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HAMILTONIAN LOOP GROUP ACTIONS AND
VERLINDE FACTORIZATION

E. MEINRENKEN & C. WOODWARD

Abstract

We prove a formula for Spin. quantizations of reductions of Hamiltonian
actions of loop groups. This includes as a special case the factorization
formula for the Spin, quantization of the moduli space of flat connections
over a compact oriented two-manifold.

1. Introduction

The geometric quantization of the moduli space of flat connections
over a surface has been the subject of intensive study from a number of
different points of view. Much of the recent work in mathematics has
focused on proving formulas discovered by the physicist E. Verlinde [51]
in the context of conformal field theory. The two ingredients in Ver-
linde’s approach are the “factorization property”, which describes the
behavior of the quantization when boundary circles are glued together,
and the “fusion rules”, which describe the quantization of the moduli
space of a three-holed sphere (pair of pants) with boundary components
marked by irreducible representations of the loop group.

In the Kahler approach to geometric quantization, one takes the
quantization to be the space of sections of a pre-quantum line bundle
that are holomorphic with respect to some Kahler structure. In this
setting both parts of Verlinde’s approach were carried out rigorously by
Tsuchiya-Ueno-Yamada [48], using degeneration of a chosen conformal
structure on the surface. For further information on this approach,
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see Beauville-Laszlo [7], Faltings [14], Kumar-Narasimhan-Ramanathan
[30], and Teleman [46] [47] and the references cited therein.

A second definition of geometric quantization uses the index of the
Spin, Dirac operator associated to a compatible almost complex struc-
ture and pre-quantum line bundle, which in the presence of a Kahler
structure equals the Euler characteristic of the line bundle. This defi-
nition works for any pre-quantized symplectic manifold, but it merely
gives a number rather than an explicit vector space.

In this paper we give a rigorous proof of the factorization theorem
for Spin, quantization in the context of Hamiltonian loop group actions,
along the lines of a strategy outlined by Segal [41] which uses cutting
rather than degeneration of the surface. The main point of our ap-
proach is that the factorization theorem is a corollary of a “quantization
commutes with reduction” theorem for Hamiltonian loop group actions
with proper moment maps. The technical fact which allows us to prove
a theorem in this generality is the existence of finite-dimensional cross-
sections for these actions (which are generalizations of the extended
moduli spaces of Jeffrey and Huebschmann), by which we manage to
avoid any infinite-dimensional analysis. On the down side, the lack of
any natural Kahler structures on the cross-sections forces us to work
with Spin, rather than Kahler quantization. The proof eventually re-
duces to the finite-dimensional version of “quantization commutes with
reduction” for Spin, quantization, which has been proved in general in
Meinrenken, Meinrenken-Sjamaar [36],[37].

The broader goal of the paper is to develop the theory of Hamiltonian
actions of loop groups with proper moment maps, and to show that
many of the properties of Hamiltonian actions of compact groups have
loop group generalizations. In particular, we prove a convexity theorem
for the image of the moment map.

The reader should be aware that our Spin, factorization theorem
does not quite imply factorization for Kahler quantization, for two rea-
sons. First, the higher cohomology of the pre-quantum line bundle over
the moduli spaces is not known to vanish. Vanishing results in the
rank-two case are given in Mehta and Ramadas [34] and in the case
without markings by Kumar and Narasimhan [29]. Second, in order to
define the Spin, quantization of singular symplectic quotients we use a
desingularization procedure which is not known to be Kéahler.

The Verlinde formula itself is discussed in Beauville [6] and Szenes
[45], and in the survey Sorger [44]. There is an alternative approach to
the Verlinde formula based not on the factorization property but rather
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the cohomology ring of the moduli space; see Szenes [45], Jeffrey-Kirwan
[24] and Bismut-Labourie [9].

Acknowledgments. We thank S. Chang, L. Jeffrey, S. Martin,
A. Szenes, C. Teleman, and M. Thaddeus for helpful discussions. E.
M. was supported by a Feodor-Lynen fellowship from the Humboldt
Foundation. C. W. was supported by an NSF Postdoctoral Fellowship.

2. Factorization and quantization commutes with reduction

In this section we explain how the Verlinde factorization property
may be viewed as a manifestation of the “quantization commutes with
reduction” principle. The basic idea was outlined by Segal {41].

Let GG be a connected and simply-connected compact Lie group and
Y a compact, oriented 2-manifold with & boundary components. View
the space of Lie-algebra valued 1-forms

AT) = QY 9)

as the space of connections on the trivial bundle £ x G, and let F4 €
0%(%, g) be the curvature of A € A(Z). The set of flat connections

Ar(Z) = {A € A(D)| Fa = 0}

is invariant under the action of the gauge group G(X) = Map(G, X).
Let G5(X) C G(ZT) be the kernel of the restriction map G(X) — G(9%),
and define

M(Z) := Ap(5)/Ga(Z).

According to Atiyah and Bott [4] if 8 = @ then M(X) is a compact,
finite-dimensional symplectic space, in general singular. On the other
hand if 0¥ # @ then M(X) is a smooth infinite-dimensional symplectic
manifold (see Donaldson {12] and Theorem 3.1 below — details regarding
the appropriate choice of Sobolev classes will be given in the following
section). It has a residual Hamiltonian action of the gauge group G(9%)
of the boundary with moment map given by minus the restriction to
the boundary:

M(Z) = Q1I%,g), [A] = —ihsA.

There is a natural pre-quantum line bundle L(X) —» M(X) together
with a pre-quantum lift of a central extension G(9X) of G(3X). We
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denote by L™(X) the m-th tensor power of L(X), and by M™(X) the
moduli space with m times the equivariant symplectic form, so that
L™(%) - M™(Z) is a pre-quantum bundle.

Let ¥ be a compact, oriented 2-manifold obtained from a second
(possibly disconnected) 2-manifold 3 by gluing along two boundary
components By C 8%. Let C C T be the image of By under the
gluing map, and

G(C) — G(B4) x G(B_) C G(9%)

denote the diagonal embedding induced by the gluing. The induced
action of G(C) on M(2) lifts to an action on the pre-quantum bundle
L(£) - M(). By Theorem 3.5 below, the moduli space M(Z) and
line bundle L(X) are given by symplectic reduction by the diagonal
action:

1) M(B) = M(2)/6(C), L(Z) = L(£)/G(C).

FIGURE 1. The gluing of 3 to obtain X

2.1 Factorization

Let G be a compact Lie group and M a Hamiltonian G-space. Suppose
that by some quantization procedure one can construct out of these
data a virtual representation Q(M) of G. The “quantization commutes
with reduction” principle (as formulated by Guillemin-Sternberg [18])
says that in this case the quantization of the symplectic reduction M /G
should equal the invariant part of the quantization:

(2) QM/G) = Q(M)°.

More generally, if H is another Lie group, and the G-action extends to
a quantizable Hamiltonian G x H-action, then (2) should hold as an
equality of H-representations.
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In the context of Kahler quantization (2) was proved in Guillemin-
Sternberg [18] for smooth symplectic quotients and in Sjamaar [42] for
singular quotients. For smooth quotients of projectively embedded va-
rieties it follows from the equivalence of geometric invariant theory and
symplectic quotients proved by Kempf-Ness and Kirwan; see [26, page
109] and [13, Chapter 6]. For Spin. quantization, the principle has
been proved in Guillemin [17], Meinrenken [35] and Vergne [49] in the
abelian case and in Meinrenken [36] for the non-abelian case. The case
of singular quotients has been dealt with in Meinrenken-Sjamaar [37].

Heuristically, the factorization property for moduli spaces of flat con-
nections follows from an application of (2) in the setting of Hamiltonian
actions of loop groups. Let 3 be a compact oriented 2-manifold (pos-
sibly disconnected), and ¥ the 2-manifold formed by gluing along two
boundary components By C 83. The gauge group G(By) is isomorphic
to the loop group

LG = Map(S', G)

e—

of G. Equations (1) and (2) would imply an isomorphism of G(9%)-
representations

QIM™(T)) = QIM™(£))XC  (Factorization).

We want to emphasize that we do not prove the factorization theorem in
this form, which would require the construction of the quantization of an
infinite dimensional symplectic manifold. Rather, note the following two
corollaries of the principle (2) for compact groups G. For any dominant
weight y, let xu be the dominant weight for the dual representation V,
which by Borel-Weil can be realized as the quantization of the coadjoint
orbit O,, = G - *u. The symplectic reduction

M, =M x0,,//G

is called the reduction of M at level u. As a corollary of the principle
(2) one has that
Q(M,) = (Q(M) ® V)¢,
so that
QM) =&, Q(M,) V.
Now suppose that M is a compact quantizable Hamiltonian G x G-space,
and let G act on M by the diagonal action. Then

QM/G) = QU° = D QM) (Vi © %) = D QWMyny),
TRy "
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where the sum is over all dominant weights of G.

Our main result is the analogue of this formula for Hamiltonian LG-
actions with proper moment maps. We denote Spin, quantization by
the symbol RR (for Riemann-Roch number). Let A}, denote the set of
dominant weights at level m (see Section 4.1).

Theorem 2.1 (Factorization Principle). Let G be a compact con-
nected simply-connected Lie group. Let M be a Hamiltonian L(G x G)-

—

Banach manifold with proper moment map at level m € N and LG?2-
equivariant pre-quantum line bundle. Then the Riemann-Roch number
of MJ/LG is
RR(M//LG) = > RR(My,p)-
keEA,

The properness assumption guarantees that all quotients are finite
dimensional and compact. Their Riemann-Roch numbers can be defined
using desingularization if necessary (see Section 5.3).

For any 2-manifold ¥ with b boundary components and dominant
weight v = (v1,...,14) at level m, the reduced space M™(X), is the
moduli space of flat connections with holonomy around the j-th bound-
ary component in the conjugacy class of exp(v;/m). As a special case
Theorem 2.1 gives

Theorem 2.2 (Verlinde Factorization). Let ¥ be a compact ori-
ented 2-manifold (possibly disconnected) with b > 2 boundary com-
ponents and ¥ the 2-manifold formed by gluing along two boundary
components By C 0. Given a level m € N and dominant weights

v=(vy,...,Vp_2) at level m, one has
RR(M™(Z),) = > RRM™(E)u,u,u)-
BEAL,

2.2 Fusion product

We mention briefly two well-known applications of the factorization
property. For ¥ the three-holed sphere the factorization property may
be viewed as the associativity of a certain product operation, known as
fusion, or Verlinde, product. For some fixed level m € Z, the coeffi-
cients of the level m fusion product are given by

(3) N;Tu;a = RR(Mm(E)u,II,*a)
for pu,v,a € A},. We claim that coefficients N}, , are a set of fusion

rules, which means that they satisfy the axioms
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e [Commutativity] NT*,., = N

TR 7 V500

e [Duality] N™, = N™

B LRV R
e [Identity Element] N;", . = N, = 0y, and
e [Associativity]
m
(4) Z Ny Nppia = Z Biain Nipia
a€Ay, a€Al,

Associativity follows from Theorem 2.2, which implies that both sides
of (4) equal 3
RR(Mm(Z)*“)V’ﬂip)’

where ¥ is the four-holed sphere. The proof of the other properties is
left to the reader.

The structure coefficients (3) define a product operation on
Rep,,(LG) = Z[Ay)],

which is called the Verlinde (fusion) ring at level m.

2.3 The Verlinde formula

As noted by Verlinde, in case b = 0 and g > 2 factorization leads to
an expression for the Riemann-Roch number of M(X) in terms of the
symmetric matrix

AF =RR(M™(Z])ans) = D> N,
uVvEAT,

M,Va Ih B

In this case, ¥ can be obtained by gluing together g — 1 copies of the
two-punctured torus ¥2, and Theorem 2.1 implies that

RR(M™(E)) = tr(A9~1).

For information on how to obtain the explicit Verlinde formula from
this approach, see Beauville [6].

3. Moduli spaces of flat connections

In this section we review the construction of the moduli space M(X)
and the pre-quantum bundle L(X) for a surface ¥ with boundary, and
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give a proof of the “gluing equals reduction” principle. Throughout this
section we fix a real number s > 1 and denote, for any manifold X
(possibly with boundary), by Q*(X, g) the space of g-valued 1-forms of
Sobolev class s — ¢ + dim X/2.

3.1 Gauge-theoretic construction

Let X be an oriented compact 2-manifold with b boundary components.
If ¥ is connected and has genus g, we will write £ = Eg. We denote by
t : 0¥ — X the inclusion of the boundary.

Let G be a connected and simply-connected compact Lie group. We
fix an invariant inner product

Tr: gg—R
on the Lie algebra g, normalized by the requirement that every long

root has length v/2. The inner product induces identifications g = g*
and t = t*. For G = SU(n), the inner product is given by

Tr(é,n) = ;;;Tlatr({-n)-

Let A(X) & Q(Z, g) be the Banach spaces of principal connections on
¥ x G. It has a symplectic 2-form given by!

walay,aq) = /E'I‘r(all\aQ).
For all A € A(Y), we denote by
dga =d+[4,]: (T, g) - (T, )
the associated covariant derivative, and by
Fy=dA+ -;—[A,A] € Q%(Z, )

its curvature.
Let G(X) = Map(%, G) be the group of gauge transformations of
Sobolev class s+ 1. Since s+ 1 > dim(X)/2, the group G(X) consists of

'By a symplectic structure on a Banach manifold M we mean a closed 2-form
w that is weakly non-degenerate, that is, for any m € M the map T,,. M — Ty M
induced by w is injective (see e.g. [1]).
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continuous maps, and is a Banach Lie group with Lie algebra Q%(X, g).
The action of G(X) on X x G induces an action on A(X) given by

g-A=Ady(A)—dgg".

This action preserves the symplectic structure, and the fundamental
vector field corresponding to ¢ € QO(%, g) is given by

Easy(A4) = —da(é).

Recall that for any manifold X with boundary, the restriction map
C®(X) —» C*°(8X) to the boundary extends for r > @—néﬁ to a con-
tinuous surjection of Sobolev spaces

H(,.)(X) - H(r_%)(OX)

(see e.g. [10, Chapter 11]). Hence there is a surjective map from A(X)
to the space A(GX) = Q1(%, g) of connections over 9. According to
Atiyah and Bott [4], [3], a moment map ® for the action of G(¥) is given
by

®: AZ) - Q%(Z,9) @ QHIZ, g), A (Fa, —1*A).

More precisely, we have
U€azy)w = d(2,§),

where

(B(A),€) = /E Te(Fa €) - /a o TH(AE).

P

Let G5(X) C G(X) be the kernel of the restriction map to the boundary
80 that there is an exact sequence

15 G3(X) » G(E) - G(0x) — 1.

The moment map for the action of Go(X) on A(X) is A — Fj4, and
hence the symplectic quotient of A(X) by G5(X) is

M(Z) := Ap(Z)/Ga(T),

where Ap(X) C A(X) is the space of flat connections.
Theorem 3.1.

a. If 0¥ = 0 then M(X) is a compact, finite dimensional stratified
symplectic space (in general singular).
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b. If 0% # 0 then M(Z) is a smooth infinite-dimensional symplectic
manifold. It has a residual Hamiltonian action of the gauge group
G(9%) of the boundary with moment map

(5) o : M(Z) - QL0%,9), [A]+ —t*A.

The first assertion is due to Atiyah-Bott [4], at least in the case that
the quotient is smooth. The second assertion is proved in Donaldson
[12]. The idea of proof is as follows. An atlas for M(Z) for b > 0 is
constructed from local slices for the gauge group action as in [12], [13],
[4]. Fix a Riemannian metric on %, and let A € A(X) be an irreducible
connection. By the implicit function theorem, any connection A + a,
with a small, can be gauge transformed by a unique element g € G5(%)
into Coulomb gauge with respect to A, that is, so that

(6) di(g- (A+a) - 4) = 0.

In other words, a neighborhood of A in A + ker(d) is a slice for the
Ga(X)-action on A(X). For any A € Ap(X) one defines a local moduli
space to be a neighborhood of A in Ag(Z) of the form

(7) VaC{A+aecQ(Z,g)| Fare =0, d4a=0}.

Using the implicit function theorem again, one shows that if V4 is taken
sufficiently small, V4 C Ap(X) is a smooth Banach submanifold locally
homeomorphic to its tangent space at 0

To(Va) = {a € Q}(Z,g)|daa =0, d% a = 0}.

The sets V4 together with the coordinate mappings V4 — Tp(V4) give
an atlas for M(X). The Hodge *-operator induced from the choice of
metric on X defines a complex structure on T4(A(X)) which is com-
patible with the symplectic structure. The tangent space To(Vy4) is a
complex (and therefore symplectic) subspace which implies that M(X)
is a Banach Kahler manifold. In this paper we will not make use of the
complex structure.

3.2 Holonomy description

Let S! = R/Z be the circle and LG the loop group of G, defined as the
Banach Lie group consisting of maps S' — G of Sobolev class s + %—,
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with Lie algebra Lg = Q°(S',g). We define Lg* := Q1(S,g), viewed
as the affine space of connections on S'. We take the action of LG on

Lg* to be the gauge action g - ¢ = Ady ¢ — dgg™!. The natural pairing

of Lg* with Lg given by integration and inner product on g makes Lg*

into a subset of the topological dual of Lg. We denote by

Hol: Lg* —» G

the smooth map that sends n € Lg* to the holonomy of 5 around S*.
The map Hol has the equivariance property Hol(g - {) = Ady) Hol(¢).
The Lie algebra g embeds as the space of constant one-forms

g — Lg*, (v~ (dt.

The restriction of Hol to g C Lg* is given by Hol({) = exp(—().

The moduli space M(X) can be described in terms of parallel trans-
ports as follows. A choice of parametrization 9L = (S!)® induces an
isomorphism

G(0%) = LG .

We take the parametrization to be orientation reversing, changing the
sign in (5) so that the moment map becomes an equivariant map M(X) —
(Lg*)’.

Theorem 3.2. If b > 1, the moduli space M(X) is isomorphic to
the set of (a,c,&) € G x G*~1 x (Lg*)® such that

29 b
[{le2i-1, 02:] = [ | Ade; Hol(&),

i=1 i=1
where ¢; = 1. This is a smooth submanifold of G?9 x G*~1 x (Lg*)?,
and the identification with M(X) is an LG®-equivariant diffeomorphism.
Here the action of g = (g1,... ,95) € LG® on G¥ x G*~1 x (Lg*)® is
given by

9-a; = Adg,0) @i, 9-¢ =91(0)¢;g;(0)™, g-& = Ady, -5 —dgjg; 7!

and the moment map is given by projection to the (Lg*)®-factor.

Proof. The diffeomorphism is given as follows. Let ¢ : S — 8% —
Y denote orientation-reversing parametrizations of the boundary cir-
cles, and let B; = +;(S?). This gives identifications G(0%) = LG® and
Q1(9%, g) = (Lg*)® and base points z; = ¢;(1) € Bj. Now let py,... ,p2g
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be smooth loops based at z1, and Cs,... ,Cp smooth paths from z; to
Z2,... ,Tn, in such a way that m(X) is generated by the p; together
with B; and C’j_l B; Cj, subject to the relation

g
H[Pzi—l,Pzi] =B1(C;' B2 Cy) ... (Cy ' By Cy).

=1

Consider the map
fi Ap(D) = G¥ x G* x (Lg*)®

that takes any flat connection A to (a,c,£) where qa; is the holonomy
around p;, ¢; the parallel transport along C;, and §; = L;A. Then

g b
(8) [Tlazi-1,a2:) = [ [ Ade; (Hol(¢;)),
=1 j=1
where we set ¢; := 1. The map f is equivariant with respect to the

action of the gauge group G(X) given on G29 x G*~! x (Lg*)® by
g-a;= Adg(zl) a;, g-¢ = g(xl) c]-g(a:j)_l, g- g]' = (ngj) : fj‘

Moreover, f is surjective onto the set of all (a, ¢, £) satisfying (8): First,
as in the case without boundary, one can construct a smooth connection
that has the required holonomies a; and Ad,; (Hol({;)). Secondly, one
can act by an element g of G(X) with g(z;) = 1 (which does not change
the holonomies) to obtain the required values of £;. This gives the
correct values for the parallel transport c; along the curves C}, up to an
action of the centralizer of Hol({;) from the right. Now evaluation at z;
gives an isomorphism of Gyg)(¢;) with the stabilizer (LG)¢;. Thus finally
we can act by an element g’ € G(X) with ¢’(z1) = 1 and ¢'(z;) € GRo,)
for j > 2 to obtain the correct values of c;.

We next show that the fiber of f over (a,¢,&) is equal to G5(X). To
see this, one may assume after acting by G(T) that £ is smooth. Let
A1, Ay € fYa,c,&). For z € X, choose a smooth path 7 from z; to z,
and let g(z) € G defined by parallel transport along 7 by A;, followed
by parallel transport along 77! by A,. This is independent of the choice
of 7, and therefore gives a smooth function g : £ — G with g € G5(2)
and g - A; = Ay. By a similar argument, one shows that the kernel of

il
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the tangent map to f is equal to the tangent space to the Ga(X)-orbit.
Hence f descends to a smooth embedding

f:ME) = G¥ x G x (Lg*)b

with image equal to the set (8). q.e.d.

Corollary 3.3. The moment map
®: M(Z) = QY0%,g9) = (Lg*)°

18 proper.

Example 3.4. The moduli space M(Z}) for the disk is the space of
& € Lg* such that Hol(§) = e, that is, the orbit of LG through 0 € Lg*.
Since the stabilizer of the trivial connection is the group G of constant
loops, M(%}) is diffeomorphic to the space LG/G = QG of based loops
in G (fundamental homogeneous space of LG). See for example [39],
(16].

3.3 The pre-quantum line bundle

Recall that a pre-quantum line bundle L for a symplectic manifold
(M,w) is a Hermitian line bundle equipped with invariant connection
V whose curvature is —27¢ times the symplectic form. By Kostant’s
theorem [28], if M is connected, the group Auty(L) of connection pre-
serving Hermitian bundle automorphisms is a central extension by S!
of its image in the group Diff,,( M) of symplectomorphisms of M. Given
a connected Lie group K and a symplectic action K — Diff,,(M) one
obtains a central extension

(9) 18" 3K 2K —1,

together with an action K — Auty(L). If the action of K is in fact
Hamiltonian, with equivariant moment map ® : M — t*, the Kostant
formula

(10) £ = Lifi(ear) +(®,6) o

(where % is the generating vector field for the scalar S'-action on the

fiber) defines a Lie algebra splitting F2RGE, or equivalently an in-
variant flat connection on the bundle (9). If mo(K) = {1} and if the
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holonomy of this connection is trivial (for example if 1 (K) = {1})
one obtains in this way a lift K — Auty(L). One calls the resulting
K-equivariant line bundle L a pre-quantum line bundle for the Hamil-
tonian K-manifold (M,w,®). If K acts freely on the zero level set
®~1(0), then the connection V induces a pre-quantum connection on
the reduced line bundle

L/K = (L|®~(0))/K.

We now explain following Mickelsson [38], Ramadas-Singer-Weitsman
[40], and Witten [52] how to construct a pre-quantum line bundle L(X)
over M(X) which carries an action of a central extension of G(9X) =
LG®. The line bundle L(X) will be obtained from a pre-quantum line
bundle over A(X) by reduction.

Since A(X) is an affine space, the trivial line bundle A(X) x C with
connection 1-form

84: TAA(D) =Q(S,9) = R, as %/ Tr(aAA)
b

is a pre-quantum line bundle. The central S!'-extension az\Z) of the
gauge group defined by the cocycle

(11) clg1,92) = exp ( - 7ri/ETr(gfldgl/\dgz "),
acts on A(X) x C by 6-preserving automorphisms via

(9,2) - (A,w) =(g- A, exp (m'/; ’I‘r(g_ldg/\A)) zw).

We show that this extension has a canonical trivialization over the sub-
group G5(X) C G(X) so that G5(X) acts on A(X) x C. Using the fact
that mo(G), m1(G), m2(G) are all trivial, one can show that the gauge
group G(X) (and also G5(X)) is connected:

m0(G(2)) = mo(Ga(X)) = {1}.

However, the fundamental groups of G(¥), G5(X) are non-trivial in gen-

eral. On the Lie algebra level, Lie(G(X)) is the central extension by R
of Lie(G(2)) defined by the cocycle

(61, 82) = — /2 Te(d€1AdEs) = — /6 _Ti(6r d6a),
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——

that is, Lie(G(2)) = Lie(G(X)) @ R with bracket

[(€1,t1), (€2, t2)) = ([51,52], -/a2 Tr(& d52))-

One checks that the pre-quantum lift (10) corresponds to the inclusion

——

of Lie(G(X)) in Lie(G(X)) as the first summand. Notice however that
since the moment map for the G(X)-action is equivariant only over the

subgroup Gg(X), the connection on G(X) — G(X) obtained in this way
is flat only over G5(X). We will now check that this flat connection has
trivial holonomy, or equivalently that the restriction to G5(X) of the
cocycle ¢ in Equation (11) is a coboundary.

Suppose first that 9% = @, so that G5(X) = G(X). Let X be any com-
pact oriented 3-manifold with boundary 60X = ¥ and § € Map(X, G)
an extension of g of Sobolev class s + % Define

P g(®) 8% gexp (T [ (6 agnl o, 57 aal) ).

The map I' is independent of the choice of X and § and satisfies the
coboundary property

(12) T'(g1 g2) = T'(g1) T(g2) c(g1, 92)-
The group homomorphism G(2) — g/(\z:), g — (g,T'(g)) defines the
trivialization.

In the case 9% # 0, consider the 2-manifold ¥ D ¥ without bound-
ary obtained from ¥ by “capping off” the boundary components. Let
T : G(¥) — S! be defined as before. Let G.(X) C G(X) be the sub-
group of gauge transformations in the kernel of the restriction map
G(X) = G(E~Z). Then the restriction I' of T to G.(X) satisfies (12) and
therefore shows that the extension is trivial over G.(2). Now consider
Gs(X) D G(X). One sees easily that any loop in G(Z) can be deformed
to a loop in G.(X), i.e. that the natural map m1(G.(Z)) = m1(Ga(XT)) is
surjective. It follows that the central extension is trivial over G5(X) as
well. The quotient

——— —

G(9%) = G(£)/Gs ()

is the (unique) central extension of G(GL) defined by the Lie algebra
cocycle

(€1,6) > — /a Tr(6adea)
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e — ———

It follows that G(O) is just the basic central extension LG® — LG®. (In
fact, the above construction with ¥ the 2-disk is precisely Mickelsson’s
construction [38] of LG.)

We define the pre-quantum line bundle L(X) as the quotient

L(%) = (A(X) x ) f/Ga(Z) = (Ar(%) x C)/Ga(%).

The products V4 x C = Ty(Va) x C are slices for the G5(X)-action on

Ar(X) x C, and give local bundle charts for the line bundle L(X).
The connection on A(X) x C descends to a connection on L(X), so

that L(X) is a pre-quantum line bundle over M(X) which carries an

action of the central extension g/(é\Z)

Question. Does the pre-quantum line bundle admit a holonomy
description?
3.4 Gluing equals reduction

Let £ be a compact oriented 2-manifold obtained from a second (pos-
sibly disconnected) 2-manifold ¥ by gluing along two boundary com-
ponents By C 9%. In this case M(Z) can be obtained from M(5)
by a symplectic reduction. Let 7 : ¥ 5 ¥ be the gluing map and
C = n(B4) = n(B-). The map 7 induces identifications

G(C) 2 G(By).
Consider the diagonal embedding
G(C) = G(B4) x G(B_) C G(8%).

This embed@ing lifts to the central extension and induces an action of
G(C) on L(X) —» M(X). We have the following theorem which we
learned from S. Martin:

Theorem 3.5. The moduli space M(X) and line bundle L(X) are
given by symplectic reduction by the diagonal action:

M(Z) = M(E))G(C), L(Z) = L(E))G(C).

Proof. If the orientation on C is the one induced from that on B_ ,
then the moment map for the diagonal action is given by

[A] = A— A
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Therefore, if an equivalence class [fl] is in the zero level set, then the
pullbacks of the representative A to By are equal. Since flat connections
are determined up to gauge equivalence by their holonomies, one can
choose a representative A which in a collar neighborhood of the bound-
ary is given by a pull-back from Bi. The two sides patch together to
form a connection A on Y. Therefore we have a map

(13) M(E)JG(C) - M(Z)

which is easily seen to be bijective.

We now prove that the map is a diffeomorphism. Let A € Ap(X) be
any fixed connection, and V4 C Ap(X) the corresponding local moduli
space defined in (7). Define a map

P: VaxG(C) = M(EZ), (A+a,h)— h-[7*(A+a))

Notice that this map is G(C)-equivariant and that its image is contained
in the zero level set of M(f)) To show that 1 is a diffeomorphism from
a small neighborhood of (0, e) onto its image, we can assume after acting
by a suitable element of G(X) that A is smooth. Since the map (13) is a
homeomorphism it suffices to prove that ¢ is an immersion, that is, the
tangent map to ¢ at (0,e) is injective and has closed image. In terms

of the local moduli space V;» 4, the map 1 is given as
(14) Y: VaxG(C) = Vees, (A+a,h) = h-1*(A+a),

where heg ()3) is the unique gauge transformation such that ﬁl Byi=h
and h|(0X — (B+ U B_)) = 1, and such the right-hand side of (14) lies
in V- 4. The tangent map is given by

d(0,e)¥(b,n) = 7*b — dyp= 47,
where 7} € Q°(3, g) is the unique solution of the Dirichlet problem
dye gdge ) = 0, 1377 = 1| C, 7] (85\(B4+ U B-)) = 0.

Suppose that (a,n) € kerdgey. Since 7 is continuous, and since the
restrictions of 7} to By are equal, 7} = 7*( is the pullback of a continuous
function ¢ € C°(Z,g). Then d4¢ = a in the sense of distributions,
which by ellipticity of d4 on 0-forms implies that the ¢ is smooth. Since

%da¢ = 0 and ¢|0X = 0 it follows that { = 0 and hence a = 0, as
required. This shows the first claim. The image of dy is closed by
ellipticity of d,«4. q.e.d.
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4. Hamiltonian loop group actions

In the previous section we have shown that the moduli space M(X)
for a compact oriented 2-manifold with b > 0 boundary components is
a Hamiltonian LG®-manifold with proper moment map. In this section
we discuss the general theory of Hamiltonian loop group manifolds.

4.1 Definition of Hamiltonian loop group actions

Let G be a connected, simply connected compact Lie group, T a max-
imal torus and W = Ng(T)/T the Weyl group. The integral lattice
{¢ € t| exp(¢) = 1} will be denoted by A.

Recall [39] that the Lie algebra of the central extension LG is the
product l’}\g = Lg x R, with bracket

[(€1,t1), (€2, t2)] = ([51,52], /sl Tr(&: dﬁz))-

The coadjoint action of LG on fg\* := Lg* x R is given by
(15) g-(6,2) = (Adg(€) — Adg g™, N).

It follows that the LG-actions on elements of Lg* considered as connec-
tions correspond to the action on the affine hyper-plane Lg* x {1} C Lg*.
Henceforth we fix a level A # 0 and identify Lg* with the affine hyper-
plane Lg* x {A}.

We choose a closed positive Weyl chamber t, C t and let 2 C t; be
the corresponding fundamental alcove. There are natural identifications

ty X t/W =g/ Ad(G),

that is every (co)adjoint orbit meets the positive Weyl chamber in ex-
actly one point. Similarly, for the affine LG-action on Lg* at level A
and the action of Wyg = W x A on t given by (w,v) - = w-{+ Av one
has

AU = t/Wag = Lg* /LG,

that is, every coadjoint LG-orbit at level A meets A C t C Lg* in
exactly one point.

A smooth action of LG on M which preserves the symplectic form
will be called Hamiltonian at level A € R if there exists a moment map
® : M — Lg* such that the composition of @ with the inclusion Lg* —
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ITg\* at level A is LG-equivariant. Such an action can be considered

an action of LG with the central circle acting trivially with constant

moment map A. We emphasize that we require the moment maps for

the LG-actions to be “sufficiently smooth”, i.e. to take values in Lg*,
1

which consists of loops of Sobolev class s — 5. A pre-quantum line

bundle for M is f@-equivariant with central S! acting with weight .
This requires in particular that A is an integer.

The basic examples of Hamiltonian LG-spaces (at level A # 0) are
coadjoint orbits Og = LG-(, A). Letting J,, be the covariant derivative
with respect to the connection %{ ,

, 1
(16) d¢/n: Lg— Lg*, nwdn+ X[&n],

the fundamental vector field n4- for the infinitesimal action of Lg on

Lg* at level ) is given by npg-(§) = —Ad¢/x(n). The symplectic form v
on O is given by the usual KKS formula

a7) ve((m)eges ()igt) = X [ Tm dega(m))

with moment map as usual the inclusion into Lg*.

We define the (real) weight lattice A* C t* to be the dual of the
integral lattice. The coadjoint orbit Of, £ € A at level A admits a
pre-quantum line bundle Z(0;) if and only if A = m € Z and § € A*.
The set of all such weights

AL, =mANA*

is called the set of dominant weights at level m. For m € N, geometric
quantization of £(0;) — O by the Borel-Weil construction [39] gives
the irreducible positive energy representation of LG at level m with
highest weight £.

Remark 4.1.

a. Pull-back under the inversion map I : S! = S, z — 27! induces
an automorphism I* : LG — LG which transforms a Hamilto-
nian action with moment map (®, \) into one with moment map
(I*®,—X). We refer to the embedding (1,7I*) : LG - LG x LG as
the diagonal embedding. If M is a Hamiltonian LG x LG-manifold
with moment map (@4, \; ®_, A) at level X # 0, then the diagonal
action of LG is at level 0, with moment map ®, — I*®_.

435
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b. If (M,w,®) is a Hamiltonian LG-Banach manifold at non-zero
level \ # 0, then (M, A\"!w,A\"1®) is a Hamiltonian LG-space at
level +1. Henceforth, we will always take the level to be +1 unless
specified otherwise, and identify Lg* with the affine hyper-plane
Lg* x {1} c Lg*.

_Example 4.2. Let G be connected and simply connected. Let
T*LG be the cotangent bundle of the central extension of LG. Triv-
ialization by left-invariant one-forms gives a diffeomorphism T*LG =
LG x Hom(Lg, R) where Hom(Lg, R) is the topologlcal dual of Lg. The
subset X = LG x Lg is a Hamiltonian LG x LG-space, with actions
given by

La(g;:€,)) = (8§:€,2), Ra(g:€,0) = (§a7"; Ada(§, V)

and moment maps
8D(g;6,0) = Adg(€,)), P (5;6,2) = —(&,N).

One obtains a Hamiltonian LG-manifold X by reducing X with
respect to central circle S' at moment level 1. Then X = LG x Lg*,
and the induced left and right actions of LG

La(gaE) = (a'g’ é)v Ra(gvé) = (ga_la a- 5)

are Hamiltonian, with moment maps

oD (g,e) =g-¢, B (g,6) = -¢.

(Here we can use the involution I* to make ®® into a moment map at
level +1.) It has the property that for every Hamiltonian LG-Banach
manifold M, the reduced space M x X /LG by the diagonal action is
symplectomorphic to M itself.

The trivial line bundle L, = XxCisa pre-quantum line bundle
for X, with the restriction of the canonical 1-form on T*ILG defining a
pre-quantum connection. Reduction with respect to the S*-action gives
an L(G x G)-equivariant pre-quantum bundle Lx — X isomorphic to
the pull-back of LG x s1C. If L —» M is an LG-equivariant pre-quantum
line bundle, the diagonal reduction LR Lx /LG is isomorphic to L itself.

The LG-manifold X has a description as a moduli space of flat
connections. By the holonomy description, the moduli space M(X3)
of the two-punctured sphere (annulus) is equivariently diffeomorphic to
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the subset Gx Lg*x Lg* 3 (c, &1, &) defined by Hol(&;) Ad, Hol(é2) = 1.
The map

X = M(2}), (g,m) — (g(0), g+ n, —n)

is an equivariant diffeomorphism, preserving the moment maps. Since
M(Z3) and X are multiplicity free, i.e., since all reduced spaces Xe, 60
are points, this map is necessarily a symplectomorphism.

4.2 Symplectic cross-sections

Hamiltonian loop group actions on Banach manifolds with proper mo-
ment maps at positive level behave in many respects like Hamiltonian
actions of compact groups on finite dimensional symplectic manifolds.
This is due to the existence of finite-dimensional “symplectic cross-
sections”.

Cross-sections for Hamiltonian actions of compact groups

First we review the symplectic cross-section theorem for actions of com-
pact, connected (not necessarily simply-connected) Lie groups G. Choose
a maximal torus T C G and positive Weyl chamber t} C t* so that
g*/G = t%.. For every open face o of t, the stabilizer subgroup G¢ C G
does not depend on the choice of £ € o, and is denoted by G,. Since
G, contains T, there is a unique G,-invariant splitting of Lie algebras

9=4g,Dgr,

where g is a G,-invariant complement. In fact, using an invariant inner
product to identify g* with g and view ¢ as an element of g, g, and g7
are respectively characterized as the kernel and image of the operator
a.dg = [f y ]

Let U, C g* be the G,-invariant open subset of g} defined by

UUZ=GU'UT.

oCT

Then G-U, = Gx¢g, Uy, which implies that U, is a slice for the coadjoint
action at any ¢ € o. Now let N be a Hamiltonian G,-space with
moment map ®y. The symplectic induction construction introduced
in Guillemin-Sternberg [20] shows that if ® 5 (N) is contained in Uy, then
there exists a unique symplectic structure on the associated bundle

Ind§ (N) =G xg, N
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such that the G-action is Hamiltonian and the symplectic form w and
moment map P restrict to the given symplectic form and moment map
on N. If the Gs-action on N extends to a Hamiltonian G, x K-action,
where K is another compact Lie group, one obtains a Hamiltonian G x
K-action on Indga (N). In particular, the action of G always extends to
an action of G x Z(G,), where Z(G,) is the center of G,. The moment
map for the Z(G,)-action is given by the composition of ® with the
quotient map ¢ : g* — t}, followed by projection t* — 3(gs)*.

The symplectic cross-section theorem [20] asserts that conversely,
for every Hamiltonian G-manifold M with moment map ® : M — g*,
the pre-image Y, = ®~!(U,) is a G,-invariant symplectic submanifold.
Consequently, the action of G on G -Y,, extends to a Hamiltonian action
of G x Z(G,). We refer to these Z(G,) C T-actions (due to Guillemin-
Sternberg [19]) as the induced (toric) actions and to the map

(18) P=qod: Mt}

as the induced (toric) moment map. If E — M is a G-equivariant vector
bundle, the action of Z(G,) on the restriction E[®!(U,) extends by
G-equivariance to an action of G x Z(G,) on the restriction of E to
G- Y(U,).

Suppose now that M is a Hamiltonian G x G-manifold (e.g. a prod-
uct of Hamiltonian G-manifolds) with moment map ® = (®,,®_), and
let My = M//G be the symplectic quotient by the diagonal action.
Since the induced toric moment map <i>+ is G-invariant, it descends to
a map oy 1 My — t} which we will call the residual toric moment
map. The symplectic cross-section Y, _, = @~} (U, x —U,) is a Hamil-
tonian G, x G,-space, with moment map the restriction of ®. There is
canonical isomorphism of (possibly singular) symplectic quotients

My D & (U, NtY) 2 Y, /|G

Cross-sections for Hamiltonian actions of loop groups

We now turn to the discussion of symplectic induction and cross-sections
for Hamiltonian LG-actions on symplectic Banach manifolds, where G
is connected and simply connected. We first need to summarize some
properties of the coadjoint action of LG on Lg* at level 1. Recall [39]
that the evaluation map LG — G, g — ¢(0) maps the isotropy group
(LG)¢ of a point £ € Lg* isomorphically to the stabilizer Gyoy¢) of




HAMILTONIAN LOOP GROUP ACTIONS 439

the holonomy of £, in particular (LG), is compact and connected 2.
For points £ € & C t C Lg*, the inverse map is given by Gy e) —
(LG)&, k— Adexp(—t{) k.

It follows that the isotropy group (LG)¢ of a point £ € 2 contains
T C LG, and depends only on the open face ¢ C A containing it.

We denote this group by (LG)s, the group Gyeye) by (LG)s and the

———

restriction of the central extension LG to (LG)s by (LG),. Note that
T C 7 = (LG)s C(LG),.

If & contains 0, then (LG), is contained in the subgroup G C LG of
constant loops and is equal to the stabilizer group of points in ¢ under
the coadjoint action of G on g*.

Another consequence of the above description is that (LG), consists
only of smooth maps. Alternatively, this follows from the fact that its
Lie algebra (Lg)s of (LG), is equal to the kernel of the elliptic operator
¢ : Lg — Lg* defined in (16). The image im(d¢) is equal to the tangent
space to the LG-orbit through ¢, i.e., to the annihilator (Lg)?, so that
there are (LG),-invariant direct sum (Hodge) decompositions

(19) Lg* = (Lg); @ (Lg)?
and dually
(20) Lg = (Lg), @ (Lg)}.

The map §¢ induces a (LG)s-equivariant Banach space isomorphism
(Lg)y = (Lg)g-

Remark 4.3. It is important to note that since the LG-action on
Lg* is only affine-linear, the action of (LG), on

(Lg)s = (Lg); x {1} c Lg*

in this splitting is not the coadjoint action unless 0 € &. Indeed, from
the description of the isomorphism (LG)s = Gol(¢) and the coadjoint

action of LG given in (15) one finds that the action is given by
(21)  (LG)s x (Lg); — (Lg)y, (k,n) > (Adg-1)*(n — p) + 4,

where p is any element in the affine span of o.

*The stabilizer groups for the conjugation action of a compact, connected, simply
connected Lie group on itself are connected by a result of Bott-Samelson described
in [11].
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As above, we now define, for every open face o C 2
Uy = (LG), - U .
oCT
Note that U, is an open subset of (Lg)?%, in particular it is finite dimen-
sional and consists only of smooth elements of Lg*.
Lemma 4.4. The set U, is a slice for all £ € o for the action of
LG, i.e., the canonical map

LG X(LG)o U, = LG U,

1s a diffeomorphism of Banach manifolds.

Proof. The map is bijective because for any n € U,, the stabilizer
(LG)y € (LG)s. That the differential is an isomorphism follows from
the splitting (19). q.e.d.

Remark 4.5. Let 0 = {¢} C 2 be a vertex such that exp(—¢) is
contained in the center Z(G) of G, i.e., (LG), = G. (For example, if
G = SU(n) all vertices of 2 exponentiate to elements of the center.)
Then f¢(t) := exp(—t{) defines an exterior automorphism of LG,

(fe - 9)(t) = Ady, ) 9(2).

Similarly, there is an automorphism of Lg* by

fe-n=Adg, ) (n) + &dt.
These two automorphisms are compatible, that is
fe-(g-m)=(fe-9) (fe-n)-

It follows that f induces an equivariant diffeomorphism the slice Ugy —
Us,.

Lemma 4.6. For all ¢ € Uy, the tangent space T¢(LG - £) = im(d¢)
to the coadjoint orbit O¢ through § decomposes into an v¢-orthogonal
direct sum of closed symplectic subspaces,

Te(LG - €) = T:((LG)s - €) ® (Lg)7,

where (Lg)% is the annihilator of (Lg), in Lg*.
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Proof. It follows easily from the definition (17) of the symplectic
form on LG - £ that the two subspaces are symplectically orthogonal.
The proof is completed by noting that the coadjoint orbit (LG), -€ with
the KKS form is a symplectic submanifold. q.e.d.

Theorem 4.7 (Symplectic induction). Let o be a face of 2 and
N a symplectic Banach manifold with a Hamiltonian (LG)s-action and
moment map ®n : N — (Lg)% such that for some p in the affine span
of o, the image (PN + p)(N) C U,. Then there ezists a unique LG-
invariant symplectic form w on the Banach manifold

Indff% (N) == LG x (1), N
such the LG-action is Hamailtonian, with moment map
®: Indf%, (N) — Lg*,

and such that the pull-back of w (resp. ®) to N is equal to the given
symplectic form wn (resp. moment map ®n + p) on N.

Proof. Let M := LG X (1), N. Since (LG), is compact and acts
freely on LG, M is a Banach manifold. By Equation (21) the map
Oy +p: N — (Lg); @ {1} extends to a unique LG-equivariant map
®: M — LG X(q), (Lg); = Lg*. The moment map condition

(22) t(nm)we = d(®,7),

LG-invariance of w and the condition tyw = wy completely deter-
mine w, and also imply that w is closed. To show M is symplectic
let x € N C M, and 7 C 2 the open face containing ®n(z). By
(22) together with Lemma 4.6, there is a natural w-orthogonal splitting
T.M = T, N & (Lg)?. Since ¢ C 7, the form w; is non-degenerate on
the second summand, which implies that T, M is symplectic. q.e.d.

Theorem 4.8 (Symplectic cross-section). Let (M,w) be a symplec-
tic Banach manifold, and LG x M — M a Hamiltonian LG-action with
moment map ® : M — Lg*. For every open face 0 C %, the symplec-
tic cross-section Y, := ®~Y(U,) is a symplectic (LG),-invariant Banach
submanifold, and the action of (LG), is Hamiltonian. The restriction
®|Y, is a moment map for the action of m, and a moment map for
the (LG)s-action is given by ®|Y, — u, for any u in the affine span of
o. If ® is proper, Y, is finite-dimensional.
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Proof. By equivariance and since U, is a slice for the LG-action, ® is
transversal to U,. The implicit function theorem for Banach manifolds
thus shows that N := ®~!(U,) is a smooth Banach submanifold. Since
Tg(z) Us = (Lg); C Lg*, the tangent space Ty N at some z € N is equal
to (dz®)~1((Lg)%). In order to show that Ty N is symplectic, we show
that T,M = E & T, N where E is a closed symplectic complement to
TN that is symplectically perpendicular to T, N.

Let E be the image of the map (Lg)+ — T, M sending 7 to the funda-
mental vector field nas(z). A continuous inverse is given by the composi-
tion of the map d,® : E — (Lg)% with the isomorphism (Lg)? = (Lg)t.
Hence FE is a closed complement to T, N.

By equivariance of the moment map, one has for all ,{ € Lg,

wz(nm,Cum) = ve(nLg»CLgs) = /sl Tr(n 6¢¢).

By Lemma 4.6, (Lg)Y is a symplectic subspace of To(z)(LG - ®(z)). It
follows that d,® restricts to a symplectic isomorphism from E to (Lg)?,
and also that T; N is symplectically perpendicular to E.

The restriction of ® to Y, is a moment map for the (LG),-action
which is equivariant with respect to the affine action on (Lg);®{1} given
in Equation (21). Hence, subtracting 4 gives a moment map which is
equivariant with respect to the usual coadjoint action. q.e.d.

In particular this shows that Hamiltonian actions of loop groups at
non-zero level are always proper group actions.

Cross-section for moduli spaces

In the case of moduli spaces of flat connections, the cross-sections Y,
are open subsets of the extended moduli spaces of Jeffrey [23] and Hueb-
schmann [21]. Let £ be a compact, connected, oriented 2-manifold of
genus g with b boundary components. Consider once again the Hamil-
tonian LG®-manifold M(X) for b > 0. In the holonomy description, the
cross-sections Yy, o, for faces o0 = (oy,...,0p) of A are the smooth
submanifolds of G?9 x G*~1 x (Lg*)® given by the condition (8) together
with the requirement §; € Ugj. For the dimension of Ygl,_,(,j , we find

dim(Ys,.0;) = (2g+b-1)dimG +_dimU,; — dimG
= (29-2)dimG+ ) (dimG + dim(LG),,).
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The extended moduli spaces of Jeffrey [23] and Huebschmann [21] are
defined, for a 2-manifold with a single boundary component, as the
subset of G%9 x g* given by the condition [[a2;_1,a2;] = exp(¢). On a
neighborhood of ¢ = 0, this is a smooth submanifold and can be given
a symplectic structure; however for larger £ one encounters singularities
and degeneracies of the symplectic form. One can view the extended
moduli space as the symplectic cross-section corresponding to o = {0}.
The singularities of the extended moduli spaces find a natural explana-
tion in the full space g C Lg* not being a slice for LG. In Jeffrey [23],
more general extended moduli spaces are defined for all central elements
¢ € Z(G) by the modified condition [][a2i—1, a2i] = ¢ exp(£); these may
be identified, using Remark 4.5, with the cross-sections corresponding
to o = {n}, where n € 2 is the unique vertex such that exp(—n) = c.
Given a Riemannian metric on ¥ the moduli space M(Z) becomes a
Banach-Kahler manifold; however the symplectic cross-sections are not
Kahler submanifolds.

4.3 Symplectic reduction of Hamiltonian LG-manifolds

The existence of finite-dimensional symplectic cross-sections allows us
to prove the main result of this section, Proposition 4.9 below, which
states that a diagonal reduction of a Hamiltonian LG x LG-manifold
with proper moment map may be written locally as a finite-dimensional
symplectic reduction. Let M be a Hamiltonian L(G x G)-manifold with
moment map (®,,P_). We define cross-sections

Yoo = (®4,2_)" YU, x I'U,)).

which are Hamiltonian (LG), x I*(LG),-spaces. Note that the diagonal
action of (LG), C LG on Y, is Hamiltonian with moment map the
restriction of &, — I*®_, i.e., no shift is required.

As in the finite dimensional case, every Hamiltonian LG-manifold
has Hamiltonian actions (induced toric flows) of the centers Z((LG),)
on LG -Y, that commute with the action of LG. The moment maps for
these actions are given as the composition of the induced toric moment
map

d:=qod: M -,

with the projection t* — 3((Lg),)*. Here ¢ : Lg* —» A = Lg*/LG is
the quotient map, which can also be written as the composition of the
holonomy map with the quotient map G — G/ Ad(G). As before, if
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M = MJ/LG is the symplectic reduction of a Hamiltonian L(G x G)-
manifold M with moment map (®,,®_) by the diagonal action, the
maps &4 for M descend to a map ® : M — 2, whose 3((Lg)s)*
component is a moment map for the induced action of Z((LG)s) on
&1 (U, NA). We refer to these as the residual toric moment map and

residual toric flow.

Proposition 4.9. Let H, G be compact connected simply connected
groups and 2 the fundamental alcove for G. Let M be a Hamiltonian
L(H x G x G)-Banach manifold, My := MJ/LG the (possibly singular)
reduction by the diagonal LG-action, and ®¢ : My — U the residual
toric moment map. For every face o of A we have a canonical homeo-
morphism

(23) 51 Us) 2 Yy _o [[(LG)o-

If the diagonal action of LG-action is free on the zero level set, then M
is a smooth Hamiltonian LH-Banach manifold and the above identifi-
cation is a symplectomorphism. If H = {1} and if the moment map is
proper then My is finite dimensional.

Proof. Note that <i>5 1(Uy) is equal to the open subset
(LG?-Y, ) /LG C M.
Since LG? - Y, _, is symplectomorphic to the symplectic induction

Ind5Ga,  (Yo—o) = LG? x(1c2), , Yoo
(LG?)g0 (LG?)

the formula (23) follows. Now suppose that the diagonal LG-action on
the zero level set is free. Then the diagonal action of (LG), on the zero
level set in Y, _, is free. Since (LG), is compact, this implies that 0
is a regular value for the moment map for both of these actions, and
(23) is a diffeomorphism of Banach manifolds. Also, it is clear that the
2-forms induced by the symplectic form w on both sides of (23) coincide.
Since the Marsden-Weinstein theorem holds for Hamiltonian actions of
compact groups on Banach manifolds, it follows that the 2-form on My
is symplectic. q.e.d.

Let G be a compact connected simply connected Lie group, with
fundamental alcove 2, and let M be a Hamiltonian LG-Banach mani-
fold. For each £ € A let O¢ = LG - £ be the corresponding loop group
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orbit. Define the reduction of M at ¢ as the symplectic reduction by
the diagonal LG-action

ME =M x O*g//LG.

Letting o be a face of U such that £ € U, and Y, the corresponding
symplectic cross-section of M, one also has

(24) Mg = Yo x O [/ (LG)s,
where O, = O.¢N((Lg); x{1}) = (175};-*5 is the orbit for the compact

-

group (LG),. From (24), one finds in particular that if the moment map
is proper, then M; is a finite dimensional symplectic quotient. In the
case that the quotient is singular, the local structure of its singularities
can be described by normal form theorems as in Sjamaar-Lerman [43].

If M is a Hamiltonian LG-manifold at integer level m >0, L —» M
an LG-equivariant pre-quantum line bundle, and ¢ € A}, then we define

(25) L¢ := LRE(O,¢) LG,

where Z(Ox¢) is the pre-quantum line bundle of O,¢ as in Section 4.1.
If the diagonal action of LG is locally free on the zero level set, then L,
is a pre-quantum (orbifold) line bundle over M.

The quotients M(X)¢,, .. ¢ of M(X) are the moduli spaces of flat
connections with fixed holonomies around the boundary components.
By the above discussion, these are compact symplectic stratified spaces.
There is a holonomy description for these moduli spaces, as in the case
without markings:

Theorem 4.10. Let &,... ,& € AU, and Cq, ..., Cp C G the cor-
responding conjugacy classes. The moduli space M(Z)¢, .. ¢, s homeo-
morphic to the quotient of the subset (a,d) € G* x Cy x ... x Cp given
by

9 b
(26) H[a2i—1aa2i] = [ 4

by the conjugation action of G.
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4.4 Convexity theorems for Hamiltonian loop group ac-
tions

In the following theorem, we use symplectic cross-sections to derive con-
vexity and connectedness properties for the moment map of Hamilto-
nian LG-manifolds. Similar results were announced by S. Chang several
years ago.

Theorem 4.11. Let G be a compact connected simply connected
Lie group, and M a connected Hamiltonian LG-manifold with proper
moment map ® : M — Lg*.

a. For any face o of the fundamental alcove A such that ®(M)No #
@, the corresponding symplectic cross-section Y, is finite dimen-
sional and connected.

b. The fibers of ® are connected.
¢. The intersection ®(M) N2 is a convez polytope.

Proof. Finite dimensionality follows from the fact that the restriction
of ® to the submanifold Y, = ®~1(U,) is proper as a map to U,. Since
U, is finite dimensional, this is only possible if Y, is finite dimensional.

We next prove that all non-empty cross-sections Y, are connected.
Since the coadjoint orbits LG /(LG), are simply connected, this is the
case if and only if all flow-outs LG - Y, = LG X (1), Yo are connected.
By properness of ®, the number of connected components Y} of Y, is
finite. The fact that LG - Y, is connected follows once we can show the
transitivity property

LG-(YinY?) #0, LG-(YInYF)#0

(27) :
= LG - (YnYF) £,

since the collection of all LG - Y is a finite open covering of M, and any

two points in M can be joined by a path. '

To show (27), let z € YinY! andy € Y7 N YK’“. The fact that
the restriction of ® to Y/ is proper as a map into U, implies that it
has connected fibers and that the image ®(Y7) C 2 is convex (see [33]
or the explanation of the Condevaux-Delzord-Molino in Flaschka-Ratiu
[15, p. 29]). In particular, the line segment from a = &(z) to 8 = &(y)
is contained in ®(Y7). It follows that there exists a path v in LG - Y/
connecting  and y whose image under d is the line segment af. The
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interior of af intersects U, N2 and U, N2, and is therefore contained
in U, N U, N2 It follows that y~!(int(aB)) C LG - (YiNYEF).

Since all cross-sections Y, are connected and all restrictions ®|Y,
have connected fibers [33], it follows that ® has connected fibers. Since
® is proper, the number of (LG),-conjugacy classes of stabilizer groups
(orbit types) for the (LG),-action on Yy is finite. By [33, Remark 5.2] or
the Condevaux-Delzord-Molino technique, this implies that ®(Y;) is the
intersection of U, N2A with a convex polyhedron. Since M is connected,
and since a closed connected set is convex if and only if it is locally
convex, this shows that the image &)(M ) is a convex polytope. q.e.d.

Remark 4.12. As far as we know the Atiyah-Pressley convexity
Theorem [5], which is a Kostant-type convexity theorem on projections
of coadjoint loop group orbits, does not fit into this framework. Note
that the relevant moment map, given by projection of the orbit to t*
together with the energy function, is not proper.

In the case M = M(X), since [G,G] = G the holonomy description
also shows that for ¢ > 1 the moment map is surjective onto (Lg*)°
so that the moment polytope is simply 2%° and the convexity Theorem
4.11 is vacuous. On the other hand, in the case g = 0 of a b-punctured

sphere, the holonomy description of M(X) and Theorem 4.11 yield the
following.

Corollary 4.13. The image of the subset

{d e G| [bId,- =1} cG®

j=1

under the quotient map G® — A is a convez polytope.

For the case G = SU(n), this polytope is described in Agnihotri-
Woodward [2].

Corollary 4.14. (Converity properties of the induced toric moment
map.) Let H, G be compact connected simply connected Lie groups, with
fundamental alcoves B, A, and M be o Hamiltonian L(H x G x G)-
manifold with proper moment map. Let My be the symplectic reduction
with respect to the diagonal LG-action, and &y : My > B x U the
product of the induced toric moment map for the induced LH-action
and the residual toric moment map obtained from the {e} x {e} x LG-
action on M. Then the image of & is o convez polytope.

447
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Proof. Let @ : M = L(h®go® g)* be the moment map for the
L(H x G x G)-action, and ¢ : M — B x A x A the corresponding toric
moment map. Consider the involution x of B x A x 2 defined by

k(z1, T2, 23) = (Z1, *T3, *T2),

where * is the Cartan involution given by *u = g(—u). The image of
the induced map ®; is given by the image of the intersection &)(M )n
(B x A x A)*, where (B x A x A)* denotes the fixed point set of the
involution &, under the projection of 8 x 2 x 2 to the first and second
factors. q.e.d.

For every compact connected 2-manifold ¥ of genus g with b bound-
ary components, except for the cases (g,b) = (0,0), (0,1), (0,2), (1,0),
there exist embedded circles C1,... ,C, C ¥ that decompose X into a
union of 3-holed spheres (pairs of pants) 3,...,%;. For the number
[ of pants and r of separating curves in this decomposition, one has
3l = b+ 3r, where:

r=3g+b—6 if b>1,¢>2,
r=3g—3 if b=0,g92>2,
r=b if b>1,9g=1,
r=b—-1 if b>3,9g=0.

By repeated application of Theorem 3.5, the moduli space M(Z) is
obtained as a symplectic reduction

M(E) = M(T1) % ... x M(Z))JLG".

As in the finite dimensional case, this induces a residual toric flow on
M(Z), i.e., a densely defined, effective Hamiltonian T7+t-action which
commutes with the action of G(0X), known as the Goldman twist flow.
The corresponding residual toric moment map, called here the Goldman
map, is

G: M(B) - A,
[4] = (G - Holg, (A),... ,G - Holg,(A), G - Holg, (A),... ,G - Holc, (A)).

As a special case of Corollary 4.14, we have:

Corollary 4.15. The image 8(M(Z)) C A*" of the Goldman map
® is a (b+r) - dimT-dimensional convez polytope.




HAMILTONIAN LOOP GROUP ACTIONS 449

This polytope is given explicitly as follows. Let P C 23 denote the
polytope which is the moment polytope for the three-holed sphere. For
each %; let B}, BZ, B? C 8%; denote its boundary components, and let
2 be a copy of the fundamental alcove associated to B;-’ . Define an
involution « : A3 — A3 by

z; if BY = By’ for some (I, p),

Ty otherwise.
Then &(M(X)) is the image of the intersection P! N (A%!)* where (2A3!)"

denotes the fixed point set of the involution k, under the projection
ngl - le+r‘

Remark 4.16. For the case G = SU(2) and 0¥ = () the dimension
(29—2) dim G of the moduli space M(Z) is precisely twice the dimension
of this polytope, which means that the Goldman flow gives a completely
integrable torus action on a dense subset of M(X). This has been
studied extensively in Jeffrey-Weitsman [22].

5. Spin, quantization

In this section, we define the Spin, quantization, and introduce tech-
niques for dealing with singular quotients.

5.1 Riemann-Roch numbers for almost complex orbifolds

Let M be a compact almost complex G-manifold. Then M has a canoni-
cal G-invariant Spin.-structure. Given a Hermitian line bundle L — M,
one can consider the G-equivariant Spin,-Dirac operator @, correspond-
ing to this Spin -structure, twisted by L (see e.g. [31]). The equivariant
index of @y, is a virtual character of G which we call the equivariant
Riemann-Roch number,

RR(M, L) := indg(P1) € Rep(G),

where Rep(G) denotes the representation ring for G. An explicit ex-
pression for RR(M, L) is given by the Equivariant Index Theorem of
Atiyah-Segal-Singer.

If M is an almost complex G-orbifold, and L — M a G-orbifold line
bundle the same definition applies. A formula for the character is given
by the orbifold index theorem of Kawasaki [25] (the equivariant version
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of which was proved by Vergne [50]). Riemann-Roch numbers satisfy
the following functorial properties:

a. (Products) If L; — M; are Gj-equivariant line bundles over com-
pact almost complex G;-orbifolds (i = 1,2), then

RR(M1 X My, 1 & Lz) = RR(Ml, L1) @ RR(Mz, Lg).

b. (Conjugation) Let L — M be a G-equivariant orbifold bundle over
a compact almost complex G-orbifold. Let M™* denote M with the
opposite almost complex structure. Then

RR(M*,L*) = RR(M, L)*,

where, for all x € Rep(G), x* € Rep(G) denotes the dual repre-
sentation.

c. (Induction) Let ¢ C t} be an open face of the positive Weyl
chamber, with corresponding stabilizer group G,. Let

Indgg : Rep(Gs) = Rep(G)

denote holomorphic induction. Let G/G, be equipped with the
standard complex structure coming from its identification with a
coadjoint orbit G - u, for any p € o. For every almost complex
G,-orbifold Y;, the associated bundle G x¢, Y, has a naturally
induced almost complex structure. Given a G,-invariant orbifold
line bundle L, — Y,, one has

RR(G x¢, Ys,G x¢, Ls) = Indg_RR(Yy, Ly).
For a proof, see e.g. [36].

If M is a Hamiltonian G-orbifold with moment map & : M — g¢*,
and L — M a G-equivariant line bundle, one can always choose a
G-invariant compatible almost complex structure J on M to define
RR(M, L). Since any two J’s are equivariantly homotopic, this defi-
nition does not depend on the choice of J. We will be mostly interested
in the case that L is a pre-quantum line bundle. In this case we often
drop the line bundle from the notation and write RR(M) := RR(M, L).



HAMILTONIAN LOOP GROUP ACTIONS 451

5.2 Desingularization for quotients by compact groups

In this section we define Riemann-Roch numbers for singular symplectic
quotients by compact groups and state the “quantization commutes with
reduction” Theorem, referring to [37] for more details.

Suppose that M is a Hamiltonian H x G-orbifold (H,G compact),
such that the G-action has proper moment map ¢ : M — g*, and let
L - M be a H x G-equivariant pre-quantum bundle. Let My = M /G
be the symplectic quotient by G and Lj/G = Lg := (L|®71(0))/G the
quotient bundle.

Following [37] let us call o € g* a quasi-regular value of & if the
dimension of the isotropy group G, does not jump as z varies in the
level set ®~1(a). It can be shown ([37]) that if 0 is a quasi-regular value
then Mj is a symplectic orbifold and L with its induced connection is
an orbifold pre-quantum line bundle. If 0 is not a quasi-regular value
so that the reduced space M, has more serious singularities, one can
define RR(Mjy) as the H-equivariant Riemann-Roch number of an orb-
ifold line bundle Ly — My obtained from Loy — My by means of partial
desingularization. One desingularization procedure is due to Kirwan
[27]. Roughly speaking, this is an inductive procedure involving a se-
quence of symplectic blow-ups on M, resulting in a new Hamiltonian
H x G-orbifold M, followed by a symplectic quotient My = M J/G. We
take RR(My, Lo) as the definition of RR(Mp) (see [37] for details).

A simpler, but less canonical way of desingularizing a symplectic
quotient is to shift the value of the moment map. For quasi-regular
values o € ®(M) close to zero one can take (L|® (a))/Go = M, as
a desingularization of Ly — Mj. It is shown in [37] that if o € &(M) is
sufficiently close to 0, then RR(M,, (L|®71(a))/Ga) = RR(M)).

Theorem 5.1 (Quantization commutes with reduction). [36, 37]
Let (M,w) be a compact Hamiltonian G x H-orbifold with G x H-
equivariant pre-quantum line bundle L — M. Then the G-invariant
part of RR(M) equals the Riemann-Roch number of the symplectic quo-
tient:

RR(M)¢ = RR(M//G),

where the right-hand side is defined via partial desingularization if O is
not a regular value of the G-moment map.

If 4 € A% is a dominant weight, the coadjoint orbit O, = G - u with

its KKS form has a pre-quantum line bundle £(0,) — O,. Given a
G-equivariant pre-quantum line bundle L — M as above, we define the
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reduced pre-quantum line bundle by
L, :=(LRE(OuW)))G = M, = (M x 0.)/G.

As a direct corollary to Theorem 5.1, the multiplicity N(u) for the
weight 4 to occur in RR(M) is given by RR(M,,), defined by canonical
desingularization if necessary.

5.3 Desingularizations for loop group quotients

We now define desingularizations for reductions by loop group actions.
Let G be a compact connected simply-connected Lie group, and M a
Hamiltonian L{G x G)-manifold with proper moment map at level m
and L(G x G)-equivariant pre-quantum line bundle L. We will show
that the reduction L/LG — M//LG by the diagonal action can be
written in a canonical way as a reduction in finite dimensions, so the
desingularization of L/ LG can be carried out as in the previous section.

Let M™(23) denote the moduli space for the three-holed sphere at
level m, L™(5}) its pre-quantum line bundle and

MO = M x M™(S})JLG x LG, LM =L x L™(3)/LG x LG

the quotient by the product of the two diagonal LG-actions, defined by
pairing each LG-factor for M with an LG-factor for M™(%3). Since
these actions are free, M) is a Hamiltonian LG-manifold and L(!)
an Za-equivariant pre-quantum line bundle. Because the reduction of
M™(53) at 0 is the moduli space M™(Z2), the reduction of M) at 0
is given by

MY = (M x M™(22)/LG)JLG = MJ/LG

by Example 4.2. Let Y{(Ol}) be the symplectic cross-section for M(®) at
{0} ¢ A. Then

~y 1) ~ 1 A~ 1) ~ 1 1
28) MjLG=mP=yye, ryre=rf’ =1P\v{))c
which proves the claim. In particular, the Riemann-Roch numbers of
the line bundles in (25) can be defined by desingularization. Note that in
the case of moduli spaces, the above procedure corresponds to “adding
a puncture” to the 2-manifold.
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6. Symplectic surgery

In this section, we apply Lerman’s symplectic cutting procedure to-
gether with Proposition 4.9 to prove the factorization property Theorem
2.1.

6.1 Symplectic cutting

We briefly recall Lerman’s cutting construction [32]. Let M be a Hamil-
tonian S!-orbifold, with moment map ¢ : M — R. Consider the action
of S on the product M x C given by e2™ . (m, z) = (e?™ . m, &2 2),
with moment map

$(m, z) = p(m) — |z|.

The zero level set of ¢ is a union of 1~'(0) x {0} and the set of all (mn, 2)
with 1(m) = |2|?2 > 0. Suppose that 0 is a regular value of 1. Then 0
is also a regular value of ¢, and the reduced space M, := M x C//S' is
a symplectic orbifold. As a topological space, M, is obtained from the
manifold with boundary 1/1_1(]R20) by collapsing the boundary by the
nullfoliation of the pullback of the symplectic form.

It was shown by Lerman that this is also true symplectically:

Proposition 6.1 (Lerman). Let
M, = (M xC))/S*
be the cut space. The canonical maps
w: My — My, 150: % (Rso) & My

are smooth symplectic embeddings, and the normal bundle of My in M,
is canonically isomorphic to the associated bundle p~'(0) x g1 C, where
S! acts on C with weight 1. Given a Hamiltonian action of a Lie group
G on M, with moment map ® : M — g*, such that this action commutes
with the action of S, there is a naturally induced Hamiltonian G-action
on My, which agrees with the given actions and moment maps on My

and P~ (Rxg).

By reversing the S!-action, one can also define a cut-space M_,
which is the union of My and ¥~ (Rc).

The orbifold structure on M4 depends only on the circle action on

$%~1(0). Replacing the given circle by a covering introduces additional
orbifold singularities.

453
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Suppose that we are given an S! x G-equivariant complex vector bun-
dle E — M. Let Ey — My be the reduced bundle Ey = E|4~'(0)/S".
By pulling E back to M x C, restricting to 1)~ (0) and taking the quo-
tient

E, = (priE|$~(0))/S",

we obtain a G-vector bundle over M. There are canonical equivariant
isomorphisms

wE, = Ey, 1,*>0 E, 2 E| ¢_1(R>0)-

If E = L is a pre-quantum line bundle, then L, = (L ®C)/S! with
induced metric and connection is a pre-quantum line bundle for M.

Cutting is a local operation. That is, if M is a Hamiltonian G-space
the cut spaces M. are defined for any separating G-invariant hyper-
surface Z C M, together with a G-equivariant locally free Hamiltonian
circle action on some neighborhood of Z and having Z as its zero level set
$~1(0). Likewise, given a G-equivariant vector bundle E — M together
with a G-equivariant lift of the S'-action one obtains G-equivariant “cut
bundles” E, — M, and E_ — M_. Assume that M is compact and
that E = L is a line bundle.

Proposition 6.2 [36]. The Riemann-Roch numbers of the cut bun-
dles satisfy the gluing rule

RR(M,L) = RR(M,,L,) + RR(M_, L_) = RR(My, Ly).

Let us briefly recall the proof from [36] for the simplest case that
G is trivial, M is a manifold, and the S'-action on Z is free. Let
U = Z x [—¢, €] be a tubular neighborhood of Z on which the S!-action
is defined. By the index theorem, RR(M, L) is given by an integral

RR(M, L) = / Td(M) Ch(L)
M
- / Td(M) Ch(L) + / Td(M) Ch(L),
U M\U

where Td(M),Ch(L) € Q*(M) are the Todd form and Chern char-
acter form, constructed using connections on the bundles TM and L.
We choose the almost complex structure on 7'M and the connections
on TM and L to be S'-invariant over U. Then the Todd and Chern
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forms have extensions to S'-equivariant characteristic forms (cf. [8])
Td(U, £), Ch(U, €) for ¢ sufficiently small, so that

| maan o) = ([ Taw.e onziv, )l

The last integral can be re-written, using the Berline-Vergne localiza-
tion formula [8] for manifolds with boundary, as an equality of rational
functions for small £,

[ T cnzlo9 = [ 1aw.) oo, &) 557

where « is a connection 1-form on 0U. Consider on the other hand the
index formula for RR(M4, Ly). Let Td(M4) and Ch(L.) be the Todd
and Chern character form for the cut spaces. We may choose the almost
complex structures and connections entering their definitions to agree
with those for M outside Z x [—€/2,¢/2]. By the index theorem applied
to My we may write RR(My4,L+) as a sum of integrals over M3 \Ux
and Ui. By the localization theorem applied to Ui we have

[ U0 Oh(Llns, &) = [ TAw,e) Chill, )3
Ut U4 a
/ Td(Mz) Ch(Ly+)
My Elﬂ(”ia f)

so that
RR(M,,Ly) + RR(M_,L_) — RR(M, L)

:/ (Td(M+)Ch(L+) +Td(M_)Ch(L_)>
Mo~ Eul(vy,§) Ed(v_,¢&) /

Since TMy = TMy & v+ and

Eul(y:l:a 5)
T =2
W00 = 100019
the additional terms may be re-written
1 1
Td(Mp) Ch(L + .
/MO (Mo) Ch( 0)(1 —Ch(v1,6)  1- Ch(u:,g))

Because vy = v*, the identity 1/(1 — 2) + 1/(1 — 27 !) = 1 implies that
S ~
1-Ch(v},€)  1-Ch(r,¢)

which completes the proof.

1,

455
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6.2 Factorization in rank-one

In this section, we prove Theorem 2.1 in the simplest case in which
G = SU(2) and 0 is a regular value for the diagonal action. We identify
the Cartan algebra t = R so that the weight lattice A* = Z and the
fundamental alcove 2 = [0,1]. Let M be a Hamiltonian L(G x G)-
manifold with proper moment map at level m € N and pre-quantum
line bundle L -+ M, and LJ/LG — M//LG the symplectic reduction
with respect to the diagonal LG-action. Since 0 is a regular value for
the diagonal action, M J/ LG is a compact symplectic orbifold, and L /LG
a pre-quantum line bundle. Let ¢ : MJ/LG — 2 denote the residual
toric moment map, and v € (0,1) N Q a regular value of ¢. Let r € Z
be such that rv € Z. Let ¢ : M//LG — R denote the map

p=rp-v)

so that 1 is a moment map for the r-fold covering of the residual S'-
action. One obtains a pre-quantum action of S on L/LG by multi-
plying the residual action by the character corresponding to the weight
—rmuy.

By the Gluing Formula, Proposition 6.2 we obtain

RR(M//LG) =RR((M//LG)+) + RR(M//LG)_)

(29) - RR((M//LG)y).

The cut space (M //LG)_ can be written as a reduction in finite dimen-
sions: Let 0 = {0} and Y, _, denote the corresponding cross-section of
M. The restriction to Y, _, of &, defines a circle action on a dense
subset of Y, _,, and as above one can cut using the function (P, —v).
Let (Y5,—o)— denote the negative part of the cut space. Since the S* and
G-actions commute, the operation of cutting commutes with reduction
and by Theorem 4.9 we are led to

(M/LG)- = (Yo,-0)- /G-

The space (Y, —,)— may not be compact, but may be replaced with a
compact space by another cutting operation using ®,. By Theorem 5.1
we get

RR((MJLG)-) = > RR(((Yo-o)-)ums) = D, RR(My.).
BEAS, KEAL, ,u<mr

Similarly, RR((M/LG).) is the sum of RR(M,, x,) over p > mv, and
RR((M//LG)o) = RR(Mpy smy), s0 the Theorem is proved by (29).
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6.3 Multiple cuts

In order to deal with higher rank groups one needs the following general-
ization of symplectic cutting. Let M be a compact symplectic orbifold,
T a torus with Lie algebra t. Let v : M — t* be a continuous map.
Let @ C t* be a rational simplicial polytope. For any face F C @, let
tr C t be the annihilator of the affine space spanned by F, and Tr the
torus with Lie algebra tp. Let 7p : t* — t; denote the projection.

Definition 6.3. The polytope @ is called y-admissible if for every
open face F' C Q, the composition 7 o 1) is a smooth moment map for
a locally free action of Tr on a neighborhood Ur of 4~ 1(F).

The definition implies that if @ is 1-admissible and F C @) an open
face, then the pre-image ¥%~1(F) is a smooth coisotropic suborbifold,
with null-foliation given by the Tpr-orbits. Hence the quotient

Mp =~ (F)/Tr

is a symplectic orbifold. We define the cut space Mg of M as a union

Mg = ] Mr.
FCQ

Thus Mg is obtained from the orbifold with corners ¢¥~!(Q) by col-
lapsing the boundary faces under the Tr-actions. An orbifold structure
on My is given as follows: Let F,..., F; be the facets (codimension 1
faces) of @ containing F'. The open subset (Ur)g C Mg is formed by
symplectic reduction of Ur by T, followed by iterated symplectic cuts
by the circles Tr, /Ty, ... ,Tr /To.

If M is a Hamiltonian G-orbifold and 1 is G-invariant, then the cut
spaces Mg are Hamiltonian G-orbifolds.

Definition 6.4. Given M and v as above, a 1-admissible polyhe-
dral subdivision of t* is a collection Q of rational, simplicial polytopes
satisfying the following conditions: every element of Q is 1-admissible,
their union is t*, for every element in Q all its closed faces are also in
Q , and the intersection of any two elements of Q is a face of each.

We have three examples in mind.
a. Let M be a compact Hamiltonian G-orbifold, and 3 : M — ¢

the induced toric moment map as in (18). Recall that the dual
cone Cy to t} at an open face o C t is defined to be the set of all
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vectors v € t* such that the minimum of the inner product (v, z)
for z € % is achieved by = € 0. (Here we use an inner product on
t coming from an invariant inner product on g; the definitions are
independent of this choice.) Let p € int(t} ). For each face 1 C &
let Q. , denote the polytope u +7 — C,. The faces of Q;, are all
polytopes @, ,» such that 7' C 7 and ¢ C o’. Moreover if 7, C &
and 75 C &9 one has

QT1 ,O1 N Q'rg,az = QT1 AT2,01V0O2)

where 71 A 75 is the largest open face contained in 77 N 73, and
o1 V o9 is the smallest open face whose closure contains o; U 0.
Let Q@ = {Q;+| 7 C 7} (see Figure 2). For generic choices of pu,
the collection Q of these polytopes is a 1-admissible polyhedral
subdivision (c.f. Remark 2.3 in [33]).

A

!

FIGURE 2. The collection Q for G = SU(3)

. Consider the case that N is a compact Hamiltonian G x G-orbifold,

with moment map (®,,®_) and assume that 0 is a regular value
for the diagonal G-action. Let M = N//G be the reduced space
and ¥ : M — t| the residual toric moment map induced from
the map &, = qo &, on the first factor. For generic choices of
i, the collection Q described above is a 1-admissible polyhedral
subdivision.

. Finally, let G be a compact, connected, simply-connected Lie

group, and 2 the corresponding fundamental alcove. Let N be
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a Hamiltonian L(G X G)-manifold with proper moment map ® =
(®4+,%-) (at level A = +1). We assume that the diagonal LG-
action is locally free on its zero level set, so that the symplec-
tic quotient M = NJ/LG is a finite dimensional, compact sym-
plectic orbifold. Let ¢ : M — 2 denote the residual toric mo-
ment map induced from q o ®,. For each face 0 C U, the open
set ¥~ 1(U,) € M carries a Hamiltonian action of the center
Z((LG)y), with moment map given by % followed by projection
to 3((Lg)s)*

FIGURE 3. Cutting the fundamental alcove for G = SU(3)

The construction of the polyhedral subdivision depends on choices

of e € Ryo and p € int(A). For any pair of faces 0,7 with 7 C 7,
let

Q'r,a = (1 - E)?+ €p — Cs.
For example the shaded region in Figure 3 is Q;, where 7 =

int(A). Let Q@ = {Qr+|7 C T} (see Figure 3). For generic choices
of ¢, u, each @ € Q is 1y-admissible.

6.4 Cut bundles

Let E — M be a complex vector bundle, and suppose that on each

neighborhood Ur we have a lift of the Tr-action. The cut bundle Eg
defined by

Eq= |J (EW™"(F))/TF

FcQ
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has the structure of a complex orbi-bundle. If E = L is a pre-quantum
line bundle, with pre-quantum lifts with respect to the maps 7 o 9,
then the bundle Lg is a pre-quantum line bundle over M.

We now explain how such vector bundles arise in each of our three
examples.

a. If E -+ M is a G-equivariant vector bundle, then as explained
in Section 4.2 there is a canonical lift of the Z(G,) x G-action
on ¥ YU,) = G -Y,. Therefore one also has a canonical lift
of the local torus actions, and a corresponding cut bundle Eg.
However, if E = L is a G-equivariant pre-quantum bundle, then
this lift does not in general satisfy the pre-quantum condition, and
therefore the cut bundle Lg is not pre-quantum.

However, if Q is a lattice polytope, then np(F) € t} is a weight.
One therefore obtains local pre-quantum lifts by multiplying the
given Tp-actions by the character corresponding to the weight
mr(F). The cut bundle Lo for the modified actions is a G-
equivariant pre-quantum line bundle. In case () has rational ver-
tices, choose any covering T — T such that Q is a lattice poly-
tope in the refined lattice A* D A*. The local actions of the
corresponding covers Tr — Tr admit pre-quantum lifts as before.
Notice again that passing to a cover introduces additional orbifold
singularities.

b. If ¥ - M is a G x G-equivariant vector bundle, the quotient
bundle Ey has a canonical lift of the local Z(G,)-actions on My,
so that there is a canonical cut bundle. The same argument as
above shows that if E = L is a pre-quantum line bundle and @
is a rational polytope, one can modify the given lift of the local

actions in such a way that the cut bundle is a pre-quantum line
bundle.

c. For every ITGT?-equivaria,nt vector bundle E — M, any lift of the
local Z((LG),)-actions to Ey = E //K defines a cut-bundle (Fp)q.
IfL - Misa L/G\z-equivaria,nt pre-quantum line bundle, and
e€Q, p € A*®z Q are chosen so that each @ is a polytope with
rational vertices, one obtains by the same construction as in the
previous two examples a pre-quantum cut-bundle (Lg)g.
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6.5 The gluing formula

The following Theorem shows how the Riemann-Roch number of the

original bundle decomposes into Riemann-Roch numbers for cut bun-
dles.

Theorem 6.5 (Gluing Formula). Let M be a compact Hamiltonian
G-orbifold, and L — M a G-equivariant line bundle. Given a map
v M — t*, a ¢Y-admissible polyhedral subdivision Q, and lifts to L of
the local torus actions defined by 1, the Riemann-Roch number of L is
given by

(30) RR(M, L) = Y (-1)°4™(Q) RR(Mg, L)
QeQ

For collections Q of polytopes constructed from induced toric maps
for Hamiltonian actions of compact groups G (that is, for the first exam-
ple given in Section 6.3) the above gluing formula was proved in [36]. In
the appendix we outline the proof of Theorem 6.5 for the more general
situation.

As an application we prove:

Proposition 6.6. Let G be a compact connected Lie group and M
a Hamiltonian G x G-orbifold with proper moment map ® = (9, P_).
Let L — M be a G x G-equivariant pre-quantum line bundle. If the
symplectic quotient My = M J/G by the diagonal action is compact, the
Riemann-Roch number of the reduced bundle Ly = LJ/G is given by

(31) RR(Mo) = ) RR(My,.,).
nEAY,

Here all RR-numbers are defined by partial desingularization if neces-
sary.

Proof. If M is compact, both sides are equal, by the “quantization
commutes with reduction” Theorem 5.1. If M is not compact, let ®g :
My — t* denote the residual toric moment map induced by ®,. Its
image is given by

Bo(Mp) = &L (M) N*xD_(M).

Choose a compact admissible rational polytope @ C t* x t*, such that
Oo(Mp) x *®g(Mp) is contained in the relative interior of QN (th x ).
We can assume that ) has rational vertices, so that the cut bundle
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Lqg — Mg is a G-equivariant pre-quantum bundle. Since Mg is compact
and LJ/G = Lqg//G, this reduces the proof to the case where M is
compact. q.e.d.

6.6 Proof of factorization in arbitrary rank

As in the statement of Theorem 2.1, let G be compact, connected and
simply connected, and 2 its fundamental alcove. Let M be a Hamilto-
nian L(G x G)-manifold with proper moment map at level m € N and
pre-quantum line bundle L —+ M, and L//LG — M /LG the symplectic
reduction with respect to the diagonal LG-action.

Let us first assume that 0 is a regular value for the diagonal action,
so that M //LG is a compact symplectic orbifold, and L) LG — M /LG
a pre-quantum line bundle. Let @ be a collection of admissible ratio-
nal polytopes in 2 defined in the previous subsection. By the Gluing
Formula, Equation (30) we get

RR(M/LG) = ) (-1)*™Q@ RR((M/LG)q).
QeQ

Each cut space (M/LG)q can be written as a reduction in finite di-
mensions: Let o C 2 be an open face such that Q N A is contained
in Uy, and let Y, _, denote the corresponding cross-section of M. The
restriction to Y, _, of <i>+ defines an induced toric action on Y, _g; let
(Yy,~o)q be the corresponding cut space. Then Proposition 4.9, implies

(M//LG)Q = (Ya,—a)Q//Ka, (L//LG)Q = (LIYG,—G)Q//KO‘-

By Proposition 6.6 applied to (L|Y;,—s)g we obtain that

RR((M/LG)g) = > RR(M),,).
LEQNAY,

Finally, applying the Euler identity >, u(-1)€°dim<0> =1 yields

RR(M/LG) = Y (-1)®¥™@ 3" RR(Myu)
Qe HEQNAX,

= Y RR(M,,,)

KEAT,

which proves the result in this case.
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In the case where 0 is not a regular value, we use a desingularization
as explained in section 5.3. Let

M® .= M x M(Z3)/LG
and
MO = M@ JLG = M x M(Z3)//LG x LG,

equipped with their pre-quantum bundles. Correspondingly, we will use

cross-sections Y{(Ol}) for M), Y{(g}) o_g for M @), and Y, —, for M. To

compactify Y{((}}), we choose an admissible polytope @; with rational ver-

tices with 0 € int(Q1), and use the cut space (Y{(Ol}) )Q.- We also choose

an admissible family of polytopes Qj to cut Y, _, and (Y{(:}) 5—o)@Q iDtO
pieces. Then

(Y{((?}),a,—a)Ql xQ2 /G = (YU,—G')Qza
(Y{(Oz}),a,—a)Ql X Q2 NLG)s = (Y{(ol}))Ql X Q2

Using the gluing formula, together with repeated application of “quan-
tization commutes with reduction” we compute

RR(M/LG) = RR((Y{3))e:/G) =RR((Y}))a,)®

(Theorem 5.1)
= ZQzGQz(—l)COdim(Qz) RR((Y{(Ol}))Ql ><Q2)G

(Theorem 6.5)

- 2Q2€Q2 (—I)COdim(Qz) RR((Y{((?})’U,_O')QI xQz)(LG)" xG

(Theorem 5.1)

= 2:QzeQz(_I)COdim(c'?"") RR((YU,—U)Qz)(LG)"

(Theorem 5.1)
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ZQzEQz(_]‘)COdim(Qz) ZMEQzﬂAfn RR(MIA*M)

(Proposition 6.6)

ZueA;n RR(M,ep)

(Euler Identity).

Appendix A. Proof of the Gluing Formula

In this appendix we outline the proof of Theorem 6.5, assuming for
simplicity that M and all cut spaces are smooth. The details necessary
for the extension to orbifold singularities may be found in [36].

The idea is to decompose M into sub-manifolds with corners on
which the cutting torus actions are globally defined. On each piece the
differential forms entering the index theorem have equivariant exten-
sions, and one can apply localization to prove the gluing formula locally.
To construct the decomposition of M choose a second y-admissible sub-
divsion Q' of t* and let P C Q' be the top dimensional polytopes. For
any P € P let T(py C T be the smallest subtorus containing all TF,
for F an open face of some Q € Q such that with FN P # (. Let
mpy: = t?P) be the projection.

We make the following two assumptions.

a. On each y~!(P), the composition m(py © ¥ is a smooth moment
map for the action of Tipy.

b. For any two elements P € P and @ € Q, the intersection P N
Q@ is Y-admissible and any pair of faces F C P, H C ) meet
transversally.

The first condition implies that for Q@ € Q and all open faces F C @ such
that F N P # §, one has 9~}(P) C U, i.e., the Tp-actions extend to
a global T(py-action on 1~!(P). The meaning of the second condition
is that @ is an admissible subdivision for the function ¥p : Mp —
t* induced by ¢ on the cut space. It is easy to write down explicit
subdivisions with these properties in the three examples discussed in
Section 6.3. For instance, in the third example one may take P to be
the set of polytopes of maximal dimension in a collection Q' constructed
using any smaller value of e.
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Lemma A.7. The Riemann-Roch number RR(M, L) satisfies the
gluing rule

(32) R(M,L)=>_ /M p) Ch(Lp).

PeP

We emphazise that (IT'M)p # TMp, so that the terms on the right
hand side of (32) do not equal RR(Mp, Lp).

Proof. Choose the connections on TM and L in such a way that for
each P € P, the connection on T'M|y-1(i5(pyy and L|¢_1(int(p)) equals
the pull-back of a connection on the cut bundles (T'M)p and Lp. Then
the restriction of Td(M) and Ch(L) to 9~ !(int(P)) is the pull-back
of Td((T'M)p) resp. Ch(Lp), so that (32) follows from the obvious
identity

(33) R(M, L) Z/ Td(M) Ch(L).

pep/¥~1(P)

q.e.d.

A similar equation holds for RR(Mg,Lg). Note that (Mg)p =
Mgnp and, for any bundle E — M with lifts of the local torus actions,

(EQ)p = Egnp. To prove the Theorem it suffices to show that for all
P,

| ma(@a)e) CuLe)
(34 M

=Y (—1)c0dim@ Td((TMg)p) Ch(Lpng).
Q;Q ) /Mm ((TMg)p) Ch(Lpno)

More generally we prove the equivariant extension of this equation
[ 1@y, Ob(Le,)
P

_ Z (_1)codimQ/ Td((TMQ)P,E) Ch(LPﬂQaé)
QeQ Mpng

(for £ € t(py small). To verify this Equation we apply the Berline-
Vergne localization formula to both sides and compare the T{p)-fixed
point contributions.
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Lemma A.8. For all X C M;}P), the image Yp(X) is contained
in the interior of a unique polytope Q € Q of mazimal dimension.

Proof. Suppose F is an open face of some polytope @ € Q such that
FN4p(X) # 0. Then X is fixed under Tr C T(p), while according to
(b) Tr act locally freely on X N5 (F). Thus Tr = {e}, showing that
dimF =dim7T. q.e.d.

Hence the fixed point contribution of X C Mp appears exactly once
as a fixed point contribution for a unique @ on the right hand side.

Consider on the other hand a “new” fixed point manifold X C M, T )
for some Q € Q. Let F be the largest open face of @ containing w?
in its interior. Then X is a fixed point manifold for all Mgnp such
that F is contained in @ or equivalently ¥(X) C @. The restriction
Lx := Lpng|X does not depend on Q. The equality we wish to prove
is

codim Q Td((TMQ)p,f) Ch(Lx,f)
(33) Q%};X)( Y / Eul(vx,qgnp, €)

=0,

where vx gnp is the normal bundle of X in Mgnp. The bundle (TMg)p
splits as (TMg)p = (TMF)p & vr,q where vpg is the normal bundle
of (MF)p inside (Mg)p. On the other hand the normal bundle vx gnp
splits as vx,gonp = Vr,g|lx ® vx,Fnp. Therefore

TA((TMq)p,§) = TA((TMF)p, ) Td(vrq,§),

Eul(vx,gnp,§) = Eul(vx,rnp,§) tx Eul(vrg, €),
and (35) follows from the local gluing rule [36]

codim@ T S\VVF.QH S/ Td(VFQvf) =0
QED;‘( 1) Eul(upq £) )
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