math.DG/9903087 15 Mar 1999

DUISTERMAAT-HECKMAN DISTRIBUTIONS FOR GROUP VALUED MOMENT MAPS

A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

Abstract. We introduce equivariant Liouville forms and Duistermaat-Heckman distributions for Hamiltonian group actions with group valued moment maps. The theory is illustrated by applications to moduli spaces of flat connections on 2-manifolds.

1. Introduction

One of the fundamental invariants of a Hamiltonian G-space M in symplectic geometry is the Duistermaat-Heckman measure m on the dual of the Lie algebra g^∗, defined as the push-forward of the canonical volume form under the moment map. The measure m encodes volumes of reduced spaces, and by the Duistermaat-Heckman theorem its derivatives describe mixed Chern numbers for the corresponding level set.

More generally there are “twisted” DH-distributions which contain information on more complicated intersection pairings on reduced spaces. DH-distributions have a number of interesting properties [13] and they can be computed using localization techniques [13, 8, 6].

In [1] a definition was given of a Hamiltonian G-space (M, ω, Φ) for which the moment map Φ takes values not in g^∗ but in the group G itself. Basic examples are G-conjugacy classes, with moment map the inclusion into G, and moduli spaces of flat connections on surfaces with boundary, with moment map the holonomies around the boundary components. Many concepts from the theory of g^∗-valued moment maps carry over to this setting. In particular, there is a notion of reduction and the reduced spaces are symplectic.

One of the differences to Hamiltonian spaces in the usual sense is that non-degeneracy of the 2-form ω is replaced by a more complicated condition involving the moment map. Hence the top exterior power of ω does not in general define a volume form on M.

We will show in this paper that there exist, nevertheless, canonical volume forms on group valued Hamiltonian G-spaces whose push-forward m under Φ plays the role of DH-measures. Our construction uses an exotic version of equivariant de Rham theory, the “group valued” equivariant de Rham theory developed in [2]. Its definition is similar to that of the usual equivariant de Rham cohomology, however the defining complex of equivariant differential forms is non-commutative.

Just as in the g^∗-valued theory, the DH-distributions m for group valued Hamiltonian G-spaces describe volumes of reduced spaces, and by an extension of the DH theorem its derivatives give formulas for mixed characteristic numbers of the level sets. Again, there 1

are more general “twisted” DH-distributions which encode more complicated intersection pairings on reduced spaces. In [3] we prove a localization theorem for group valued equivariant cohomology, which computes the DH-distributions in terms of fixed point contributions.

The Duistermaat-Heckman measure and the volume form appear in the following way in the theory of moduli spaces of flat connections on 2-manifolds: Suppose G is a compact, connected and simply connected Lie group, together with an invariant inner product on its Lie algebra. For all h ≥ 0 the space G^{2h} carries the structure of a group valued Hamiltonian G-space, where the action is by conjugation on each factor and the moment map Φ : G^{2h} → G reads

Φ(a_1, b_1, . . . , a_h, b_h) = h∏ i=1 [a_i, b_i]. The reduced space at the group unit, M(Σ) := Φ^{−1}(e)/G, is the moduli space of all flat G-connections on a compact, oriented 2-manifold Σ of genus h, and it is shown in [1] that the symplectic structure obtained by reduction is equal to that coming from the gauge theory construction in Atiyah-Bott [4, 5]. The equivariant Liouville form on G^{2h} can be explicitly computed in this case, and the associated volume form is found to coincide with Haar measure d Vol_G2h . Hence, the push-forward m = Φ_∗(d Vol_G2h ) plays the role of the Duistermaat-Heckman measure, and its value at the group unit is (up to a normalizing constant) the symplectic volume of the moduli space M(Σ), as computed by Witten [24, 25]. The argument extends to surfaces with boundary, with prescribed holonomies around the boundary circles.

The plan of this article is as follows. In Section 2 we provide background material on group valued Hamiltonian G-spaces. In particular, we recall how to obtain the symplectic structure on moduli spaces of flat connection from this point of view. Section 3 is a review of the construction of equivariant Liouville forms for Hamiltonian G-spaces. In Section 4 we describe the “group valued” equivariant cohomology which we use in Section 5 to construct Liouville forms, volume forms and DH-distributions for group valued moment maps. Section 6 describes their behavior under direct products and under “exponentiating”. In Section 7 we show that the DH-distributions encode intersection pairings on reduced spaces. In Section 8 we extend our constructions (most of which use an assumption that G be a product of a simply connected group and a torus) to arbitrary compact Lie groups. In Section 9 we apply our theory to moduli spaces of flat connections.

Acknowledgment: We are grateful to M. Vergne for a number of helpful comments on this paper.

2. Group valued Hamiltonian G-spaces

In this section we give a brief introduction to the theory of Hamiltonian G-spaces with group valued moment map. Throughout this paper G denotes a compact, connected Lie group with Lie algebra g. For any G-manifold M and all ξ ∈ g, we denote by ξ_M the corresponding fundamental vector field: ξ_M =^d_{d t} |_{t=0} exp(−tξ)^∗. Given a basis e_a of g we will denote by ι_a the contractions and by L_a the Lie derivatives with respect to (e_a)_M . The structure constants f^c_{ab} of g in such a basis are defined by [e_a, e_b] = f^c_{ab}e_c (using summation convention).

2.1. g^∗-valued Hamiltonian G-spaces. A Hamiltonian G-space in the usual sense (that is, with g^∗-valued moment map) is a triple (M, ω_0, Φ_0) consisting of a G-space M, a 2-form ω_0, and an equivariant map Φ_0 ∈ C^∞(M, g^∗)^G satisfying

dω_0 = 0 (Cocycle condition) ι(ξ_M )ω_0 = d⟨Φ_0, ξ⟩ (Moment map condition) ker((ω_0)_m) = {0} (Non-degeneracy).

The first two conditions imply that ω_0 is G-invariant. Sometimes we drop the last condition, in which case we call (M, ω_0, Φ_0) a degenerate Hamiltonian G-space.

Fundamental examples for g^∗-valued Hamiltonian G-spaces are coadjoint orbits O ⊂ g∗, with moment map the embedding Φ_0 : O → g^∗. The 2-form is uniquely determined by the moment map condition, and is explicitly given by the Kirillov-Kostant-Souriau (KKS) formula

ω_0 ( (ξ_1)_O(μ), (ξ_2)_O(μ) ) = ⟨μ, [ξ_1, ξ_2]⟩ (1) for all μ ∈ O, ξ_1, ξ_2 ∈ g.

Given any Hamiltonian G-space (M, ω_0, Φ_0), with 0 a regular value of Φ_0, the reduced space (symplectic quotient) M_{red} := Φ^{−1}_0 (0)/G naturally carries the structure of a symplectic orbifold. More generally, if μ ∈ g^∗ is a regular value one defines M_μ = Φ^{−1}_0 (μ)/G_μ where G_μ is the stabilizer of μ. Letting O = G · μ be the coadjoint orbit through μ, and O^− = G · (−μ), there is a natural isomorphism (“shifting-trick”)

M_μ ∼= M_O := (M × O^−)_{red}.

2.2. Group valued Hamiltonian G-spaces. In the definition of a group valued Hamiltonian G-space the target of the moment map is the group G itself, with G acting by conjugation. Let the Lie algebra g be equipped with an invariant inner product ·, used to identify g^∗ ∼= g. The group G carries a bi-invariant closed 3-form η = 1 12 θ · [θ, θ] = 1 12 θ · [θ, θ] where θ, θ ∈ Ω^1(G, g) are the left/right invariant Maurer-Cartan forms, respectively.

Definition 2.1. A G-valued Hamiltonian G-space is a triple (M, ω, Φ) consisting of a G-manifold M, a 2-form ω, and an equivariant map Φ ∈ C^∞(M, G)^G satisfying the following three conditions:

dω = Φ^∗η (Φ-relative cocycle condition) ι(ξ_M )ω =^1_2 Φ^∗(θ + θ) · ξ (Moment map condition) ker ω_m = {ξ_M (m)| Ad_{Φ(m)} ξ = −ξ} (Minimal degeneracy condition).

We will sometimes omit the minimal degeneracy condition, in which case we call (M, ω, Φ) a degenerate G-valued Hamiltonian G-space. The definition can be motivated as follows. The second condition is the natural G-analogue of the moment map condition for g^∗-valued Hamiltonian G-spaces. Since ι(ξ_G)η = − 1 2 d(θ + θ) · ξ, the first two conditions imply that L_{ξM} ω = 0 so that ω is G-invariant. Since Φ^∗θ = Ad_Φ Φ^∗θ, the moment map condition forces

ker ω_m ⊇ {ξ_M (m)| Ad_{Φ(m)} ξ = −ξ}.

so that the third condition is a minimal degeneracy condition for ω. See [1] for more details, and further motivation in terms of the Cartan model of equivariant cohomology. One of the results of this paper we will be a much more attractive formulation of the minimal degeneracy condition.

Notice that if the group G is abelian, the form η vanishes and the first and third condition say that the 2-form ω is symplectic. In this case, our definition reduces to the usual definition of a torus-valued moment map (cf. [19, 14]).

2.3. Examples of G-valued Hamiltonian spaces.

2.3.1. Conjugacy classes. The most fundamental examples for group valued Hamiltonian G-spaces are conjugacy classes C ⊂ G, with moment map the embedding Φ : C → G. Again the 2-form is uniquely determined by the moment map condition and is given by

ω((ξ_1)_C(g), (ξ_2)_C (g)) = 1 2 (Ad_g − Ad_g−1 )ξ_1 · ξ_2 (ξ_1, ξ_2 ∈ g). (2) for all g ∈ C. Equation (2) is the group analogue to the KKS formula (1), with the skew-adjoint operator ad_μ on g replaced by the skew-adjoint operator^1_2 (Ad_g − Ad_g−1 ).

Notice that the 2-form ω is degenerate if and only if Ad_g : g → g (g ∈ C) has an eigenvalue equal to −1. In fact it can happen that ω vanishes identically; this is the case if and only if g squares to an element in the center Z(G). Conjugacy classes also illustrate the following fact:

G-valued Hamiltonian G-spaces for non-simply connected Lie groups G need not be orientable.

A counter-example is the conjugacy class of the rotation group G = SO(3) corresponding to rotations by an angle 180^o, which is isomorphic to RP (2).

2.3.2. The double. The double D(G) is the analogue for group valued Hamiltonian spaces to the cotangent bundle T^∗G. Let D(G) = G × G, with the group G^2 acting by

(g_1, g_2) · (a, b) = (g_1 ag^{−1}_2 , g_2 bg^{−1}_1 ).

Define a 2-form ω = 1 2 (θ^1 · θ^2 + θ^1 · θ^2)

where the superscripts denote the projections to the respective factor in D(G) = G × G, and a moment map Φ : D(G) → G^2, (a, b) → (ab, a^{−1}b^{−1}). Then (D(G), ω, Φ) is a group valued Hamiltonian G^2-space.

2.3.3. The spinning 4-sphere. Let S^4 be the unit sphere in R^5, equipped with the rotation action of SU(2) induced from the defining action on C^2 and the identification R^5 = C^2 ⊕R. We will show that S^4 with this action admits the structure of a group valued Hamiltonian SU(2) space.

Choose the basis e_a = σ_a of su(2) given by Pauli matrices

σ_1 = ( i 0 0 −i ) , σ_2 = ( 0 −1 1 0 ) , σ_3 = ( 0 i i 0 ) , and define an invariant metric on su(2) by declaring this basis to be orthonormal. A matrix A = tI + n_aσ_a is contained in SU(2) if and only if t^2 + n_an_a = 1. Using the metric to pull down indices, the structure constants are f_{abc} = −2ϵ_{abc}. Let u : C^2 \{0} → su(2) be the equivariant function

u = u_aσ_a = 1 ||z||^2 ( (|z_1|^2 − |z_2|^2)σ_1 + 2 Im(z_1z_2)σ_2 + 2 Re(z_1z_2)σ_3 )

taking values in the unit sphere. Since the restriction of the function (C^2 \{0}) × R →

R, (z1, z2, s) → cos(^{πs}_2 )/||z||^2 to S^4 extends smoothly over the north pole N = (0, 0, 1)

and the south pole S = (0, 0, −1), it follows that the map

Φ(z_1, z_2, s) = sin( πs 2 ) + cos( πs 2 )u_aσ_a restricts to a smooth, equivariant map Φ : S^4 → SU(2). Now let Θ ∈ Ω^1(C^2 \{0}, R^3) be the unique connection 1-form such that Θ vanishes on radial vectors, and let ω ∈ Ω^2(S^4\{S, N }) be the 2-form ω = − π 2 u_aΘ_a ds − 1 8 sin(πs)ϵ_{abc}u_adu_bdu_c. We claim that ω pulls back to a smooth 2-form on all of S^4, and that (S^4, ω, Φ) is a group valued Hamiltonian SU(2)-space.

a. ω extends to a smooth 2-form on S^4. Near the north pole N , we may take (z_1, z_2) as coordinates on S^4. To show that ω is smooth near N we compare to the 2-form

on C^2 ,

ω_0 = iπ 2 dz_a dz_a.

The moment map for the SU(2)-action on C^2 is given by Φ_0(z_1, z_2) =^π_2 ||z||^2 u. Away from the origin, ω_0 can be re-written in terms of Θ:

ω_0 = π 2 u_aΘ_ad||z||^2 − π 8 ||z||^2 ϵ_{abc}u_adu_bdu_c. (Indeed, since ω_0 is completely determined by all 1-forms ι_aω_0 it suffices to verify the moment map condition; this is easily done using ι_adu_s = L_au_s = 2ϵ_{ast}u_t.) The difference between ω and ω_0 is

ω − ω_0 = 1 8 (π ||z||^2 − sin(π||z||^2))ϵ_{abc}u_adu_bdu_c. which is smooth at the origin. A similar argument applies to the south pole S ∈ S^4.

b. ω satisfies the moment map condition. Using ι_adu_s = L_au_s = 2ϵ_{ast}u_t we have ι_aω = − π 2 u_ads + 1 2 sin(πs)du_a. On the other hand, for the Maurer-Cartan form one finds

Φ^∗θ_a = − π 2 u_ads + 1 2 sin(πs)du_a − cos^2( πs 2 )ϵ_{abc}u_bdu_c Φ^∗θ_a = − π 2 u_ads + 1 2 sin(πs)du_a + cos^2( πs 2 )ϵ_{abc}u_bdu_c This shows ι_aω =^1_2 Φ^∗(θ_a + θ_a).

c. The condition dω = Φ^∗η. Since almost all orbits have codimension one, it suffices to verify ι_a(dω − Φ^∗η) = 0. Using ι_aη = −^1_2 d(θ_a + θ_a) this follows from the moment map condition together with invariance of ω.

2.4. Constructions with group valued Hamiltonian G-spaces.

2.4.1. Fusion. Given a Hamiltonian G × G-space (in the usual sense), the same space with diagonal G-action and sum of the two moment map components is a Hamiltonian G-space. Similarly, for any group valued Hamiltonian G × G-space the same space with diagonal action and product of the moment map components is a group valued Hamiltonian G-space. However, it is necessary to modify the 2-form as well: Theorem 2.2. [1] Let H, G be compact connected Lie groups and (M, ω, (Φ_1, Φ_2, Ψ)) a group valued Hamiltonian G × G × H-space. Let M̃ = M with diagonal G × H-action, and 2-form ω̃ = ω + 1 2 Φ^∗_1θ · Φ^∗_2θ.

Then (M̃, ω̃, (Φ_1Φ_2, Ψ)) is a group valued Hamiltonian G × H-space called the (internal) fusion of M.

In the particular case M = M_1 × M_2 where M_j are group valued Hamiltonian G × H_j - spaces, we write M̃ =: M_1 ~ M_2 and call this the fusion product of M_1 and M_2. It is shown in [1] that the fusion product is associative and commutative: That is, the group valued Hamiltonian spaces obtained by fusions with different orderings of the G-factors are isomorphic.

2.4.2. Reduction. Just as for Hamiltonian spaces one has the notion of reduction: Let (M, ω, (Φ, Ψ)) be a group valued Hamiltonian G×H-space and suppose that the identity element e ∈ G is a regular value of Φ. As shown in [1], this implies that the G-action on Φ^{−1}(e) is locally free. Moreover, the 2-form ω and the map Ψ descend to the reduced space M_{red} := Φ^{−1}(e)/G. giving M_{red} the structure of a group valued Hamiltonian H-space. (Strictly speaking M_{red} may have orbifold singularities unless the G-action is free; however the definition of a group valued Hamiltonian space extends directly to orbifolds). In particular, if H = {e} this quotient is symplectic. If one drops the regularity assumption, the reduced space M_{red} is a stratified symplectic space in the sense of Sjamaar-Lerman [22]. That is, it is a singular space stratified by smooth symplectic manifolds, the singularities are conical and are given by certain normal forms described in [22].

More generally, if g ∈ G is a regular value of Φ one can define the reduction M_g = Φ^{−1}(g)/G_g which is a group valued Hamiltonian H-space. Letting C = G · g be the corresponding conjugacy class, and C^− = G · (g^{−1}), there is a natural isomorphism (“shifting trick”) M_g ∼= M_C := (M ~ C^−)_{red}.

Example 2.3. For any group valued Hamiltonian G × H-space M, there is a canonical isomorphism (D(G) ~ M)_{red} = M ( where we are taking the fusion product with respect to the {e} × G ⊂ G^2-action on D(G)). In particular, D(G)_C = (D(G) ~ C^−)_{red} = C^−.

Example 2.4. The moment map for the spinning 4-sphere is a surjection onto SU(2), and defines a circle fibration except over the two elements of the center (where the fiber is a point). It follows that S^4 is a multiplicity-free space, that is, all reduced spaces (S^4)_g are points.

2.4.3. Exponentials. There is a way of “exponentiating” Hamiltonian G-spaces in the usual sense to group valued Hamiltonian spaces. We use the inner product on g to identify g^∗ ∼= g. Let J : g → R be the determinant of the Jacobian of the exponential map exp : g → G. Let ϖ ∈ Ω^2(g) be the image of the closed form exp^∗ η ∈ Ω^3(g) under the de Rham homotopy operator Ω^⋆(g) → Ω^{⋆−1}(g).

Theorem 2.5. [1] Let (M, ω_0, Φ_0) is a Hamiltonian space in the usual sense (possibly degenerate). Then (M, ω, Φ) with moment map Φ = exp(Φ_0) and 2-form ω = ω_0 + Φ^∗_0ϖ is a (degenerate) group valued Hamiltonian G-space. The form ω satisfies the minimal degeneracy condition at m ∈ M if and only if (ω_0)_m is non-degenerate and J(Φ_0(m)) ≠ 0.

Conversely, if (M, ω, Φ) is a group valued Hamiltonian G-space such that the exponential map has a well-defined inverse log : U → g over an open subset U ⊂ G containing Φ(M), then (M, ω − log(Φ)^∗ϖ, log(Φ)) is a Hamiltonian G-space in the usual sense.

2.5. Example: Moduli spaces of flat connections. We now explain the construction of the symplectic structure on moduli spaces of flat connections using group valued moments maps (cf [1]). For simplicity, we make the assumption that the Lie group G is connected and simply connected. Let Σ^r_h be the compact, connected, oriented 2-manifold with of genus h with r boundary components, B_1, . . . , B_r. Since G is simply connected, every principal G-bundle over Σ^r_h is trivial.

Identify the space of Lie-algebra valued 1-forms Ω^1(Σ^r_h, g) with the space of connections on the trivial bundle Σ^r_h × G. For any A ∈ Ω^1(Σ^r_h, g) let F_A be its curvature. For every boundary circle B_j we choose a base point p_j ∈ B_j. Let Hol_{Bj} : Ω^1(Σ^r_h, g) → G be the map which takes a connection to the holonomy around the loop based at p_j and winding once around B_j in positive direction. Let C^∞(Σ^r_h, G) be the gauge group, with gauge action g · A = Ad_g(A) − g^∗θ. Given a collection of conjugacy classes C_1, . . . , C_r let

M(Σ^r_h, C) =

{A ∈ Ω^1(Σ^r_h, g)| F_A = 0, Hol_{Bj} (A) ∈ C_j for all j} C^∞(Σ^r_h, G)

be the moduli space of flat connections with specified holonomies. For r ≥ 1 and generic conjugacy classes C_j it is a finite dimensional compact orbifold, and according to Atiyah-Bott [5, 4] it carries a natural symplectic structure. (For non-generic conjugacy classes or in the case without boundary it is a stratified symplectic space in the sense of Sjamaar-Lerman [22].)

In [1] it was shown that the symplectic form can be obtained by reduction from a space with group valued moment map: First, let M(Σ^1) = ~D(G) = G × G be the fusion of the double. The G-action is the action by conjugation on each factor, and the moment map is a Lie group commutator (a, b) → [a, b] = aba^{−1}b^{−1}. The space M(Σ^1) can be interpreted as a moduli space of all flat connections on a 1-punctured torus Σ^1, up to gauge transformations that are trivial at the base point; the moment map is the holonomy around the boundary loop. Similarly the fusion product

M(Σ^1) ~ . . . ~ M(Σ^1) ~ C_1 ~ . . . ~ C_r

can be interpreted as a moduli space of flat connections on Σ^{r+1}_h : More precisely it is the space of flat connections such that the holonomies around the first r boundary components are contained in the specified conjugacy classes, divided by gauge transformations g ∈ C^∞(Σ^{r+1}_h ) for which g(p_{r+1}) = e. The moment map is interpreted as the holonomy around remaining boundary component B_{r+1}. Reduction corresponds to setting this holonomy equal to e and dividing out the residual gauge action. Therefore,

M(Σ^r_h, C) = ( M(Σ^1) ~ . . . ~ M(Σ^1) ~ C_1 ~ . . . ~ C_r ) red. It is proved in [1] that the symplectic structure obtained by this procedure agrees with that from the gauge-theory construction in Atiyah-Bott. The case without boundary is included since M(Σ^0_h) = M(Σ^1_h, {e}). The symplectic volume of the spaces M(Σ^r_h, C) was computed by Witten [25]. Using the result of this paper, we will give in Section 9 an elementary proof of Witten’s formulas.

3. Equivariant Liouville form for g^∗-valued moment maps

For any manifold M together with a closed 2-form ω_0, we define the Liouville form as the exponential exp ω_0. Its top form degree part (exp ω_0)_{[top]} is a volume form if and only if ω_0 is non-degenerate. If (M, ω_0, Φ_0) is a (possibly degenerate) Hamiltonian G-space the 2-form, and therefore the Liouville form, have equivariant extensions to cocycles in equivariant cohomology. In this section we summarize the definition and basic facts about equivariant Liouville forms, which we will then extend to group valued moment maps.

3.1. The Weil algebra. Let G be a compact Lie group with Lie algebra g, and let e_a ∈ g be a basis.

The Weil algebra W^⋆_G = ⊕_rW^r_G is the tensor product of the symmetric algebra and the exterior algebra over g^∗, W^r_G = ⨁ 2j+k=r S^jg^∗ ⊗ ∧^kg^∗.

Let y^a ∈ ∧^1g^∗ and v^a ∈ S^1g^∗ be the generators corresponding to the dual basis e^a ∈ g^∗.

The coadjoint action of G on g^∗ induces actions on Sg^∗ and ∧g^∗, hence also on W_G; let L_a = L_a ⊗ 1 + 1 ⊗ L_a be the Lie derivatives. Let ι_a = 1 ⊗ ι_a : W^⋆_G → W^{⋆−1}_G be the extension of the natural contraction mapping on ∧g^∗. Finally let the differential d be given by the formula

d = (L_a ⊗ 1)y^a + (v^a − 1 2 f^a_{bc}y^by^c)ι_a. (3) The derivations ι_a, L_a and d satisfy the same (super-) bracket relations as contractions, Lie derivatives, and exterior differential for a G-manifold M:

[ι_a, ι_b] = 0, [ι_a, d] = L_a, [L_a, ι_b] = f^c_{ab}ι_c, [L_a, d] = 0, [L_a, L_b] = f^c_{ab}L_c, [d, d] = 0. (4) The elements y^a are analogues to connection 1-forms, since ι_ay^b = δ^b_a. By a result of Cartan [11] the differential complex (W_G, d) is acyclic. Hence W_G is morally the de Rham complex of the classifying bundle EG.

We will also need a “Weil algebra with generalized coefficients”, defined as follows. Let E^′(g^∗) be the convolution algebra of compactly supported distributions. The space of distributions supported at 0 is a subalgebra, and is naturally identified with Sg^∗ by the isomorphism sending the generator v^a ∈ Sg^∗ to the distribution^∂_{∂t}|_{t=0}δ_{tea}. Define ^W_G := E ′(_g∗) ⊗ ∧_g∗. The derivations ι_a, L_a, d extend to ^W_G, still satisfying (4).

Let τ_0 ∈ C^∞(g^∗) ⊗ ∧g^∗ be the function

τ_0(μ) = exp(− 1 2 f^c_{ab}y^ay^bμ_c). (5) It is invertible and acts on ^W_G by multiplication, preserving the subspace W_G. Conjugation by τ^{−1}_0 simplifies the differential (cf. [2], Section 5.1)

Ad(τ^{−1}_0 ) d = v^aι_a, Ad(τ^{−1}_0 ) ι_a = ι_a − f^c_{ab}μ_cy^b.

Under the natural pairing of ^W_G with Ω(g^∗) = C^∞(g^∗) ⊗ ∧g, this says that Ad(τ^{−1}_0 ) d and Ad(τ^{−1}_0 ) ι_a are dual to operators on Ω(g^∗),

Ad(τ^{−1}_0 ) d = −d^∗, Ad(τ^{−1}_0 ) ι_a = −(dμ_a + ι_a)^∗. (6) 3.2. Equivariant cohomology. Given a G-manifold M, one defines the equivariant cohomology of M to be the cohomology of the basic subcomplex, consisting of elements which are both invariant and horizontal: H^⋆_G(M) := H^⋆((W_G ⊗ Ω(M))_{basic}).

Under our assumption that G is compact, it can be shown that this definition agrees with the topological definition of equivariant cohomology (over R). The space H^⋆_G(M) is a module over the ring H^⋆_G(pt) = (S^⋆g^∗)^G of invariant polynomials. Replacing W_G with ^W_G we also define a Z_2-graded space ^H_G(M) = H((^W_G ⊗ Ω(M))_{basic}) which is a module over the ring ^H_G(pt) = E^′(g^∗)^G of compactly supported invariant distributions. If M is compact and oriented integration over M defines natural maps ∫ M : H_G(M) → (Sg^∗)^G, ∫ M : ^H_G(M) → E^′(g^∗)^G.

Let Π : ^W_G → R be the natural projection, induced by the inclusion {e} → G. It is a product Π = ∫ g^∗ ⊗P^{hor} of horizontal projection P^{hor} : ∧^{⋆g∗} → ∧^{0g∗} = R and the integration map ∫ g^∗ : E^′(^{g∗}) → R. Since Π is a chain map and a ring map, it induces for any G-manifold M a ring homomorphism in cohomology, ^H_G(M) → H(M).

The operator P_{hor} ⊗ 1 on ^W_G ⊗ Ω(M) restricts to an algebra isomorphism

P_{hor} ⊗ 1 : (^W_G ⊗ Ω(M))_{basic} ∼= (E^′(g^∗) ⊗ Ω(M))^G.

The space ^C_G(M) = (E^′(g^∗) ⊗ Ω(M))^G equipped with the differential d_G induced by this isomorphism is called the Cartan model for ^H_G(M). One finds that d_G = 1 ⊗ d − v^a ⊗ ι_a.

3.3. Equivariant Liouville forms for Hamiltonian G-spaces. We first describe a form Λ_0 ∈ ^W_G ⊗ Ω(g^∗) that appears in the definition of the Liouville form. View the function μ → τ_0(μ)δ_μ as an element of ^W_G ⊗ Ω^0(g^∗) and let Λ_0 := e^{−yadμa} τ_0(μ)δ_μ ∈ (^W_G ⊗ Ω^⋆(g^∗))^G.

Notice that τ^{−1}_0 Λ_0 is is the kernel of the identity map of ^W_G, using the pairing with Ω(g^∗) introduced at the end of Section 3.1. Equation (6) hence shows that dΛ_0 = 0, ι_aΛ_0 = −dμ_a Λ_0. (7) Suppose M is a G-manifold, together with an equivariant map Φ_0 ∈ C^∞(M, g^∗)^G and a 2-form ω_0 ∈ Ω^2(M). We define the equivariant Liouville form of the triple (M, ω_0, Φ_0) to be the form L_0 = e^{ω0} Φ^∗_0Λ_0 ∈ ^W_G ⊗ Ω(M).

From (7) it follows that the equivariant Liouville form L_0 is closed if and only if ω_0 is closed, and that its horizontality is equivalent to the moment map condition for Φ_0. Recall that the combination of these two conditions implies that ω_0 and hence also L_0 are invariant. In this case L_0 defines a cohomology class [L_0] ∈ ^H_G(M).

The 2-form ω_0 is non-degenerate if and only if the top degree part of the form Γ_0 = (Π ⊗ 1)L_0 = e^{ω0} is a volume form; in this case Vol(M) = ∫ M e^{ω0} is called the Liouville volume of M.

3.4. Example: Coadjoint orbits. Let Φ_0 : O → g^∗ be a coadjoint orbit. Use an invariant inner product on g to identify g ∼= g^∗. Let κ = κ^ae_a ∈ Ω^1(O, g) be the unique Lie-algebra valued 1-form on O defined by ι(ξ_O(μ))κ_μ = prg⊥_μ ξ where prg⊥_μ : g → g is the orthogonal projection onto g^⊥_μ . The symplectic form (1) on O can be written ω_0 = − 1 2 (ad_μ)_{ab}κ^aκ^b.

Since (Φ_0)^∗dμ_a = (ad_μ)_{ab}κ^b and (ad_μ)_{ab} = f_{abc}μ_c, it follows that the equivariant Liouville form equals L_0 = exp(− 1 2 (ad_μ)_{ab}(κ^a + y^a)(κ^b + y^b))δ_{Φ0} , which is just τ_0δ_{Φ0} with y^a replaced by y^a + κ^a. Using the operator exp(κ^aι_a) generating this shift we have shown that L_0 = exp(κ^aι_a) Φ^∗_0(τ_0δ).

The volume form on O can be computed as the top degree part of Γ_0 = exp ω_0: Given μ ∈ O, let detg⊥_μ (ad_μ) > 0 be the determinant of ad_μ, viewed as an automorphism of g⊥μ . There is a unique orientation on g^⊥_μ ∼= T_μO for which the Pfaffian det^{12}g_{⊥μ} (− ad_μ) is positive. Assume with no loss of generality that the first l = dim g^⊥_μ elements of the basis e_a are an oriented basis of g^⊥_μ . Then κ^1 . . . κ^l is the Riemannian volume form d Vol_{Riem} form on C, and the definition of the Pfaffian shows that

(Γ_0)_{[top]} = det^{12}g_{⊥μ} (− ad_μ) d Vol_{Riem} .

This gives the well-known formula

Vol(O) = |detg⊥_μ (ad_μ)|^{12}

Vol G Vol G_μ

where Vol(G) and Vol(G_μ) are the Riemannian volumes of G and G_μ.

3.5. Twisted DH-distributions. Let (M, ω_0, Φ_0) be a compact, oriented (possibly degenerate) Hamiltonian G-space, with Liouville form L_0. The integral

m0 = ∫ M L_0 ∈ E^′(g^∗)^G,

is called the Duistermaat-Heckman measure. It is equal to the push-forward m_0 = (Φ_0)_∗(Γ_0)_{[top]} where the orientation is used to view (Γ_0)_{[top]} as a (signed) measure. More generally, given an equivariant differential form β_0 ∈ (W_G ⊗ Ω(M))_{basic}, the twisted Duistermaat-Heckman distribution m^{β0}_0 is defined by m β_0 0 = ∫ M β_0L_0 ∈ E^′(g^∗)^G.

The map β_0 → m^{β0}_0 vanishes on coboundaries and therefore descends to a map in cohomology H_G(M) → E^′(g^∗)^G. The distributions m^{β0}_0 appear for example in work of Jeffrey-Kirwan [16], Duistermaat [12], Vergne [23] and Paradan [21]. They are supported on the image of Φ and their singular support is contained in the set of singular values of Φ_0.

At regular values μ of Φ_0 they encode intersection pairings of reduced spaces: m β_0 0 d Vol^∗g | |_O =

Vol G k Vol O ∫ M_O κ_O(β_0)e^{ωO} . (8) Here O is the coadjoint orbit through μ, (M_O, ω_O) the reduced space, k the number of elements in a generic stabilizer for the G-action, and κ_O : H_G(M) → H(M_O) the “Kirwan map” defined by pull-back to Φ^{−1}_0 (O) followed by the isomorphism H_G(Φ^{−1}_0 (O)) ∼= H(M_O ). For a proof of (8) see e.g. [12].

4. Group valued equivariant cohomology

Before we extend the definition of equivariant Liouville forms to group valued moment maps, we define a complex of group-valued equivariant forms. The Liouville form will be a closed form in this complex.

This section summarizes material from the paper [2] to which we refer for proofs and further details.

4.1. The non-commutative Weil algebra. Suppose G is a compact connected Lie group, and let its Lie algebra g be equipped with an invariant inner product. Let e_a ∈ g be an orthonormal basis and f_{abc} the structure constants for this basis.

Let Cl(g) be the Clifford algebra of g, defined as the quotient of the tensor algebra by the ideal generated by all ξ ⊗ ξ −^1_2 ξ · ξ. Thus if x_a ∈ Cl(g) are the generators with respect to the basis {e_a}, we have [x_a, x_b] = δ_{ab} (using graded commutators). We let σ : Cl(g) → ∧g be the symbol map defined by σ(x_{j1} . . . x_{js}) = y_{j1} . . . y_{js} , j_1 < . . . < j_s Let E^′(G) be the convolution algebra of (compactly supported) distributions on G. The universal enveloping algebra U(g) embeds into E^′(G) as the subalgebra of distributions with support at the group unit, by the map given on generators as u_a →^d_{d t}|_{t=0} exp(te_a).

The non-commutative Weil algebra W_G and the non-commutative Weil algebra with generalized coefficients are the Z_2-graded algebras

W_G := U(g) ⊗ Cl(g), ^W_G := E^′(G) ⊗ Cl(g).

The Lie derivatives for the diagonal G-action are inner derivations L_a = ad(u_a + g_a) where

g_a = − 1 2 f_{abc} x_b x_c. (9) Define a derivation d = ad(D) where D = u_ax_a − 1 6 f_{abc}x_ax_bx_c. It is shown in [2] that

D^2 = 1 2 u_au_a − 1 48 f_{abc}f_{abc}. (10)

Since (10) is contained in the center U(g)^G of the universal enveloping algebra, it follows that d^2 = ad(D^2) = 0 showing that d is a differential. Putting ι_a = ad(x_a), the derivations ι_a, L_a and d satisfy the bracket relations (4), for example Cartan’s formula [ι_a, d] = L_a follows from [x_a, D] = g_a.

Let Spin(g) be the spin group, defined as the image of so(g) ⊂ Cl^{(2)}_{even}(g) under the (Clifford) exponential map. The G-action on Cl(g) defines a homomorphism

g → so(g) ⊂ Cl(g), μ → μ_ag_a where g_a was defined in (9). If we make the assumption that G is a product of a simply connected group and a torus, it exponentiates to a map τ : G → Spin(g) → Cl(g). Thus

τ (exp μ) = exp(− 1 2 f_{abc} μ_a x_b x_c) (11)

which shows that formally, τ is a group analogue to the function τ_0 introduced in (5). By definition, τ (g_1)τ (g_2) = τ (g_1g_2) and g · x = Ad(τ (g))x for all x ∈ Cl(g).

The function τ acts on ^W_G by multiplication from the left. The conjugates of d and ι_a under τ are dual to operators on Ω(G), as follows. Use the left-invariant Maurer-Cartan forms θ_a to trivialize T^∗G to identify Ω(G) ∼= C^∞(G) ⊗ ∧g^∗, and use the symbol map to identify ^W_G = E^′(G) ⊗ ∧g. Under the pairing given by these identifications, one finds that the τ -conjugates of the operators d, ι_a are dual to operators on Ω(G):

Ad(τ^{−1})(d) = −(d + η)^∗, Ad(τ^{−1})(ι_a) = −(ι_a + 1 2 (θ_a + θ_a))^∗.

(12)

Moreover, the map τ takes the multiplication map Mult_W for ^W_G into a map dual to the comultiplication exp(−^1_2 θ^1_aθ^2_a) ∘ Mult^∗_G : Ω^∗(G) → Ω^∗(G × G)

τ^{−1} ∘ Mult_W ∘(τ ⊗ τ ) = (e^{− 12 θ1aθ2a} ∘ Mult^∗_G)^∗

(13) where the superscripts denote the pull-backs to the respective G-factor.

One of the main results in [2] is the construction of a linear map (called quantization map) Q : ^W_G → ^W_G which restricts to an isomorphism W_G → W_G and which satisfies [Q, ι_a] = 0, [Q, L_a] = 0, [Q, d] = 0.

The map Q is most easily described by duality to a map Ω(G) → Ω(g), τ^{−1} ∘ Q ∘ τ_0 := (e^ϖ ∘ exp^∗)^∗,

(14) where ϖ ∈ Ω^2(g)^G was introduced in Section 2.4.3. In [2] we give an explicit formula for Q and show in particular that on the subalgebra E^′(g) ⊂ ^W_G, it restricts to the Duflo map exp_∗ ∘J^{12} : E^′(g) → E^′(G). Here J^{12} is the square root of the Jacobian of the exponential map exp : g → G.

4.2. Group valued equivariant cohomology. For any G-manifold M, the equivariant cohomology algebras H_G(M) and ^H_G(M) are defined as the cohomology of the basic subcomplexes (W_G ⊗ Ω(M))_{basic} = (W_G ⊗ Ω(M))^G_{hor}, ( ^W_G ⊗ Ω(M))_{basic} = ( ^W_G ⊗ Ω(M))^G_{hor}. They are modules over the ring of Casimir elements H_G(pt) = U(g)^G resp. of invariant distributions ^H_G(pt) = E^′(G)^G. If M is compact and oriented, integration over M defines maps ∫ M : H_G(M) → U(g)^G, ∫ M : ^H_G(M) → E^′(G)^G.

The quantization map Q : ^W_G → ^W_G induces linear maps Q : ^H_G(M) → ^H_G(M), H_G(M) → H_G(M), the second of which is an isomorphism. By Theorem 8.1 in [2] these two maps are actually ring maps. For the case M = {pt}, this becomes the fact that the Duflo map restricts to ring homomorphisms exp_∗ ∘J^{12} : E^′(g)^G → E^′(G)^G, S(g)^G → U(g)^G.

The quantization map is clearly functorial with respect to pull-backs and integrations. For example, if M is compact and oriented, we have the identity ∫ M Q(β) = Q( ∫ M β) = exp_∗(J^{12} ∫ M β) (15)

for all β ∈ ^H_G(M).

4.3. Cartan model. Consider the horizontal projection map P_{hor} = ∏ β ι_βx_β : Cl(g) →

R. Using the symbol map to identify Cl(g)^∼= ∧g it is equal to projection to ∧^0g, however

it is not a ring map for the Clifford multiplication. We extend P_{hor} to projection maps ^W_G → E ′(G) and W_G → U(_g)G. For any G-manifold M, horizontal projection (P_{hor} ⊗ 1) in the Weil algebra part induces vector space isomorphisms

( ^W_G ⊗ Ω(M))_{basic} ∼= (E^′(G) ⊗ Ω(M))^G, (W_G ⊗ Ω(M))_{basic} ∼= (U(g) ⊗ Ω(M))^G

(16) The spaces ^C_G(M) = (E^′(G) ⊗ Ω(M))^G, C_G(M) = (U(_g) ⊗ Ω(M))^G,

equipped with the differential d_G and algebra structure induced by this isomorphism, is called the Cartan model for ^H_G(M). The ring structure on the Cartan model induced by (16) has an explicit description. First, define a new ring structure on Ω(M) by setting

β_1 ⊙ β_2 = diag^∗_M e^{12 ι1aι2a} (β_1 ⊗ β_2) where diag_M : M → M × M is the diagonal embedding, and ι^1_a, ι^2_a are the contractions on Ω(M × M) = Ω(M) ⊗ Ω(M) with respect to the first respectively second G-factor. (Notice that the space of invariant forms is a subring for the new ring structure). Let ⊙ be the ring structure on ^C_G(M) induced by the given ring structure (convolution) on E^′(G) and the new ring structure ⊙ on Ω(M).

Proposition 4.1. [1] The map (16) is a ring map for the product ⊙ on ^C_G(M), and a chain map provided ^C_G(M) is equipped with the differential

d_G = 1 ⊗ d − 1 2 (u^L_a + u^R_a ) ⊗ ι_a + f_{abc} 24 1 ⊗ ι_aι_bι_c. Here u^L_a and u^R_a are the operators of left/right convolution by u_a.

As a direct consequence, the map Π ⊗ 1 : ( ^W_G × Ω(M))_{basic} → Ω(M)^G given by composition of P_{hor} ⊗ 1 and ∫ G is a ring map for the product ⊙ on Ω(M)^G, and also a chain map if the space Ω(M)^G is equipped with the differential d + 1 24 f_{abc}ι_aι_bι_c. We will also need the following result, describing “restriction to the diagonal” in terms of Cartan models:

Proposition 4.2. [2] Let M be a G × G-manifold, and M̃ the same manifold with diagonal G-action. Let α ∈ ( ^W_{G×G} ⊗ Ω(M))_{basic}, and let α̃ be its image under the map Mult_W : ( ^W_{G×G} ⊗ Ω(M))_{basic} → ( ^W_G ⊗ Ω(M̃ ))_{basic}. Then (P_{hor} ⊗ 1)(α̃) = ( (Mult_G)_∗ ⊗ e^{12 ι1aι2a} ) ∘ (P_{hor} ⊗ 1)(α). 5. Liouville form for group valued Hamiltonian spaces For the next few Sections we will make the following assumption on the group G: Assumption (S): G is a direct product of a compact, connected, simply connected Lie group and a torus.

This restriction will be lifted in Section 8. Assumption (S) is required for the function τ : G → Cl(g) to be well-defined. It also implies that the half-sum ρ of positive roots (for any given choice of maximal torus and positive Weyl chamber) is a weight for G, parametrizing an irreducible representation V_ρ. The character χ_ρ ∈ C^∞(G) of this representation is given by χ_ρ(g) dim V_ρ

= det^{12}

(1 + Ad_g 2 ) (17)

using the unique smooth square root which equal 1 at g = e.

5.1. Definition of the equivariant Liouville form. In this section we construct the equivariant Liouville form for any group valued Hamiltonian G-space (M, ω, Φ) as a cocycle for group valued equivariant cohomology. We first give the description in the Weil model ( ^W_G ⊗ Ω(M))_{basic}. The two maps G → Cl(g), g → τ (g) and G → E^′(G), g → δ_g combine into a map G → ^W_G, g → τ (g)δ_g, which can be viewed as an element of ^W_G ⊗ Ω0(G). The group analogue to Λ_0 is the form Λ = e^{−xaθa} τ (g)δ_g = τ (g)e^{−xaθa} δ_g ∈ ^W_G ⊗ Ω(G). Similar to τ^{−1}_0 Λ_0, the form τ^{−1}Λ is the kernel of the identity map of ^W_G, using the pairing with Ω(G) introduced in Section 4.1. Hence (12) implies

dΛ = −η Λ, ι_aΛ = − 1 2 (θ_a + θ_a)Λ.

(18)

The definition of a Liouville form for G-valued Hamiltonian spaces is parallel to that for g∗-valued Hamiltonian spaces, the form Λ replacing the form Λ_0:

Definition 5.1. Suppose that M is a G-manifold together with a 2-form ω and an equivariant map Φ : M → G. We define the equivariant Liouville form of (M, ω, Φ) by

L := e^ωΦ^∗Λ ∈ ^W_G ⊗ Ω(M) It is immediate from the properties of Λ that L is closed if and only if dω = Φ^∗η, and that horizontality of L is equivalent to the moment map condition in Definition 2.1. (Recall from Section 2.2 that the combination of these two conditions implies that ω, hence also L, is invariant.) That is, (M, ω, Φ) is a (degenerate) Hamiltonian G-space if and only if L represents a cohomology class [L] ∈ ^H_G(M). As for Hamiltonian spaces we define a differential form Γ = (Π ⊗ 1)L ∈ Ω(M)^G, and if M is compact and oriented we refer to Vol(M) = ∫ M Γ as the (signed) Liouville volume.

Theorem 5.2. Let (M, ω, Φ) be a possibly degenerate group valued Hamiltonian Gspace. Then:

a. The space (M, ω, Φ) is non-degenerate if and only if the top degree part Γ_{[top]} is a volume form.

b. Γ_{[top]} is related to the top degree part of exp ω by Φ^∗ χ_ρ dim V_ρ

Γ_{[top]} = (e^ω)_{[top]}.

The proof of Theorem 5.2 will be given in Section 5.3. It will require the following explicit description of Γ. By definition Γ = (Π ⊗ 1)(e^ωΦ^∗Λ) = e^ω Φ^∗(Π ⊗ 1)(Λ) = e^ωΦ^∗τ^′ where τ^′ = (P_{hor} ⊗ 1)(e^{−xaθa} τ ) ∈ Ω^⋆(G). Proposition 5.3. The differential form τ^′ on G is given by the formula

τ^′_g = χ_ρ(g) dim V_ρ exp ( − 1 4 (Ad_g −1 Ad_g +1 ) abθ_aθ_b ) . (19)

The right hand side of (19) is well-defined in the sense that the zeroes of χ_ρ compensate the singularities of the exponential.

Proof. The operator P_{hor} combines with the factor exp(−x_aθ_a) to produce the symbol map: Indeed σ can be defined as the composition of two maps exp(−2x_by_b) : Cl(g) → Cl(g) ⊗ ∧g and P_{hor} ⊗ 1 : Cl(g) ⊗ ∧g → ∧g. It follows that the form τ^′ is obtained from the symbol σ(τ ) by replacing 2y_a with θ_a.

As a special case of [7], Proposition 3.13, together with the formula (17) for χ_ρ, the symbol of τ is given by

σ(τ (g)) = χ_ρ(g) dim V_ρ exp ( − (Ad_g −1 Ad_g +1 ) aby_ay_b ) , (20)

which proves Proposition 5.3.

Using Equation (19) we have found the following expression for the differential form Γ,

Γ = e^ω χ_ρ(Φ) dim V_ρ exp ( − 1 4 (Ad_Φ −1 Ad_Φ +1 ) abΦ^∗θ_aΦ^∗θ_b ) . (21)

Since L is basic and closed, the discussion in previous Section shows that Γ is closed under the differential d +^1_{24} f_{abc}ι_aι_bι_c on Ω(M)^G.

Remark 5.4. Originally, we discovered the volume form Γ_{top} directly in terms of the above differential form expression. The similarity of the form τ^′ with the symbol of the map τ : G → Cl(g) was pointed out to us by N. Berline and B. Kostant. 5.2. The Liouville form for a conjugacy class. Before we continue the discussion of the equivariant Liouville form in the general case, let us examine the example of a conjugacy class in more detail.

Let Φ : C → G be a conjugacy class. By equivariance the Liouville form is determined by its value at any point g ∈ C. Let g_g be the Lie algebra of the centralizer G_g of g and let prg⊥_g : g → g^⊥_g be projection onto its orthogonal complement. Let κ = κ_ae_a ∈ Ω^1(C, g) be the Lie algebra valued 1-form defined by ι(ξ_C (g))κ_g = prg⊥_g (ξ)

(22) for all ξ ∈ g. The 2-form ω on C (cf. (2) ) can be written ω = − 1 4 (Ad_g − Ad_g−1 )_{ab}κ_aκ_b.

Proposition 5.5. The equivariant Liouville form for the conjugacy class C = G · g is given by the formula L = exp(−ι_a ⊗ κ_a)Φ^∗(τ δ_·).

(23) The top form degree part of the form Γ is a volume form on C, and in particular defines an orientation. The corresponding Liouville volume of C reads

Vol(C) = |detg⊥_g (Ad_g −1)|^{12}

Vol G Vol G_g . (24)

where Vol G and Vol G_g are the Riemannian volumes. The volume form Γ_{[top]} is related to the top exterior power of the 2-form ω on C by

(e^ω)_{[top]} =

Φ^∗χ_ρ dim V_ρ Γ_{[top]} (25)

Proof. Our proof uses two formulas from Clifford calculus. Suppose V is an oriented Euclidean vector space, and S ∈ so(V ). Let x_a ∈ Cl(V ) be the generators corresponding to some choice of oriented, orthonormal basis of V , and let κ_a be odd elements in some commutative super-algebra A. Then ( ∏ β κ_β ) ι_β exp( 1 2 S_{ab}x_ax_b) = det^{12} (2 sinh( S 2 )) κ_1 . . . κ_n

(26)

where the square root is defined as a Pfaffian. Moreover,

exp(−ι_aκ_a) exp (1 2 S_{ab}x_ax_b ) = exp(ϖ_2) exp(−x_rγ_r) exp (1 2 S_{ab}x_ax_b ) (27)

where γ_r = (1 − e^S)_{rs}κ_s and ϖ_2 =^1_2 (sinh(S))_{ab}κ_aκ_b. Both equations are proved by block-diagonalizing the matrix S. For (26) this is carried out in Mathai-Quillen [18], Proposition 2.10 and for (27) in [2], Lemma 7.5.

Choose μ ∈ g such that exp μ = g. We will apply Equations (26) and (27) to V = g^⊥_g and S = − ad_μ, with κ as defined in (22). Notice that τ (g) = exp(^1_2 S_{ab}x_ax_b) takes its values in the Clifford algebra Cl(V ) ⊂ Cl(g).

We may assume with no loss of generality that the basis of g is chosen in such a way that the first l elements e_1, . . . , e_l are a basis for g^⊥_g .

Then ϖ_2 is just the 2-form ω on C and γ_r = Φ^∗θ_r. Equation (27) therefore becomes exp(−ι_aκ_a)τ (g) = exp(ω) exp(−x_aθ_a) τ (g) which proves (23). Since taking the top degree part commutes with the projection Π ⊗ 1 = ( ∫ G ⊗P_{hor} ) ⊗ 1,

Γ_{[top]} = (P_{hor} ⊗ 1)( ∫ G L)_{[top]}. Using (23) and (26), ( ∫ G L ) [top] = l∏ β=1 (−ι_β ⊗ κ_β)τ (g) = det^{12}g_{⊥g} ( 2 sinh( ad_μ 2 ) ) κ_1 . . . κ_l ≠ 0.

Since this expression does not contain Clifford variables x_a, it is not affected by the horizontal projection P_{hor}, showing that Γ_{[top]} is a volume form. Since ±κ_1 . . . κ_l is the Riemannian volume form on T_μC, and since |det ( 2 sinh(^{adμ}_2 ) ) | = | detg⊥_g (Ad_g −1)|, this proves (24). Finally, since

exp(ω)_{[top]} = det^{12}g_{⊥g} (sinh(ad_μ))d Vol_{Riem}

by definition of the Pfaffian, and since

det^{12}g_{⊥g} (sinh(ad_μ))

det^{12}g_{⊥g} (2 sinh(^{adμ}_2 ))

= det^{12} (cosh( ad_μ 2 )) = χ_ρ(exp μ) dim V_ρ we obtain the formula (25).

5.3. Proof of Theorem 5.2. We are now in position to prove Theorem 5.2, saying that the top degree part of Γ is a volume form if and only if ω is minimally degenerate.

Proof of Theorem 5.2. Let (M, ω, Φ) be a group valued Hamiltonian G-space, possibly degenerate. Let m ∈ M, and g = Φ(m). There is a natural splitting of the tangent space T_mM given by T_mM = g^⊥_g ⊕ E where g^⊥_g is embedded by means of the fundamental vector fields and E = (d_mΦ)^{−1}(T_g(G_g)). The 2-form on g^⊥_g is just the 2-form corresponding to its identification with the tangent space to the conjugacy class G · g. It is verified in Section 7 of [1] that this splitting is ω-orthogonal, that is, ω(v_1, v_2) = 0 for v_1 ∈ g^⊥_g and v_2 ∈ E and that the restriction ω_E = ω|_E is non-degenerate if and only if ω satisfies the minimal degeneracy condition at m, that is if and only if ker ω_m = {ξ_M (m)|ξ ∈ ker(Ad_g +1)}. Hence Γ_m = Γg⊥_g ∧ exp(ω_E) where Γ_g⊥_g is the form corresponding to the identification g^⊥_g ∼= T_g(G · g), and therefore

(Γ_m)_{[top]} = (Γg⊥_g )_{[top]} ∧ exp(ω_E)_{[top]}.

Since (Γg⊥_g )_{[top]} is non-vanishing, it follows that (Γ_m)_{[top]} ≠ 0 if and only if ω_E is nondegenerate. This proves the first assertion, and the second assertion follows from

(exp(ωg⊥_g ))_{[top]} = χ_ρ(g) dim V_ρ

(Γg⊥_g )_{[top]}

by (25).

Remark 5.6. In contrast to Hamiltonian G-spaces, the volume form for a group valued Hamiltonian G-space depends not only on the 2-form but also on the moment map. For example, if (M, ω, Φ) is a group valued Hamiltonian G-space and c ∈ Z(G) a central element, then Φ^′ = cΦ is a moment map for the same group action and 2-form ω. The new Liouville form is L^′ = τ (c)δ_cL. Since ρ is a weight for G, it defines a homomorphism T → S^1, t → t^ρ. We have τ (c) = c^ρ, (28)

as one can see for example from the formula (20) for the symbol, σ(τ )(c) =^{χρ(c)}_{dim Vρ} = c^ρ. Therefore, L^′ = c^ρ δ_c L and Γ^′ = c^ρΓ.

One has c^ρ = ±1: indeed, c^{2ρ} = 1 since 2ρ is a weight for G/Z(G). In general c^ρ ≠ 1 so that Γ^′ may differ from Γ by sign.

5.4. DH-distributions. The definition of DH-distributions for group valued Hamiltonian spaces (M, ω, Φ) is analogous to that for g^∗-valued moment maps (Section 3.5). Let (M, ω, Φ) be a compact, oriented, possibly degenerate G-valued Hamiltonian G-space, with Liouville form L. The integral

m := ∫ M L ∈ E^′(G)^G is called the Duistermaat-Heckman measure. It is equivalently given as a push-forward, m = Φ_∗(Γ)_{[top]}. More generally, given any equivariant differential form β ∈ (W_G ⊗ Ω(M))_{basic} we define mβ = ∫ M βL ∈ E^′(G)^G. The map (W_G ⊗ Ω(M))_{basic} → E^′(G)^G, β → m^β descends to a linear map in cohomology, H_G(M) → E^′(G)^G. One can define a similar map ^H_G(M) → E^′(G)^G – only on H_G(M) however one has the following locality property of the distributions m^β:

Proposition 5.7. For any β ∈ (W_G ⊗ Ω(M))_{basic}, the support of the distribution m^β is contained in the image of Φ and its singular support in the set of singular values of Φ. Proof. By Proposition 4.1, and since (P_{hor} ⊗ 1)L = Γδ_Φ,

mβ = ∫ M (βL) = ∫ M (P_{hor} ⊗ 1)(βL) = ∫ M (P_{hor} ⊗ 1)(β) ⊙ Γδ_Φ.

Writing (P_{hor} ⊗ 1)(β) = ∑ J u^J ⊗ β_J ∈ (U(g) ⊗ Ω(M))^G we find

mβ = ∑ J u^J ∫ M (β_J ⊙ Γ) δ_Φ = ∑ J u^J Φ_∗(β_J ⊙ Γ)_{[top]}.

This proves the proposition since the support of Φ_∗(β_J ⊙ Γ)_{[top]} is contained in the image of Φ and the singular support in the set of singular values, and since left convolution by u^J is given by application of a differential operator.

In what follows, we will often find it convenient to express DH-distributions in terms of their Fourier coefficients: Given an irreducible representation V_λ labeled by a dominant weight λ, with character χ_λ, we have

mβ(g) = ∑ λ ⟨m^β , χ_λ⟩χ_λ(g^{−1}) d Vol_G Vol G . (29)

For a conjugacy class C ⊂ G, the Duistermaat-Heckman measure m_C is given by mC = Vol(C) δ_C where δ_C is the unique invariant measure supported on C and with integral 1, and where Vol(C) is given by (24). Its Fourier coefficients are, therefore,

⟨m_C , χ_λ⟩ = Vol(C)χ_λ(C).

(30)

5.5. Example: The double D(G). As an example, we calculate the volume form and the DH-distribution for the double D(G). We claim:

Proposition 5.8. Let G be a compact, connected, simply connected Lie group and let D(G) = G × G be the double. The volume form Γ_{[top]} on D(G) is equal to the Riemannian volume form d Vol_{G×G} on D(G) (for the canonical orientation). In particular, the Liouville volume Vol(D(G)) is equal to the Riemannian volume, Vol(G)^2. The Fourier coefficients of the DH measure are

⟨m, χ_{λ1} ⊗ χ_{λ2}⟩ = Vol(G)^2 δ_{λ1,λ2}.

(31)

Proof. We use the trivialization of the tangent bundle T (D(G)) = D(G) × (g ⊕ g) by means of left invariant vector fields. The skew-symmetric matrix describing ω at a point (a, b) has block form, B = 1 2 ( 0 − Ad_b − Ad_a−1 Ad_a + Ad_b−1 0 )

which has determinant

det(B) = det

(Ad_b + Ad_{a−1} 2 ) det (Ad_a + Ad_{b−1} 2 ) = det

(Ad_{ab} +1 2 Ad_a−1_b−1 +1 2 ) . This proves

(exp ω)_{[top]} = det^{12} (B)d Vol_{G×G} = det^{12}

(Ad_{Φ1} +1 2 Ad_{Φ2} +1 2 ) Vol_{G×G} (Here we take the unique smooth square root which is equal 1 at (a, b) = (e, e); the sign is verified by evaluating both sides at (e, e)). By the second part of Theorem 5.2 this shows that Γ_{[top]} = d Vol_{G×G}. The measure m ∈ E^′(G × G) is the push-forward of d Vol_{G×G} under the map (a, b) → (ab, a^{−1}b^{−1}). We calculate ⟨m, χ_{λ1} ⊗ χ_{λ2}⟩ = ∫ D(G) χ_{λ1}(ab)χ_{λ2}(a^{−1}b^{−1}) da db = Vol(G)^2δ_{λ1,λ2}.

6. Fusion products and exponentials In this Section we discuss the behavior of the equivariant Liouville form under the two basic operations with group valued Hamiltonian spaces: Fusion and Exponentials.

6.1. Multiplicative properties of the Liouville form. Suppose both G and H are a product of a connected, simply connected Lie group and a torus.

Theorem 6.1 (Diagonal G-action). Let (M, ω, Φ) be a group valued Hamiltonian G × G × H-space (possibly degenerate), with moment map Φ = (Φ_1, Φ_2, Ψ), and let (M̃ , ω̃, (Φ_1Φ_2, Ψ)) be its internal fusion. Denote by L, L̃ the Liouville forms and let Γ = (Π ⊗ 1)L and Γ̃ = (Π ⊗ 1)L̃. Then L̃ = (Mult_W ⊗1)L (32) and Γ̃ = exp(1 2 ι^1_aι^2_a) Γ.

(33)

In particular, the top degree part does not change: Γ̃_{[top]} = Γ_{[top]}. If β ∈ (W_{G×G×H} ⊗ Ω(M))_{basic}, and β̃ its image in (W_{G×H} ⊗ Ω(M̃))_{basic}, the corresponding DH-distributions mβ and m̃^{β̃} are related by push-forward under the G-multiplication Mult_G,

m̃^{β̃} = (Mult_G)_∗m^β. (34)

Proof. Recall that τ^{−1}Λ is the kernel of the identity map of ^W_G. Therefore, the kernel for the multiplication map is τ^{−1}Λ^1Λ^2, where Λ^1, Λ^2 ∈ ^W_G ⊗Ω^∗(G×G) be the pull-backs of Λ to the first/second factor. Equation (13) is equivalent to

Λ^1Λ^2 = e^{− 12 θ1a θ2a} (1 ⊗ Mult^∗_G)Λ.

(35)

Since ω̃ = ω +^1_2 θ^1_a θ^2_a, Equation (32) follows directly from (35) and the definition of the Liouville form. Equation (33) is a consequence of (32) and Proposition 4.2. Equation (34) follows since β̃L̃ is the image of βL under the map ( ^W_{G×G×H} ⊗ Ω(M))_{basic} → ( ^W_{G×H} ⊗ Ω(M̃))_{basic}. In the special case that M = M_1 × M_2 is the direct product of two group valued Hamiltonian G-spaces, Theorem 6.1 says:

Corollary 6.2. If (M_j , ω_j, Φ_j) (j=1,2) are two group valued Hamiltonian G-spaces, with Liouville forms L_1, L_2, then the Liouville form for the fusion product M_1 ~ M_2 is the product of the Liouville forms, L_1L_2, and the volume form is the direct product of the volume forms, (Γ_1)_{[top]} × (Γ_2)_{[top]}.

Given equivariant forms β_j ∈ ( ^W_G ⊗ Ω(M_j ))_{basic}, the twisted DH distribution for their product β_1β_2 ∈ ( ^W_G ⊗Ω(M_1 ×M_2))_{basic} is the convolution product m^{β1}_1 ∗m^{β2}_2 of the twisted DH distribution m^{βj}_j for the factors.

Note that this result looks quite complicated if it is spelled out in terms of the differential form expression (21) for Λ = Γ δ_Φ !

Equation (34) can be re-phrased in terms of Fourier coefficients as follows. Suppose H = {e} for simplicity and let λ be a dominant weight for G. Then (34) says that

⟨m^{β̃}, χ_λ⟩ = ⟨m^β, χ_λ ⊗ χ_λ⟩ dim V_λ . (36)

This follows from the formula for convolution of characters (cf. [10], Proposition (4.16)): ( χ_λ d Vol_G Vol G ) ∗ ( χ_ν d Vol_G Vol G ) = δ_{λ,ν} 1 dim V_λ ( χ_λ d Vol_G Vol G ) .

Example 6.3. Recall that the volume form on the double D(G) was simply the Riemannian volume form and that the Fourier coefficients were calculated in (31). The Theorem tells us that the volume form for its internal fusion D̃(G) is still the Riemannian volume form, and that the Fourier coefficients for the DH measure are ⟨m̃, χ_λ⟩ = (Vol G)^2 dim V_λ . (37)

6.2. The Liouville form for exponentials. In this section we compare the equivariant Liouville forms of a Hamiltonian space (M, ω_0, Φ_0) and of its exponential.

Since Q(Λ_0) is the kernel of the quantization map ^W_G → ^W_G, the description (12) of the quantization map is equivalent to the equation

Q(Λ_0) = e^ϖ(1 ⊗ exp^∗)Λ.

(38)

This implies the following Theorem.

Theorem 6.4 (Exponentials). Let (M, ω_0, Φ_0) be a (possibly degenerate) Hamiltonian G-space, with equivariant Liouville form L_0. Then (M, ω_0 + Φ^∗_0ϖ, exp(Φ_0)) is a group valued Hamiltonian G-space, with Liouville form L the quantization

L = Q(L_0).

(39)

The top degree parts of the forms Γ_0 = (Π ⊗ 1)L_0 and Γ = (Π ⊗ 1)L are related by

Γ_{[top]} = (Φ^∗_0J^{12} ) (Γ_0)_{[top]}.

(40)

Let β_0 ∈ (W_G ⊗ Ω(M))_{basic} be a cocycle and β = Q(β_0) its quantization. If M is compact and oriented,

mβ = exp_∗(J^{12} m^{β0}_0 ).

(41)

Proof. The first two statements are immediate from (38). Equation (40) follows from (38) and the definitions of L_0 and Q. Since Q is a ring homomorphism in cohomology, Q([β_0L_0]) = Q([β_0])Q([L_0]) = [βL]. Therefore, Equation (41) follows from (15).

Given two Hamiltonian G-spaces (M_j , ω^j_0, Φ^j_0) ( j = 1, 2 ), the direct product M_1 × M_2 with diagonal G-action becomes a (possibly degenerate) group valued Hamiltonian Gspace in two different ways, according whether one takes the product before or after fusion. The two resulting moment maps are

exp(Φ^1_0 + Φ^2_0) resp. exp(Φ^1_0) exp(Φ^2_0).

If we denote the equivariant Liouville forms for M_j by L^j_0 (viewed as forms on the product M_1 ×M_2), the Liouville forms for the first method is Q(L^1_0L^2_0) and for the second method it reads Q(L^1_0)Q(L^2_0).

Combining Theorem 6.4 with the fact [2] that Q is a ring homomorphism in cohomology, we have:

Proposition 6.5. Given two Hamiltonian G-spaces (M_j , ω^j_0, Φ^j_0) ( j = 1, 2 ) with equivariant Liouville forms L^j_0 (viewed as forms on the product M_1 ×M_2), the forms Q(L^1_0L^2_0) and Q(L^1_0)Q(L^2_0) are cohomologous.

7. Intersection pairings on reduced spaces

At regular values of Φ the twisted DH distributions m^β have a simple interpretation. Recall (see e.g. [15]) that for any G-manifold X with a locally free G-action, the pull-back map Ω(X/G) → Ω(X)_{basic} ⊂ (W_G ⊗ Ω(X))_{basic} induces an isomorphism in cohomology, H_G(X) → H(X/G). In particular, if (M, ω, Φ) is a group valued Hamiltonian G-space and C some conjugacy class which is contained in the set of regular values of Φ, we obtain a map κ_C : H_G(M) → H(M_C ) by composition of the isomorphism Q^{−1} : H_G(M) ∼= H_G(M), pull-back to the level set H_G(M) → H_G(Φ^{−1}(C)), and isomorphism H_G(Φ^{−1}(C)) ∼= H(Φ^{−1}(C)/G).

Theorem 7.1. Let (M, ω, Φ) be a compact, oriented, group valued Hamiltonian G-space (possibly degenerate), and β ∈ H_G(M). If the conjugacy class C is contained in the set of regular values of Φ, the value of the function m^β_{d VolG} on C is given by the formula mβ d Vol_G | |_C =

Vol G k Vol C ∫ M_C κ_C (β)e^{ωC} where Vol C is the Liouville volume of the conjugacy class C and k is the number of elements in a generic stabilizer for the G-action on Φ^{−1}(C).

Proof. We begin by proving the theorem for the simplest case C = {e}. Passing to a neighborhood Φ^{−1}(U) where U ⊂ G is a sufficiently small invariant open neighborhood of e, we can assume that (M, ω, Φ) is the exponential of some Hamiltonian G-space (M, ω_0, Φ_0). Put β_0 = Q^{−1}(β). Since m^β = exp_∗(J^12 m^{β0}_0 ) we have mβ d Vol_G | |_e =^m

β_0 0 d Volg∗ | |_0 =

Vol G k ∫ M_{red} κ_0(β_0), where we have used (8). The result follows since κ_0(β_0) = κ_e(β). We now reduce the case of arbitrary conjugacy classes C to the case of the trivial conjugacy class by means of the shifting-trick, M_C = (M ~ C^−)_{red}.

Let δ_C− ∈ E^′(G) be the invariant measure with support C^− = G · g^{−1} and integral 1. The Duistermaat-Heckman measure for the conjugacy class C^− is Vol(C) δ_C− . Letting m^β be the twisted DH-distribution for M, the corresponding distribution for the product

M ~ C^− is the convolution Vol(C)m^β ∗ δC− (see Corollary 6.2). By the above we have

Vol(C)^m β ∗ δ_C− d Vol_G | |_e = 1 k ∫ M_C κ_C (β)e^{ωC} . On the other hand, the value of the convolution product with δ_C at the group unit reads mβ ∗ δ_C d Vol_G | |_e =^m β d Vol_G | |_C . Comparing the two expressions completes the proof.

The above result can be reformulated in terms of the Fourier coefficients of m^β. Evaluating (29) on C we find ∫ M_C κ_C (β)e^{ωC} = k Vol C (Vol G)^2 ∑ λ ⟨m^β, χ_λ⟩χ_λ(C^−) (42)

provided the sum on the right hand side converges. In case of convergence problems apply (as in K. Liu [17]) the smoothing operator e^{tΔ}, t > 0 to m^β, where Δ is the Laplace-Beltrami operator on G. Recall that for all dominant weights λ, Δχ_λ = −(||λ + ρ||^2 − ||ρ||^2)χ_λ. This gives ∫ M_C κ_C(β)e^{ωC} = k Vol C (Vol G)^2 lim_{t→0+} ∑ λ e^{−t||λ+ρ||2} ⟨m^β, χ_λ⟩χ_λ(C^−) where the sum is absolutely convergent for all t > 0 and the limit t → 0^+ exists.

As a special case, suppose P ∈ U(g)^G is in the center of the universal enveloping algebra and β = P ⊗1 is its image under the map U(g)^G = (W_G)_{basic} → (W_G⊗Ω(M))_{basic}. In this case m^β is obtained from m by application of the bi-invariant differential operator corresponding to P , mβ = P (m).

The pre-image β_0 = Q^{−1}β is just the invariant polynomial on g corresponding to P under the Duflo isomorphism S(g)^G ∼= U(g)^G, and the class κ_C (β) = κ(Q(β_0)) is the characteristic class of the bundle Φ^{−1}(C) → M_C attached to the invariant polynomial p = β_0 by the Chern-Weil homomorphism S(g)^G → H(M_C ).

8. Generalization to arbitrary compact Lie groups

Our construction of an equivariant Liouville form was made under the assumption (S) that the group G is a product of a simply connected group and a torus. Recall from Section 2.3.1 that without this assumption, group valued Hamiltonian G-spaces are not necessarily orientable.

We will show that dropping Assumption (S) naturally leads to Liouville volumes with values in the orientation bundle. Recall that the orientation bundle o_M for any manifold M is the associated bundle P ×Z_2 R, where the principal Z_2-bundle P is the oriented double cover of M.

One defines the space of twisted differential forms

Ω_t(M) := Ω(M, o_M )

as sections of ∧T^∗M ⊗ o_M . It is a module over the space Ω(M) of differential forms on M. The real line bundle ∧^nT^∗M ⊗ o_M is isomorphic to the density bundle of M; hence the space Ω^n_t (M) is just the space of smooth densities of M.

For any compact, connected Lie group G there is a finite, connected covering ^G → G, where ^G is a product of a simply connected group and a torus. Its kernel is a subgroup R ⊆ π_1(G).

Suppose (M, ω, Φ) is a group valued Hamiltonian G-space. Let ^M → M be the covering space obtained by pulling back the covering ^G → G under the map Φ, and let ^Φ : ^M → ^G be the corresponding map. Let ^ω ∈ Ω2(^M) be the pull-back of ω. The G-action on M and the conjugation action on ^G induce a G-action on ^M; letting ^G act by the covering map to G, the triple (^M, ^ω, ^Φ) is a group valued Hamiltonian ^G-space. For all c ∈ R let S_c : ^M → ^M denote the corresponding deck transformation. By construction all deck transformations commute with the ^G-action, preserve the 2-form, and satisfy S^∗_c ^Φ = c^Φ. If ĝ ∈ ^G maps to g ∈ G there is a natural isomorphism of reduced spaces ^M_ĝ ∼= M_g. On ^M our previous considerations apply, and we obtain a Liouville form ^L = exp(^ω) exp(−x_a ^Φ^∗θ_a) τ (^Φ) δ_{bΦ} ∈ E^′( ^G) ⊗ Cl(_g) ⊗ Ω(^M).

We have S^∗_c ^L = τ (c)δ_c ^L. Recall from (28) that τ (c) = c^ρ = ±1. It follows that S_c changes the orientation by c^ρ, and the form ^L satisfies S^∗_c ^L = c^ρδ_c ^L. Pushing forward to E^′(G), multiplication by δ_c becomes an identity, and ^L becomes a closed form L^′ ∈ ^W_G ⊗ Ω(^M ) with property S^∗_c L^′ = c^ρL^′, or equivalently a closed form L ∈ ( ^W_G ⊗ Ω_t(M))_{basic}.

Similarly ^Γ descends to a form Γ ∈ Ω_t(M) with top degree part Γ_{[top]} a nowhere vanishing density, so that the volume Vol(M) = ∫ M Γ_{[top]} is defined. The Duistermaat-Heckman measure m is as before defined as m = ∫ M L = Φ_∗Γ_{[top]}, and given β ∈ (W_G ⊗ ω(M))_{basic} one can once again define twisted DH-distributions

mβ = ∫ M βL. Theorem 7.1 interpreting these distributions in terms of intersection pairings on reduced spaces goes through verbatim, as does its proof.

Example 8.1. Let (M, ω, Φ) be a group valued Hamiltonian G-space. Let ^G act on M by the covering ^G → G. Suppose Φ admits a lift to an equivariant map ^Φ : M → ^G. (This happens for instance for the fusion of the double ~D(G).) Then (M, ω, ^Φ) is a group valued Hamiltonian ^G-space. The space ^M considered above is just ^M = M × R, with ^Φ(m, c) = c^Φ(m). In particular, if G is semi-simple and ^G its universal cover (so that R = π_1(G), the space M_{red} has #π_1(G) connected components, given as reduced spaces ^M_c for c ∈ π_1(G) ⊂ Z( ^G).

Example 8.2. Suppose that C ⊂ G is a conjugacy class. Then ^C is just the pre-image of C in ^G, and therefore is a finite union of conjugacy classes in ^G.

One easily verifies that the formulas for the DH-measures of the double D(G) (Proposition 5.8), its fusion ~D(G), or for a conjugacy class C ⊂ G (Proposition 5.5) continue to hold.

9. Application to moduli spaces of flat connections

In this Section we explain how Witten’s formulas for volumes of moduli spaces of flat connections follow from the results of this paper. For other proofs of the volume formulas, see K. Liu [17], Bismut-Labourie [9], or Meinrenken-Woodward [20].

Let G be a compact, connected Lie group. Using the notation from Section 2.5, Theorem 6.1 says that the volume form on the space M(Σ^1) = ~D(G) = G × G is just the Riemannian volume form, and the volume form on the fusion product M(Σ^1) ~ . . . ~ M(Σ^1) ~ C_1 ~ . . . ~ C_r is just the direct product of the volume forms on the factors. Consequently, letting m^1 and m_C be the DH measures for M(Σ^1) (cf. (37)) resp. for a conjugacy class C (cf. (30)) the Fourier coefficients of the DH-measure m are ⟨m, χ_λ⟩ = (⟨m^1, χ_λ⟩)^h ∏_r j=1⟨m_{Cj} , χ_λ⟩ (dim V_λ)^{r+h−1}

= (Vol G)^{2h} ∏_r j=1 Vol(C_j ) χ_λ(C_j) (dim V_λ)^{2h+r−1} For h ≥ 2 and r > 1, and generic conjugacy classes C_j the action of G on the level set Φ^{−1}(e) is locally free, with generic stabilizer the center Z(G). In this case the symplectic volume of the reduced space is given by #Z(G) times the value of m at the group unit.

It follows that that the symplectic volume of the moduli space M(Σ^r_h, C) is given by the formula

Vol(M(Σ^r_h, C)) = #Z(G) Vol(G)^{2h−2} r∏ j=1 Vol(C_j) ∑ λ ∏_r j=1 χ_λ(C_j) (dim V_λ)^{2h+r−2}

which is Witten’s formula [25].

If G is simply connected, one obtains from this formula the volume of the moduli space of flat connection on a surface Σ^0_h without boundary since this moduli spae is just M(Σ^1_h, {e}). (This is as long as the generic stabilizer is discrete, by the continuity properties of the DH-measure.)

A mild complication arises for non-simply connected groups. Indeed, if G is semisimple but not simply connected not every G-bundle P over Σ^h_0 is trivial. The bundle P becomes trivial if restricted to the surface with boundary Σ^1_h obtained from Σ^h_0 by removing a small disk, and also over the disk itself. The gluing function along the boundary is a map S^1 → G, whose homotopy class defines the topological type of P. Therefore the topological types of G-bundles over Σ^h_0 are classified by elements of π_1(G).

Let M(Σ^1_h) := ~D(G) ~ . . . ~ ~D(G) ∼= G^{2h}, let Φ : M(Σ^1_h) → G be the moment map and ^Φ : M(Σ^1_h) → ^G the unique lift such that ^Φ(e, . . . , e) = e. Given c ∈ π_1(G) ⊂ Z(G) the quotient M^{(c)}(Σ^h_0 ) = ^Φ^{−1}(c)/ ^G is the moduli space of flat connections on the bundle parametrized by c. The reduced space M(Σ^0_h) := Φ^{−1}(e)/G = M(Σ^1_h)_{red} is the space of isomorphism classes of flat G-bundles over Σ^0_h, and is a disjoint union

M(Σ^0_h) = ∐ c∈π_1(G) M^{(c)}(Σ^0_h).

The DH-measure m for the space (M(Σ^1_h), ω, Φ̂) has Fourier coefficients ⟨m, χ_λ⟩ = Vol(G)^{2h}(dim V_λ)^{2h−1} for any dominant weight λ of Ĝ. Since the generic stabilizer for the Ĝ-action has #Z(Ĝ) = #Z(G) #π_1(G) elements, and Vol(Ĝ) = #π_1(G) Vol(G), Equation (42) yields

Vol(M^{(c)}(Σ^0_h)) = Vol(G)^{2h−2} #Z(G) #π_1(G) ∑ λ χ_λ(c^{−1}) (dim V_λ)^{2h−1}

(43)

in accordance with Witten’s result ([25], Section 4.1). Summing over all c ∈ π_1(G) we recover the fact that the volume of the moduli space of flat bundles Vol(M(Σ^0_h)) is given by the same formula as for the simply connected case (as a sum over irreducible characters for G = Ĝ/π_1(G)).

References

1. A. Alekseev, A. Malkin, and E. Meinrenken, Lie group valued moment maps, J. Differential Geom.

48 (1998), no. 3, 445–495.

2. A. Alekseev and E. Meinrenken, The non-commutative Weil algebra, Preprint, Uppsala University, University of Toronto, 1998.

3. A. Alekseev, E. Meinrenken, and C. Woodward, Localization for group valued moment maps, Preprint, In preparation.

4. M. F. Atiyah, The geometry and physics of knots, Cambridge University Press, Cambridge, 1990. 5. M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. Roy. Soc.

London Ser. A 308 (1982), 523–615.

6. , The moment map and equivariant cohomology, Topology 23 (1984), no. 1, 1–28. 7. N. Berline, E. Getzler, and M. Vergne, Heat kernels and Dirac operators, Grundlehren der mathematischen Wissenschaften, vol. 298, Springer-Verlag, Berlin-Heidelberg-New York, 1992.

8. N. Berline and M. Vergne, Zéro d’un champ de vecteurs et classes caractéristiques équivariantes, Duke Math. J. 50 (1983), 539–549.

9. J.M. Bismut and F. Labourie, Verlinde formulas and symplectic geometry, Preprint, Université de Paris-Sud, 1998.

10. T. Bröcker and T. tom Dieck, Representations of compact Lie groups, Graduate Texts in Mathematics, vol. 98, Springer-Verlag, Berlin-Heidelberg-New York, 1985.

11. H. Cartan, Notions d’algèbre différentielle; application aux groupes de Lie et aux variétés où opère un groupe de Lie., Colloque de topologie (espaces fibrés) (Bruxelles), Georges Thone, Liège, Masson et Cie., Paris, 1950.

12. J. J. Duistermaat, Equivariant cohomology and stationary phase, Symplectic geometry and quantization, (Sanda and Yokohama, 1993) (Providence, RI), Contemp. Math., vol. 179, Amer. Math. Soc., 1994, pp. 45–62.

13. J. J. Duistermaat and G. J. Heckman, On the variation in the cohomology of the symplectic form of the reduced phase space, Invent. Math. 69 (1982), 259–268.

14. V. Ginzburg, Some remarks on symplectic actions of compact groups, Math. Z. 210 (1992), 625–640. 15. V. Guillemin and S. Sternberg, Supersymmetry and equivariant de Rham theory, Springer Verlag, to appear.

16. L. C. Jeffrey and F. C. Kirwan, Localization for nonabelian group actions, Topology 34 (1995), 291–327.

17. K. Liu, Heat kernel and moduli space, Math. Res. Letters 3 (1996), 743–76. 18. V. Mathai and D. Quillen, Thom classes, superconnections, and equivariant differential forms, Topology 25 (1986), 85–106.

19. D. McDuff, The moment map for circle actions on symplectic manifolds, Journal of geometry and physics 5 (1988), 149–160.

20. E. Meinrenken and C. Woodward, Moduli spaces of flat connections on 2-manifolds, cobordism, and Witten’s volume formulas, Advances in Geometry (Brylinski et al., ed.), Birkhäuser, 1999, pp. 271–298.

21. P. Paradan, The moment map and equivariant cohomology with generalized coefficients, Tech. report, Utrecht, March 1998, to appear in Topology.

22. R. Sjamaar and E. Lerman, Stratified symplectic spaces and reduction, Ann. of Math. (2) 134 (1991), 375–422.

23. M. Vergne, A note on Jeffrey-Kirwan-Witten’s localisation formula, Topology 35 (1996), 243–266. 24. E. Witten, On quantum gauge theories in two dimensions, Comm. Math. Phys. 141 (1991), 153–209. 25. , Two-dimensional gauge theories revisited, J. Geom. Phys. 9 (1992), 303–368.

Institute for Theoretical Physics, Uppsala University, Box 803, S-75108 Uppsala, Sweden

E-mail address: alekseev@teorfys.uu.se

University of Toronto, Department of Mathematics, 100 St George Street, Toronto, Ontario M5R3G3, Canada E-mail address: mein@math.toronto.edu

Mathematics-Hill Center, Rutgers University, 110 Frelinghuysen Road, Piscataway NJ 08854-8019, USA

E-mail address: ctw@math.rutgers.edu