogonal complement of ker(Dpge pp). Define the first
map in (18) to be the composition

kel"(DE 13) — ker(DEng) C QO(E, ~>
of inclusion and projection along V.
To find the second map in the four-term sequence (18), we find an approximate description
of the image of V; under the linearized operator D j for the glued surface.

Claim: For 6 € (—1,0), the restriction of Dy z to V; is uniformly right invertible, that is,
there exist constants C' and 1y such that for T > 19,

(22) Cléllyrz < 1Dg p€llz, V€€ Vr.
Suppose otherwise. There exists a sequence 7(a) — 00,&(a) € V(o) with
(23) 6@ ypzy =1 Jim_[1Dg £(@) 130z = 0.

Denote by S° resp. E°, F° the surface with strip-like ends obtained by removing the node
z, resp. the fibers E,, F,. Let

Syg[—T,T]X[O,l], E'V:_E|S”7 FV:FV’SV

be the neck and bundles restricted to the neck. We split £(«) into sections supported away
from and on the neck, and apply elliptic estimates for S°,S¥ to obtain a contradiction.
First, note that the kernel of Dg» o may be identified with the kernel of Dgo po for any
Sobolev weight § € (0, —1). Indeed, we may identify S locally with the half-space H. We
assume that our Sobolev spaces on S use a measure that is locally the pull-back of the
standard measure on H. The conformal transformation (s,t) — exp(—s — ¢wt) maps the
infinite strip R x [0,1] to H. The pull-back of the canonical measure on H is me~25dsdt.
With our conventions, this pullback is the measure with Sobolev weight § = —1. Thus
pullback gives an identification of the kernel

W2(E°, F°) D ker(Dgo po) — ker(Dgo o) C WH2(EP, FP).

Elliptic regularity gives an identification with the kernel of Dgo g on W52(EP, F?) for any
k > 1. The operator Dgo po is Fredholm for weights ¢ not in the spectrum Z of the limiting
operator on the strip-like ends, see e.g. [LM85]. The kernel ker(Dgo po) is unchanged by
any non-negative perturbation of Sobolev weight not passing through the spectrum of the
limiting operator:

([01,02] N Spec(Oy +He) =0, Ve &) = (ker(Dpo po)y1.2 = ker(Dpo o)yp1.2).

51 52
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Hence
kel"(DEO,FO)Wlﬂ = keI'(DEo’FO)Wl,Q, Vo € (—1,0).
. 5

Let (2 denote the cutoff function introduced at the beginning of the proof. Since the
operator D  is equal to Dpo po away from the neck and approaches Dpv pv on the neck,
we have for some constant C' > 0 independent of «,

”f(a)HW;vQ(E) < CH(l_52)5(0‘)”14/51’2(150)+CHB2§(O‘)HW;72(EV)
< ClDge (1 = Bo)E) 120y + CllPrOer(ppo po) (1~ BIE) 1250
+C||DE”,F”52§(Q)”W;J(Eu)
— 0.

This contradicts (23). The first inequality follows from comparability of the norms on
E°, EY, and E, and the second inequality combines the elliptic estimates for (E°, F*°)
and (EY,F"). The last limit uses the bound on the derivative of 2 and the fact that
Dp p€(a) — 0. This proves the claim.

We continue with the construction of the second map in the four-term sequence. Identify
coker(Dge pr) with the I/V(;1 2_perpendicular of im(Dge pe). Also identify E and E° away
from the neck. Let £4 denote the cutoff function introduced above, and define an injection
for 7 sufficiently large

coker(Dpgp pr) — QONE,F), €= Bu&;

let B4 coker(Dgs pr) denote its image. Let F, the subspace of Q%' (E, F) 12 consisting of
one-forms equal on the neck to f(ds — idt) for some f € F,. By multiplying by (4 gives a
finite-dimensional subspace of Qo’l(E , F ) L2 isomorphic to F, by evaluation at a point zniq
at the mid-point of the neck:

F.2F, & &(2mia)
For 7 sufficiently large, the sum (1—f34) coker(Dgp o)+ 4 F} is direct, since the intersection
of the two subspaces is trivial. Let

U, == ((1 — B4) coker(Dpeo o) + B4Fy)t € QVY(E, F)
denote the VV61 ’2-perpendicular. Let
m: QOYE, F) = U,
denote the projection.

Claim: The operator m o D : Vi — Us is an isomorphism with uniformly bounded right
inverse, for T sufficiently large.

Suppose otherwise. Then there is a sequence
T(a) — 00, f(a) € VT(a)7 C(Oé) € U‘r(a)
with
(24) Hg(awVT(Q) = HC(OOHUT(Q) =1, (DET(Q>,FT<Q)§(Q)7C(Q)) — 0.
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The pairing of Dy ( ¢(a) with any sequence of elements

)P (o)
(1 - 54)((04) + ,844(05)/ € (1 - 54) COkel"(DEp,Fp) + ﬁ4&
of norm one approaches zero since the cut-off functions are slowly varying. This convergence

implies || D g o Fr )§(o¢)H — 0 which contradicts (22). The claim follows.
The discussion above shows that we have splittings

(25) Q%E, F) =2V, ®ker(Dgo pe), Q"(E) = U, @ F, @ coker(Dgo r»).
By (20) and (25) for 7 sufficiently large there is an exact sequence
(26) 0 — ker(Dg p) = Vr @ ker(Dpge pr) — Ur @ F; @ coker(Dpe pr) — coker(Dg ) — 0.

We obtain from this sequence of Banach spaces an exact sequence of finite-dimensional
spaces as follows. By the Riemann-Roch theorem for surfaces with boundary (7), the index
of the deformed Cauchy-Riemann operator is

(27) Ind(Dg z) = Ind(Dge,pr) — dim(F)
since the Euler characteristic of the glued surface is one less than the resolved surface. The
identity (27) implies that the restriction of 7, o D 5 p to Vi is an isomorphism onto Us;.

Let ﬁij, i,j = 1,2 denote the components of D  with respect to the splittings (25). The
kernel of D ; consists of pairs (&1, &2) such that
& = —D7 ' D1a&s, (=D D7 Dig + Dag)éa = 0.
Define
D

d A H-1F -
b= ~DauDyy D1z + Da.

We have an identification

ker(Dg ) — ker(D;f}), &+ (=D D1aba, &).

The image of Dy ; consists of pairs (n1,72) such that 7y — D21D1_11771 lies in the image
of D’g‘iﬁ The inclusion of F, & coker(Dgp pr) into U, & F, @& coker(Dps pr) induces an
identification of cokernels of Dy, » and sz‘%. Applying this identification to (26) gives the
desired exact sequence.

To compute the limit of the middle operator in the limit of large gluing parameter, note
that the component of DTE?‘% in F; is given asymptotically by projecting Dz #((1 — 52)§)
onto B4F,. We have 7

Dg p((1 = B2)€) = —(9s82)&(ds + idt).

Pairing with f € F, gives the difference of evaluation maps £(z4) — &(z—) paired with f. It
follows that the limit is

lim D6 = (¢(24) — £(22),0) = Digd

T—00 E7F

as claimed in the statement of the Theorem. |
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Corollary 2.5.4. (Isomorphism of determinant lines induced by deformations of nodes)
Let DE,F be the operator obtained from a Cauchy-Riemann operator Dg g by deforming a
node. There is a canonical up to deformation gluing isomorphism det(Dg r) — det(Dg 7).

Proof. The existence of the exact sequence (18) is equivalent to the existence of isomor-
phisms

(28) ker(Dgi&) — ker(Dg ), coker(Dj;:f%) — coker(Dg g).
These induce an isomorphism of determinant lines

(29) det(Dy 5) — det(ngﬁ,).

The homotopy of Theorem 2.5.2 induces an isomorphism of determinant lines det(D%e"}) —
det(D%ﬁdﬁ). Combining this with (29), (14), and (11) proves the corollary. O

2.6. Associativity of gluings and deformations. Next, we show that the gluing maps
of Proposition 2.4.3 and Corollary 2.5.4 satisfy an associativity property:

ProRosition 2.6.1. (Associativity of gluing) Let S be a nodal surface with strip-like ends
and S the surface obtained by one of the following:

(a) deforming two nodes wy, w;, or

(b) deforming one node w and gluing two strip-like ends e_, e, or

(c) gluing two pairs of strip-like ends e+, €1 +.
Suppose that DE,F is obtained from Dg r by deforming the nodes. Then the resulting gluing
isomorphisms det(Dg r) — det(Dy ) are independent of the order of deformation/gluing.

Proof. We consider only the case of two boundary nodes z, 2’; the cases of interior nodes,
strip-like ends, and mixed cases are similar but easier. We claim that if § denotes the
deformation of z and ¢’ the deformation of 2’ then the diagram

det(DE,F) —_— det(DEJ;vé)
(30)

det(DE’F(;/) _— det(DE’FM/)

commutes. The proof is a minor modification of e.g. [EES05, Lemma 3.5]. Simultaneous
deformation of the two nodes leads to an exact sequence
(31)

0 — ker(Dp pss) = ker(Dp ppr) = F. @ Fyr @ coker(Dy, gy ,r) — coker(D g pssr) — 0.

Together with the identification of D r with the reduced operator in (12), this induces an
isomorphism

(32) det(DE'7F) — det(DE7F§75l).
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We claim that this isomorphism is equal to the isomorphism given by going either way

around the square (30). To prove the claim, consider the diagram

red
DE5,F5

ker(Dp, s, ) 1 ker(Dp, ps,) — F. @ coker(Dy, ps.,0) YE o coker(Dp, s, )

red

ker(Dp po.p) YFoF, o coker(Dp pp.pr) » coker(Dpg pss)

ker(DE’F(;,L;/ )

For fixed gluing parameters 7,7’ the diagram commutes up to a small error term which is
irrelevant for the purposes of orientations. By approximate commutativity of the diagram,
the composition of the top and right maps in (30) is equal up to homotopy to (32). A
similar argument shows the same for the composition of the two maps on the other side of
(30). This completes the proof. O

2.7. Determinant lines for families of Cauchy-Riemann operators. The existence
of the gluing isomorphisms of determinant lines can be phrased as the existence over a topo-
logical determinant line bundle over the parameter space for a family of Cauchy-Riemann
operators with degenerations, following the discussion in [MWW18a],

Definition 2.7.1. (Decomposed spaces) Let G be a partially ordered set with partial order
<. Let B be a Hausdorff paracompact space. A G-decomposition of B is a locally finite
collection of disjoint locally closed subspaces Br,I" € G each equipped with a smooth
manifold structure of constant dimension dim(Br), such that

B=|]JBr
reg
and
BFQE#Q =5 BFCE <~ FSF/.
The dimension of a G-decomposed space B is

dim B = sup dim(Br).
reg

The stratified boundary OsB resp. stratified interior inty B of a G-decomposed space B is
the union of pieces

9,B = U Br, intyB = U Br.
dim(Br)<dim(B) dim(Br)=dim(B)

An isomorphism of G-decomposed spaces By, By is a homeomorphism By — Bj that restricts
to a diffeomorphism on each piece By r.

Example 2.7.2. (Cone construction) Let B is a G-decomposed space. The cone on B
CB:= (B x [0,00))/((r,0) ~ (',0),r,7" € B)
has a natural G-decomposition with

(CB)r = C(Br), dim(CB) = dim(B) + 1.
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More generally, if B is a G-decomposed space equipped with a locally trivial map 7 to a
manifold A, the cone bundle on B is the union of cones on the fibers, that is,

CaB = (B x [0,00)) / ((r,0) ~ (', 0),7(r) = 7(r') € B),,
is again a G-decomposed space with dimension dim(C4B) = dim(B) + 1.

Definition 2.7.3.  (a) (Stratified spaces) A decomposition B = UpegBr of a space B is
a stratification if the pieces Br fit together in a nice way: Given a point 7 in a piece
Br there exists an open neighborhood U of r in B, an open ball V around r in Br,
a stratified space L (the link of the stratum) and an isomorphism of decomposed
spaces ¢ : V x CL — U that preserves the decompositions. That is, ¢ restricts to
a diffeomorphism ¢ps from each piece (V' x CL)p of V' x CL to a piece U N Brr. A
stratified space is a space equipped with a stratification.

(b) (Families of quilted surface) Let B = UregBr be a stratified space. A family of
quilted surfaces with strip like ends over B is a stratified space S = UpegSr equipped
with a stratification-preserving map to B such that each Sp — Br is a smooth family
of quilted surfaces with fixed type, and furthermore, local neighborhoods of Sp in S
are given by the gluing construction of Definition 2.5.1: there exists

(i) a neighborhood Ur of Sr,
(ii) a projection np : Up — Br, and
(iii) a map or : Up — (R>)"™ x C"
such that if r € Br then S, is obtained from gluing S, () with gluing parameters
or(r).

(c) (Families of bundles) A family of complex bundles with totally real boundary and
seam conditions is a collection (E, F) = (E;, F'y)pep of complex bundles with totally
real boundary and seam conditions, such that for each b € B, the nearby bundles
are given by the gluing construction of Definition 2.5.1.

In other words, for a family of quilted surfaces with strip-like ends, degeneration as one
moves to a boundary stratum is given by neck-stretching.

Proposition 2.7.4. (Orientation double cover of a family with nodal degeneration) Let
Sy By Ey,. b € B be a family of complex vector bundles with totally real boundary conditions
on quilted surfaces with strip-like ends over a stratified space B. Then the collection of
determinant lines det(Dg pp),b € B has the structure of a topological line bundle over B.

Proof. Proposition 2.6.1 shows that the isomorphisms of Corollary 2.5.4 define local trivi-
alizations of

(33) OT(DE,E) = U Or(DEb?Eb)7 OT(DEb,Eb) = det(DﬂjE7b)X/R>0.
beB

Since each fiber has two components, the bundle (33) is a double cover of B. The deter-
minant line is the associated line bundle to the double cover and so inherits a topological
structure. |
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3. Relative spin structures

The construction of orientations for pseudoholomorphic maps with Lagrangian bound-
ary conditions depends on the existence of a structure on the Lagrangians called a relative
spin structure as introduced by Fukaya-Oh-Ohta-Ono [FOOO09]. In this section, we give a
description of these groups in somewhat greater generality. In the latter case the discussion
is equivalent to the one introduced in [FOOO09], but avoids triangulations. A more gen-
eral notion of relative pin structures that does not require orientability of the Lagrangians
is developed in Solomon [Sol06]. A related notion of a coupled spin structure is used in
Abouzaid-Manolescu [AM25], and suffices to define Floer cohomology of a pair.

3.1. Relative spin structures via Cech cohomology.

Definition 3.1.1. (First non-abelian cohomology) Let G be a Lie group and M a smooth
manifold. Let

U={Uy,icl}
be an open cover of M. For integers j > 0 let
CHU,G) = (Gig,..i; : Uig N -..0Ui; = Qg
be the space of cochains of degree j and 0 the coboundary operator defined by
J+1
0: CIU,G) = CT UG, (09)ig,ier = [[ 97"

10yl esljt1
k=0

The groups C (U, G) form a complex in the following sense. Consider the space of one-cycles
ZYU,G) :==ker(d|cr : CYU,G) = C*(U,G)).

Then C%(U, G) acts on the left on Z'(U, G) by the formula

(h/)g) = hg? (hg)io,il = h"iogioﬂ;lh;l'

The zeroth and first non-abelian cohomology groups are
HU,G):=2Z2°U,G), H'U,G):=CU,)\Z"U,G).
Any refinement V — U induces maps H'(U,G) — H'(V,G) for j = 0,1. Denote by
HY(M,G) =l H*U,G), k=0,1
u

the limit over refinements. For G abelian, all cohomology groups
HI(M,G),j=0,1,2,...
are well-defined in a similar way.
One has the usual exact sequence as in Hatcher [Hat02, Section 3E].

Proposition 3.1.2. (Long exact sequence) If A C G is an abelian subgroup then there is
a long exact sequence of pointed sets

(34)  ...H(M,G/A) — HY(M,A) - HY(M,G) — H*(M,G/A) — H*(M, A).
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That is, H*(M, A) acts transitively on the kernel of H'(M,G) — HY(M,G/A), and the

set-theoretic kernel of the connecting homomorphism HY(M,G/A) — H?*(M, A) is equal to

the image of H'(M,G).

Definition 3.1.3.  (a) (Characteristic class) The image ¢(z) of a class z in H*(M, G/A)
under the connecting homomorphism ¢ : H'(M,G/A) — H?(M, A) in (34) is called
the characteristic class of z.

(b) (Chern class) As an example of a characteristic class, consider the exact sequence
1-Z—-R— S =1

where 1 denotes the trivial group. In this case, there exists an isomorphism with
the Picard group

HY(M, S') = Pic(M)
of isomorphism classes of line bundles. The characteristic class map H'(M, S*) —
H?(M,7Z) is equivalent to the first Chern class

c1 : Pic(M) — H?*(M, 7).
Definition 3.1.4. (G-structures) Let U be an open cover of M as above, A C G an abelian
subgroup and ¢ : G — G/A the projection, the last map in the exact sequence
1-A—-G—->G/A—1.

Let z € Z'(U,G/A) be a cocycle. A G-structure on z is a cocycle a € CH(U,G) with
#+(a) = z; an isomorphism from a to a’ is an element b € C°(U, A). Let H (U, G, z) denote
the set of isomorphism classes of Cech G-structures and

HY(M,G,z2) = nng(u, G,2)
the direct limit over open covers.

Remark 3.1.5. The obstruction to admitting a G-structure is the characteristic class in
(34).

Definition 3.1.6. (Relative cohomology for a map) Let G be an abelian Lie group and
f: M — N asmooth map of manifolds. Suppose the open cover U on M is a refinement
of the pull-back f*V of the open cover V on N. Let ¢ : U4 — f*V be a morphism of open
covers; that is, for each U € U an element ¢(U) € V such that f(U) C (U). Pull-back
gives a morphism of cochain groups

Y* OV, G) — CTU,G).
For non-negative integers j define
O, G) = YU, G) x C7H(V,G), 0(a.b) = ((9a) - (4) "', D).
The space C/~1(1), G) acts on the space of cocycles Z7 (1), G). Let
H'(4,G) = Z (¢, G\C°(, G).
Let
H'(f.G) =lim H' (¢, G)

denote the limit over morphisms of open covers .
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Remark 3.1.7. Standard arguments (see e.g. [Sha06, Theorem 2.4.1]) show that H(f, G) =
H' (3, G) where v is any morphism of good covers.

Definition 3.1.8. (Relative cohomology for a map of manifolds and a homomorphism of
groups) Let f : M — N be a smooth map of smooth manifolds, and U,V open covers. A
morphism of open covers 1 : U — V is an assignment of an element ¥(U) € V for every
U € U such that f(U) C ¢(U). Let A C G a closed central subgroup of a Lie group G and
¢ : G — G/A the projection. Let

ze CYU,G/A), 0z=0¢eC*U,G/A)
be a cocycle. A Cech relative G-structure on z is a cocycle
(a,b) € Z'(1,G),  6u(a,b) = (2,0).
An isomorphism from (a,b) to (a/,¥’) is an element h € CO(f, A) with h(a,b) = (a',V').
Denote by H' (1, G, z) the space of isomorphism classes of relative G-structures and
HY(f,G,2) =limH' (¢, G, 2)
the direct limit over morphisms of open covers.

The above constructions in Cech cohomology can be connected to principal bundles as
follows.

Definition 3.1.9. (a) (Principal bundles) A principal G-bundle over a smooth manifold
M consists of a smooth right G-manifold P together with a projection 7 : P — M
such that G acts freely transitively on the fibers of 7 and is locally trivial in the
following sense: For any m € M, there exists an open neighborhood U of m and a
G-equivariant diffeomorphism

.7 Y U) - UxG, mor=mn

where 7 : U X G — U is projection on the first factor. An isomorphism of G-bundles
Py, P, is a G-equivariant diffeomorphism from P; to P» that induces the identity on
M. Let
Prin(M,G) ={P — M}/ ~
denote the set of isomorphism classes of G-bundles over M. Then Prin(M,G) is
canonically in bijection with H'(M, G) via the map given by gluing:
[Wij € CHU, G)] = Ueu(Us x G)/ (i, p) ~ (uj, i (w)p).

(b) (Relative G-structures) A relative G-structure on a G/A-bundle Q — M trivial on

a open cover U relative to a map f : M — N is given by a morphism of open

covers ¢ : U — V and a relative G-structure (a1,a2) € C1(¢,G) on a cocycle
z € CY(U,G/A) representing Q. The class

b(Q) = [az] € H*(N, A)

is the background class of the relative G-structure on Q. An isomorphism of relative
G-structures (a1, a2), (a}, dh) is a zero cycle

we C'WU, A), w(ar,az) = (ay,d)).
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(c¢) (Relative Spin-structures) Recall that for » = 2 resp. r > 2 the special orthogonal
group SO(r) has fundamental group Z resp. Zz. The spin group Spin(r) is the
canonical double cover of SO(r) and its universal cover for r > 2:

1 — Z resp. Zy — Spin(r) — SO(r) — 1.
A relative spin structure on an SO(r)-bundle Q — M relative to a morphism of open

covers 1 is a relative Spin(r)-structure on a cocycle representing ). The background
class in this case is an element b € H?(N, Z3). For f : M — N a smooth map, let

HY(f,Spin(r), E) = {(a1,a2) € C*(f,Spin(r)) | (a1, as) represents E}/ ~
denote the set of isomorphism classes of relative spin structures on FE.

Remark 3.1.10. (Relative spin structures as relative trivializations of the second Stiefel-
Whitney class) In concrete terms, a relative spin structure is a lift of the transition maps
ij : UiNU; — SO(r) of the bundle @ to a collection

Qﬁij :U; N Uj — Spin(r)
of transition maps with values in Spin(r) that satisfy the cocycle condition up to the bound-
ary of a Zo-valued cochain pulled back from a two-chain (8% )i jker € C?(N,Zs) on N:

i b = [Oik, Vij kel
Since
[rth ig] = wa(E) € H*(M, Zy)
is the second Stiefel-Whitney class of E, this description shows that there is a natural

bijection from H!(f,Spin(r), E) to the set of isomorphism classes of trivializations of the
image of the second Stiefel-Whitney class wy(E) in C2(f,Zs).

3.2. Relative spin structures in terms of classifying spaces. There is a definition
of relative spin structures, and G-structures more generally, in terms of classifying spaces
as follows. Let EG — BG be a universal G-bundle for G. Let [M, BG| denote the set of
homotopy classes of continuous maps to BG, canonically in bijection with the set Prin(M, G)
of isomorphism classes of G-bundles.

Definition 3.2.1. (a) (Homotopy G-structures) Let A C G be an abelian subgroup.
Let ¢ be a map from M to B(G/A). A homotopy G-structure on ¢ is a lift to BG.
(b) (Homotopy relative G-structures) Let A C G be an abelian subgroup and f : M — N

a smooth map. Since A is abelian, we have a natural A-bundle defined by

FA x4 EA— BAx BA.
The classifying map of this bundle
m:BAx BA— BA, m'EAX(EFAx4 EA)
gives BA the structure of an H-space; see for example Segal [Seg74, Section 1]. Let
B?A denote the classifying space of BA. Consider a G/A-bundle Q — M with

a classifying map ¢ : M — B(G/A). A homotopy relative G-structure on ¢ is a
homotopy class of a pair

B:N — B%A, «o:M — f*B*E(BA)) xpa BG
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where « is a section of the BG-bundle associated to the BA-bundle pulled back
from (3, such that the associated section of the trivial B(G/A)-bundle is the given
classifying map ¢ for Q.

The space of homotopy relative G-structures is in one-to-one correspondence with Cech
relative versions; this seems to be a special case of [BS09, Theorem 1]. See also Shahbahzi
[Sha06] for a discussion of relative gerbes in the abelian case.

3.3. Relation between relative and absolute spin structures. The following propo-
sition connects the definitions above with that of Fukaya et al [FOOO09]:

Proposition 3.3.1. (a) Suppose that Q@ — M is a G/A-bundle and R — N a G/A-
bundle with characteristic class ¢(Q) = f*c(R). There is a one-to-one correspondence
between equivalence classes of relative G-structures on Q) and equivalence classes of
G x 4 G-structures on Q & f*R.

(b) Suppose that Q@ — M and R — N are Fuclidean vector bundles over manifolds M, N
and f : M — N is a smooth map with wa(Q) = f*wa(R). There is a one-to-one
correspondence between isomorphism classes of relative spin structures on ( and
isomorphism classes of spin structures on Q ® f*R.

Proof. For the first statement, let
(a,b) € CYH(M,G) x C*(N, A)

be a relative G-structure on Q. Let ¢ € C'(N,G/A) be a cocycle representing R, mapping
to b € C?(N, A) under the coboundary map. By definition, ¢ has a lift

de CY(N,G), d=b+ e for some e € C' (M, A).

The cochain
(a, f*d —e) € CY(M,G) x CY(M,G) = CY(M,G x G)
has boundary
Aa, f*d —e) = (—f*b, f*b) € C*(M, A x A).
The image of (a, f*d —e) in C*(M,G/A x G/A) represents Q @ f*R. Conversely, suppose
Q @ f*R is equipped with a G x 4 G-structure. Any lift of the transition maps to G x G is
of the form

(a,e) € CH(M,G x G), da = —0e.
and O(ae™!) takes values in A. Thus the pair (a,de) defines a relative G-structure on Q
with b = [0(ae™1)]. This proves the first part of the statement of the Proposition. The
second statement is the special case G = Spin(r), A = Zs. O

3.4. Duals, direct sums, and other constructions. The usual operations of duals,
direct sums, and tensor products extend to the relative spin case: In addition, there is also
a canonical relative spin structure on the “double” of any oriented vector bundle:

Proposition 3.4.1. (Relative spin structures on direct sums and tensor products)

(a) Let f: M — N be a smooth map and Ey, Es — M and oriented Euclidean vector
bundles equipped with relative spin structures for the map f. There are canonical
relative spin structures on E1 @ Fos and F1 ® Es for the map f.
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(b) Let E — M be a vector bundle. The direct sum E @ E has a canonical orientation
and spin structure.

(¢) Let f: M — N be a smooth map, E — M an oriented vector bundle and FF' — N an
oriented vector bundle such that f*F = G®G for some vector bundle G — N. There
is a bijection between relative spin structures on E for the map f with background
class b € H?(N,Zs) and relative spin structures on E for the map f with background
class b+ wa(F).

Proof. (a) Let ri,ry denote the ranks of Fy, Ea. The claim on the tensor product and
direct sum follows from the existence of the group homomorphisms:

Spin(r1) x Spin(ry) — Spin(ry + r2), Spin(ri) x Spin(re) — Spin(rirs).

(b) The claim on the self-sum follows from the fact that, if » > 1 denotes the rank of the
bundle E, then the diagonal homomorphism

O(r) — SO(2r), A — diag(A, A)

induces the trivial map on 7y and m; and so lifts to Spin(2r). (c) The third item follows by
combining the first two: By equation (b), f*F = G @ G has a canonical spin structure. By
(a), relative spin structures on E with background class b € H?(N,Zs) are in one-to-one
correspondence with relative spin structures on E with background class b + wy(F). O

The relevance of relative spin structures in Floer theory is provided by the following
proposition. In particular, Proposition 3.4.1 implies that relative spin structures for bound-
aries of surfaces give stable trivializations:

Proposition 3.4.2. (Stable trivializations via relative spin structures) Suppose that S is a
compact, oriented surface with boundary 0S, and Q — 0S is an SO(r)-bundle. There is a
canonical bijection between the set of isomorphism classes of relative spin structures on @
for the inclusion S — S and the set of homotopy classes of stable trivializations of Q.

Proof. We first show that any relative spin structure induces a stable trivialization. Let
f 05 — S be the inclusion of the boundary. Since S is two-dimensional, any cohomology
class w € H?(S,Zs) is the second Stiefel-Whitney class of some oriented bundle R — S
with w = wy(R). Indeed, the third Postnikov truncation of BSO is the Eilenberg-Maclane
space K(Zsa,2). From Proposition 3.3.1 (or the homotopy definition) we obtain a bundle
R — S together with a spin structure on Q @ f*R. We may assume that 95 is non-empty,
since otherwise, the statement is vacuous. Thus S is homotopy equivalent to a bouquet of
circles and the bundle R — S, being oriented, is trivial. The relative spin structure gives a
stable trivialization of Q. If S is a disk, then the trivialization of R (and therefore also the
stable trivialization of S) is unique up to homotopy. In general, two stable trivializations
differ by a map S — SO(r) for some r sufficiently large. Since

[S,50(r)] 2 [, (SO(r))2] = H'(S, Zs)
(where (SO(r))2 is the Postnikov truncation) there is no longer a distinguished stable triv-
ialization. However, the image of H'(S,Zs) — H(0S,7Zs) is trivial. This implies that

f*R has a distinguished trivialization. Hence @ has a distinguished stable trivialization.
Conversely, any stable trivialization of ) induces a relative spin structure (by taking R to
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be the trivial bundle). We leave it to the reader to check that these two constructions are
inverses of each other. ]

The following lemma will be used later to show that quilted Floer cohomology is unaf-
fected, in a certain sense, by “insertion of a diagonal seam”, see Proposition 6.3.2 below. We
consider the following situation. Let (S, 0S) be a surface with boundary and let f : 9S — S
denote the inclusion of the boundary as above, and () — 95, R — S vector bundles. Sup-
pose that QQ & f*R is equipped with a spin structure, giving rise to a relative spin structure
o1 on @ with background class wo(R) € H?(N,Zs) and a stable trivialization of Q. We
consider the effect of “shifting” the relative spin structure on ) by adding another bundle
whose restriction to the boundary is the complexification of a real bundle.

Lemma 3.4.3. Let Q, R, 01 be as above. Suppose that U — S,V — 05 are bundles equipped
with an isomorphism

Ulps = V@ V.

Let o9 be the induced relative spin structure on @Q with background class wa(R) ® wa(U) as
in Proposition 3.4.1. Then the stable trivializations of @ induced by 01,09 are equivalent
resp. opposite if the Maslov index of (U, V) is equal to 0 resp. 2 mod 4.

Proof. The pullback f*U =V @V is stably trivialized on the boundary 05 using the triv-
iality of the diagonal map 71 (SO(n)) — m1(SO(2n)). On the other hand, the identification
of stable trivializations of Q@ f*R and Q @ f*R@® f*U uses the trivialization of U over the
disk. The two trivialization differ exactly if the Maslov index of the pair (U, V) is equal to
2 mod 4. [l

4. Orientations for families of Cauchy-Riemann operators

In this section, we define orientations for families of quilted Cauchy-Riemann operators
from an orientation and relative spin structure on the totally real boundary condition,
and investigate their behavior under gluing; here the definition of families allows bubbling.
These results are generalizations of results from Fukaya et al [FOOO09], Seidel [Sei0§],
and Solomon [Sol06]. The constructions of this section are for families of quilted maps
over smooth bases. That is, while the determinant line bundle exists for a family of quilts
with varying type over a stratified base, our purpose here is to construct trivializations for
families of a fixed type. We then in Section 4.3 compute the gluing signs relating these
trivializations for different types.

4.1. The pinching-off-disks construction. First, we construct orientations on the de-
terminant lines arising from Cauchy-Riemann operators on surfaces without strip-like ends
with relative spin structures on the boundary conditions. The strategy is to reduce to
the case without boundary, where the linearized operator can be deformed to one that is
complex-linear, by pinching off a disk for each boundary component.

Proposition 4.1.1. (Orientations via relative spin structures) Suppose that S — B is a
family of nodal surfaces without strip-like ends, (E,F) — B is a family of complex vector
bundles E — S with oriented totally real boundary conditions F' C Elps, and Dg p is a
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family of real Cauchy-Riemann operators for (S, E,F). A relative spin structure for the
bundle F — 08, if it exists, defines an orientation

Op.F : B — OI‘(DE7F) = det(DE,F)X/]R>0
for the determinant line bundle det(Dg r) — B.

Here B is a smooth open base, so 9S = J,c5 05 is a bundle over B whose fibers are
the boundaries of the fibers of S.

Proof of Proposition 4.1.1. Step 1: Orientations for families of smooth, closed surfaces:
Suppose that S — B and (FE, F) are as in the statement of the Proposition and S has empty
boundary. Consider a family

Dg = (Dgp)en
of real Cauchy-Riemann operators acting on sections of a family of complex vector bundles
E = (Ey — S)pep. Since the space of real Cauchy-Riemann operators is an affine space
containing the complex linear Cauchy-Riemann operators, there exists a homotopy from

(Dep)ben ~ (Dgp)beB

where DjE,b is a family of complex linear operators. The complex structure on the kernels
and cokernels of D/, induce orientations for D%. These orientations pull back under the
isomorphism of determinant lines det(Dpg) — det(D’;) to orientations of Dg. Any two
homotopies are related by a homotopy of homotopies, since the spaces of real Cauchy-
Riemann operators and complex-linear Cauchy-Riemann operators are contractible. So the
orientation on det(Dp) is independent of the choice of D, and homotopy to D,.

Step 2: Orientations for smooth, compact surfaces with boundary: Suppose that the base of
the family B = {pt} is a point, S is a smooth, compact surface with boundary, and E, F' are
as above. The relative spin structure on F' gives a homotopy class of stable trivializations
of I — 0S by Proposition 3.4.2. We first fix a stable trivialization of F' and construct an
orientation for Dg r; later we will show that the orientation depends only on the homotopy
class of stable trivializations. The real Cauchy-Riemann operator Dg r acts on sections of
E — S with totally real boundary conditions F' C E|ss. We may assume, after adding a
trivial bundle, that F' is trivialized. The trivialization F' = R" x 05 induces a trivialization

Elogs=F®iF =2 C" x9S
which extends to a neighborhood U C S of 95.

Deform the surface to a nodal surface by pinching off a disk for each boundary component,
as follows. Choose a tubular neighborhood of the boundary

U=uy,U;,CS
equal to a disjoint union of annuli
Ui [-1,1] xSt 9SnU; = {1} x S.

Replacing U; with complex annuli of increasing radius produces a family of surfaces. The
limit is the nodal surface

S =8/ (Ui~ (Dy UD) /(27 ~2),i=1,...,n)

(2
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FI1GURE 3. Pinching off a set of disks

obtained by replacing U; with two disks D; U D;r glued at an interior node
{27,2'}, 2y =0€ Dy, 27 =0€ Df.

Here D;r is the unit disk with standard complex structure jsq and boundary ('9DZ-Jr identified
with {1} xS! C 9U;, whereas D; " is the unit disk with complex structure —js;q and boundary

OD; identified with {—1} x S1 C 9U;. So the nodal surface S has resolution 5° = S, L Sy,
consisting of a closed surface and a union of disks

=(S\U)ul |p;, Sa=||Df.

The identifications needed to produce S from 5P are a collection of interior nodes
Z={{z.2"}}, =z €8, =z €84,

see Figure 3.

The pinching construction extends to define a complex vector bundle and totally real
boundary condition as follows: Let E, — S, be the complex vector bundle defined by
gluing together E|g\ ¢y (which is trivialized = C" x U;0D;" on the boundary) with the trivial

bundle on U; D;. Consider the trivial bundles
Eq=C"x D}, Falyg, D F’ =R"x1,0D] = F.

Then E — S is obtained from Ef := E, U Ed — 5 and identification at the nodes Z.
Similarly, the boundary condition F' = Fy is induced from E?. Conversely, (S,E,F) is
obtained from (S E.F ) by gluing at the interior nodes.

We use the canonical identification of determinant lines produced by the homotopy above
to produce an orientation on the determinant line of the original surface. By 2.5.4 the
pinching of bundles induces an isomorphism of determinant lines

det(DE ﬁ') — det(DE,F).
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Combining this isomorphism with (11), (14), and (13) we obtain an isomorphism

~ V
(35) det(DEjp) — A (@ Eg_,_) ® det(DEApJg,p).

Here the first factor is oriented by the complex structure on Ef +- The second factor de-

composes into
det(Dy, p,) = det(Dy & Dy ;)2 det(Dy ) @ det(Dy 7).

The operator Dy, has an orientation given by Step 1, since S, is smooth and closed. On the
other hand, by constructlon the operator D Bk is the direct sum of real Cauchy-Riemann
operators on the disk. After a homotopy, the operators on the disks are the standard
Cauchy-Riemann operators which are surjective. Their kernel is isomorphic to a sum of
fibers via evaluation at points s = (s; € 9D;" C 95) on the boundary:

ker Dp g — @il € E(s).

The orientation of the boundary condition F' (induced by the trivialization) thus defines an
orientation on D Bk The orientation on Dg r is induced from the isomorphism (35).

We claim that the orientation is independent of the auxiliary choices: the trivialization
of F', the extension of the induced trivialization of E to the neighborhood U, and the choice
of coordinates on U. Any two choices of extensions and coordinates on U are homotopic.
Any two trivializations of F' — 0§ differ by a map

0S — SO(rank(F)).

Hence there are

e two trivializations up to homotopy for each boundary component if rank(F') > 2,

e infinitely many trivializations if rank(F') = 2, and

e a unique trivialization if rank(F') = 1.
In particular, there are two stable homotopy classes of stable trivializations of F', for any
rank. Consider two choices of extensions and coordinates, and an isotopy of trivializations

5 F = 0S xRF, §¢€l0,1]

of F. The map 75 gives continuous families of nodal surfaces and bundles Sy, E, Fj, Cauchy-
Riemann operators D By Fy and isomorphisms

det(DEJ:') — det(DE(;,F(;)’ § € [0, 1].

The construction fixes an orientation for each det(D By, Fé) from the orientations for the nodal
fibers (Eg ) 2 (8) the operators D( ), O complex bundles over closed surfaces, and the op-
erators D( B, (F)s O trivial bundles over disks. Each of these orientations is continuous in
families. Hence the orientations on det(D Bs. 131;) vary continuously in §. It follows that the
map det(Dp, 7 ) — det(Dg, ) induced by the homotopy of operators (D, f )sefo,1] Pre-
serves the given orientations. The composition of this map with det(Dp,r) — det(Dg, £ )
is homotopic to det(Dp,r) — det(Dy, 5 ). Hence the two isomorphisms induce the same
orientation on det(Dg r).
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Finally, we show that trivializations of the boundary condition that are homotopic after
stabilization also define the same orientation on the determinant line of the Cauchy-Riemann
operator. For rank(F') > 2 there is nothing to show, since the trivializations are homotopic
if and only if they are stably homotopic. Let F, be the trivial R*-bundle over 95, and E,
the trivial C*-bundle over S. Consider two trivializations

i F—RF x9S, ie{0,1}
of F such that the induced trivializations of
7 F-aF 5 R* x9S

are homotopic. The trivializations 7;, being homotopic, define the same orientation og, ¢, F o F
for

Dg. ¢k F,or := Dg, F. ® DgF,

where Dg_ r, is the standard Cauchy-Riemann operator. On the other hand, applying the
direct sum isomorphism (2) provides an orientation og, g, of

det(DET’FT) & det(DEF) = det(DETGBE,FTEBF)‘

The orientation op ; induced by 7 for ¢ € {0,1} is related to op, or F,oF by a universal
sign that only depends on the combinatorics of the surface and the ranks of the bundles.
Hence og ro = og,F,1 as claimed.

Step 3: Orientations for families of smooth, compact surfaces with boundary: We now
consider the case of families. Let Dpp = (D%’ #)vep be a family of Cauchy-Riemann
operators. It suffices to show that the orientations constructed above vary continuously in
B. For this it suffices to consider family S — B of smooth surfaces with B contractible. A
trivialization of F' — 95 induces a trivialization of F near the boundary 05

7: Elgs = F ®iF — R?** x 8.

Choose a deformation of the conformal structure on S — B as in Step 2 to produce a family
of nodal surfaces S — B. The family S consists of a family of disks Sq — B, a family of
closed surfaces S; — B (obtained by gluing a disk bundle to 05), and identifications of
Sq and S. at families of interior nodes. This deformation provides an isomorphism of
determinant line bundles

~ \%
det(Dp.r) = det(Dj, ) — A (EB E;) @ det(Dy, ) @ det(Dp, ).

This isomorphism defines the orientation on det(Dg r) by pullback from the right hand
side. To see that these orientations vary continuously, note that the orientation on the
first factor is induced from the complex structure on Eg + — B. On the second factor

the orientation is given by the construction for families of closed surfaces in Step 1. The
third factor is isomorphic (using a homotopy to the standard Cauchy-Riemann operator on
disks) to A™**(@;F},) for a smooth family of boundary points z; C 95 in each connected
component. These fibers of FF — 0S5 are oriented by assumption, inducing a continuous

orientation on det(Dp, 5 ) and hence on det(Dp,r).
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Step 4: General definition of orientations: Finally, we consider a general family of nodal
(but compact) surfaces. Let S — B be such a family equipped with families of complex
vector bundles £ — S and totally real boundary conditions F', and a family of real Cauchy-
Riemann operators D r. By assumption the family of operators Dg r is produced from
identifications of families of nodes from a family of real Cauchy-Riemann operators Dgs o
for families of bundles £ — S? and F* — 0S5 over the family of smooth resolutions
S? — B. We fix a trivialization of F', that is a trivialization of F* — 05” that is compatible
with the identifications at nodes. From (11), (14), and (13) we have a bundle isomorphism

(36) det(Dg p) — A™* (@ Eg+ @ @ F£+)v ® det(Dge o)
i ‘ j 7

Here an orientation on Dge pe is defined by Step 2, the complex fibers of E/ are naturally
oriented, and the fibers of F' are oriented by assumption. Hence this isomorphism defines
orientations on Dg f. O

Remark 4.1.2. (Orientation of the trivial operator) Suppose that S is a disk, (E, F) are
trivial and Dg r is a trivial Cauchy-Riemann operator. In this case the constructed orienta-
tion on det(Dp r) is isomorphic to the given orientation on A™**(F'), via the identification
ker(Dp r) — F, for any point z € 0S. Indeed, in this case the Maslov index is already zero.

We now investigate the behavior of orientations for surfaces without strip-like ends with
respect to basic operations:

Remark 4.1.3. (a) (Conjugates) Let (E, F) a bundle with totally real boundary con-
dition, and suppose that F' is equipped with a relative spin structure. Let E~ the
complex conjugate of E, and F'~ the subspace F' considered as a totally real sub-
space of F. Let S~ denote the surface S with complex structure j = —j. Given a
Cauchy-Riemann operator Dg p let Dg- - denote the same operator on the conju-
gate spaces (minus complex structures), as Section 2.3. The kernel and cokernel of
Dg r are canonically identified with those of Dg- - as real vector spaces. Hence
det(Dg,r) is canonically identified with that of det(Dpg- p-). However, the com-
plex structures on the kernel and cokernel of Dg r are reversed. It follows that the
orientations are related by

(37) Op— - = (_1)(Ind(DE,F)frank(F))/zoE,F.

(b) (Direct Sums) Let (Ej, Fj),j = 0,1 be bundles with real boundary conditions over a
closed surface with boundary S, and (E, F') = (Ey, Fo)®(E1, F1). The isomorphisms

ker Dgy r, ® ker Dg, g, — ker Dg p, coker Dg, g, @ coker D, , — coker Dg p
induce an isomorphism
(38) p: det(DEg,Fo) ® det(DEl,Fl) — det(DEjp).

By definition, the isomorphism (2) is continuous in families. For each 7 = 0,1 the
orientation op; r; is defined via an isomorphism

det(Dp, ;) — det(Dpr) @ A" (B} )71 @ A™(F),)
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where z is the node in the deformed surface and w a point in the boundary of
the deformed surface. Since the operators DE; have complex linear kernel and
cokernel, their indices are even dimensional. Similarly, the fiber at the node has
even dimension. It follows that the A™*(F},,) factor commutes with the other
factors, in the sense that the sign in Remark 2.1.4 is positive, and

op.F = p(ogy,Fy ® 0R, F)

is the image of o, F, ® og, F, under (38):
(c) (Disjoint Unions) Let (E;, F;) denoted bundles with totally real boundary condition
over surfaces S; for j = 0,1. Then

(B, F) = (Eo, Fo) U (Ex, 1)

is a bundle with totally real boundary condition over S = Sy U S;. We take og r to
be the image of og, r, ® 0g, 7, under the canonical isomorphism, by a special case
of the the direct sum construction in (b).

4.2. The pinching-off-caps construction. Next, we construct orientations for Cauchy-
Riemann operators with strip-like ends, by pinching off a cup or cap (once-punctured disk)
for each strip-like end. Given orientations on the Cauchy-Riemann operators on the cups
and cups, we obtain an orientation on the Cauchy-Riemann operator on the surface with
strip-like ends by deformation. These auxiliary choices are similar to the choice of orienta-
tion on the stable and unstable manifolds in the Morse case.

Definition 4.2.1. (a) (End Datum) An end datum is a tuple (E, F_, F'y,H) consisting
of
(i) a finite-dimensional complex vector space E,
(ii) a pair (F_, F..) of transverse, oriented, totally real subspaces of half-dimension,
equipped with spin structures, and
(iii) X a normal form for a Cauchy-Riemann operator on the strip as in (8).
(b) (Orientation for an end datum) An orientation for an end datum (E,F_, F,H)
consists of
(i) a smooth path

I' 'R — Real(E), TI'(£oo)=F4

of totally real subspaces connecting F... We view I' as a totally real boundary
condition I' C E x 051 for the trivial bundle £ x Sq;
(ii) a real Cauchy-Riemann operator

Dr: Q%E,T) - Q%(E)
on S for sections with values in the trivial bundle £ and boundary values in
I, with asymptotic limit limg_,+ €*Dp given by H in the sense of (8);
(iii) an orientation for Dr;
(iv) a spin structure on I', extending the given spin structures on F_, F;.

Remark 4.2.2. (a) (Conjugates) Let (E,F_,F,,H) be an end datum equipped with
an orientation. The dual end datum (E~, F_,F_,H~) has a canonical orientation
given by the same path on 957 with the complex structure (hence direction on the
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boundary) of S; reversed, the same Cauchy-Riemann operator Dr, (now complex
linear with respect to the reversed complex structures on the domain and codomain),
the given orientation on Dr, and the given spin structure on T

(b) (Direct Sums) Let (Ej, Fjo, Fj1,H;) be end data equipped with orientations for
j €40,1}. The direct sum

E=FEy® FE, Fp=F®Fyg H=HodH1

has an orientation given by the direct sum of the paths and Cauchy-Riemann oper-
ators, the orientation given by the direct sum isomorphism (2), and the direct sum
spin structure.

Definition 4.2.3. (End orientations) Let S be a surface with strip-like ends and S the
surface obtained by adding the points at infinity:

S =85U{z,e€&(S)}.

Let E — S be a complex vector bundle and F' C F|jg totally real boundary conditions. For
each end e € £(5), the corresponding point at infinity is denoted z. € S, and the two real
boundary conditions meeting it are denoted F¢, F._1. By assumption, these are constant
transverse subspaces, so that F, o @ Fe 1 = E, over the strip-like end. We suppose we have
chosen relative spin structures on the fibers F, o, F¢ 1 at infinity, and there are asymptotic
limits H = (He,e € £(S)). Let S be a surface with strip-like ends S equipped with a bundle
with totally real boundary condition (F, F') and a spin structure H# on F. An orientation
for this datum is an orientation for each end

(Te, De, 0c,Spin(L'e)), e € &(Y).

Orientations for the ends and a relative spin structure suffice to induce orientations on
the determinant line of a family of Cauchy-Riemann operators:

Proposition 4.2.4. (Orientations for determinant line bundles via relative spin structures
and end orientations) Let S — B be a family of nodal surfaces with strip-like ends, and
E — B a family of complex vector bundles with totally real boundary conditions F — B.
A choice of a relative spin structure on F, if it exists, and orientations for the ends of
(S,E, F,H) induce an orientation of the determinant line bundle det(Dg ) — B.

Proof. First, consider the case that the boundary of S is connected. A deformation of S
is obtained by “bubbling off” disks with strip-like ends for each strip-like end, see Figure
4 below, using the path of totally real subspaces specified by the end datum. Given the
orientations for the ends and the behavior of determinant lines under deformation, the
problem reduces the construction of orientations to the case without strip-like ends. Namely,
on each strip-like end e consider the deformation F s of the boundary conditions F, + on a
neighborhood of infinity to the boundary condition formed by concatenating the restriction
of I' with I'%:
Foso=Fey, Foyj=T#I L

The sub-bundle I'#I'~! has a canonical deformation to the boundary condition with con-
stant value I'(00). The resulting boundary value problem is obtained by deformation of the
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nodes of a nodal surface S with vector bundles
(E,F) = H(Ee, F.oUF.1)#(E F°)

obtained by gluing together the problems (E,, F, oLIF, 1) and a problem (E¢, F°) on a closed
(possibly nodal) surface with bundles obtained by gluing (D, Ee, Fe o, Fe,1) onto (S, E, F)

for each end e. The procedure is illustrated in Figure 4. The nodal surface S has a canonical
order of patches given by taking the ordering of the additional patches and the boundary
nodes so that the original component S is ordered first, and the nodes w,,e € £(S) are
ordered in the ordering of the strip-like ends e € £(S). Let (E,F) denote the vector
bundles on the nodal surface. The equation (17) gives an isomorphism of determinant lines

my @E
g,

FIGURE 4. Bubbling off the strip-like ends

(39) det(D) — det(D).
The equation (13) gives an identification
(40)

det(D) = (X) (det(D,) ® A" (T(0)"))@det(D)® | Q) A™™(T(0)Y) | @[ ) det(D])

eef_ ec&y ec&y

where I'¢(0) is the fiber given by evaluating the path I'. at 0, and the order of the two
products over £_ is reversed. The change in order of determinant lines from (13) induces a
Koszul sign described in (4), which is incorporated into the identification with (40). This
choice of order means that when gluing, we obtain a product over ends of an incoming end,
and outgoing end, and a determinant line of a dualized fiber

det(D}) ® det(D. ) @ A™**(T.(0)").

Each of the factors is canonically trivial by the construction of end orientations, leaving
a product of determinant lines of dualized fibers A™**(T'.(0)") and the determinant lines
det(D¢) for the surfaces without strip-like ends. The relative spin structure on F' and the
bundles I', define a relative spin structure on F'°. This construction gives an orientation on
the determinant line by Proposition 4.1.1.

In the case that S is disconnected, we define the orientation on S as a product of expres-
sions in the right hand side of (40) for each component S;. Since in our applications, all
but at most one of these expressions det(Dpg, r,) corresponds to an even Fredholm index,
so the determinant lines det(Dp, r,) commute and the particular details of the ordering are
irrelevant. (I
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We investigate the behavior of the constructed orientations under various operations.
The behavior of orientations under duals and direct sum is the same as that in the case of
no strip-like ends.

Remark 4.2.5. (a) (Conjugates) Suppose that S is equipped with a bundle with totally
real boundary conditions (E, F'), a spin structure H on F, and orientations for
the ends. Let S, E~, F~ denote the complex-conjugate surface and bundles, and
suppose the bundles have been equipped with the orientations given by the dual
construction in Remark 2.2.2. Let

Dp-p- :QUE,F7) - Q"(E)

be the dual Cauchy-Riemann operator as in 4.1.3 (a). The determinant lines Dg r, D p-
are oriented by (40) using gluing on the orientations for the ends and bubbling off

the boundary components on disks with Maslov index zero. Complex conjugation

acts on the resulting products (40) of determinant lines

Q) (det(D;) @ A™(T(0)")) @ det(D°) @ [ (X) A™>(Te(0)") | @ [ (X) det(D])

eef_ ec&y ec&y

preserving the orientation on the determinant lines of the disks and the orientations
on the ends. However it reverses the complex structure on the bundles (E¢, F*°) on
the closed surfaces and interior nodes. Thus the total sign change is

det(Dp- ) = det( Dy o) (70T N,
b) (Disjoint union) Suppose that S = S; U Sy, and S; has df incoming resp. outgoing
J J
ends for j = 1,2. Consider the identification

det(DEO,FO) & det(DEl,Fl) — det(DE7F).
The difference between the orientations is given by

(_1)rank(F)(#wo(BSg)-i-d;')(2865_71 (rank(E)/2+Ind(D.)))

from the reordering of the determinant lines of the ends.
(¢) (Re-ordering components or ends)
(i) Suppose that S’ is a nodal surface obtained by re-ordering a boundary node:

S'=5/((wy,w-) = (w-,wy)).

Let D}L r be the Cauchy-Riemann operator obtained from Dg r. The isomor-
phism det(Dp,p) — det(Df ) of determinant lines induced by the isomor-

phism of kernel and cokernel acts on orientations by (—1)k(F),
(ii) Suppose that S’ is a nodal surface obtained by transposing two patches S;, S;
of S. The isomorphism det(Dp r) — det(D} ) of determinant lines in-

duced by the isomorphism of kernel and cokernel acts on orientations by
(_1)Ind(DEi,Fi)Ind(DEj,Fj).
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(iii) Suppose that S’ is a nodal surface obtained by re-ordering the boundary com-
ponents (resp. boundary nodes) by a permutation o of the set of nodes:

o :{wy, ..., wn} = {w, ..., wn}.
The isomorphism det(Dpg r) — det(Dl ) of determinant lines induced by the

isomorphism of kernel and cokernel acts on orientations by det (o)™ k(¥),

(iv) Suppose that S’ is a nodal surface obtained by transposing a pair e, e’ of
consecutive strip-like ends. The isomorphism det(Dg,r) — det(Dp ) of de-
terminant lines induced by the isomorphism of kernel and cokernel acts on
orientations by (—1)md(De) Ind(Der)

These claims follow from the behavior of determinant lines under permutations (4),
the behavior of the isomorphism with the trivial determinant (5), and the definition
of the orientation on nodal surfaces (13).

4.3. The gluing signs. We have already introduced in Section 2.3 three types of gluing
for Cauchy-Riemann operators: gluing along strip-like ends, deforming an interior node, and
deforming a boundary node. Let S be a nodal surface with strip-like ends, and S a nodal
surface obtained by either deforming away a boundary node, deforming away an interior
node, or gluing two strip-like ends. Let E be a complex vector bundle with totally real
boundary condition F, and E, F' the vector bundles on F obtained by gluing. Similarly, let
Dpg r be a real Cauchy-Riemann operator with non-degenerate limits that are equal along
the strip-like ends e, and D 7,/ an operator obtained by gluing the ends e, e_.

Definition 4.3.1. (Compatibility of end orientations) Let S be a surface with strip-like
ends £ =E_UEL and og, e € £(S) a set of orientations on the ends D,+. Let D, + denote
Cauchy-Riemann operators on the caps S,+ added to the outgoing and incoming ends in
(39). Gluing together the caps S.+ produces a surface

S’e — Se_ #Se+
diffeomorphic to the disk with a boundary value problem (FE., F,) with zero Maslov index,
canonically homotopic to the trivial boundary value problem S, x (C™,R™). By the pre-
vious constructions, the Cauchy-Riemann operator D, on S, obtained by gluing from D,

is equipped with an orientation via the oreintation on F,. We say that the orientations
0¢, € € E1 are compatible if the gluing isomorphism

(41) det(D,-) @ det(D,+) — det(D,)
is orientation preserving.'

Compatibly chosen orientations are compatible with the basic operations on Cauchy-
Riemann operators:

Remark 4.3.2. (a) (Conjugates) Suppose that E, F' is a pair of bundles for a surface
with strip like ends S, and E~, F~ denote the conjugate bundles over the conjugate
surface S™. Suppose that a set of orientations o.,e € £(S) for the operators D, +

IThe analogous choice in Morse theory would be choices of orientations on the stable and unstable
manifolds such that the induced orientation at the critical points is the given one on the manifold.
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have been chosen compatibly. Then the isomorphisms det(D,+) — det(D_) induce
a collection of orientations

0, €det(D_.)

for E—, F~. Since complex conjugation induces an isomorphism of orientations for
disks with Maslov index zero, the orientations o, are also compatible.

(b) (Direct Sums) Suppose that E;, F; are bundles over a surface with strip-like ends
S. Let oc; be a set of orientations for D+ ; the operators for Ej, F; at end e €
E(S). Let E,F denote the direct sum bundles and D.+ the direct sum Cauchy-
Riemann operators. Let 0.+ denote the orientations induced by the isomorphism of
determinant lines

det(D.=+ o) ® det(Dg+1) — det(D,+).

The gluing isomorphism det(D,-) ® det(D,+) — det(D) is orientation preserving
hence the orientations o, are compatible.

Assumption 4.3.1. In the following, in the case of gluing boundary nodes or strip-like ends
we assume that the boundary components joined by the gluing are adjacent in ordering. We
give the boundary components of the glued surface the ordering obtained by inserting the
new boundary component(s) in place of the old in the ordered sequence.

Theorem 4.3.3. (Behavior of orientations under gluing) Suppose that a surface with strip-
like ends S is obtained from S by gluing ends or deforming nodes, with orderings as in
Assumption 4.5.1, and similarly the bundles (E, F) is obtained from gluing (E, F) and the
Cauchy-Riemann operator Dg 7 is obtained from Dg p. The isomorphism of determinant
lines 7

QE7F : det(DE,F) — det(DE,F)

from (17) has the following signs
Or(Gp,r) : Or(det(Dg 7)) — Or(det(Dg,r))

in the respective cases below with respect to the constructed orientations oz 7, 0p,F.

(a) (Deforming an interior node) Deforming an interior node is orientation preserving:
(Or(Ge,r))(op ) = (05,F).

(b) (Deforming a boundary node for a nodal surface with a single node (w_, w4 ) joining
two distinct boundary components adjacent in ordering) The map on determinant
lines for deforming a boundary node joining distinct components satisfies

(Ox(Ge,p)) (o5 F) = (0p,p) (1)),

with positive sign in (il)mnk(F) if and only if the ordering of w_,w. agrees with the

ordering of the boundary components for the pre-glued surface; that is, the component
(0S) - containing w— is ordered before (0S)+ if and only if w_ is ordered before w.,
and both boundary components (0S)+ are ordered before the node wy. .
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(c¢) (Deforming a boundary node joining a single boundary component to itself) The
map on determinant lines for deforming a boundary node joining a component to
itself satisfies

(Or(gE,F))(OE7f) — (OE’F)(:tl)rank(F)(_1)dim(F)(dim(F)—1)/2’

with positive sign if and only if the ordering of the boundary components of the glued
surface has the boundary component corresponding to the segment from w— to wy
ordered first;

(d) (Gluing of strip-like ends of distinct components S_, S such that Si have connected
boundary, the end ey is the last outgoing end of S_ and the end e_ is the first
incoming end of S, and the ordering of the ends on the glued surface is induced by
the ordering of ends on S_,S,.)

(Or(Gs.p)(opp) = (0p,r)(£1)* IO
with positive sign in (£1) if and only if the ordering of e_, e, is (e—,ey), with
Q.= (_1)(2565_(s+)7{6_} rank(F)—Ind(De))(Zf€g+(s_),{e+} rank(F)—Ind(Dy))

times
<> — (_1)(Zfe8+(s+) rank(F))(Zfeg+(Si)7{e+} rank(F)—Ind(Dy))

)

In particular, for one outgoing end or one incoming end and ordering (e—, ey ), the
gluing sign is positive.

Proof. Case (a), Deformation of an interior node: In the case of an interior node we
deduce preservation of orientations from complex linearity. Let S” denote the resolution of
S, and EP, FP the the vector bundles obtained from E,F by pullback. First, we assume
that S” has empty boundary. Consider a deformation

DEp7Fp7§ : QO(E, F) — Qo’l(E, F), DEp’Fp7() = DEP7Fp, DEP,FP,I complex linear

of Dgr pe to a complex-linear operator. The gluing isomorphism 2.5.4 induces an identi-
fication of determinant lines for each bundle in the homotopy. Since the identification of
determinant lines for the complex-linear operators is complex linear, the identification of
determinant lines is orientation preserving, for each bundle in the homotopy.

Next, suppose the boundary is non-empty. A deformation of (E?, F*) to the connect
sum of a problem on a closed surface S’C, glued to a trivial problem on a union of disks
S4, induces a deformation for the glued problem (E, F) Compeatibility of orientations for
gluing closed surfaces implies that the gluing map is orientation preserving.

Cases (b), (c), Deformation of a boundary node: We reduce to the case of deforming a
node connecting disks of index zero by the following argument. Suppose that (w*,w™) is
a boundary node of S, and S, E, F' a surface and bundles obtained by deforming the node.
Consider the diagram of indices shown in Figure 5; for self-gluing of a disk, see also Figure
6. In the diagram, the maps ¢1, ¢2 are the gluing maps for the determinant lines for S.USy
to those of S and S, U Sq to S. These maps are orientation preserving by definition. The

2The sign in this item was corrected, thanks to the discussion in Sheridan [She25].
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surface Sk at bottom left is obtained from the surface at upper right by deforming the
boundary node. The gluing map ¢3 for Sx + U Sx _ to Sx is orientation preserving by
definition. The map & represents gluing of a collection of disks equipped with trivialized
boundary condition, while 3,19 represent deformation of an interior node. The induced
isomorphism of determinant lines is orientation preserving by (a). Both the lower square
and the upper left triangle in the diagram commute by associativity of gluing Proposition
2.6.1. Therefore, the map 11 representing gluing of determinant lines from S to S, induces
the same sign on orientations as ¢.

&y . &

A o
P1 \
b2
S
()
¢2 \ \/6

) = &5
s @ =

FIGURE 5. Deforming a boundary node

We determine the sign for deforming a node connecting disks of index zero. Suppose that
S is obtained from a pair S? of disks by joining them at a boundary node w*. After defor-
mation we may assume that the Cauchy-Riemann operator Dgs pe is the trivial operator.
Then the kernel is isomorphic to F,,+ & F,,+ (via the two evaluation maps on the boundary)
and the cokernel vanishes. The reduced operator of (12) is

(42) D?Je,(}wiFwi@FwﬂF = Fu, (fe, f5) = f+ = f-
The ordering of the factors is determined by the ordering of the boundary components of S.
By (5) and (29) the induced map det(Diﬁﬂm) — det(Dp ) changes the defined orientations
by a sign

€(S, S, rank(F)) = (£1)2k(F)
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depending on whether the ordering of the pair w* agrees with the ordering of the boundary
components of S”. See Example 2.3.12.

Next, we consider the case of a single disk joined to itself by a boundary node and a
trivial Cauchy-Riemann operator. Thus the boundary component is split into two, as in
Figure 6. On the normalization S of the nodal disk S the kernel ker(Dge p») is isomorphic
to the boundary fiber F,,+ via evaluation at a boundary point and trivial cokernel. The
reduced operator of (12) is

(43) D%« Fye = Fye, f0.

The kernel is isomorphic to F,,+ and the cokernel is isomorphic to F,,+. The deformed
surface S is an annulus, equipped with trivial bundles E, F. The orientation for Dy pis
induced from pinching off a pair of disks so that Sj is obtained by joining two disks and
a sphere at interior points. A choice of ordering of boundary components on S induces an
ordering of the nodes z_, zy of S;. On the normalization S} the reduced operator can be
identified with

(44) Digld,Fl :Fz— 69EzjE 6BFWZ*' - Ez— @Ez+a (f,,e,er) = (f* - €,f+ - 6)'

The kernel is isomorphic to F,+, via evaluation at any boundary point. On the other hand,
the cokernel is isomorphic to F,+/F,+ = iF,+, via projection onto the second factor of the

FIGURE 6. Gluing a disk to itself

We compare the orientations coming from the two degenerations of the annulus above.
Let Sp, S1 be the nodal surfaces obtained by stretching the two different directions, corre-
sponding to the two boundary points in the moduli of annuli in which the annulus develops
an boundary node (giving the surface Sp) or interior node (giving the surface S1). We
compare the identifications of the kernel and cokernels

ker(Dpgy r,) = ker(Dpg, r,), coker(Dg, r,) = coker(Dg, ).

In the first case, the reduced operator in (43) is the trivial operator on the space of sections
with values in F. The kernel and cokernel are

ker(DEO’FO) = COkeI‘(DEb’FO) = Fwi.

via isomorphisms given by evaluation at a boundary point resp. evaluation at a boundary
point w on the strip-like neck, see Figure 7. For the surface S; the reduced operator in (44)
has kernel and cokernel

(45) ker(DE%p ) = F+  coker(DEp ) & iF, ..
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The isomorphisms in (45) are given by evaluation at a point on one of the cylindrical necks
for S1. By construction, the bundle FE is trivial. Choose a homotopy between the two

FIGURE 7. Two kinds of neck

conformal structures on the annulus:
jtej(s)7t€ [071]7 (8,35)%58, (Sajlfé)gsis

where S9,5¢ are the surfaces obtained from Sy, S; by gluing with gluing parameter § > 0
sufficiently small. Let (Ey, F}) be the trivial bundle over the homotopy, and Dg, r,) the
trivial Cauchy-Riemann operators each with kernel and cokernel isomorphic to F,,+. We
can also deform the evaluation maps to all lie on the boundary of S, without changing the
induced orientations. It remains to compare the orientations of

F,+ = coker(Dg, p,) = coker(Dg, r,) = iF,+

given by (18). In each case, F,+ is identified with the cokernel via wedge product with
a one-form supported on the neck. For the surface Sy, the local coordinates on the neck
region depend on the ordering of the pair w®. On the strip-like neck region on the left
in Figure 7, choose horizontal coordinate s and vertical coordinate ¢. The local complex
coordinate is s + it if w_ is numbered first, and —s — ¢ if w4 is numbered second. On
the other hand, the coordinates on the cylindrical neck on the right in Figure 7 are (on
the intersection of the two necks) ¢t — is. The identifications in (43), (44) are related by
multiplication by +i if w+ is ordered first. The orientation on Fy,_ @ iFy,_ = F,, differs
from the complex orientation defined in Remark 2.2.2 (c) by a factor (—1)dm(F)(dim(#)=1)/2,
It follows that the gluing map on determinant lines det(Dp, ) — det(Dp, i, ) acts by the
sign (41)rank(F)(—1)dim(F)(dim(F)=1)/2 " \with positive sign in (1) if w_ is ordered first, as
claimed in the statement of the Theorem.

Case (d), Gluing of strip-like ends: First, we consider the case of a disconnected surface
S =5_US; with a single pair of strip-like ends, and F — S a complex vector bundle over
S equipped with totally real boundary conditions F'. Let e_,e; be ends and (E,, , Fe,) —
(Ee_, F._) an identification of the corresponding fibers. Let S denote the surface obtained
by gluing .S together along the ends, and (E F ) the elliptic boundary value problem obtained
by gluing E, F. See for example Figure 3 of [WW10a]. We obtain surfaces without strip-like

ends by adding in the points at infinity:
ngUUse, S=5u U Se.
e

eFet
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Choose an ordering of the boundary components of S. The strip-like ends of S inherit an
ordering from the ordering of the ends of S. We claim that the isomorphism of determinant

lines from S to S has the same sign as the isomorphisms of determinant lines from S to S.

To compute the gluing sign, we compare the deformation used in the definition of the
orientations on the surface with strip like ends to the isomorphism of determinant lines
induced by gluing strip-like ends. Consider the diagram of indices shown in Figure 8. The
top left picture represents det(Dpg r). The maps are defined as follows:

(¢1,%6) The map ¢; represents the isomorphism of determinant lines induced by
deforming the boundary conditions to F. on the end as in the proof of Proposition
4.2.4 so that F; = F_ on the region indicated. This deformation results in a
boundary problem that is obtained from the nodal surface on the upper right of
Figure 8 by gluing. The map ¢¢ represents a similar isomorphism of determinant
lines induced by a deformation to bundles FL so that F = F_ on the neck region,
and obtained by gluing.

(¢2,¢7) The map ¢o represents the isomorphism of determinant lines induced by
gluing at the two boundary nodes in the upper right surface. Similarly, the map ¢~
represents isomorphism induced by gluing along two nodes w; = (w;,—,w; 4+) and
wy = (we,—, wz +) on the boundary.

(¢3, P4, ¢5) The maps @3, P4, 5 are gluing isomorphisms for the gluing of strip-like

ends eq,e_.

In order to compute the gluing sign we establish commutativity of the diagram. The first
square in the diagram commutes because deformation commutes with gluing. The second
commutes by associativity of gluing for determinant lines in Proposition 2.6.1:

G101 = Ped3, P5P2 = P704.

By definition, the composition of ¢1, ¢9 is orientation preserving. ¢s is orientation preserv-

FiGURE 8. Orientations for gluing strip-like ends

ing by construction, and ¢g is orientation preserving since it is induced by a deformation.
Hence ¢3 has the same sign as ¢7. By definition ¢7 is the composition of gluing iso-
morphisms for resolution of the first node w; = (w1,—, w1 4), then second boundary node
wy = (wz,_,wz ). Choose the ordering of the boundary components so that the disk
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boundary 0Sgix C 95 is ordered first and boundary nodes so that the node on the disk
Wy, + € OSaisk is ordered first. Then the first gluing isomorphism is orientation preserving,
and the resulting surface is S. Hence ¢3 has the same sign as the isomorphism of determi-
nants induced by the second gluing operation. By part (b), this has the sign claimed in the
statement of part (c).

The additional signs in the case of multiple ends arise from permuting the remain-
ing outgoing ends and nodes of the S_, with the incoming ends and nodes of S;, and
also the outgoing ends of S_ with the nodes associated to the outgoing ends of Sy, per
the convention (40). The sign resulting from permuting the remaining incoming ends
of S, past the caps and nodes for e+ and determinant line on the closed surface S_ is
(—1)3rank(F)+Ind(Def)+Ind(De+) = (—1)4rank(F) = 1. This completes the proof. O

Finally, we check the signs for various special cases needed later.

Remark 4.3.4. (a) (Annulus) Let A = [0, 1] x ST with trivial bundle E and two trans-
verse, constant boundary conditions F' = (Fp, F1). By definition, the orientation on
the determinant line det(Dg ) in induced from the isomorphism with the sphere
with two bubbled-off disks,

det(Dp r) — A™((E*)V) @ A" (Fy & E & Fy),

see Figure 6. The operator Dg r has trivial kernel and cokernel, and so det(Dg r) =
R. The induced orientation on the determinant line det(Dg r) = R is the standard
one if and only if the isomorphism fy & Fy — E is orientation preserving. The
quilted case is similar and left to the reader.

(b) (Strip) Let S denote the strip [0,1] x R. Let ¢ denote the incoming end, and e!
the outgoing end of S. Let E be the trivial bundle and F7,j = 0,1 denote constant,
transverse boundary conditions. Choose a path

I'= (Ft)te[—oo,oo]a == FO» > =p!

from F° to F', and compatible orientations on the resulting operators on the once-
punctured disks D,;, 7 = 0,1. Compatibility means that the gluing map for strip-like
ends
det(Deo) & det(De1) — det(Ddisk)
to the operator Dy with homotopically trivial boundary conditions is orientation
preserving. The orientation on det(D) is defined so that the gluing isomorphism
(46)  det(Deo) ® A™((I(0))") @ det(Daisk) ® A™((1'(0))") ® det(De1) — det(Dp,r)

is orientation preserving. Permuting the factor det(D,1) to the beginning produces

a factor of
(_1)Ind(D61)(rank(F)+Ind(Deo)) _ (_1)Ind(D61)'

Using compatibility of orientations and gluing to the annulus gives an orientation
preserving isomorphism

(47)  det(Da) ® det(D,0) ® A™((1'(0))") @ det(Daisk) ® A™((I(0))")
— det(Daiae) ® A™((1(0))) @ det(Daisk) © A™((1(0))").
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By gluing this tensor product is isomorphic to the determinant line for the Cauchy-
Riemann operator on the annulus. By case (a), the gluing isomorphism has orienta-
tion (—1)"d(Pe1)| The arguments above give a total sign of +1 for the isomorphism
of the determinant line of the operator on the strip with the trivial line.

(¢) (Cup and Cap) Suppose that Sy, Sy are the disks with two outgoing resp. incoming
ends of Example 4.1.7 of [WW10a]. Suppose these are equipped with constant
vector bundles F,, En and constant real boundary conditions (FJ, F}) = (F3, F9).
Let Dy, DA be the trivial Cauchy-Riemann operators. For the two ends of Sy we
can choose the paths 'y, T~ on the two ends e}, el, to be related by time-reversal.
Choose the orientations on Do, D1 so that the gluing map

(48) det(Dgis) ® AT, (0))? ® det(Deb) ® det(De&) — det(Dy)
induces the standard orientation on det(Dy) = R. Note that we have isomorphisms
det(De%) = det(Deg), det(De%) = det(Delu).

The compatibility condition for Deg , De% differs from that for Deb , Delm by a sign

(=1)
given by the transposition of factors. Changing the order of factors in (48) to that in

2
(46) produces a sign (—1)Ind(Deg) by (4). The choice of sign orientation for det(D, )
that makes the orientations positive is this sign times the induced orientation from
det(De(% ). The orientation on Dn is defined by the gluing isomorphism

Ind(D,3 ) Ind(Dyo) _ (_1)(rank(F)—Ind(Dea)) Ind(D,)

(49)  det(Dg) ® A" (T'y(0)") ® det(D,y ) @ A™(I'4(0)") @ det(Dgis) — det(Dn).
Changing the order of factors to match that of (47) produces by (4) a sign

(=1

Hence the orientation on det(Dpn) = R is related to the standard one by a sign

-1) -1)
as in Example 4.1.7 of [WW10a].

2
Ind(De%) +Ind(De%) rank(F') .

rank(F') Ind(Deg )+2 Ind(Deg )2+(rank(F)—Ind(DeE)J ) Ind(Deg) _ Ind(DeE)J)

4.4. Orientations for quilted surfaces. In this section, we define orientations for Cauchy-
Riemann operators on quilted surfaces. Let S — B be a family of quilted surfaces possibly
with strip-like ends and Dg p be a family of Cauchy-Riemann operators for (E, F'), and
suppose that the F' is equipped with a collection of relative spin structures. We define an
orientation for D g by deforming the seam conditions to split form.

Proposition 4.4.1. (Orientations for quilted Cauchy-Riemann operators via relative spin
structures) Let S, E,F be a family of quilted surfaces with bundles and boundary/seam
conditions over a base B. A relative spin structure on F and orientations for the ends of

each component together induce an orientation on the determinant line bundle det(Dg r) —
B.
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Proof. The proof uses a deformation of the seam conditions to split form, after which
we may apply the construction in the unquilted case. For simplicity, we assume that the
Hamiltonian perturbations on the strip-like ends vanish. We may assume that the ranks of
the bundles are at least two, after stabilizing by adding trivial bundles. Note that the map
of Grassmannians of totally real subspaces

U(nl) U(ng) U(n1 + ng)
SO(n1) = SO(n2)  SO(n1 + n2)

induces a surjection of first and second homotopy groups, by the long exact sequence of
homotopy groups and the isomorphisms

Wl(SO(nl)) — Wl(SO(nl + ng)),nl > 1; 7T1(U(7”L1)) — 7r1(U(n1 + TLQ))

It follows that there exists a deformation of the seam conditions on the strip-like ends to
split form in the product of Grassmannians (U(>n;)/SO(>_n;))? (where ni,...,ny are
the dimensions of the boundary and seam conditions) such that the path has Maslov index
Z€ro:

[Fe i) € (UEmg)/SOE)my)), §€0,1], [F.1q] € [[Uny)/50my).
i

Any such path has a deformation with no crossing points, that is, so that every set of
conditions in the deformation are transversal:

F. sNF. . ;={0}, Véel01].

This deformation produces a family of Fredholm operators, and hence an isomorphism of
the determinant line of the original problem with the problem with split form on each strip-
like end. The given path can be deformed into a path in partially split form, that is, a path
into

U(nl)/SO(nl) X U(n1 + ng)/SO(nl + n2) X ... X U(nk)/SO(nk)
uniquely up to homotopy of homotopies. Finally, we homotope the seam conditions F via
a homotopy

Eé C E|8§7 EO = E7 El — Esplit
o & set of boundary and seam conditions P of split form over the entire surface.

Having completed the deformation to split form, we now reduce to the unquilted case.
The index problem on (E, ESpht) splits into a sum of problems on the various components:

DE7Esplit = @ DEp Fz‘plit
peEP
splits into a sum of problems on the various patches. The constructions in the unquilted
case give orientations on the various determinant lines

det(DEp7F;pht)7 p S 7)

These are then pulled back under the deformations to an orientation on the determinant
line on the original family of operators det(Dpg r). The resulting orientation on det(Dg r)
is independent of the choice of deformation Fs to split form. Indeed, any two deformations
to split form are homotopic. O
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Remark 4.4.2. (a) (Dependence on ordering of components) Recall that for a dis-
connected unquilted surface S with boundary value problem FE,F, the orientation
constructed on a Cauchy-Riemann operator Dg r depends on an ordering of the
components of S. In particular, for a quilted surface the orientation depends on an
ordering of the patches

P={p1,...,m}, L=]P|.

However, if S is connected and Dg r has index zero resp. one then the orientation on
Dg r is independent of the ordering of the connected components of the patches S.
Indeed, since the orientation constructed is independent of the choice of deformation
to split form, we may deform F to boundary bundles of split form such that the
index is zero on each resp. all but one patch of §. Then the determinant lines for
all connected components commute, see Remark 4.2.5 (c).

(b) (Orientations for the constant bundle on a quilted surface) Suppose that S is a
quilted strip and E, F are trivial, and Dg r is the trivial Cauchy-Riemann operator.
The kernel and cokernel of Dg r are trivial, and so det(Dg r) is trivial. We claim
that the orientation on Dg r constructed by deformation to seam conditions of split
form is also trivial. Indeed, by the proof of Proposition 4.4.1, the seam conditions
can be deformed to split form through a path of seam conditions

FsCE, 6¢][0,1]

that are still transversal at each end e € £(S), for all 6 € [0, 1]. Then the determinant
line is isomorphic to the determinant lines on the patches:

det(Dp,r) = @) det(Dp, r1)-
peEP

The orientation on the determinant lines det(DE]m Fg) for each patch is trivial by
(46). This proves the claim.

In the quilted case, there are four types of gluing: gluing at the interior, gluing on the
true boundary, gluing at the seams, and gluing along strip-like ends. Suppose that Dg r
has index zero or one and suppose that D 7 is obtained by gluing of one of these types.

Lemma 4.4.3. The gluing sign in the isomorphism
det(DE7E) — det(DE ﬁ')

produced by Corollary 2.5.4 is the product of gluing signs for the unquilted connected com-
ponents.

Proof. Choose a deformation of F to split form F*P1*. The gluing operations then reduce
to gluing operations on disconnected unquilted surfaces, after deformation of the boundary
conditions to split form. O

Remark 4.4.4. In particular, in the case that S ,S, are obtained by thickening the
boundary of an unquilted surface, and S_ has a single outgoing end, this convention leads
to a positive sign in the gluing rule. This argument gives the associativity relation in the
generalized Fukaya category, see Section 6.2 below.
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4.5. Inserting a diagonal for Cauchy-Riemann operators. In this section, we explore
the effect of adding an additional seam with seam condition given by a diagonal.

Definition 4.5.1. (a) (Adding a seam to a quilted surface) Let S be a quilted surface,
Sp a patch, and I C S, an embedded one-manifold. The surface obtained by adding
a seam is the surface S dividing the patch S, = S, Ur S, into two patches S, Sy
joined by the seam ¢ with image I:

S2 = S/(S, +— Sh, 8.

P p
The ordering of the connected components of the patches S2 is such that SI’,’ follows
S,, immediately (or vice-versa), and the new boundary component of S, (resp. S}
is last (resp. first) in the ordering of boundary components. See Figure 9 below.
(b) (Adding a diagonal seam condition) Let (£, F') be a collection of bundles with totally
real seam and boundary conditions on S, and suppose that S A is obtained by adding
a seam o. The pair

ES = (E/(Ep — (Ep, Ep)), P2 = (F,A)

obtained by adding a diagonal seam condition is the pair obtained from E,F by
replacing £, with two copies and assigning to the new seam o the diagonal sub-

bundle A of E, ® E,.
FIGURE 9. Inserting a seam in a quilted surface

J

3

Remark 4.5.2. (Identification of determinant lines obtained by adding a seam) Suppose
that F' is equipped with a relative spin structure. Let D be a Cauchy-Riemann operator for
(E,F), S E®, F” are obtained by adding a seam o with diagonal seam condition A, and
D* is the Cauchy-Riemann operator for (EA, F A) obtained from D. There is a canonical
identification of kernels and cokernels

ker(D) — ker(D?), coker(D) — coker(D?)

given by patching together the restrictions to the two components obtained by the division.
Hence we have an isomorphism of determinant lines

det(D) — det(D?).
Definition 4.5.3. (Relative spin structures for bundles obtained by inserting seams) Let

S be a quilted surface and S the surface obtained by inserting a seam into a patch Sp.
Let E, F be bundles with boundary/seam conditions on S.
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(a) (The inserted seam is separating). Suppose that the inserted seam o divides S°
into quilted surfaces SpsA — g L US . Let S be connected. The collection £ A has a
canonical relative spin structure, given a choice of component of the complement of
o. Indeed, the diagonal A, is isomorphic to F),, via projection on the second factor,
hence has a canonical relative spin structure as in 3.4.1. The background classes

b(FaA) :b(FU)_‘_(w?(Epf(U))aw?(E (O’)))’ Facﬁi

P+

for the relative spin structure on the components F, of F2 labelling seams in S
differ from those of £ by adding wo(FE),) to all the background classes for components
on one side:

(50) by — b, +wa(Ep), S, C S

where S is either S, or S_, one side of the new seam o.

(b) (The inserted seam is not separating) The same construction assigns to £ a canon-
ical relative spin structure after adding two new seams o_, o separating S into two
components. The patches in one of the components have shifted background classes
in the sense of (50).

We wish to show that in each of these cases the isomorphism in 4.5.2 preserves orienta-
tions. We begin with the following simple case:

Proposition 4.5.4. (Preservation of orientations for insertion of a separating circle) Sup-
pose that S® is a quilted surface obtained by inserting a seam o into a quilted surface S.
Suppose that o is separating and diffeomorphic to a circle, that is, does not meet any strip-
like ends. Let (E,F) be a family of bundles with totally real seam and boundary conditions,
and (EA,EA) the family for S® obtained by inserting a diagonal. Equip F® with with
either of the canonical relative spin structures defined in Definition 4.5.3. The isomor-
phism of 4.5.2 maps the orientation og r given by the relative spin structure on E, F to the
orientation oga pa determined by either of the relative spin structures on E®, F2.

Proof. We deal first with the case of a single unquilted two-sphere. That is, suppose that
S has a single component S isomorphic to the two-sphere with standard complex structure,
E — S is trivial, and D is the standard Cauchy-Riemann operator. The orientation for
D* is defined by deforming A to a condition of split form as in Proposition 4.4.1. Let
FA — o,t € [0,1] denote the family of seam conditions in the deformation. If F2 to be
constant along the seam (that is, a trivial bundle for each ¢ € [0,1]) then the induced family
QtA of Cauchy-Riemann operators is surjective, with kernel isomorphic to any fiber of F/
by evaluation at a point z € S on the seam:

ker(QtA) = (FtA)za g = S(Z)

Hence the orientation on &A is induced by evaluation at a point on the seam, and the
orientation on the fibers of A. On the other hand, the orientation on det(D) is induced by
the complex structure on E. The statement of the Proposition follows since the projection
of A on either factor is orientation preserving.

We reduce the general case to case of a single two-sphere by deforming the surface to a
surface with nodes, so that an unquilted two-sphere is created by the deformation. Suppose
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that ), is the component of S containing 0. Choose a trivialization of F, in a neighborhood
of 0. Let o+ be small translates of the seam o to either side. Contracting the lines o+ to
nodes one obtains a nodal surface

Ss=(S_sUSosUS,5)/ ~

consisting of quilted surfaces S_ 5,5 5,5, 5, with S 5 a sphere. Applying the same con-

struction to S? yields a surface

S5 =(S_sUSssUS, 5/ ~

—"

with §é§ a quilted sphere. The deformation is illustrated in Figure 10. By gluing for quilted

g S5 Eng) Sis

F1GUurE 10. Pinching off a seam

surfaces, the isomorphisms of determinant lines induced by gluing
det(D) — det(Dg), det(D?) — det(D%)

are orientation preserving. By the previous paragraph which dealt with the case of a
single unquilted two-sphere, the gluing isomorphism det(Dgs) — det(DOA,(;) is orientation
preserving. Since the isomorphisms of determinant lines induced by gluing commute with
the isomorphisms induced by deformation, this proves the statement of the Proposition. [

We prove a similar result when the added seam labelled with the diagonal meets the
strip-like ends.

Definition 4.5.5. (Ordering of components and boundary components of a surface with an
inserted seam) Suppose that S2 is obtained from S by inserting a new seam o connecting
two ends in a patch §j, as in Figure 9.

(a) The ordering of the components of S induces an ordering of the components of SA,
by replacing the index of the old components with those of the new component and
ordering the component S; _ before S; ;.

(b) An ordering of the ends of the components of S induces an ordering of the ends of
S, since these are in bijection.

(¢) The ordering of boundary components of S induces an ordering of the boundary
components for each component of S2: For each old component, the ordering is the
same, while for the new components Sfi one puts the new seam last (resp. first)
for Sj _ resp. Sj 4, and the other components ordered as before.
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Proposition 4.5.6. (Preservation of orientations for insertion of separating diagonals) Sup-
pose S® is obtained by adding a seam so that the new seam o is separating and diffeomorphic
to R. Suppose that E®,F> are obtained from (E,F) by labelling the new seam o by the
diagonal. Suppose that the orientations for the ends of S® as well as the orderings of the
components and boundary components are induced from the orientations and orderings from
S as in Definition 4.5.5. Then the isomorphism of determinant lines det(D) — det(D?) is
orientation preserving.

Proof. The proof is by a reduction to the case that the new seam o is a circle in Proposition
4.5.4. First, suppose that S = S is an unquilted surface with strip-like ends. Gluing the ends
e, produces a surface S¥ with two fewer strip-like ends and a Cauchy-Riemann operator

D" obtained from D: see Figure 11.

_ jkw e? leﬁ
hé W

hch

S# &7

e

FIGURE 11. Inserting a diagonal and gluing the ends together

We compute the effect of adding a seam by studying the gluing signs for gluing the two
quilted ends. Suppose that the ordering of the boundary components of the glued surface is
such that the first boundary component of the new surface corresponds to the boundary of
S between e_ and ey. Let D denote the Cauchy-Riemann operator on the quilted surface
S obtained by inserting a seam labelled by a diagonal. Consider the gluing isomorphisms

from (17)
G : det(D) — det(D¥), G :det(D) — det(D¥).
The isomorphism G is orientation preserving by Proposition 5.1.2. By assumption on the

ordering of the boundary components, the gluing isomorphism G is orientation preserving.
By Remark 4.4.2 (b), the natural isomorphism

det(D#) — det(D7)

is orientation preserving. Similarly, the map of determinant lines is orientation preserving
for the glued surfaces. Since gluing along the strip-like ends ef commutes with these
isomorphisms, this proves the statement of the Proposition in this case.
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In general, the orientations on the quilted Cauchy-Riemann operator D are defined by
deforming the seam conditions F' to split form. After deforming all seam conditions F'
except the inserted seam condition A to split form, the Cauchy-Riemann operator splits as
a sum of unquilted Cauchy-Riemann operators for the patches. This argument reduces the
proof to the previous case in which the ordering of the boundary components of the glued
surface is the preferred one. O

4.6. Orientations for compositions of totally real correspondences.

Definition 4.6.1. (Smooth composition of linear seam conditions) Let S be a quilted
surface with two adjacent patches Sy, So, equipped with complex vector bundles £ and
boundary and seam conditions F. Suppose that F; is a complex vector bundle over the
seam joining Sp, So. Let

Fyn C Egx By, FisCE|xE»
be totally real seam conditions. We say that
Foo := mo2(For xa, Fi2) C Eg x By
is a smooth composition of totally real subbundles if the intersection
(For x Fi2) h (Eg x Ay x E) C Eg x By x By X Ey
is transverse.

Remark 4.6.2. Let Fjyo be a smooth composition of seam conditions Fjy; and Fio.

(a) (Relative spin structure for the composition) Relative spin structures for Fy, Fio,
and the diagonal induce a relative spin structure for Fyo, because of the isomorphism

WSZFOQ@Af — Fo1 & Fia, Af‘ = {(e, —6) EEl@El,QEEl}

and the discussion in Proposition 3.4.1.

(b) (Quilted surface obtained by composition) Let S’ denote the quilted surface with
two additional seams separating Sg, So. The surface S’ contains, in comparison with
S, two additional patches S|, Sf each isomorphic to strips. Let E’ be the collection
of complex vector bundles, equal to E on all but the new components where given
by Ey (pulled back by projection onto the seam). Let

F' = F/(Fo2 + (Fo1, Av, Fi2))

be the collection of boundary and seam conditions obtained by replacing Fps with
Fo1, Aq, Fio.

(c) (Identification of determinant lines) Let D be a Cauchy-Riemann operator for the
pair (E, F), and let D' denote the Cauchy-Riemann operator obtained by omitting
the operator for M. In the setting of [WW12a, Theorem 2.2.2], the identifications

ker(D) — ker(D'), coker(D) — coker(D")

induce an identification det(D) — det(D').
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(d) (Orientations for the ends) Orientations for the ends of S induce orientations for
the ends of S”: Given a orientation at the end e, define an orientation for ¢/, as
follows. First, choose a path of subspaces connecting (Fo1 ® Fi2)e, to (Fo2 @ Af)g L

Choose a deformation of the subspaces (Ay), , (A ), to split form so that every
space in the family has transverse intersection. We obtain from the deformation to
split form orientations of det(D,, ) resp. det(Q’Ei).

Proposition 4.6.3. (Preservation of orientations for composition of linear seam conditions)
Suppose that the orientations for the ends of S’ are induced from a choice of orientations
for S, the ordering of components, ends, and boundary components of S is induced from
those of S’, the components Sy and S| are adjacent in the ordering. Then the isomorphism
of determinant lines det(D) — det(D’) is orientation preserving.

Proof. To compare orientations we deform the seam conditions to the composed seam
conditions plus a trivial factor. Namely, there is a canonical deformation of Fy; @ Fio @ Ay
to o1423(Fo2 Af) @ A1 within the space of totally real sub-bundles, where o1423 is the
isomorphism

Ey®E ®E1® Ey — Ey® Ey ® By @ By

given by permutation of factors. Indeed, any complex vector bundle admits a Hermitian,
hence a symplectic structure. The fiber bundle of totally real subspaces of maximal dimen-
sion is canonically isomorphic to the Lagrangian Grassmannian. Hence the claim follows
from the symplectic case, considered in [WW10a, Lemma 3.1.9].

As a result of this deformation, the determinant lines for the original problem are iden-
tified with the determinant lines for the corresponding problem with composed seam con-
ditions. More precisely, the orientations for Dp g are those induced by the deformation
of the totally real subbundles Fy; @ Ay @ Fia resp. Fp to split form. Now the orientation
is independent of the deformation of Fy; & A1 @ Fis to split form; hence we may take the
deformation to be induced by a deformation of Fyo, Af‘ and A1 to split form. In this way we
obtain an identification of the determinant line det(D’) with the tensor product of det(D)
with that for the problem on Sj, S} with boundary conditions Ay, Af. The latter has trivial
index and orientation by definition (recall Sp, S| are strips or annuli) so the orientation on

det(D) is that induced by det(D’). O

4.7. Orientability of families of quilted Cauchy-Riemann operators.

Proposition 4.7.1. (Trivializability of the orientation double cover of a family with nodal
degeneration) Let Sy, Ey, F,b € B be a family of complex vector bundles with totally real
boundary conditions on quilted surfaces with strip-like ends over a stratified space B. Sup-
pose that F are equipped with relative spin structures, and the link of each stratum Br in
B is connected. Then the determinant line bundle det(Dg p) — B is trivializable.

Proof. A trivialization is given by multiplying the trivialization given by the relative spin
structures and Proposition 4.4.1 by the gluing signs of Section 4.3. Since the links are
connected, these gluing signs are well-defined, and since the gluing signs are associative, the
resulting trivializations are continuous. (]
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Remark 4.7.2. (a) (Example of a family with non-trivial link) Let Sy be a nodal disk
with three components and two nodes. Consider a family of nodal disks S5, ¢ €
R/Z extending Sy where the two directions 6 € (0,¢) resp. § € (0,€), correspond
to deforming the two different nodes, and the family is extended to a family over
the circle by identifying Sy ~ S_1/. The link in this case is a discrete space
two points, and the gluing signs for the two components of the link are in general
different. Therefore, a family of Cauchy-Riemann operators Ds over such a space
may not be orientable. That is, the family of determinant lines det(Ds) over R/Z
may be non-trivial.

(b) (Allowing strip-shrinking) One can allow strip-shrinking in the degenerations in
Sy, b € B as well as neck-stretching. Families of quilts of this kind are used in
[MWW18a].

5. Orientations for moduli of pseudoholomorphic quilts

In this section, we apply the orientations for Cauchy-Riemann operators developed in
Section 4 to the case of quilted pseudoholomorphic maps.

5.1. Construction of orientations for linearized operators with Lagrangian bound-
ary conditions. First, we describe the Cauchy-Riemann operators we would like to orient.
Let M be a symplectic manifold equipped with a compatible almost complex structure

J:TM —TM, J?>=—Idry.
Let S be a Riemann surface with complex structure
Js:TS =TS, j*=—Idrg.
Definition 5.1.1. (Pseudoholomorphic maps with Lagrangian boundary conditions)
(a) A smooth map u: S — M is pseudoholomorphic if
duoj=Joduec QYS,u*TM).

(b) A Lagrangian submanifold of M is an embedded submanifold L C M of half the
dimension of M, such that the restriction of the symplectic form to L vanishes:

dim(L) = dim(M)/2, w|L =0.
(c¢) Suppose that 95 has components I, ..., I;. Given Lagrangian submanifolds
Li,....LycM

a pseudoholomorphic map with Lagrangian boundary conditions in Ly,..., L is a
pseudoholomorphic map

u:S—M, u(lj)CLjj=1,...,k

Recall the linearized Cauchy-Riemann operators associated to pseudoholomorphic maps
and their Fredholm properties:

Remark 5.1.2. (Fredholm nature of linearized operators)
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(a) (Maps with boundary) Associated to any pseudoholomorphic map w : S — M with
strip-like ends and Lagrangian boundary conditions in L is a linearized real Cauchy-
Riemann operator

(51) Dy : Q°(S,u*TM, (ulps)*TL) — Q" (S, u*TM),

as in Definition 2.3.6.

(b) (Quilted maps) Similarly, if S is a quilted surface with strip-like ends, M is a collec-
tion of symplectic manifolds associated to the patches of S, and L is a collection of
Lagrangian submanifolds and correspondences associated to the boundary and seam
components of S, and u : § — M is a pseudoholomorphic map with Lagrangian
boundary conditions transverse at infinity on each strip-like end, we denote by D,
the associated linearized Cauchy-Riemann operator.

(¢) (Quilted sections) Let S be a surface with boundary and strip-like ends. A symplectic
Lefschetz-Bott fibration [Per08], [WW16] is a space E equipped with a closed two-
form wg non-degenerate near the fibers and compatible almost complex structure
near the singularities of m and a projection £ — S with singularities of Morse-Bott
type that is locally holomorphic near the singularities of 7. Given a Lagrangian
boundary condition @ C OF (that is, a sub-fiber-bundle of E|0S that is Lagrangian
in each fiber) and a pseudoholomorphic section u : S — E let

Du . QO(S, 85, U*TvertE’ U*TvertQ) N QO’I(S, u*TvertE)
denote the corresponding linearized Cauchy-Riemann operator.

Definition 5.1.3. (a) (Relative spin structures for collections of Lagrangians) Let M
be a symplectic manifold and L = (Lo, ..., Lg) be a sequence of oriented Lagrangian
submanifolds in M. A relative spin structure for (Lo, ..., Lg) is a stable relative spin
structure for the immersion LoU...ULy — M. In particular, this means that each L;
has a stable relative spin structure with the same background class b € H?(M, Zs).

(b) (Relative spin structures for collections of Lagrangian correspondences) Let S be a
(possibly quilted) surface (possibly) with boundary and strip-like ends, M a collec-
tion of symplectic manifolds, and L a collection of boundary and seam conditions
for S. A relative spin structure for L with background classes wy,p € P is a relative
spin structure for the immersion

ULe— |J My, x M,
€S p1,p2E€P

with respect to the background classes by, + 75bp,.

Remark 5.1.4. (a) (Moduli spaces of quilted trajectories) Let L be a periodic sequence
of Lagrangian correspondences equipped with admissible brane structures with sym-
plectic manifolds My, ..., M,,, and

H; € C*([0,1] x Mj), Y; € Map([0,1], Vect(M;)), j=0,...,m



ORIENTATIONS FOR PSEUDOHOLOMORPHIC QUILTS 61

a time-dependent Hamiltonian resp. their Hamiltonian vector fields for each patch.
Define

(L) =<z = (z;:]0,0;] = M;).

(L) { ( 5+ [0, 5] J)J:O,.‘.,r (2(87), 2j4+1(0)) € Lj(j)
the set of generalized intersection points. As in standard Floer theory, the mod-
uli spaces of “quilted pseudoholomorphic strips” M(z~,z") arise from quotienting
out by simultaneous R-shift in all components u;. The moduli spaces are regular
for generic domain-dependent almost complex structures and Hamiltonian pertur-
bations, as explained in [WW12b].

(b) (Moduli spaces of quilts) Given a quilted surface S with patch labels M and seam/boundary
conditions L and a collection of limits z, € Z(L,) for each strip-like end e, let

j(t) = Yj(»’vj(t)%}

M(M, L, x) = {U:S—>M

u(08) € L (1), lim u(ee<s,t>>u=xe,vees}

denote the moduli space of quilted pseudoholomorphic maps with limits z, along
each strip-like end e € €. The moduli spaces M(M, L, x) are regular for generic
almost complex structures and Hamiltonian perturbations, see [WW10b], in the
sense that M(M, L, z) is cut out of a Banach space of maps by Fredholm equation
with surjective linearized operator D,. Suppose that M(M, L, z) is regular. By
definition, its tangent space at a pseudoholomorphic map w : S — M is the kernel
of the linearized operator D,:

M (Ma L, @) = ker(Du)

If D,, is oriented, then so is M(M, L, z) at u.

(c) (Orientations for quilted trajectories) Let M(z,,z_) denote the moduli space of
quilted pseudoholomorphic trajectories from z, to xz_. If M(z,,2_) is regular at
a trajectory u then the tangent space

TiyM(zy,z_) = ker(D,)/R, 0= coker(D,)

where the first is the quotient of the linearized operator D, by the R-action given
by translation. Thus any orientation for D, induces an orientation on the tangent
space TjyM(z;,z_).

(d) (Orientations for quilted sections) Let E — S be a symplectic Lefschetz fibration
and @ a Lagrangian boundary condition. Denote by M(FE,Q;x) the moduli space
of pseudoholomorphic sections u : S — E with boundary values in @ and limits z.
If M(E,Q;z) is regular at u then

TWM(E,Q;x) = ker(D,), 0= coker(D,).
So any orientation on D,, induces on an orientation on M, (F,Q;zx) at u.
We generalize the discussion in Definition 2.7.3 to pseudoholomorphic quilts:

Definition 5.1.5. (a) (Families of pseudoholomorphic quilts) Let B be a stratified
space as in Definition 2.7.3, and S a family of quilts over B. A family of pseu-
doholomorphic quilts with domain S is a triple (C, f,u) consisting of a space C, a
continuous map f : C — B, and a continuous map u : S Xp C — M such that
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(i) the restriction of u to each fiber S x g {c} is a pseudoholomorphic quilt, and
(ii) w is continuous with respect to the Gromov topology on maps. That is, if
¢y — ¢ then uy(,) Gromov converges to u ().

(b) (Determinant line bundle for families of quilts) Given a family of pseudoholomorphic
quilts, for any ¢, — ¢ the linearized operator D, is canonically deformable to the
operator obtained from D,,. by the gluing construction, by exponential decay on the
necks. One obtains a determinant line bundle det(D,, ) — C by Proposition 2.7.4.

Theorem 5.1.6. (Orientations via relative spin structures for families of quilts) Let S be
a family of quilted surfaces of fixed type over a smooth manifold B, and M, L a collection
of symplectic manifolds for the patches and Lagrangian boundary/seam conditions. Let
u:SxpC = M be a family of pseudoholomorphic map with Lagrangian boundary and
seam conditions in L over C. Suppose that the link of each stratum Br of B is connected.
Then a relative spin structure for L and orientations for the ends induce a trivialization the
determinant line bundle Upcc det(D,,,) — C.

Proof. The statement of the Theorem follows from Proposition 4.7.1 and the identification
of determinant lines in Definition 5.1.5. (Il

5.2. Behavior under gluing and background shifts.

Remark 5.2.1. (Gluing) Theorem 5.1.6 is a family version of Theorem 1.0.1, and includes
that Theorem as a special case except for the universal signs. The signs for gluing in
the interior, gluing at the boundary, and gluing strip-like ends are given in Section 2.2.
The signs for gluing Floer trajectories with surfaces with strip-like ends are determined as
follows. The orientation on the moduli space M (z Iy z_ ) of Floer trajectories, induced from
the isomorphism
TM(z 2 ) OR = TiM(z,,z_)

where second factor is the tangent space to the translational R-action and the codomain is
the tangent space to the moduli space of parametrized trajectories. There exists a gluing
map

M(zg,y)o X Ms(z™| o x [0,€) = Mg(z—,zt);

that factors through the product
Mz, y)1 x Mg(a™|
preserving the orientation on the R orbits. Taking the conventions of Remark 4.3.4 (c)

shows that the sign of the gluing map is positive. A similar description for the outgoing
Floer trajectories shows that the sign is negative.

:L"gﬁy’z

x;*)yvlJr)O

Remark 5.2.2. (Shift of Background Class) Define an involution T on the set of rela-
tive spin structures on a Lagrangian submanifold L that shifts the background class as
follows. The bundle T'M has a canonical splitting (up to homotopy) after restriction to any
Lagrangian submanifold L:

TM|L=2T(T*L)|, 2 TL®T'LETL®TL

where the last is canonical up to homotopy. It follows from (3.4.1) that TM|L has a
canonical spin structure, up to isomorphism. We say that two relative spin structures for
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L corresponding to bundles R;, Re — T'M and spin structures on T'L & R1|L,TL & Ra|L
are equivalent mod T'M if and only if the following hold:

(a) There exists a stable isomorphism Ry = R; & T'M and
(b) the spin structure on T'L & Ry|L is that induced by the stable isomorphism

TL® Ry|L=TL® Ry|L®TM]|L.
Thus the background class of the second spin structure is
wa(Re2) = wy(R1) + wao(TM).
Given a sequence L of oriented Lagrangian submanifolds in M, we denote by
(52) T(L) = (Y(Lo), - -, T(Lq))

the same sequence with shifted relative spin structures. The relative spin structures shifted
by T induce a new relative spin structure on (u|0S;)*T'L. By Lemma 3.4.3, the orientations
on the moduli spaces of pseudoholomorphic disks are reversed by the identity map exactly
if the Maslov index is equal to 2 mod 4.

6. Lagrangian Floer invariants over the integers

We apply the construction of orientations on pseudoholomorphic quilts in the previous
section to construct quilted Floer cohomology and relative invariants associated to quilted
surfaces over the integers, in the monotone case. We expect that the same results should
hold over the rationals, without monotonicity, given a suitable perturbation scheme.

6.1. Floer cohomology. Let M be a compact symplectic manifold equipped with an N-
fold Maslov cover Lag™ (M) — Lag(M) for some even integer N. The cover Lag™¥ (M) is
by definition an N-fold cover of the bundle Lag(M) of Lagrangian subspaces of TM that
restricts to the standard N-fold cover on any fiber. We assume that the mod 2 reduction

Lag?(M) := Lag™ (M) xz,, Zs
of Lag™ (M) is the oriented double cover of Lag(M).

Definition 6.1.1. (a) (Lagrangian branes) Let L C M be a Lagrangian submanifold.
A brane structure on L is an orientations, relative spin structure and grading

or: L — Lagh (M)|L
lifting the canonical section
L — Lag(M), [~ TL.

A Lagrangian braneis a compact Lagrangian submanifold equipped with brane struc-
ture.

(b) (Admissibility) A Lagrangian brane is admissible if it has minimal Maslov number
at least three and torsion fundamental group; these conditions imply monotonicity
for pairs, triples etc. in the sense of [WW15].
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(c) (Periodically-graded Floer complex) Let Lo,L; C M be admissible Lagrangian
branes. The grading induces a degree map

I(Lo, Ly) = Zn, x> |z| =d(og,(2), 0L, (7).
The Floer cochain group is the Z-graded group
CF(Lo, L) = @ CF* (Lo, L),  CF%Lo, L1) = & 7 <x> .

deZn xEI(L07L1),\x|:d
The Floer coboundary operator is the map of degree 1,
d%: CFYLg,L1) — CF Y (Lo, Ly),

defined for |x_| = d by

ot <x_>:= Z ( Z e(u)) <xp> .

x4+ €Z(Lo,L1) ueEM(xz_,x4)0
where
e: Mg(x_,zy)o — {-1,+1}

is defined by comparing the constructed orientation to the canonical orientation of
a point.

(d) (Graded Floer complex using a formal variable) There is also a Z-graded version of
Floer homology whose differential is defined over A = Z[q] the ring of polynomials
in a formal variable ¢ that keeps track of the difference in gradings. Let

Z(Lo,L1) =7Z x7z, Z(Lo, L1)
and d the extended degree map
d:Z(Lo, L) = Z, [n,z]— n.
let C'F(Lg, L) denote the sum over lifted intersection points
CF(Loy,L)= P A<a>.
x€Z(Lo,L1)
Define
d <x_>= Z ( e(u)q(J(C”*)_‘i(x‘)_l)) <z >
24+ €Z(Lo,L1) UEM(T—,24)0

Theorem 6.1.2. Suppose that M is monotone and a pair of Lagrangian branes (Lo, L1)
in M is monotone and satisfies the monotonicity conditions L1-3 of [WW10b]: each is
compact, oriented, monotone, and has minimal Maslov number at least three. Then the
Floer differentials 0,0 satisfy 0*> = 0,0% = 0.

Proof. That 0% = 0 follows from argument in Oh [Oh93] and that gluing along strip-like
ends is orientation preserving for the corresponding Cauchy-Riemann operators. The proof
for O is similar. O



ORIENTATIONS FOR PSEUDOHOLOMORPHIC QUILTS 65

If the assumptions of Theorem 6.1.2 are satisfied then the Floer cohomology is defined by

HF(Lo,L1) == @ HF(Lo,L1),  HF%(Lo,L1) := ker(d)/im(0" ).
deZn

Similarly, HF (Lo, L1) is the cohomology of 9.

Proposition 6.1.3. HF(Lg, L) resp. ]f'{\ﬁ’(Lo,Ll) is a well-defined Zy-graded resp. 7Z.-
graded group, independent, up to isomorphism, of the choices made in the construction of
the orientations.

Proof. Suppose that (I'y, Dy, eq,d1), (I, D/, €, 8 ) are two orientations for the ends
e € £(5). Define maps

o :CF(L(),Ll) —>CF(L0,L1), <xr>+> O'(Cl?) <x>

as follows. Let (F4, F4) denote the corresponding elliptic boundary value problems on the
once-punctured disk Si. Let

(Ex,F+,Dy) = (Ex, Fy, Dy)#(EY, Fy, DY)

denote the bundles and Cauchy-Riemann operator obtained by gluing together the problems
Ei,Fy,Dy and E'., F, D/, along the strip-like ends. By the gluing formula there exists
an isomorphism

det(D4) ® det(D’.) — det(Dy).
We define o(x) = £1 depending on whether the orientation induced by ey, €, and the
gluing isomorphism agrees with the orientation induced by the trivialization of F'. The

gluing law for indices implies that the map o intertwines the relative invariants ®g for S
associated to the two different choices of orientation. O

Remark 6.1.4. (Conjugates) Suppose that M~ is the symplectic manifold M with sym-
plectic form reversed. Given Lagrangian branes Lj we denote by L~ the corresponding
branes in M, with background class shifted by 5.2.2:

b(L™) = b(L) + wa(M).
For any intersection point x4 we denote by . the corresponding intersection point of Lj_

and M(z,z_) the moduli space of Floer trajectories. Each trajectories u(s,t) for (Lo, L1)
defines a trajectory u(1 — s,t) for (L, L, ) giving a bijection

M($+, x—) - M(x:’ :EI-)
from trajectories for (Lo, L1) to trajectories for (Lj, Ly ). The bijection acts on orientations
at a trajectory u by a sign given by
(_1)(Ind(Dx+)—Ind(Dw7)—l—dim TMM(.Z’+,.Z’7)))/2‘

By Lemma 3.4.3, this shift cancels out the shift in the background class. Hence, as oriented
manifolds

M(zy,x_) = Mz, x).
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Equality of the counts of elements in the zero-dimensional component implies that the Floer
operators are equal, so that we have an isomorphism

(53) HF(Ly,Ly) = HF(Lo, L).
In the Z-graded version one can also define an involution in the power series ring
Zlg) = Zlg), ¢~ (-1)?q.
This involution extends to an involution of HF (Lo, L1). The natural identification
CF(Lo, L) = CF(Ly, Ly)

composed with the involution intertwines with the Floer differentials é\’/ .

The same considerations apply for the Floer homologies HF (L), HF(L) of a periodic
sequence of Lagrangian correspondences equipped with admissible brane structures. In
particular, suppose that L is the diagonal. The Floer cohomology satisfies

HF(L)=HF(L)/(¢—1)=QH(M)/(q—1)

where QH (M) is the quantum cohomology. Then QH (M)/(q — 1) is not isomorphic via
the identity map to QH(M~)/(q — 1).
For example let M be complex projective n-space. Then
QH(M)/(q 1) = Z[]/(@"* = 1).

On the other hand, M~ is also isomorphic to the projective space, but now the hyperplane
class is —x, and

QH(M™)/(q—1) = Z[~a]/((=2)"*! —1).
The latter is isomorphic to QH(M)/(q — 1) via the map x — —z, but not via the identity
if n is even. On the other hand,

QH(M) =Z[z,q)/(z" — q) = QH(M ") = Z[~z,q]/((—2)" — q)
via the map = — x,q — —q.

Remark 6.1.5. (Disk potentials) If the minimal Maslov number of either Lagrangian is
only two, then the Floer operator may not square to zero due to the presence of pseudo-
holomorphic disks. We denote by

Mi(L) : {(u: (D,dD) - (X,L),2)|dyu = 0}/ Aut(D) = SL(2,R).

the moduli space of pseudolomorphic disk with a single marking on the boundary. Consider
the evaluation map evy : M;(L) — L. A generic element ¢ € L is a regular value and we
define following Oh [Oh93]

u€evy ' () CM(L) dim(z)

the disk potential of L. One sees by a parametrized version of the moduli space that the
number w(L) is independent of the choice of regular value. The boundary of M(Lg, L1); has
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two extra components corresponding to bubbling off disks at the left and right boundaries
of the strip:

(55) 6M(L0,L1)1 = (M(Lo,Ll)o XLOOL1 Ml(LO,Ll)O)
U (Ml(Lo) X M Ll) U (Ml(Ll) X M Lo).

The second and third configurations consist of a disks attached via a node to a constant
strip. Recall that automorphisms of the disk fixing a point form a two-dimensional subgroup
of Aut(D) generated by translations and dilations, once the complement of the marking is
identified with the half-space. Under the gluing map the one-parameter subgroup consisting
of translations on the disk becomes identified with the opposite translation resp. translation
on the strip. As a result the square of the Floer operator is the difference in disk potentials:

82 = w(Ll) — ’w(Lo)

We investigate the effect of reversing the symplectic form on disk potentials. If we consider
L~ C M~ the same Lagrangian in the symplectic manifold with reversed symplectic form,
then we have a diffeomorphism of moduli space of pseudoholomorphic disks

Mi(L) - My (L7), u—u, u (2)=u(Z)

Lemma 6.1.6. For the shifted relative spin structure on L™ with background class b(L) +
wa(M), the diffeomorphism My(L) — My(L™) is orientation reversing. Futhermore, the
disk potentials for L, L™ are related by w(L™) = —w(L).

Proof. The complex conjugation on the domain reverses the orientation on the group of
automorphisms of the disk fixing a point. Indeed after identifying the complement of a
point with the upper half plane, this group of automorphisms is generated by dilations and
translations, while conjugation becomes identified with a reflection. While dilations are
invariant under conjugation by the reflection, translations are reversed producing a sign
change. On the other hand, complex conjugation on the index of the linearized operator
produces a sign change exactly if the Maslov index is equal to 2 mod 4. The additional signs
produced by the shift of relative spin structure in Lemma 3.4.3 imply that the orientation on
the moduli spaces are reversed. The disk potential w(L) is the signed count of holomorphic
disks, and the claim on the w(L™) follows. O

These results extend to the quilted case as follows.

Definition 6.1.7. (a) (Quilted Floer cohomology) The quilted Floer coboundary oper-
ator

9% CFYL) — CF*(L)
is defined by
0t <x_>:= Z < Z e(g)) <z, >,
2z, €Z(L) ueM(z_.z )o

where the signs
e: M(z_,z )0 — {£1}
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are defined by comparing the given orientation to the canonical orientation of a point.
By studying the ends of the one-dimensional moduli spaces as in the unquilted case
one obtains 0% = 0. The quilted Floer cohomology defined in [WW10b] is

HF(L):= @ HFYL),  HF%L) := ker(9?)/im(0"")
deZn

and is a Zy-graded group. In case that the Lagrangians are N-graded the datum
associated to each intersection point z is equipped with a canonical mod Zoy
orientation given by the path induced by the grading. Similarly, HF (L) is defined
as the Z-graded group over the formal power series ring in a formal variable q.

(b) (Relative invariants) Suppose that S is a quilted surface with strip-like ends. Let
L be a collection of Lagrangian boundary and seam conditions for a collection M
of compact monotone symplectic manifolds attached to the patches of S. A brane
structure for L is a collection of gradings and a relative spin structure. Let x be a
collection of perturbed intersection points at infinity, and M (z) the moduli space of
perturbed pseudoholomorphic maps S — M with boundary values in L and limits
x. A choice of relative spin structure for L, if it exists, together with orientations
on the ends, induces an orientation on M (z), by Remark 5.1.2. Assuming suitable
monotonicity conditions on the tuple L that rule out sphere and disk bubbling in
zero and one-dimensional moduli space, there is a cochain level relative invariant

constructed in [WW10a| defined by
Cos: K) CF(L)— X CF(L,)

ecE_(S) e€€ (S)

Qeee_(5) <Te>— > €(U)Reeg, (5) <Te> -
(Z)eesy (s)uEM(2)

For rational coefficients we obtain a cohomology level invariant

os: (X HF(L)— Q) HF(L,).

 ees (8) c€€: (S)

Proposition 6.1.8. The invariants C®g descend to cohomology and the resulting cohomo-
logical invariants ®g are independent up to isomorphism of the choice of perturbation data
and orientations.

Proof. Without signs, this is the main result of [WW15]. The cochain level invariants
descend to cohomology by the determination of the gluing signs in Section 5; especially
Theorem 4.3.3 part (d) which shows that the gluing maps are orientation preserving if all
of the ends are glued, for our choice of orderings. It follows again from gluing that the
maps for two choices of orientations intertwine with the maps in the proof of Proposition
6.1.3. O

Proposition 6.1.9. (Floer invariant of the torus as the graded dimension) Let L be a
periodic sequence of Lagrangian correspondences equipped with admissible brane structures.
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Let T denote the quilted torus, with one seam for each element of L. Then the relative
invariant ®7 is the graded dimension of HF (L),

®p = rank HF®*"(L) — rank HF°9(L).

Proof. The equality in the statement of the Proposition follows from the discussion of the
annulus signs in Remark 4.3.4. Indeed that remark shows that the contribution to the
invariant C®7 from x € Z(L) is (—1)*l. O

We investigate the behavior of the quilted Lagrangian Floer invariants under the following
basic operations:

Remark 6.1.10. (a) (Products) Let L;,j = 0,1 denote two periodic sequences of La-
grangian correspondences of the same length equipped with admissible brane struc-
tures so that the Floer homology groups HF (Lj), j = 0,1 are well-defined. Let L
denote the sequence obtained from L, j = 0,1 by direct sum. Let z = (g, ;) be a
generalized intersection point for L. Consider the natural map

(56) M(QQ) X M(@l) — M(@), (uo,ul) — Uug X Uq.

The linearized operator Dy, x,, is naturally isomorphic to the direct sum D, @ D,,, .
It follows that the map (56) is orientation preserving, by the discussion on direct
sums in Section 2.3. The Floer complex C'F (L) is the graded tensor product of
CF(Ly) and CF(L;), and Similarly, for the relative invariants. Thus if the cohomolo-
gies are torsion free then HF'(L) is the graded tensor product of HF(L;),j =0, 1.

(b) (Disjoint Unions of domains) let S, j = 0,1 be surfaces with strip-like ends. Suppose
that S = S1 U Sz, and S; has dj[ incoming resp. outgoing ends for j = 1,2. A pair
u = (u1,u2) of pseudoholomorphic maps of index zero has determinant line with
orientation related to the orientations of the determinant lines

+ .
e(u) _ 6(u1)6(u2)(_1)1ramk(F)(3v£;£7r0(85’2)—',—(12)(z:eeg_’l(d1m(M)/2—i—Ind(De)))

= 6(Ul)e(u2)(—1)lq>s2 [ Deee, lzel

This formula implies that the relative invariant C®g is the graded tensor product

[0} Te
CDs(Dece_(5) <te>) = (—1)T2I2eceil0ag (@,c0 (5) <ve>) @ CDs, (Rece_(5y) <e>)
= (Cq)sl ® C¢52>(®e€8_(51)ug_(52) <Te>).

With rational coefficients, it follows that ®g is the graded tensor product of ®g, and
g, .
(¢) (Folding of quilts) A “quilt folding” isomorphism was considered in [WW10b]. Let

L = (Lo1, L12,- .-, Lko)

by a cyclic Lagrangian correspondence with k£ odd. In [WW10b, Section 5] we
identified

(57) HF(L) = HF(LOl X L23 X --~-L(k—1)kaU(LI2 X L§4 X oo, LI;O))

where
oM x My X ...x My— Mox My x...x M,
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is the cyclic shift. To justify (57) with integer coefficients we note that the orienta-
tions are invariant under deformation of the linearized seam conditions to split form.
So we may assume L;_qy; = Lj—1 X L; for each j, and the isomorphism (57) follows
from the identification of both sides with the tensor product of the Floer cohomology
groups HF(L, Lj),j =0,...,k and the identifications HF'(L}, L;) = HF(L;, L; ")
from (53).
Remark 6.1.11. (Quilted sphere bubbling) In the case that some correspondences Li—vy;
have minimal Maslov number equal to two, the quilted Floer operator may not square to
Z€ero. M1(L(j,1)j, M;_1, M;) the moduli space of pseudoholomorphic quilted spheres with
a single marking on the seam. Let [ € L(;_;); be a regular value of the evaluation map
€evy M1(L(j,1)j, Mj_l,Mj) — Lj_l X Lj.
Define the quilted sphere potential
w(Lj-1)js Mj-1, M) = > e(u) € Z.
uEevfl(l)CM(L(jfmijj—l7Mj)dim(L)
Then the square of the Floer coboundary operator satisfies
82 — w(L()la M07 Ml) + U)(L12, M17 MQ) +...+ w(LTL()v Mn7 MO)
In the case of the folding identification, folding produces an identification of moduli spaces
ML -1y, M1, Mj) = My(Ljory) = Ma (L))
where the superscript op denotes the opposite orientation. Hence
’LU(LOl,M[),Ml) = w(L01,M6 X Ml) = *w(Lgl,Mo X Mf)
This equality is compatible with the folding identification of spaces with Floer operators
CF(L) = CF(L()l x Log X ....L(kfl)k,O'(ng X Lgq X .. Lkg))

from 6.1.10 (c) since
Zw(L(j—l)ijj—lij) = w(Lm X L23 X L(k—l)k) — w(Ll_2 X L§4 X .. LI;O))

6.2. Fukaya category. The Fukaya category is defined by counting pseudoholomorphic
disks with boundary lying in Lagrangian submanifolds. In this section, we explain how the
results on orientations naturally define the Fukaya category in the case of minimal Maslov
number at least three, and its quilted version over the integers. The sign computation would
be similar in any definition of the Fukaya category in general using a coherent transversality
scheme.

First, we recall the definition of Stasheff’s associahedron via nodal disks. A nodal disk D
is a contractible space obtained from a union of disks D;,7 = 1,...,[ (called the components
of D) by identifying pairs of points w;r, w;,j=1,...,k on the boundary (the nodes in the
resulting space)

D = I_Iélei/(w;r ~w; g = 1,...,k)
so that each node w; € D belongs to exactly two disk components D;_(;), D;, ;). A set
of markings is a set {zp,...,zq} of the boundary 9D in counterclockwise order, distinct



ORIENTATIONS FOR PSEUDOHOLOMORPHIC QUILTS 71

from the singularities. A marked nodal disk is a nodal disk with markings. A morphism
of marked nodal disks from (D, z) to (D', 2') is a homeomorphism ¢ : D — D’ restricting
to a pseudoholomorphic isomorphism ¢|p, on each component ¢ = 1,...,] and mapping
the marking z; to z; A marked nodal disk (D, z) is stable if it has no automorphisms or
equivalently if each disk component D; C D contains at least three nodes or markings. The
combinatorial type of a nodal disk with markings is the tree

I' = (Vert(I'), Edge(I")), Edge(I') = Edge_,(I") L Edge,.(I")

obtained by replacing each disk with a vertex v € Vert(T'), each node with a finite edge e €
Edge_.(I'), and each marking with a semi-infinite edge e € Edge,(I'). The semi-infinite
edges Edge, (I") are labelled by 0,...,d corresponding to which marking they represent.

We introduce the following notation for moduli spaces of disks. For each combinatorial
type I let ”R% denote the set of isomorphism classes of semistable nodal d + 1-marked disks
of combinatorial type I', and

R = JRre
I

the moduli space of stable disks. Fach stratum is naturally oriented by identifying each
open stratum R¢ 2 (0,1)%~3 by identifying the unit disk with upper half space, so that the
first and last markings map to 0,1 while the zeroth maps to infinity.

Associated to a tuple of Lagrangians is a moduli space of pseudoholomorphic polygons.
Namely, given Lagrangian branes Lo, ... Ly intersecting pairwise transversally and intersec-
tion points x; € L1y N L;j for j = 0,...,d let M(xo,...,r4) denote the moduli space of
stable disks S equipped with pseudoholomorphic maps u : .S — M mapping the part of the
boundary between z;_; and z; to L;. For a comeager set of almost complex structures the
moduli space is smooth, the zero-dimensional component is finite, and the one-dimensional
component is compact up to bubbling off Floer trajectories at the markings. More pre-

. . . ——d . . .
cisely, the one-dimensional component M (z); has a compactification as a one-manifold
with boundary the union

(58) OMy(z) = J ML, (2)
T

of strata M%l(g) of ﬂf@) corresponding to trees with two vertices (where either (1) I'
is stable with two vertices, or (2) I' is unstable and corresponds to bubbling of a Floer
trajectory).

In the stable range each moduli space of polygons is oriented by identifying its deter-
minant line with the product of determinant lines for the associahedron and the linearized
operator. By deforming the parametrized linear operator to the linearized operator plus
a trivial operator and bubbling off marked disks on each strip like end we may identify
the determinant line with the product of determinant lines for the associahedron and the
linearized operator for d > 3:

det(T[au]Md(.%'o, RN xd)g) = det(T[C]Rd) & det(Du).
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Using (40), we re-write the determinant line of the linearized operator as follows. For any
intersection point x; let

+ + max vV
DE = det(DE) ® A" (I, (0)")

denote the determinant line associated to x;, given as the tensor product of the determinant
line of the Lagrangian with the determinant of a Cauchy-Riemann operator on the disk
with a single end depending on a choice of path from ij L; 1 to ij L; in Tm].M , as in
(40). The determinant line for the surface with boundary but without ends is the product
of determinant lines for the trivial operator, isomorphic to det(T'L), and the determinant
line on a complex space which may be ignored for the purposes of the sign computation.
Thus (omitting tensor products to save space) we identify

(59) det(TM%(zo, ..., zq4)0) = det(TRY)D,, ... D, det(TL)Dy, .
The chosen orientations for the ends, the associahedron, and the Lagrangian induce an
orientation on the moduli space Md(azo, ...,xq). In the unstable range d < 2 a similar

construction, after replacing TR with the Lie algebra of the automorphism group of a
disk with 1 or 2 markings on the boundary, gives an orientation on the moduli space of
pseudoholomorphic polygons.

Definition 6.2.1. The Fukaya category Fuk(M) := Fuk(M,Lag™ (M),w,b) is defined as
follows:

(a) The objects of Fuk(M) are admissible Lagrangian branes in M with background
class b.
(b) The morphism spaces of Fuk(M) are the Zy-graded Floer cochain groups

Hom(L, L) := CF(L,L').
(¢c) The composition law in the category Fuk(M) is defined by counting holomorphic

polygons:
p? s Hom(L° LY) x ... x Hom(L4™1) L) — Hom(L°, L%)
by
(60) pl(<er>, ..., <zg>) = (-1)% Z e(u) <wo>
weEM(x0,...,24)0
where

d
(61) O => iz
=1

Theorem 6.2.2. The higher compositions in Fuk(M) satisfies the A, axiom. The resulting
category Fuk(M) is independent, up to homotopy equivalence of A categories, of choices
of perturbation data and orientations.

Proof. We consider the difference of orientations in the identification

oMy (2) = | M, ()
T
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of (58). Let x; € Z(L?, L7*Y) for j =0,...,d indexed mod d + 1. Consider the gluing map

(62) Mm(y, Tnt1y--- ,xn+m)0 X Mdierl(.rg, TlyeoeyYyonn ,Id)o — ./Vld(:[o, e ,xd)l.

The gluing map (62) takes the form (omitting tensor products from the notation to save
space)

(63) det(TR™D,, ., ... Dy, . det(TL)Dy
det(TR*”™ "D, ... D, ...D;, det(TL)D;,
— det(TRY)Dy, ... D;, det(TL)D;, .
To determine the sign of this map, first note that the gluing map
(0,€) x R™ x RE&—m+L _ R4

describing a neighborhood of the facet in the associahedron is given in coordinates (using the
automorphisms to fix the location of the first and last marked point for R™ and RI—™+1)
as in [MWW18b, (32)] by

(64) (5, (ZQ, ey Zm—l)y (wg, Ce. ,wd,m))
— (W, W3, .« oy Wy 1, Wit 1 + 022, oo, Wit 1 + 0Zm—1, W1 + 0, Wng2, . ooy Wi—im)-

This map acts on orientations by mn +m + n + 1 mod 2. These signs combine with the
contributions ¥ in the definition of ;?, a contribution m(d —m) from permuting det(TR™)
with Dy, ... D, ... D, det(TL)Dy , and a contribution m(|y| + > ;,, |2i|) from permuting
the ends into their correct order. Comparing the contributions from (—1)¥ with an overall
sign of (—1)%, where 0 = Zizl k|xy|, one obtains a sign contribution of (—1) to the power
lyl + nm 4+ (m — D)™ |2ptmek]). On the other hand, the sign in the A, axiom
contributes Y, (|zx| — 1). Combining the signs one obtains in total

(65)
d d n
m ( > kal> +mn+1—n—m+nm+(m-1) < > |ku) +lyl+ > (k] = 1)
k=m+n-+1 k=m+n-+1 k=1
n d d
= (el =D+ lyl+1+ D loe| =1+ |ayl
k=1 k=m+n+1 k=1

which is independent of n. The gluing computation in unstable range d — m + 1 < 2 or
m < 2 is similar and the A, -associativity relation follows. Il

Remark 6.2.3. (a) (Duals) Let M~ denote M with symplectic form reversed. We have
a natural identification of objects of Fuk(M ) and Fuk(M ~) obtained by considering
each brane L as a brane L~ for M . If all minimal Maslov numbers are divisible by
4 then then this identification extends to isomorphism of categories

Fuk(M) — Fuk(M ™).
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In general, continuing Remark 6.1.4 the category Fuk(M,b) is isomorphic to the
opposite category of Fuk(M ~,b+wy(M)). Indeed by Remark 6.1.4 we have isomor-
phisms

Hompyy(arp) (Lo, L1) = CF(Lo, L1)
= CF(Ll_, Lg)
= HOII]Op (Lo, Ll)

Fuk (M~ b+ws (M))

(Disjoint Unions) Let C;, j = 0, 1 be categories enhanced in groups. Define a disjoint
union category C by taking an object to be an object in Cy or C; and morphism
groups to be trivial unless the two objects are objects of the same category Cj,j =
0,1. Suppose that M;,j = 0,1 are compact monotone symplectic manifolds, and
M = My U M. Then

Fuk(Mo L Ml) = Fuk(Mo) L Fuk(Ml)

(Products) Let Cj,7 = 0,1 be categories enhanced in Zy graded cochain complexes.
The product category C is the category whose objects are pairs of objects of Cy
and Cj, and whose morphism spaces are graded tensor product of morphism spaces
of Cj,7 = 0,1. Let M;,j = 0,1 be compact monotone symplectic manifolds and
M = Myx M. Then H(Fuk(M)) is the category obtained by taking the cohomology
of the cochain-level categories underlying H (Fuk(My)), H(Fuk(M;)). In particular,
if all cohomologies are torsion-free (for example, by working over a field) then

H(Fuk(My x My)) = H(Fuk(My)) ® H(Fuk(M;)).

The A-infinity version of this result is addressed in Amorim [Amol6].

Remark 6.2.4. (a) (Extension to quilts) The quilted versions are similar. In partic-

(b)

ular, there is a quilted Fukaya category Fuk? (M) whose objects are generalized
Lagrangian branes L (sequences of correspondences from a point to M) equipped
with relative brane structures, and whose morphism spaces are quilted Floer cochain
groups Hom(L, L') = CF (L, L’), defined over the integers.

(Extension to Lefschetz fibrations) In the case of a Lefschetz fibration E over S with
Lagrangian boundary condition @, the gluing signs are the same as for pseudoholo-
morphic surfaces. In the case @) is oriented and has minimal Maslov number at least
two, working with rational coefficients (E, Q) defines a relative invariant

P Pece_(5)HF(L.) = ®ece, (5)HF (L)

mapping the tensor product of Floer homologies for the incoming ends to the product
for the outgoing ends.

6.3. Inserting a diagonal for pseudoholomorphic quilts. In this and the following
section we investigate the effect of composition of seam conditions on pseudoholomorphic
quilt invariants. The first step is to investigate the effect of the insertion of a diagonal seam
insertion.

Definition 6.3.1. (Inserting a diagonal Lagrangian seam condition) A triple (S2, M2, L?)
is obtained from a labelled quilted surface (S, M, L) by inserting a diagonal if and only if
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(a) the quilted surface S2 is obtained from S by inserting a new seam o into a patch
Sp of S;

(b) the labels M A L™ are obtained by inserting a diagonal seam condition. That is, if
M, is the symplectic manifold labelling .S}, then the patches Sz/?’ S]’D’ are labelled M),
and the new seam o is labelled Ayy,.

Proposition 6.3.2. (Isomorphism of Floer homologies and relative invariants for insertion
of separating diagonals) Suppose that the new seam o is inserted into the component Sp,
and that the new seam o is separating. Then there exists a collection of isomorphisms

HF(L,) — HF (L), e€&(S).

In the case of rational coefficients these intertwine with the relative invariants ®g, ®ga

defined by S, S2.

Proof. We take the perturbation data for L to be induced by perturbation data for
L. Then Z(L,) and 7 (LeAA) are canonically in bijection. The statement of the Proposition
follows from the linear case in the previous paragraph, taking the map on cochain complexes
to be the identity on cochain complexes. [l

Remark 6.3.3. (The spin case) In the case that M, is spin, the diagonal A, is also spin.
So A, has a relative spin structure with background classes (0,0). Thus the periodic Floer
cohomology HF'(A)) is well-defined. (In general without the spin assumption, the quilted
Floer cohomology HF'(A,) may be defined as the periodic Floer cohomology H F'(Idyz,) of
the identity on M, that is, treating A, as the generalized Lagrangian correspondence of
length 0.) The isomorphism of Floer homology groups can be defined as follows from the
isomorphisms HF(A,) — QH(M,). Let
¢e: HF(L,) = HF(Lga)), e : HF (LS 5)) = HF(L,)

denote the morphism associated to the quilted surface shown in Figure 12 resp. the reversed
surface. In other words, to the infinite strip we add a cylindrical end in the component

Anm, ( :@

FIGURE 12. Isomorphism of Floer homologies after inserting a seam

separated by the seam o, and insert at that cylindrical end the identity in 157, € HF(Apy,).
The identities

Vebe = Lup(L,), Petbe = lgpra)

follow from Proposition 6.1.8 applied to the surface on the inner circle in Figure 13. Com-
patibility with the relative invariants is proved in the same way. This ends the Remark.



76 KATRIN WEHRHEIM AND CHRIS WOODWARD

{ llMi, P S ilMp :lMi’ S 7

FI1GURE 13. Removing a seam

6.4. Orientations for compositions of Lagrangian correspondences. In this final
step we investigate the effect of replacing a triple of adjacent seam conditions, the middle
of which is a diagonal, with the composed condition.

Definition 6.4.1. (Composed Lagrangian seam conditions) Let S denote a quilted surface,
M a set of symplectic manifolds for the components of S, and L a collection of Lagrangian
and seam conditions. Suppose that S contains a pair of adjacent components My, M
diffeomorphic to infinite strips, with boundary conditions Lg1, A1, L1s. Let S° denote the
surface obtained by removing the M;-labelled components. The composed Lagrangian seam
conditions

L° = L/((Lo1, A1, L12) — Lo1 o L12)

assuming that the composition is smooth and embedded by the projection onto M x M. If
Lo1, L12 are equipped with relative spin structures, then Lgo := Lg; o L1 inherits a relative
spin structure with background class shifted by wa(M>).

Proposition 6.4.2. (Geometric composition theorem) Suppose that S° is obtained from S
and the quilt data for S° is obtained from quilt data M, L for S by replacing a triple of seams
Lo1, Ay, L1o with the geometric composition Lgs. Suppose that M are compact monotone
with the same monotonicity constants and L, L° are admissible correspondences so that the
quilted Floer cohomologies and relative invariants are well-defined. For each quilted end e
changed by the replacement to a quilted end e° there exists an isomorphism

HF(L,) - HF (L)

such that the tensor products over the megative and positive ends of S,S° intertwine the
relative invariants ®g, Pge for S, S°.

Proof. For Z, coefficients this was proved in Theorem 5.4.1 of [WW10a]. The map con-
structed in Section 4 of [WW10a] linearizes to the projection onto the components except
the components labelled M7, up to a small correction. By Lemma 4.6.3 and the identifi-
cation of the tangent spaces of the various moduli spaces with kernels of Cauchy-Riemann
operators with totally real boundary and seam conditions, the isomorphism constructed in
[WW10a] is orientation preserving, hence the statement of the Proposition. O

Corollary 6.4.3. Given Lagrangian correspondences Lo1, L12, Lo, Log with admissible brane
structures such that Lo := Lg1 o L13 is smooth and embedded, the canonical bijection

Z(Lo1, A1, L2, Lag) — Z(Loz, Lao)
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induces an isomorphism
HF(Lo1, A1, L12, Lao) — HF(Loz, L2o)
of quilted Floer cohomology groups with integer coefficients.

Functors for Lagrangian correspondences equipped with brane structures were constructed
in [MWW18a] by the authors together with S. Ma'u. For each admissible Lagrangian cor-
respondence Lg; C M, x M equipped with a brane structure counting quilts with seam in
Lg1 defines an A, functor

®(Lo1) : Fuk? (M) — Fuk? (M)

acting in the expected way on Floer cohomology: for Lagrangian branes Ly C My, L1 C M,
there is an isomorphism with Zs-coefficients

HHOIII(CI)(L()l)LO,Ll) = HF(LO X L17L01>

Parametrized versions of the arguments for invariance under geometric composition provide
the signs necessary for the following theorem:

Theorem 6.4.4. (Geometric composition theorem) Suppose that My, M1, My are mono-
tone symplectic manifolds with the same monotonicity constant. Let Loy C My x My, L1a C
M, x M be admissible Lagrangian correspondences with relative spin structures and grad-
ings such that Loy o L2 is smooth, embedded in My x M3, and admissible. Then there exists
a homotopy of Ass functors

(I)(ng) o @(Lm) &~ (I)(L()l o ng) o (I)(AQ) & (I)(Ao) o (I)(L()l o ng).

This “composition commutes with categorification” theorem is, in some sense, the main

result of [MWW18a].
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