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Yau-Tian—Donaldson correspondence
for K-semistable Fano manifolds

By Chi Li at Stony Brook

Abstract. Using the recent compactness results of Tian and Chen—Donaldson—Sun, we
prove the K-semistable version of Yau—Tian—Donaldson correspondence for Fano manifolds.

1. Introduction

The recent development in Kéhler geometry is the announcement of resolution of the
Yau-Tian—Donaldson’s conjecture for Fano manifolds, first by Tian [51] and independently by
Chen—Donaldson—Sun [14, 15]. Before stating the results, we recall some terminology. Let X
be a smooth Fano manifold. This means that X is a compact complex manifold with an ample
anti-canonical line bundle — Ky . In other words, the first Chern class

c1(X) = c1(=Kx) € H" (X, Z)

is positive. Let wg be a smooth Kéhler metric in 27r¢ (X ). Define the space of smooth Kéhler
potentials

PEI (00)(X) = {¢p € C®(X.R); wg := w + v/—100¢ > 0.

The Ricci curvature and the scalar curvature of the Kéhler metric wg can be calculated as
follows:

Ric(wg) = —v/—100log wg =: Ric(wy), S(wy) = géj Ric(wg); ;-

Note that to define the logarithm of any volume form du, we implicitly choose a coordinate
chart z = {z;} and denote dz = dz; A --- A dz,, so that we can write

(1.1) Ric(dp) := —~/—100log du

_ d -

= —+/—100log ———— = —+/—100log 0,3,

Sdz ndz €10z,
It is easy to verify that this is independent of coordinate charts. More intrinsically, du defines a
Hermitian metric | - |62m on —Ky and the above Ric(d ) is the Chern curvature of this Hermit-

ian metric. In particular, Ric(du) is a closed (1, 1)-form representing the cohomology class



56 Li, Yau-Tian—Donaldson correspondence for K-semistable Fano manifolds

2me1(X). As a consequence, the integral of the scalar curvature of wy € 2mci(—Ky) is a
topological constant:

/X S(wg)wy =n /X Ric(wg) A a)g_l =nQm)* {c1(X)",[X]) = nV,

where we have denoted V' = (27)"¢1(X)". The additive group (R, +) acts on P8 H ST (o)
by addition. By the d0-lemma, the space of smooth Kéhler metrics in 277¢1(X) is the same as

PEI™ (wy) = P8I (o) /R.

The (normalized) Ricci potential A, of wp measures the deviation of wq from being Kéhler—
Einstein. It is defined by the identities

Ric(wg) — wo = v/ —100h,, / eh“’Ow(’)’ = / wg -
X X

A Kihler metric wy € 2mc1(X) is called Kédhler—Einstein if Ric(wg) = wg (in other words,
hws = 0). This condition is equivalent to that ¢ satisfies a complex Monge-Ampgre equation:
(1.2) Ric(wg) = wy = (a)o + =1 aéqs)” = o™y,

Now we define the special degeneration following Tian [48] (see also [29]). Let Q@ > A > 0
and fix D € |-AKx/| to be a smooth divisor which is linearly equivalent to a positive multiple
of the anti canonical divisor.

Definition 1.1. Let 0 < o < 1. A special degeneration of (X, aD) is a C*-equivariant
map 7 : (X, D) — C satisfying the following conditions:

(a) The general fibre (X;, D) = (X, D) fort # 0.
(b) The central fibre Xo = 7~ 1{0} is a Q-Fano variety and (X, aDy) is a klt pair.

(For the definition of Q-Fano varieties and kit pairs, see the classical reference in birational
geometry by Kolldr—Mori [25].)

Following Ding—Tian [19], we define the generalized log-Futaki invariant of the special
degeneration (X, ad, —K ;) as the log-Futaki-invariant (see [23] and also [27]) on the cen-
tral fibre as follows:

Fut(X,adD, —Kx/(c) = Fut(Xo, 2Dy, v)

= n/ 0, (Ric(w) — w) A "1 — 2nna( Oyt — A 9va)”),
.'X;() xO

Do

where v is the generating holomorphic vector of the C*-action on the central fibre;
w € 2mc1(—Kx,) is a smooth Kihler metric; Ric(w) is the Ricci curvature of w; and 6,
is the Hamiltonian function for v defined by t,w = V—106,.

(X,aD, —Ky) is log-K-semistable (resp. log-K-polystable) if for any special degenera-
tion of (X, aD), the log-Futaki invariant Fut(X, a D, —Kx,c) > 0 (resp. > 0 and the equality
holds if and only if (X, £) is a product special degeneration, i.e. (X, D) = (X x C, D x C)
with the C* action induced by some C* action on the pair (X, D)).
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Then we have the following theorem.

Theorem 1.2 (Tian [51], Chen—Donaldson—Sun [14,15]). If (X, —Kx) is K-polystable,
then X admits a Kihler—Einstein metric.

Remark 1.3. The reverse direction, i.e. Kidhler—Einstein implying K-polystability, was
proved by Tian [48] when Aut’(X) is discrete, and recently by Berman [5] in general.

To study the Kihler—FEinstein equation (1.2), there are now two important continuity
methods considered in the subject:
Aubin’s continuity method: In this continuity method, we consider

(13)  Ric(wg,) = twg, + (1 —t)wy <= (wo + v—100¢;)" = el
Define the supreme value of ¢ for the solvability of the above equation as (see [42,46])
R(X) = sup{t; there exists w € 2mcy(X) such that Ric(w) > ta)}.

Conical continuity method: For any A > 1 € Z,let D = {s = 0} € |-AKx| be any
smooth pluri-anticanonical divisor. Let || = |- |io be the induced Hermitian metric on —A Ky
whose Chern curvature is Awg. We consider the equations

(1.4) Ric(wy,) = twy, + 2r(1 —1){D}/A
w4

— (0)0 + V-1 aéwt)n = ehwo_twm‘

Note that the (strong) solution of this equation corresponds to a conical Kéhler—Einstein metric
on (X, (1 —¢)D/A) which means a Kihler—Einstein metric with cone singularities along the
smooth divisor D of cone angle 278 = 2x(1 — (1 —¢)/A). Similarly as above, we define

R(X,D/)) = sup{t; there exists a strong conical Kdhler—Einstein metric
on (X,(1—1)D/A)}.

Here “strong” means the solution belongs to the space of C 2,08 _conical metrics introduced by
Donaldson [23].

The program to prove Theorem 1.2 using Aubin’s continuity method [2] was first pro-
posed by Tian in the early 90s following his solution of the Kéhler—Einstein problem for del
Pezzo surfaces [45]. The hard core of this program is Tian’s conjecture of the so-called par-
tial C%-estimate (cf. [26,45,50]). The foundational work of Cheeger—Colding—Tian [12] is a
major step towards this conjecture. Donaldson’s great insight [23], which leads to the break-
through, is that the conical continuity method is more adapted to the problem. People in the
field then extend much of the PDE theory in the old continuity method to the conical continuity
method (see, in particular, [6,23,24]). However, to complete the program, one needs to resort
to Tian’s idea of proving partial C °-estimates and extending Cheeger—Colding—Tian’s theory
to establish the following important compactness theorem.
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Theorem 1.4 (Tian [51], Chen—Donaldson—Sun [14, 15]). Let y = R(X,D/X). As
t — y, the conical Kdihler—Einstein metric @y on (X, (1 — t)D/A) Gromov—Hausdorff con-
verges to a conical Kéihler—Einstein metric &, on a kit pair (Xo. (1 — y)Do/A). Moreover,
there is a special degeneration (X, (1 — y)D/A,—Kx,c) of (X,(1 —y)D/A,—Kx) with
(Xo, (1 —y)Do/A,—Kx,) being the central fibre.

The purpose of this note is to show the following semistable version of Yau-Tian—
Donaldson correspondence using the above compactness result as a tool of blackbox. For
the definition of Ding energy and Mabuchi energy, see the next section.

Theorem 1.5. The following conditions are equivalent:
(1) (X,—KYx) is K-semistable.
(i) R(X) =1
(iii)) R(X,D/A) = 1.

(iv) The infimum of the Calabi functional is zero, that is

inf S(we) —n =0.
i S (g) = nlz2

(v) The Ding-energy is bounded from below, or equivalently, the Mabuchi-energy is bounded
Jfrom below.

Remark 1.6. Robert Berman pointed out to me that, using Theorem 1.5, results in [53]
and his paper [5], one can show that the above conditions are also equivalent to the condition
that the supremum of (normalized) Perelman’s A-functional is equal to n - Vol(X). Using the
terminology of [3,52], we could say that K-semistable Fano manifolds are the same as almost
Kihler-Einstein Fano manifolds.

Many implications of the above conditions are known; see the discussions in the next
section. Our main contribution is to complete the loop of implications by showing the impli-
cation (i) = (v). In addition to the compactness result in Theorem 1.4, the main ingredient to
proving this is the following result.

Theorem 1.7. Assume D € |-AKx| for Z > A > 1, and we have a special degenera-
tion (X, ad) of the kit pair (X, aD) such that there is a weak conical Kdihler—Einstein metric
on the kit pair (Xo,aDg). Then for the pair (X,aD) and any reference Kdihler metric w, the
Ding-energy Fy, op is bounded from below. As a consequence, (X, aD) is log-K-semistable.

This is a generalization of Chen’s theorem [13] from the smooth setting to the general
singular setting in the (logarithmic) Fano case. A simple special case of Theorem 1.7 already
played an important role in our previous work [28]. In the present paper, we prove the above
general result by doing explicit calculations in Lemma 1.9 (or equivalently Lemma 3.7) to
resolve a technical difficulty in [28]. As an immediate corollary of Theorems 1.4 and 1.7, we
get:
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Corollary 1.8. For any smooth integral pluri-anticanonical divisor D € |—AKx| for
some 7, > A > 1, the pair (X, MD) is log-K-semistable. Moreover, (X, (1 —y)D/A)
is log-K-stable if and only if y € (1 — A, R(X, D/1)).

As mentioned above, in proving Theorem 1.7, a technical step relies on the following
lemma which is of independent interest. Denote B1(0) = {z € C, |z| < 1}.

Lemma 1.9. Let 7 : X — B1(0) be a family of Fano varieties over the unit-disc such
that the general fiber is a smooth Fano manifold and the central fiber is a Fano variety with
log terminal singularities. Let h be a continuous metric on the relative anti-canonical bundle
—Kx/B,(0)- Then the function

ft) = /X dV(h)

is continuous ast — 0.

See Definition 3.2 for the definition of dV(h). As pointed out to me by the referee,
this lemma can be seen as a strengthening of a result by M. Gross in [37, Appendix B]. See
Remark 4.5 for more discussions.

The organization of the paper is as follows. In the next section, we briefly recall some
preliminary results. In Section 3, we prove Theorem 1.5 and Theorem 1.7 modulo the technical
Lemma 1.9, or equivalently Lemma 3.7. In Section 4, we prove Lemma 1.9. In the last section,
we give examples of log-semistable pairs.

2. Preliminary results

Using the notations from the introduction, we recall some known results. Firstly, to study
the relation between R(X) and R(X, D/A), we consider some functionals (see [49] and, for
general twisted functionals, [6,24,26]).

Definition 2.1. Let V = [y 0" = 27)"(c1(X)",[X]). For any ¢ € PEH " (wo),

we define the following functionals:
Monge—Ampere energy:

1 1 n . .
0 § : i n—i
(2.1) FY (wg) = — i 0/ Pwy N wg

Norm energy:
1 1
lon@s) = 3 [ 0"~ ). (g = FS@) + 5 [ 40",

Ding energy [18,20]:

(a) For Aubin’s continuity method and ¢ # 0, define

1 1 _
Fay,(1-1)wo (@09) = F£0(¢)—;10g(; /X eloo ’¢w3).
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(b) (log-Ding-energy) For ¢ # 0, define

1 1 hoo wg
Fay,(1-0)p/1 (@) = Fao () — ;log(v /X oo™t |S|z(10—t)//1)‘

For A > 2 and t = 0, we normalize | - |* such that [y ehwow(’)’/|s|2/)L = [y wg, and
define

n

1 0]
Fanp(a09) = F&y(@) + 5 [ (6= logs/A)cheo 20

Mabuchi energy [31]:

(a) The second formula for the Mabuchi energy appeared in [47, Proposition 3.1].
1 .
Voo (0g) = —/ /XS(co¢) —n)prwy, dt
0

n
:lflogw—qbw"—i- l/dba)”—i-FO(qb) +l/hw (wy — ).
|4 X a)(’)‘ ¢ V X ¢ @o |4 X 0 ¢

(b) For Aubin’s continuity method, define
Veo,(1=)wo (@Pp) = Vo, (0g) + (1 = 1)(Lwy — Jwy)(@g).

(¢c) (log-Mabuchi-energy) For the conical continuity method, define
— 1 2/A, n n
Vao,(1-)D/1(@9) = Vo, (1-nwo (@g) + (1 =) s log [s[},. " (wg — wp).
Recall the following definition by Tian:

Definition 2.2 ([48]). A functional F on P8 JH°™ (wy) is called linearly proper if there
exist constants C; = C1(X) > 0 and C, = C,(X), such that for any ¢ € PEH" (wp), we
have

F(wg) = Cylgpy(wg) — Ca.

This condition is equivalent to a strong Moser—Trudinger—Onofri inequality [20]. The
following proposition summarizes the relevant PDE theory from the variational point of view
for both Aubin’s continuity method and the conical continuity method.

Proposition 2.3. (i) R(X) = ro if and only if Fu, (1—t)w, 18 linearly proper when
t < ro, equivalently, if and only if V,, (1—1)w, S linearly proper when t < ro.

(i) R(X,D/A) > boifand only if F,,, (1—1 D/ is linearly proper when t < b, equivalently,
if and only if v, (1—1)D/A IS linearly proper when t < by.

The proposition is well known (cf. [6,28,39,42]). But for the reader’s convenience, we
will sketch a proof. See [26, Chapter 3] for more discussions and references related to this
proposition.
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Proof.  We first assume the solvability of (1.3) (resp. (1.4)). Then the argument splits
into the following three steps.

Step 1: The functionals F, (1—1)wg> Ywo,(1—11)wo TESP- Fug,(1—11)D/As Vewo,(1—11)D/A)
are proper for 0 < f; < 1. This can be proved for Mabuchi energy using Tian’s a-invariant
[18,49] (resp. log-a-invariant [6,24]). Then by [6, 38], the properness of Mabuchi energy and
properness of Ding energy are equivalent.

Step 2: The solution of (1.3) (resp. (1.4)) fort =1, < R(X) (resp. t =1, < R(X, D/}))
obtains the minimum of both functionals Fi,, (1—t,)w, aNd Ve, (1=12)w0 T€SP- Fa,(1=12)D/A
and v, (1-1,)D/2); cf. [4,6,8,10].

Step 3: The functional vy, (1—)w, (I€SP- Vawy,(1—¢)D/) 18 linear in the variable ¢. Also,
by Holder’s inequality, the functional F, (1—)w, (t€Sp. Foy,(1—1)p/a) is concave down-
ward in the variable 7 (see [28]). So the properness of the functionals for intermediate values
0<t; <t <ty <R(X)(esp.0<1ty1 <t <ty <R(X,D/L)) follows from interpolations.

To prove the other direction, we assume the properness of functionals.

Step 1: Start the continuity method. For Aubin’s continuity method (1.3), one can get
the solution at # = 0 using Yau’s theorem [55] on prescribing Ricci curvatures. In fact, Tian’s
a-invariant [44] bounds R(X) away from O by the inequality R(X) > ”nlla(X ) > 0. For the
conical continuity method (1.4), for simplicity, we assume A > 2. One can choose #( such that
l—A<ty<1l—A+¢€ <0with0 < € < 1. The solvability of (1.4) at ¢ = 1 is proved
in the same way as in the case of smooth Kihler—Einstein metric with negative Ricci curvature
proved by Aubin and by Yau [55]. Because the cone angle 0 < 27 = 2x(1—(1—ty)/A) K 1
is very small, the cone singularities do not cause troubles in the analysis. In general, all cases
(for all A > 1) can be dealt with as in [6,24] (see also [28]).

Step 2: The openness of the solution set holds for (1.3) by [2] (see also [49]) and for (1.4)
by [23].

Step 3: The closedness of the solution set follows from a priori estimates which are true
by the assumption that the functionals are proper. This is proved as follows. Firstly, by the
interpolation argument as above, the functionals are uniformly proper along continuity meth-
ods. So /4, (wg) are uniformly bounded. Secondly, one can show that the Sobolev constants
are uniformly bounded along the continuity methods, and so the C°-estimates follow from
Moser iterations (cf. [24,44]). Then by the theory of (singular) Monge—Ampere equations,
CY-estimates are sufficient for higher order estimates. For more details, see [2,24]. O

Corollary 2.4. (1) R(X,D/A) < R(X).
(ii) R(X. D/A) = R(X)(k — 1)/ (A — R(X)) (see [39]).

Proof. (i) This follows immediately from Proposition 2.3 because

Foo,(1=t)wo = Fuwo,(1—typ/a —C
for constant C = % log maxy |s|,
(ii) By the Holder inequality, we have

hog—tv @0 Vg 1200/ bt 1) ! 2\
wo wo L wn
/Xe S ppan = (/Xe ’ “"’) (/X|s|2<1—t>q/“’°) '
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Then the inequality follows by solving the following conditions:
t-p<RX), pl4ql=1 A-0g/A<]l. o
Remark 2.5. If we define the invariant
Rc(X) = sup{R(X., D/A); smooth D € |-AKx|, A € Z>1},

then Corollary 2.4 immediately implies R.(X) = R(X). However, R(X, D/A) may vary with
the divisor D when R(X) < 1. In [28], on toric Fano manifolds, we constructed some D and
A with R(X, D/A) = R(X). But, by Székelyhidi [43], there exist smooth divisors D’ with
R(X,D'/1) < R(X).

As mentioned before, many implications of different conditions in Theorem 1.5 are al-
ready well known. We summarize them in the following items.

(v) = (1) is well known; see Tian [48], Paul-Tian [33] and the discussion in [26].

(v) = (ii) was proved by Bando [3].

(v) = (iii) follows from the interpolation argument by Li—Sun [28] and Song—Wang [39].

(v) = (iv) follows from the work by Bando [3].

(iv) = (1) was proved by Donaldson [21].

(iii) = (ii) follows since in general we have R(X, D/A) < R(X) by Corollary 2.4 (i).

(i1) = (i) was proved by Székelyhidi [42].

(i1) = (iii) for A > 2 follows from Song—Wang’s estimate in Corollary 2.4 (ii).

(i) = (iii) was actually shown by Chen—Donaldson—Sun [14, 15] and Tian [51]. See
Proposition 2.6 for an explanation.

Note that the above implications say that the condition (i) of K-semistability is the weak-
est, while the condition (v) that Mabuchi-energy is bounded from below is the strongest. In or-
der to complete the proof of Theorem 1.5, we only need to show that (i) = (iii) and (iii) = (v)
hold, so that (i) is indeed equivalent to (v). The first implication (i) = (iii) was essentially
shown by Tian [51] and Chen—Donaldson—Sun [14, 15]. For completeness we outline how to
deduce this implication from the compactness result of Theorem 1.4.

Proposition 2.6. (i) = (iii).

Proof. Prove by contradiction. Suppose y = R(X, D/A) < 1. Then by Theorem 1.4,
we get a special degeneration (X, (1 — y)D) of (X, (1 — y) D) such that (Xo, (1 — y)Do/A)
admits a conical Kéhler-Einstein metric. If the total space X¢ is smooth, then by [23] or [27],
we have

Fut(Xo. (1 — y)Do/A, v) = Fut(X, (1 — y)D/%. —Kx/c) = 0,

where v is the holomorphic vector field on the central fibre (X, Do) coming from the C*-
action. If X is singular, there are various ways to get this. One way is to use two known
results. First, by [7] the conical Kidhler—Einstein metric obtains the minimum of log-Mabuchi-
energy. Second, the log-Futaki-invariant is the derivative of the log-Mabuchi-energy along a
path in the space of Kihler metrics generated by a one-parameter subgroup [27]. Note that the
singularities do not cause troubles in the calculations by the work of [7]. One can also use the
log-Ding-energy instead of the log-Mabuchi-energy. To the author’s knowledge, this idea was
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first used by Tian [49, p. 73] in the smooth absolute case and by Berman [5] in the singular
setting, and also used in [14, 15]. Note that in the singular setting, one can actually lift all the
calculations to a log resolution similar to the calculations in the author’s thesis [26].

On the other hand, by [28], when 0 < € < 1, Fy (1—e)p/a (OT Vg (1—e)D/2) 1S proper
and so (see [28])

Fut(Xo, (1 —€)Do/A,v) = Fut(X, (1 —€)D/A,—Kx,c) > 0.
By the linearity of the log-Futaki invariant Fut(Xo, (1 — )0y /A, v) in the variable 7, we get
Fut(X, (1 - 1)D/A, —Kx/(c) = Fut(X, —Kx/c) < 0.

This is in contradiction with (X, —Ky) being K-semistable. |

3. Proof of Theorem 1.5 and Theorem 1.7
By the above discussions, we just need to prove the following proposition.
Proposition 3.1. (iii) = (v).

Given Theorem 1.4, Proposition 3.1 follows from Theorem 1.7 (which was conjectured
in [28]) and the fact that the lower boundedness of Ding energy is equivalent to the lower
boundedness of Mabuchi energy. The latter was proved independently by Haozhao Li [30] and
Rubinstein [38]; see also [6] and the references therein. Now we will prove Theorem 1.7 by
following the line of arguments in [28] where the result was proved in a simple case of one
isolated singularity. Here some more arguments are needed (see Lemma 3.7). Before starting
the proof of Theorem 1.7, we need some more definitions and remarks.

Definition 3.2. Assume (X, @ D) is a klt pair, where D = {s = 0} € |[-AKx|. Assume
that m Ky is Cartier for Z > m > 1. For any small open set U C X, let v be a local generator
of O(mKx)(U) and v* be the dual generator of O(—mKx)(U). For any Hermitian metric &
on —Kyx with bounded potentials, we define the adapted volume form by the formula

2/m

" @ ADY™ qvin)

|17 Isl7

dV((X,aD),h) = (v=1)"

In the following we will just write d V' (h) for d V((X, 0), h).

Remark 3.3.  On a smooth manifold X, assume z = {z; } is a local coordinate chart. For
any smooth Hermitian metric 4 on — Ky with Chern curvature equal to @ = —+/—100d1ogh,
the adapted volume form is given by

dV(h) = (\/—1)”|az|idz ANdz
and it satisfies the equation

dVv(h)

hey , n _
(3.1 et = VL avn fXdV(h)'
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So —v/—100log(e"*w") = w = —v/—1001logdV(h) (see (1.1)). In the previous Monge—
Ampere equations and definition of (log-)Ding energies, we could use either eho ™ or the
adapted volume form dV(h). But in the following, to apply Berndtsson’s subharmonicity
result, we need to work with adapted volume forms.

Remark 3.4. Since the kit property is important for us in the following, we briefly
explain why the kit property holds in Theorem 1.4. For more details, see [7, 14, 15,51].

In the general log-setting, (Xo, (1 —y)do/A) being Kawamata log terminal is equivalent
to the integrability of dV(h)/|so|2(1_y)M where 5o € |[-AKx,| satisfies Do = {so = 0}, and
h is any Hermitian metric on —K &, with bounded local potentials. If ®,, is a conical Kihler—
Einstein metric on (Xo, (1 — y)®Do/A) and h = l;y is the corresponding Hermitian metric on
—K x,, then it is easy to verify that, on any small open set Uy C X,

dV(hy) = (V=105 27 (wo A 50) /™ = e [so 21,
v v
where f is a bounded pluriharmonic function on Up. So we have

N /1 2/m = \1/
dV(hy) _( l)”|v3‘|};y (vo A Vo) /™

2(1-9)/A 2(1=9)/2 5
hy hy 4

An_f/\
a)y—e w

n
v

|50 |so]

In particular, the klt property of (X, (1 — y)dp) in Theorem 1.4 follows from two facts:

* As remarked before, proving Tian’s partial C°-estimates is an important step to prove
Theorem 1.4. By its proof, we know that there exists a non-vanishing generator v of
O(—mK«;,)(Up) for some positive integer m.

e The volume form on wy = Volg  (Up) is finite, because @ is the Gromov—Hausdorff
limit of the conical Kédhler—Einstein metrics @; on (X, (1 —t)D/A),ast — y.

Proof of Theorem 1.7.  For simplicity of notations, we will mainly concentrate on the
absolute case, i.e. when D = D = @. We will point out the straightforward modification of
arguments for the log setting in Remark 3.8.

Step 1: We can first embed the special degeneration 7 : X — C equivariantly into
72 : PV x C — C using the complete linear system |—m K /c| and then restrict

1
—a)II;PSN +a-dwAndw
m

to X in order to get a reference Kihler metric 2 on X. Here we have denoted by a)]]féN the stan-
dard Fubini-Study metric on P~ . Without loss of generality, we can take wg = Q| x, = Qx.

Step 2: For any smooth function ¢p € P8I (wp), we want to construct a geodesic ray
from wgy in the space of Kéhler metrics using the special degeneration X. It is well known that
this is equivalent to solving the following homogeneous complex Monge—Ampere equation on

X1B,0) = 71 (B1(0)):
(3.2) Q+ /1000 >0, (Q++/~1000)" = 0o0n X|p,():

cI)|a(.’X;|Bl(()))Z)(XS1 = ¢
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It is not difficult to get a bounded solution ® € L°(X|p,(p)). This is because that we can
construct a subsolution as a barrier and Perron’s method will give us a bounded solution. To
construct such a subsolution, note that on X* := X\ X =~ X x C*, we can write

wp +a-dwAdib = wy+ vV—1090(¢ + a(lw* — 1)) = Q + +v/—1030V.

Choose a radially symmetric cut-off function n : B1(0) — R such that n(Jw|) = 0 when
|w| < 1/3 and n(Jw|) = 1 when |w| > 2/3. We then define ¥ = n(|w|)W. It is easy to verify
that when a is sufficiently large, W satisfies 2 + V-1 aég > 0, and hence ¥ is a subsolution
to the equation (3.2). For more details, see [28,36].

For later estimates, we need the uniform continuity of ® away from X", Fortunately,
Phong—Sturm [36] have proved that ® is even uniformly C1'% away from X*"¢. For the
reader’s convenience, we explain briefly how this was achieved in [36]. To get higher regu-
larity, Phong—Sturm lifted the problem from the singular space X to a smooth space by taking
a resolution of singularities p : X — X. Then the equation (3.2) is lifted to the following
Dirichlet problem of homogeneous Monge—Ampere equation on X |B,(0) = (o w)~1(B1(0)):

PR+ V=1809 = 0, (n*Q+ v=130%)""" = 00on X3, (0);
q>|a(5C|Bl<0))=SlXX =9

Then Phong—Sturm approximated this degenerate equation by a family of non-degenerate com-
plex Monge—-Ampere equations:

== \ntl X G
(2 + /_136@6)” =eQ" 1 on X 1B, (0); q>e|a(56|31(0)) =9

Here Q¢ = u*Q 4 e/—1001log|| - ||%, where || - || g is a Hermitian metric on the line bundle
O x (E) which can be chosen so that €2 is strictly positive on X (because 1*[Q] — € E is ample
on X over C). Phong—Sturm then derived the uniform C? estimate on any compact set away
from E. So the limit ® of &, is C 1 away from E. For details, see [36].

Now since ® is plurisubharmonic on the (compact and connected) fibers of u : X — X,
it restricts to constant functions on fibers of © and hence descends to a bounded 2-pluri-
subharmonic function ® on X|g, () = 7~ 1(B1(0)). Moreover, by the C®-regularity of
away from E, ® is C 1'% away from X" = y(E).

Step 3: We choose a Hermitian metric g on —K x /¢ such that —+/—1 d0loghg = Q.
From Step 1 we know that hgm is just a pull-back of the Fubini—Study metric on Opn (1). We
define

33 0= Fh, @lx)—tog( [ HdViialx)) =14

12

Recall from Definition 3.2 that on each fibre X,
dV(halx,) = (V=D" o} 31" (v, A 5™,

where m is a positive integer and v = (v;) is a generator of O (—mKx;,c).
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Remark 3.5. The right-hand side of (3.3) does not change if we replace ® by ® + c¢(w)
as long as @ + c(w) is still an Q-plurisubharmonic function, where c¢(w) is any function
depending only on the variable w on B;(0). In particular, we can replace ® by ® + ¢ for any
constant ¢ without changing f(¢). Also, by (3.1), we have that whent = 1,

£(1) = F2 (¢) — log ( | €_¢dV(hsz|x1))
X

1
= F£0(¢) —log(V/Xe_d’ethwg) —log (/XdV(hQ|X1))
= Fuy(wg) —log ([XdV(hszlx1=X))-

Scaling i by a positive constant, we can assume that [y dV(hq|x,) = 1 so that

f() = Foy(wg).

Similarly, we have that

£(0) = Fg|x0(<p|x0) —log (/

Xo

e OoaVihalx, )
— Fszcltﬁco ((Q + V=1009)|x,) — C(hg),

where Fg& denotes the Ding energy defined on the central fibre satisfying
0

X
FR. (Rx) = 0.

and the constant C(hg) denotes

Clhg) = log ( /x dV(hszlxo))-

Note that C(hg) is independent of .

Now since @ satisfies the homogeneous Monge—Ampere equation and by formula (2.1)

FS(l)Ix is essentially the negative Bott—Chern integral for ¢1(L)" 1, we get
t

- 1 - 1
V1ol = —— | (@ + V=1000)" T — @t = —/ Q" >0,
n+1 X; n+1 X,

where |. x, denotes the integration along the fibre. The above identities and the inequality hold
in the sense of pluripotential theory. This can be proved using test functions and approximation
arguments as in the proof of [1, Theorem 3.1]. Indeed, if ® is smooth, we can choose a negative
test function ¢ € &y(B1(0)) N C(B1(0)) with zero boundary values (see [1] for the precise
definition of &y(B1(0))) and calculate

/ I(J—_laéw):/ EJJE(«/—_laE_M):/ M(v/'—100y)
B1(0) B1(0) J X X
= / (v/—100M)yr
X
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n+1

—— [ o VETae Y (@ + V1000) Ay
x i=0

_ ! /¢((Q+J—_183q>)”+1—9"+1)
X

_n—i—l
1

n+1Jx n+1 B1(0) X,

1 - 25\ n—i
n+1§)q>(9+«/—1aaq>) AQMTE

where we have denoted

For general ® one can use smooth approximations to prove that the above calculation still
holds.

Furthermore, we can verify the continuity of I(z) as ¢ — 0. The sketch of the proof of
this fact using the convergence of Monge—Ampere measures was given in the second revision
of the submitted paper. Recently we noticed that Spotti—-Sun—Yao have given a detailed proof
along a similar line of thoughts [40, Proposition 2.19]. The idea is to decompose the estimate
of difference into three parts, which is similar to the estimate (4.3) in the proof of Lemma 3.7.
In other words, choosing a small neighborhood W (§) of X "¢ = Xgmg (see Section 4), we can

estimate
[ i [y,
X A\AWES) Xo\'W()

+‘/ 5m|x0‘+‘/ M|,
XoNW(S) X NW(S)

For the second term on the right-hand side, we can estimate

‘ / M|,
XoNW(S)

Choosing § sufficiently small, each term in the above summation can be made arbitrarily small:

(34) |Fq, (®lx,) — Fg, (®lx,)

=

D oo o - ,
< 12l 3> (Q + vV=1000)" A Q"
n+1 = /xonwe)

(3.5) / (Q+ V-1 aécb)i AQVT <e k1.
XoNW(S)

This is because X(S)mg is a pluripolar set and carries no Monge—Ampere mass with bounded
potential. To estimate the third term on the right-hand side of (3.4), we first notice that, because
® is continuous on X'\ 'W(§), essentially by the convergence of Monge—Ampere measures (see,
e.g., [16, Chapter III, Corollary 3.6] and [54]), we have

(3.6) lim (Q + V=1000) A Q"
1=0 ]\ W)

= / (Q + V=1200) A Q"
Xo\ W)

= Vol(Xo) —/ (Q + vV=1000) A Q"""
XoNW(S)

> Vol(Xp) — e,
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where Vol(Xp) is the same as V' in Definition 2.1. The inequality follows from (3.5). As sug-
gested by the referee, the first equality in (3.6) can be argued as follows. Choose a partition of
unity {p, } subordinate to a covering { Uy} of X'\ 'W(38). Note that the earlier exact choice of
W($) is not essential as long as 'W(4) is sufficiently small. So now by appropriately modifying
W(§), each Uy can be chosen using local holomorphic coordinates so that U, is biholomor-
phic to a polydisc B,(0) x D" in C"*! and the projection Uy — By (0) is a local product
fibration over B, (0) for r < 1. Now we claim that

3.7) lim pe (2 + V—100®) A Q"
=0 JUenx;

= / pa(Q + V—=100®) A Q"
UaNXo

Then by patching together these local convergences using the property of the partition of unity,
we get the convergence stated in (3.6).
To see why (3.7) holds, let us first define

o = palugnx,, M= (Q+ V—1000) A Q" |y, .

Because we have chosen U, =~ B,(0) x D" where D" C C” is a fixed polydisc, we can
estimate the difference of the left-hand side and right-hand side of (3.7) as

(3.8) lleft — right| <

#| [ sbeamt —amt)

| el o
Dn
The first term on the right-hand side of (3.8) is estimated from above by

69 = bl [ < ok — pSle VoI(X0) = I = plllV,

where V' = (27)" (—Kx;,)" (see Definition 2.1) is independent of 7. Noting that py € C5°(Uq),
when ¢ is sufficiently close to 0, the last term in (3.9) can indeed be made arbitrarily small. The
second term on the right-hand side of (3.8) converges to zero as t — 0 because of the (weak)
convergence of Monge—Ampere measures mentioned above.

So by (3.6), when ¢ is sufficiently close to 0, we have

/ (Q + V=130®)" A Q" > Vol(Xo) — 2.
X A\WE)

For such ¢, we can thus estimate the third term in (3.4) (cf. the proof of [40, Proposition 2.19]):

D100 z 3 j i
‘/ Mo, 5&2 (Q + V—1000)" A Q"
X NWE) n+1 = Jx,nwe)

I ®llzoe < /~1350) '

= 1HIL= Z(VOI(Xt) _[ (Q + V—-1000)" A Q”_’)
n+1 — X\ W(8)
1)z -

=TT > (Vol(X;) — (Vol(Xo) — 2€))

n=0

= 2¢|®[ L.
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Here we have used the fact that
Vol(X;) = (2m)" (=K x,)" = 2n)" (=K x,)" = Vol(Xop).

Once we have chosen § > 0 and |¢| sufficiently small such that the estimates for the second
term and the third term in the right-hand side of (3.4) are sufficiently small as above, the first
term in (3.4) can also be made arbitrarily small as long as 7 is sufficiently close to 0, again by
the convergence of Monge—Ampere measures away from ‘W(§) and the argument involving the
partition of unity as above.

Remark 3.6. One referee pointed out that Berman [5] has already proved that 1(¢) is
continuous on B1(0)* and is bounded on Bj(0), and that his proof can also be modified to show
that I(¢) is continuous at 1 = 0. Berman’s proof used the fact that the functional F2(¢) can be
written as a difference of metrics on the corresponding Deligne pairing which is continuous by
a result of Moriwaki. The use of Moriwaki’s result in this context was first observed in [34].

Next we want to prove that II is also subharmonic and continuous at # = 0. This part
is more difficult and we need Berndtsson’s subharmonicity result that we now recall. Assume
that # is any possibly singular Hermitian metric on a relative ample line bundle £ — X. The
relative Bergman kernel metric on O x (K x/c + &£) is defined by

(3.10) 52 = <L

BE > lsil?

where {s;} is an L2-orthonormal basis of H°(X;, K x, + £|x,) under the L?-inner product
induced by #. Berndtsson’s fundamental result in [9] (see also [1 1, Theorem 0.1]) says that, if
the metric # on £ — X has positive curvature current —+/—100log # > 0, then |s|% x has
a positive curvature on X * where the projection 7 : X* — C* is a smooth fibration. In other
words, under the above assumption, we have

—+/—1001log |- |55 > 0on X*.

Note that a priori we do not know what happens on the whole X .

Berndtsson’s result was applied in the current set-up in the work of [10] and [8, Lemma
6.5]. To do this, write O as Kx + (—K x) and take the Hermitian metric to be # = hge™®.
Note that H°(X;, O x,) = C is a one-dimensional vector space spanned by the constant
section 1. The L2-norm of the constant section 1 is equal to

D IR = VI [ W a5 7 = [ e avihay,,).
X, xt
By (3.10) the relative Bergman metric on O o is defined for any holomorphic function 4 € O

as
W = — " g2
f— —_— 2-
B 12/)2, L

So by (3.11) we see that

1(7) = —log ([ e—d"xth(hmxt)) = —log |13

t
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In particular, the right-hand side is a pull-back function from the base. Now the Hermitian
metric # = hge™® on —K x satisfies

(3.12) — v/~100log(e~®dV(hg)) = Q + v—100® > 0.

Berndtsson’s result [8, Lemma 6.5] implies that I1(¢) is subharmonic on B1(0)* := B1(0)\{0}.
Now we need the following lemma which is equivalent to Lemma 1.9 and will be proved in the
next section.

Lemma 3.7 (Lemma 1.9). The part 11(¢) is continuous as a function of t. In other
words, we have the convergence

(3.13) lim e—q’lwwhmx,):f e~ 2dV(hg).
t—0 X, Xo

Assuming Lemma 3.7, by standard potential theory, II(¢) is subharmonic on the whole
B1(0): AIl > 0, because it coincides with its subharmonic extension. So by the maximal
principle and S!-symmetry, we have

max 11(r) = II(1) > 11(0).
t€oB1(0)

Combining the above discussion, we see that f(¢) is subharmonic on B;(0) and so, by the
maximal principle,

(3.14) S() = Fug(wp) = f(0) = Fgif, (Qlx,) ~ Clha).

Step 4: Because we assume that X¢ has a (weak) Kédhler—Einstein a)lgcp? , a)IzCEO obtains the
minimum of Ding-energy functional:

X X X
(3.15) Faly, (Qalx) = Fop) (k).

This was proved in [20] (see also [49]) in the smooth case, and was generalized to the Q-Fano
case in [7]. Also see discussions in [28].

Now Theorem 1.7 follows by combining inequalities (3.14) and (3.15). ]
Remark 3.8. Here we point out the necessary modifications of the above arguments for

the logarithmic case, i.e. for the pair (X, «). Denote B = 1 — . Step 1 and Step 2 stay the
same. In Step 3, we need to consider the (relative) log volume form:

-
1 - ‘hae ®lx,) = ‘
(.16)  dV((%r. (1 - B)D1): hge®x,) (|8|}2me_m)1_5\xth(hmx,)
dV(halx,)

= o2(—B)
|8l P 1%

where () = 1 — (1 — B)A, & is the holomorphic defining section of D C [-AKx,c/|, and
|- |iQ is the naturally induced Hermitian metric on —AK ;¢ by the Hermitian metric hg from
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the beginning of Step 3. Then (3.12) becomes

—+/—10010g e_r(ﬂ)q)—dv(hg)
|8|z(1—ﬂ)
Q

= r(B)v—1900 — v—130logd V(hg) + (1 — f)~/—180dlog |87 _
=Q+r(f)V—100D + (1 — B)(—AQ + {8 = 0})
= (1—(1-B)M)(Q + V—=1002) + (1 - B){§ = 0}.

Note that we can assume 7(f) > 0. Otherwise, as has been pointed out in the proof
of Proposition 2.3, the «-invariant or log-a-invariant [6, 28] is sufficient to prove the lower
boundedness (even the properness) of (log-)Mabuchi energy and hence the lower boundedness
of (log-)Ding-energy (see [7,28]). When r(f) > 0, the right-hand side is a positive current and
we can again use Berndtsson’s subharmonicity result recalled earlier plus Remark 4.4. Finally,
the result in Step 4 in the log setting has been proved in [7].

4. Proof of Lemma 3.7

First note that by the expression of II in (3.3), II(¢) is continuous on B (0)* since ® is
continuous on X * := X'\ X and d V' (h) is a smooth volume form on X *. Recall that we want
to prove the convergence

4.1 lim e—q"xth(hmxt):/ e~ ®%0dV(hg|x,).
t—0 X, Xo

Again the finiteness on the right-hand side follows from Xy being kit.

For convenience, we assume X, has been embedded into PN x C, and we denote by
B(Xs"2 §) the tube of radius § around the closed set X% in the metric product PV x C. We
want to reduce proving global convergence (4.1) to proving local volume convergence. More
precisely, we will construct a family of neighborhoods {W(8)}se(0,1) of X sing in X in analytic
topology, such that the following conditions are satisfied:

(1) If §; < 82, then 'W(81) is compact in W(5>).
(ii) There exists a fixed A > 1 such that W(§) C B(X*"2, A§). As a consequence,

() W) = X,

§>0

(iii) Local volume convergence holds for any 'W(§):

4.2) lim dV(hQ|xt) :/ dV(hQ|x0).
=0 Jx,nWs) XoNW(S)

Assuming that we have constructed such a family of 'W(§), we claim that we can prove
(4.1). To see this, we estimate the difference of integrals in (4.1) as follows:
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-o -o
4.3) V e~ ®dV(hg) —/ e~ ®dV(hg)
X, X()

< ‘ / 24V (hg) - / 2V (hg)
XAWE) Xo\W()

+ ‘/ e %dV(hg) — f e~ %dV(hg)
X:NW(S) XoNW(S)

< ‘/ e~ 2dV(hg) —/ e~ ®dV(hg)
X A\WE) X0\ W)

+ ell®llzee (/ dV(hg) +/ dV(hQ)).
X NW(S) XoNW(8)

For fixed small 8, the first term is small when ¢ is sufficiently small because ® is uniformly con-
tinuous on X|g, (0)\ Ws by the C L.@_regularity result of Phong—Sturm [36] recalled in Step 2 of
Section 3, and d V(hg) is a smooth volume form on X\ Ws. For the terms in the bracket, first
note that || ®||z is finite since ® is uniformly bounded on X|p, (o) by the discussion above in
Step 2. Second, the volume of ‘W(8) N X is negligible when § is small because d V(hg) is an
L?-volume form on Xy for some p > 1 by the kit property of X. In other words,

4.4) lim dV(hg|x,) =/ _dV(hg|x,) = 0.
§—0.J 30N W(5) X

So the convergence identities (4.2) and (4.4) imply that the two volume integrals in the last

bracket can be arbitrarily small when 7 and § are sufficiently small. So the claim follows.
Now we construct W(8) which is a neighborhood of X", We choose a log resolution

of the pair (X, Xo): i : X — X and denote 7 = 7o . So we have the commutative diagram

4.5) X S Xy X

L,
[

(0} C

Note that in the special degeneration X, Xo = {t = 0} is a reduced fibre. Then we have

K
(4.6) Xo = pu*Xo = p*z*({t = 0) = 7*({r = 0) = X + ) _aiE;
i=1
with Z 2 a; > 0, where X 6 is the strict transform of Xy under ,u_l, and the E; are exceptional
divisors. The divisors X, and E; have simple normal crossings. For any

K
)~C€5€0=X6UUE,',
i=1
we will construct a neighborhood ﬂ(fc, ) in X using local normal crossing coordinates. The
key property satisfied by U (X, §) is what we will call the local volume convergence property,
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which is the following equality corresponding to (4.2):

4.7) lim [ w*wAv)= / . w*(v A D).
=0 J %, nU(X,5) XHNUE,8)

Note that if X N U(X,8) is an empty set, then the right-hand side is equal to zero. So (4.7)
essentially says that the limit of the pull-back of volume integrals is concentrated on Xj.
Assuming we have achieved this, we just define our desired 'W(§) on X to be

we = J wUG.

oot K
xeUi=1 Ei

Note that on the right-hand side, we can choose a finite subcovering by the compactness of Xo.
By the construction of ﬂ(fc, 8), it is then easy to verify that ‘W (8) satisfies our requirements.

Before we construct the neighborhoods and calculate, we need to recall an important
result from complex algebraic geometry called inversion of adjunction. For this, we consider
the usual formula defining the discrepancy b; = a(E;, X, Xo) of E; with respect to (X, Xo)
(see [25, Definition 2.25]):

K

(4.8) Ky c + %o = ¥ (Kx/c + Xo) — > biE;.
i=1

Because X is klt, the inversion of adjunction [25, Theorem 5.50] says that (X, Xo) is plt,
which implies in particular b; < 1. This will be the key fact for us to estimate the integrals.
See the discussion in Remark 4.1. Combining equation (4.6) and (4.8), we get

K
(4.9) n* Ky c = Ksgc— Z(ai —bi)E;.
i=1

Also note that by the adjunction formula, from (4.8) we have

K
(4.10) Ky, = (o) * Ko — Y bi Eilx,

i=1

with b; < 1, which is saying exactly that X is klt since | x; Xy — Xo is a resolution of
singularities.

Remark 4.1. The following calculations are separated into two cases depending on
whether X is contained in X 6 (the strict transform of Xy under resolution) or not. In both cases,
there are essentially two steps. For Case 1, when X € X, first we reduce the local volume
integral on U, (X, §) to the integral on the image of the projection of U, (%, §) to X,. Second,
ast — 0, we show that these integrals converge to the volume integral on XjNU(X, §) because
the domains of integrals converge and the positive integrands also converge under domination.
For Case 2, when X ¢ X, we first project the local volume integral to an integral on some
appropriately chosen exceptional divisor. Second, as ¢ — 0, we estimate the volume integrals
to show that they actually converge to zero. In the estimates in both cases, we use essentially
the property that (X, Xo) has plt singularities, i.e., discrepancies of the exceptional divisors
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Figure 1. p: X - X.

over X are bigger than —1. This important property is called the inversion of adjunction from
birational algebraic geometry.

By this argument we see that the choice of ‘I](}?, 8) is very flexible. Actually any small
simply-connected neighborhood U(F, 8) of X satisfies the local convergence property in (4.7).
For example, we may well choose the balls

U5 = {3 il < 2]
i=0

under local coordinates adapted to the simple normal crossing singularities. However for the
simplicity of calculations, we will choose a small polydisc around X in (4.12) below. The above
ideas of the calculation are illustrated in Figure 1.

Now we can start to calculate the volume integrals on small neighborhoods of any

K
fexgul JE
i=1

The following arguments of calculations are basically detailed explanations of Figure 1.

Case 1: X € X. Without loss of generality, we can assume

N
TeXon()E.
i=1
Choose a coordinate chart w = {wg,wi,...,w,} = {wg,w’} such that w; (¥) = 0 for

i =0,1,...,n, and locally X = {wo = 0} and E; = {w; = 0} for 1 < j < n. By
(4.6) we can assume that the map 7 (see the diagram (4.5)) is given by

Nx
4.11) { = wo l_[ wiai
i=1
witha; > 1 fori = 1,..., Nz. The above choices of coordinates can be achieved because

Xy U Ulel E; has simple normal crossings. Note that, in particular, w’ = {w1,...,w,} is a
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local coordinate system on X near X. We now consider the region
(4.12) U(X,8) = {|wj| <8, j =0,....n}.

As mentioned in Remark 4.1, this specific choice is to make calculations simple. Any compa-
rable choice of U(X, §) can serve our purpose.

When ¢ # 0, by (4.11) we can choose {wy,...,wy} as the local coordinate system on
the (local) fibre U, (X, 8) = U(F, 8) N X

t

(4.13) wo = wo(t, wi,...,w,) = wo(t,w) = —~ o
X 1
12w
so that for ¢ % 0 we have
t
HN)} aj;
i=1W;

So U, (X, §) is biholomorphic to the following region in the w’-space via projection:

ﬂt()?,5) = {(l_[]w;a,w,) (S Cn+1; |wj| < 8,] = 1,...,”1,

i=1W;

<4},

Nx
Vi) = {w’ = (W1,...,wp) €C™; |wj| <68,j =1,...,n, l_[ |w; |4 > |t|/5}.

i=1

Note that {V;(8)} is an increasing sequence of sets on the w’-space with respect to the vari-
able 7. The limit is

tlin})"Vt/(5) ={w = (wi.....wy) € C"; |wj| <8,/ =1,....n} = Vy(3).

The point here is that w’ = {wy, ..., wy} serves as local coordinate system on U, (X, §) for
t # 0 and also on U(X,8) N X, so that we can use it to check that U(F, 8) satisfies the
local volume convergence condition as follows. To be clear, we will translate the formulas
(4.8)—(4.10) into analytic forms. We start with equation (4.9) that gives

Nx
(4.14) WMy = gw) [Twf ™" (dwo A dw' ®3;) (<= (4.9).
i=1

where g(w) is a nowhere vanishing holomorphic function of w, and dw’ = dwy A -+ A dwy,.
Remark 4.2. Precisely speaking, this formula should be interpreted as choosing a
branch of the 1/m-roots of the following formula:

Nx
W = gw) [Tw! ™" (dwo A dw)®™ @ 0,)®™,

i=1

where v is a generator of @x(—mKyxc) and mb; are integers. In the following, we will
always implicitly assume that we have made this choice when we deal with fractional powers.
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From (4.14) and (4.13), we get

dwo Adw' ® 0 pl/my Ne o
g(w)— F = u*( ) [Tw) (= @3y
wo t

i
i=1

Taking residues, we get the analytic formula corresponding to equation (4.10):
Nx
_bi
(4.15) (1loc))* (vg/™) = gO.w") [T w; P dw’ (<= (.10)).
i=1

When ¢ # 0, we can compute the integral on U; = Uy (R, 8) C ~5C ¢ using local coordinates
{w1, ..., wy} on it. The local volume form in (4.14) restricted on U; becomes

Nx Nz
[Twi " adwealy = I wi' " dwo A dwi A+ A dwy ® 3y,

i=1 i=1
N..
1 a;—b di
=1_[w.’ ! /\dwl/\--~/\dwn®at\~
i HNx w% U,
i= i=1"i
Nx n
b.
= /\wi “dw; N /\ dw;
i=1 Jj=Nz+1

So by (4.14), we have that

Nz n
wrwA DY = |gwolr w) w)P N fwi| PP dwi Adibi A\ dw; A did.
i=1 j=Nz+1
By (4.13), lim;—o wo(z, w') = 0. So we see that for any w’ € V;(§) for some 7, we have the
point-wise convergence:

Nx n
. —1 2 —2b; 7. - , -
th_%lu*(v A D) /m _ lg(0, w')| /\1 |w; | dw; A dw; A | é\ﬂdwj A dw;
1= J=Nx

= Ml}é(vo A i) /™.

By (4.15), the second equality is just the analytic form of formula (4.10). Now we can check
the convergence in (4.7):

(4.16) lim W A v)m

t—0 U; (%,8)
) 8ot w). w2
= lim N
=0 by LS, w2
wo(t, w), w)|?
= lim x(2.5) 80 W) WIF ,
=0 Jvy) [Ti2; hwil?P

{ /’ |2 o
:// lirr%)(x(t,S)'g(w?v(i w);Z” )dw'/\dw’
Vo) 1> [[;2 w2

dw' A dw'

w' Adw




Li, Yau-Tian—Donaldson correspondence for K-semistable Fano manifolds 77

0’ 12 _
=/ —lfv(N U))l dw//\dw/
Vo) [1;2, lwi|?bi

= / _ My (vo A Do
XHNUE,S) 0

Here x(t,6) is the characteristic function of the inclusion V;(8) C V{(§). To see that the third
identity holds, we first note that because g(wq, w’) is a holomorphic function on U(X, §), there
exists an upper bound |g(wg, w')| < M. So we can estimate

)l/m'

M
- HlNle |w; [2(i+e) ’

lg (wo(t, w'), w)|?
Ni .
l_[i:xl |w; |2b’

‘X(M?)

where € is small such that b; +¢€ < 1. So the right-hand side is integrable and, by the dominated
convergence theorem, we get the third identity.

Case 2: X ¢ X,. Without loss of generality, we assume

N
X € mEl’.

i=1

Similarly as before, we can choose the coordinate chart w’ = {wj,...,w,+1} such that
E; = {w; =0} for 1 <i < Nj and the map 7 is defined by the formula

Nz Nx
= l_[w?i = Hyi,

i=1 i=1
where for convenience we introduce y; = wl’.” with Z > a; > 1. So on X;, we have
t t
R _
4.17) yi=w; = ]_[Nx = ]_[N;C -
i=2 Wi i=2 Vi

Similarly as before, we consider the region

U(E,8) = {(wi, ..., was1); |wj| <8, j =1,....n+1}.

So when ¢ # 0, we have

Nx
Uy (%,8) = {w’ = (Wi.....wet1) €CTY i <8 =1on 4 1 ]l =z}.

i=1

Denote w” = {ws, ..., wyt1}. Under the projection to the w”-space, U;(¥,8) is an un-
branched a1-fold covering over the following region:
(4.18)
~ t
VI/(8) = {(wz,...,wn.H) eC™; |lwal <8, j=2,...,n4+1, NL 55‘“}.
X .la;
l_[izz |w; |4
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Next we compute the integrands on ﬂ,(fc, 8). Denote dw’ = dwy A --- A dwy41. Then by
(4.9),

N
(4.19) W@V = gw) [Twf™ (@w ®a),
i=1
For convenience, we rewrite the corresponding factors in (4.19) using the variable y; = w?i
forl <i < Ny:

b 1 1_p 4 1 —b)/ a;
(4.20) wi b gy = ;wl.l b’d(wl.al) = ;yi(l bi)lai dy, = ﬂ’ dy;.
1 1

Here we denote 8; = (1 —b;)/a;. The important inequalities for us are ﬂ,- > (O because b; < 1
in (4.8) (by inversion of adjunction) and Z > a; > 1,fori = 1,..., N3.

Using relations (4.17) and (4.20), we can find the volume form on U = U, (x,0) C X
when ¢ # 0:

N: n+1
[Tue™ au’ @ g, =utt=*dwn n [[wfawn A duy 021,
i=1 =2 J=Nz+1
Nk n+1
1 1 .Bl d[ X X
= ON: ( Nx ) N: A/\yildyi/\ /\ dwf@a"‘llz
Hi—l ai Hi_zyi ]_[i—zyi =2 J=Nz+1
n+1
; 1
/\yl ﬂl dy A /\ dw]a
J=Nxz+1
where A = ]_[ i—1 @i 1s a positive integer. So
4.21)
5P g 'K A
M*(U/\l_))l/m — gA2 |t|2ﬁ1 /\(l |2(ﬂl ﬁl) zdy /\dyl /\ dwj /\du)j
i=2 J=Nz+1

Now note that, since y; = w?i # 0 fort # 0, "D;/ (6) in (4.18) is an unbranched covering over
the following region V' (5):

V/(8) = {()12,---,yN;c,wN;c—i-l,---,wn—l—l); lyj| <8%,j=2,...,Ng,

Nz
[lyil = 1e1/8%". and Jw;| <8, j =Ng+1,...,n+1}
=2
n+1
= V@) x (SHN I x TT Alwl <8},
j=Nz+1

where we define

Vi) = {(Xz,...,XN;C) eR" ! x; <a;logd, i =2,...,Ng, and

N

ij > log |¢| —allogS}.
j=2
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This is easily checked by changing into logarithmic polar coordinates: y; = e*i ! % More-
over, we compute that

|yi|2(ﬂi—ﬂ1)—2dyl. ANdy; = e2Bi=BOXi /1 dx; A db;.

So by (4.21), to estimate the integral fﬂt(i 5) W A v)l/m, we just need to estimate

(4.22) me / Hezwl ~Bi)xi /\ dx.
//(8)

=2

Now note that we can certainly assume 0 < § < 1. So the integral region V/(8) is contained
in (R<o)¥*~! and hence in a regular simplex whose edge has length a; log§ — log |¢|. Up to
now, the index 1 hasn’t played a special role. Now without loss of generality, we can assume
that B; > B, so that (8; — B1)x; < 0 in the region of integration. Combining these facts, we
see that the integral in (4.22) is bounded by

12P1 (a1 log § — log |t )V~1 /(Nz — 1),

which goes to 0 as t — 0 because 81 > 0. So we have managed to prove

lim wrAn)Ym=0.
1=0 JU, (%,8)

Remark 4.3. For comparison, note that if we calculate Case 1 using the variable

yi = wi’ with yg = wog and ag = 1, then we can let o = 0 and get
* =\1/m lg(w)? "N 28,2
w(vAD) = =N /\(|y| i dy,/\dy, /\ dw; Adw;.

[Ti21ai i j=Nz+1

This does not have any extra ¢, factor (compare (4.21)). Then one can carry out the calculation
of the limit in y;-coordinates, which is equivalent to that in (4.16).

Remark 4.4. In the log setting, the change we need to make is to apply the inversion of
adjunction in [25, Theorem 5.50] for the pair (X, ®Dyp) to get that the pair (X, Xo + aD) is
plt. We have the corresponding analytic formulas for the log volume form (see (3.16)):

T (B |vf | 2Im (y, Aoy tim
2(1 B)
18lhe  lx,

V((Xe, (1= B)D2): hae™®lx,) =

The local convergence properties remain valid essentially because (X, Xo + (1 — 8)D) is plt.

Remark 4.5. One should compare Lemma 3.7 with [45, Proposition 2.1] and [35, Main
Theorem] (see also [17]), where similar local problems for holomorphic functions on the prod-
uct space were considered. In the situation of Lemma 3.7, the topology changes near the central
fibre and we need to pull back all the calculations to a log-resolution.

On the other hand, one referee has pointed out that Lemma 1.9 can be viewed as a
strengthening of a result by Gross [37, Appendix B] which in our set-up says that the integral
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on the left-hand side of (3.13) is uniformly bounded. Our proof of the lemma is quite different
from that of Gross. While he used the deep theory of mixed Hodge structures, our proof uses
elementary local computations that however rely on one important result in birational geome-
try: inversion of adjunction. Note that in the same setup, “inversion of adjunction” was first
used by Berman [5] to show that II(¢) has no logarithmic pole at # = 0. In his paper (see the
proof of [5, Theorem 2.8]), Berman also speculated that II(z) should be continuous at t = 0.
So Lemma 3.7 is a confirmation of his speculation.

Because computations in the proof of Lemma 3.7 are carried out locally, the proof actu-
ally works without the global relative Fano condition. In particular, one should be able to show
the following result:

Let w : X — B1(0) be a family of projective varieties over the unit-disc such that the
general fiber is smooth and the central fiber has log terminal singularities. Let (£, h) be a
holomorphic line bundle over X, which is semi-positive on X, and h is a continuous metric on
£ with positive curvature current: —v/—1001logh > 0. Assume further that K x /B1(0) T L
is mw-free [25, Definition 3.22]. Then the relative Bergman kernel metric induced by h on
Kx/B,0) + &£ is a continuous metric.

5. Examples

5.1. Smooth examples. The Mukai—-Umemura Fano 3-fold X (see [32]) is a smooth
compactification of SL/T" where I is the binary icosahedral group. X¢ has a large symmetry
group SL(2, C). Using the method of Mukai, one can study smooth deformations of Xy. It was
Tian [48] who first used the generic deformation X; of X to construct a special degeneration
of X1 to Xy. Tian’s K-stability then proves that X; does not have a Kéhler—Einstein metric
although there is no holomorphic vector field on X;. Donaldson [22] proved the existence of
Kéhler—FEinstein metric on X¢ using Tian’s a-invariant. So X is a K-semistable but not K-
polystable Fano manifold. Because X is smooth, this was already pointed out by Chen [13].
There are other smooth examples of this kind in the recent work of Siif3 [41].

5.2. A singular logarithmic example revisited. Here we revisit a class of examples
from our previous work in [28, Section 3.3]. Assume that X is a Fano manifold and D is a
smooth divisor such that D ~ —AKy with 0 < A € Q. By the adjunction formula, we have
—Kp = (1 —=A)(—Kx)|p. From now on, we assume A < 1. So —Kp is ample and D is again
a Fano manifold. There is a construction of a special degeneration of the pair (X, «D) (for any
a € [0, 1)) via the deformation to the normal cone. For this, first, let ¥ = Blp o} (X x C) be
the blow-up of the product complex manifold X x C along the smooth complex submanifold
D x {0}. The central fibre Yy is the union X U E of two components where the X component
is the strict transform of X x {0} which is unchanged because D x {0} is of codimension one in
X x {0}. And E denotes the exceptional divisor, which in this case is nothing but P(Np & C)
where Np is the normal bundle of D C X. We also denote by D the strict transform of D x C
in Y. Itis easy to see that D =~ D x C.

We have a line bundle £, = 7{(—Kx) — cE on Y. It is easy to see that £, is rela-
tively ample on ¥ (over C) if and only if ¢ € (0, A7) (see [28, Lemma 3.13]). Moreover,
&£, -1 is semi-ample over Y, the linear system |—md ;1| for sufficiently large m gives a map
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7 : Y — X by contracting the component X in the central fibre, and we have
LM ~c T(—KRe)-

In this way, the polarized family (X, aD, — K« ) becomes a special degeneration of the polar-
ized pair (X, oD, —Ky). The central fibre X is obtained from £ = P(Np & C) by contract-
ing the infinity section Dy, of the P !-bundle and hence has an isolated singularity. On the other
hand Dy is the zero section Dy of E which does not change under . Because 7|g : E — X
is a resolution of singularity, we can write Kg = (t|g)*Kx, + a(Xo, Doo)Doo. Using
the adjunction formula, we can get the discrepancy a(Deso, Xo) = (1 —21)/A > —1 when
0 < A < 1. Note that X is smooth along Dy. So the pair (Xo, aDyp) is kit if and only if
a€0,1).

Lemma 5.1.  Assume that D admits a smooth Kihler—Einstein metric ;. Then there
exists a rotationally symmetric conical Kdihler—Einstein metric on the pair (Xo, (1 — f)Do)

—1_
with B = A o L

Assuming this lemma, by Theorems 1.7 and 1.5, we get the following corollary.

Corollary 5.2. Under the same assumption as in Lemma 5.1 with = A_;_l, the
log-Ding-energy of (X, (1 — B)D) is bounded from below. Hence (X,(1 — B)D,—Kx) is

log-K-semistable but not log-K-polystable.

In [28], we considered a special case when X = P2 and D = {Z3 + Z? + Z3 = 0}
so that A = % and 8 = %. In this case, (X, Do) = (P(1,1,4),{Z, = 0}) and the conical
Kihler—Einstein metric is nothing but the standard orbifold metric on P?(1, 1, 4) coming from
the branched covering P2 — P2(1, 1, 4). Here we observe that this is just a special example
of the above general set-up.

Proof of Lemma 5.1.  'The construction is similar to the construction of rotationally sym-
metric Kéhler—Ricci solitons in the author’s thesis [26] which was a generalization of earlier
constructions by Koiso, Cao, and also Feldman—Ilmann—Knopf. First, for later convenience,
we rescale the Kdhler—Einstein metric a)I?E on D to be contained in the class

2re1(—Kx)|p = 27(1 = A) " 'er(—Kp).

Then we can choose a Hermitian metric # on Np — D such that —/—=100 logh = )ta)IQE be-
cause Np = —AKx|p. We will view £ as a positive function denoted by r on the total space of
the line bundle 77 : Np — D. Then we construct the Calabi ansatz w = 7 * w2, ++/—100P(r).
To calculate it under holomorphic coordinate chart on Np, we choose a local trivialization of

Np so that i = a(z)|§|> where z = {z1,...,2,_1)} is a coordinate chart on D and £ is the
holomorphic coordinate along the fibre. By a straightforward calculation we get
VEAVE VEAVE

(G.1) o= (1—APr)ob + (Prr),r = (1= APyl + Py

12 [
We have introduced s = logr € (—o00, +00) and denoted the horizontal cotangent differential
by

VE=dE+Ea 10a =& -dlogh.
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From (5.1), we see that the necessary condition for w to be positive definite is
(5.2) Py e[0,A7Y) and Py > 0.

In particular, P is a convex function and Py is increasing on (—oo, +00). From (5.1), we can
also calculate the volume form:

dE NdE
&2

Suppose that we prescribe the angle B along the zero section Dy of Np — D. Then we would
like to solve the equation

(5.3) 0" =n(l — AP)" P (0B)" ! A

(5.4) Ric(w) = pgw + (1 — B){Do} on Np.
By taking the cohomology class and restricting to Do we can determine
(5.5) pg=1—-A(1—-pB)=1-1+AB.
Under local trivialization (and by the Lelong—Poincaré formula), the right-hand side is equal to
g + (1 — B){Do} = vV—100(ng(—A " loga + P(s)) + (1 — B) log|&/?).
Using this and (5.3), we can reduce equation (5.4) to the following equation:

(5.6) —~/=100((n — 1) log(1 — APy) + log Pgs) + Ric(wiy) + ~/—1093log |£]?
= V/—=109(ug(=A""loga + P(s)) + (1 — B) log |£]?).

Now, according to our normalization, we have
Ric(ofy) = (1 = Vs = (1 - A)(-1"1'W/~10ddloga).

Substituting this into (5.6), we can reduce (5.4) to the following ordinary differential equation:
(n —1)log(l — APs) + log Pgs = Bs — jug P + constant.

Taking the derivative with respect to s, we get, using (5.5),

—AP P
(5.7) n—1) ss + sss

—ugPy=(1—=271 11 —=ap)).
P, P, B—upPs=0=A"")+ pugA (1 —APs)

Introduce a new variable ¢ = Py. Since ¢y = Pgg > 0 by (5.2), we can write s = s(¢) and
define F(¢) = ¢s(s(¢)) so that F'(¢p) = ¢ssSp = Psss/ Pss. So we reduce (5.7) to

—AF(¢)
Y

(n—1) +F'(¢) = =7 =)+ pg(l = 2A9).

Multiplying the integrating factor (1 — A¢)"* !, we can solve the equation

A7l —1 n /LB)L_l
A=A =D - (n + 1A

(5.8) (1—-21¢)" 'F(¢) = ((1—2¢)" Tt —1).
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Now we finally bring X into picture. To get isolated singularity at infinity, we need
lim (1 —A¢(s)) =0.
s—>+00

So we get limg_s 1 00 ¢ (s) = A~!. Taking limits on both sides of the above identity, we deduce

AT =1 gt ATt
0= n n+1 — ="
For this 8 we can get
ATh—1 »n B )
b = F(@) = ——((1 = A¢) = (1 = 2¢)%) = Z((1 = A¢) = (1 — 2¢)?).

So we can find the explicit metric and potential for the conical Kdhler—Einstein metric:

1 1
Py = ¢(s) = — = P(s) = m1og(1 + C e,
The positive constant C clearly represents the transformation of the conical Kédhler—Einstein
metric by the C*-action on (Xo, Do). i

Remark 5.3. The identity (5.8) is closely related to the calculation of the log-Futaki-
invariant in the proof of [28, Proposition 13].

Remark 5.4. If we assume that X itself also admits a smooth Kdhler—Einstein metric,
then by the interpolation argument in [28], (X, (1 — ¢)D) admits a conical Kéhler—Einstein
metric if and only if ¢ € (B = Ai:l_l, 1]. On the other hand, Hans-Joachim Hein suggested
that one should always be able to glue Tian—Yau’s Calabi—Yau metric to the above singular
Kihler—Finstein metric and perturb the angle to get the conical Kihler—Einstein metric on
(X, (1 — y)D) for y slightly bigger than 8. The author plans to study this gluing problem in

future together with Hein and Sun.

Acknowledgement. The author would like to thank Professor Gang Tian for constant
encouragement, Dr. Song Sun for stimulating discussions during their joint work [28], and
Professor Yanir Rubinstein for bringing the references [30, 38] to his attention. The author is
especially grateful to Professor Robert Berman for kindly pointing out that the argument for
the continuity of II was missing in the first version and for very helpful discussions. Finally, the
author would like to thank the referees for carefully reading the manuscript and constructive
suggestions on the improvement of presentation. In particular, one referee pointed out the
relation of Lemma 1.9 to the result of Mark Gross.

References

[1]1 P. Ahag, U. Cegrell, S. Kotodziej, H. H. Pham and A. Zeriahi, Partial pluricomplex energy and integrability
exponents of plurisubharmonic functions, Adv. Math. 222 (2009), 2036-2058.

[2] T Aubin, Réduction du cas positif de Monge—Ampere sur les variétés kihleriennes compactes a la démonstra-
tion d’une inégalité, Funct. Anal. 57 (1984), 143-153.



84

(3]

Li, Yau-Tian—-Donaldson correspondence for K-semistable Fano manifolds

S. Bando, The K-energy map, almost Einstein Kéhler metrics and an inequality of the Miyaoka—Yau type,
Tohuku Math. J. 39 (1987), 231-235.

S. Bando and T. Mabuchi, Uniqueness of Einstein Kéhler metrics modulo connected group actions, in: Alge-
braic geometry (Sendai 1985), Adv. Stud. Pure Math. 10, North-Holland, Amsterdam (1987), 11-40.

R. J. Berman, K-polystability of Q-Fano varieties admitting Kahler—Einstein metrics, preprint 2012, http://
arxiv.org/abs/1205.6214.

R.J. Berman, A thermodynamic formalism for Monge—Ampere equations, Moser—Trudinger inequalities and
Kihler-Einstein metrics, Adv. Math. 248 (2013), 1254—-1297.

R. J. Berman, S. Boucksom, P. Eyssidieux, V. Guedj and A. Zeriahi, Kihler-Einstein metrics and the Kihler—
Ricci flow on log Fano varieties, preprint 2011, http://arxiv.org/abs/1111.7158.

R.J. Berman, S. Boucksom, V. Guedj and A. Zeriahi, A variational approach to complex Monge—Ampere
equations, Publ. Math. Inst. Hautes Etudes Sci. 117 (2013), 179-245.

B. Berndtsson, Curvature of vector bundles associated to holomorphic fibrations, Ann. Math. 169 (2009),
no. 2, 531-560.

B. Berndtsson, A Brunn—-Minkowski type inequality for Fano manifolds and the Bando—Mabuchi uniqueness
theorem, preprint 2011, http://arxiv.org/abs/1103.0923.

B. Berndtsson and M. Paun, Bergman kernels and the pseudoeffectivity of relative canonical bundles, Duke
Math. J. 145 (2008), no. 2, 341-378.

J. Cheeger, T. Colding and G. Tian, On the singularities of spaces with bounded Ricci curvature, Geom. Funct.
Anal. 12 (2002), 873-914.

X. Chen, Space of Kihler metrics (IV): On the lower bound of the K-energy, preprint 2008, http://arxiv.
org/abs/0809.4081.

X. Chen, S. Donaldson and S. Sun, Kahler-Einstein metrics on Fano manifolds, II: Limits with cone angle
less than 27, preprint 2012, http://arxiv.org/abs/1212.4714.

X. Chen, S. Donaldson and S. Sun, Kahler—Einstein metrics on Fano manifolds, III: Limits as cone angle
approaches 2 and completion of the main proof, preprint 2013, http://arxiv.org/abs/1302.0282.
J.-P. Demailly, Complex analytic and differential geometry, 2012, https://www-fourier.ujf-grenoble.
fr/~demailly/manuscripts/agbook.pdf.

J.-P. Demailly and J. Kolldr, Semi-continuity of complex singularity exponents and Kihler—Einstein metrics
on Fano orbifolds, Ann. Sci. Ec. Norm. Supér. (4) 34 (2001), 525-556.

W. Ding, Remarks on the existence problem of positive Kidhler—Einstein metrics, Math. Ann. 282 (1988),
463-471.

W. Ding and G. Tian, Kéhler—Einstein metrics and the generalized Futaki invariant, Invent. Math. 110 (1992),
no. 2, 315-335.

W. Ding and G. Tian, The generalized Moser—Trudinger inequality, in: Proceedings of Nankai international
conference on nonlinear analysis, World Scientific, Singapore (1993), 57-70.

S. Donaldson, Lower bounds on the Calabi functional, J. Differential Geometry 70 (2005), 453-472.

S. Donaldson, Kihler geometry on toric manifolds, and some other manifolds with large symmetry, Interna-
tional Press, Somerville 2008.

S. Donaldson, Kéhler metrics with cone singularities along a divisor, in: Essays in mathematics and its appli-
cations, Springer, Heidelberg (2012), 49-79.

T. D. Jeffres, R. Mazzeo and Y. A. Rubinstein, Kdhler—Einstein metrics with edge singularities, preprint 2011,
arxiv.org/abs/1105.5216.

J. Kolldr and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math. 134, Cambridge
University Press, Cambridge 1998.

C. Li, Kahler—Einstein metrics and K-stability, PhD thesis, Princeton, 2012, www.math.sunysb.edu/
~chili/papers/PhDthesis.pdf.

C. Li, Remarks on logarithmic K-stability, Commun. Contemp. Math. 17 (2015), no. 2.

C. Li and S. Sun, Conical Kéhler—Einstein metrics revisited, Comm. Math. Phys. 331 (2014), no. 3, 927-973.
C. Li and C. Xu, Special test configurations and K-stability of Fano varieties, Ann. of Math. 180 (2014),
197-232.

H. Li, On the lower bound of the K-energy and F-functional, Osaka J. Math. 45 (2008), no. 1, 253-264.

T. Mabuchi, K-energy maps integrating Futaki invariants, Tohoku Math. J. (2) 38 (1986), no. 4, 575-593.

S. Mukai and H. Umemura, Minimal rational threefolds, in: Algebraic geometry, Lecture Notes in Math.
1016, Springer, Berlin (1983), 490-518.

S. T. Paul and G. Tian, CM stability and the generalized Futaki invariant I, Astérisque 328 (2009), 339-354.
D.H. Phong, J. Ross and J. Sturm, Deligne pairing and the Knudsen—-Mumford expansion, J. Differential
Geom. 78 (2008), no. 3, 475-496.


http://arxiv.org/abs/1205.6214
http://arxiv.org/abs/1205.6214
http://arxiv.org/abs/1111.7158
http://arxiv.org/abs/1103.0923
http://arxiv.org/abs/0809.4081
http://arxiv.org/abs/0809.4081
http://arxiv.org/abs/1212.4714
http://arxiv.org/abs/1302.0282
https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
arxiv.org/abs/1105.5216
www.math.sunysb.edu/~chili/papers/PhDthesis.pdf
www.math.sunysb.edu/~chili/papers/PhDthesis.pdf

[35]
[36]
[37]
[38]
[39]
[40]

[41]
[42]

[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]

[51]
[52]

(53]

[54]
[55]

Li, Yau-Tian—Donaldson correspondence for K-semistable Fano manifolds 85

D. H. Phong and J. Sturm, Algebraic estimates, stability of local zeta functions, and uniform estimates for
distribution functions, Ann. of Math. 152 (2000), 277-329.

D. H. Phong and J. Sturm, The Dirichlet problem for degenerate complex Monge—Ampere equations, Comm.
Anal. Geom. 18 (2010), no. 1, 145-170.

X. Rong and Y. Zhang, Continuity of extremal transitions and flops for Calabi—Yau manifolds, with an ap-
pendix by M. Gross, J. Differential Geom. 89 (2011), no. 2, 233-269.

Y. Rubinstein, On energy functionals, Kihler—Einstein metrics, and the Moser—Trudinger—Onofri neighbor-
hood, J. Funct. Anal. 255 (2008), 2641-2660.

J. Song and X. Wang, The greatest Ricci lower bound, conical Einstein metrics and the Chern number inequal-
ity, preprint 2012, http://arxiv.org/abs/1207.4839.

C. Spotti, S. Sun and C. Yao, Existence and deformations of Kahler—Einstein metrics on smoothable Q-Fano
varieties, preprint 2014, http://arxiv.org/abs/1411.1725.

H. Siif3, Kéhler—Einstein metrics on symmetric Fano T -varieties, Adv. Math. 246 (2013), 100-113.

G. Székelyhidi, Greatest lower bounds on the Ricci curvature of Fano manifolds, Compositio Math. 147
(2011), 319-331.

G. Székelyhidi, A remark on conical Kdhler—Einstein metrics, preprint 2012, http://arxiv.org/abs/
1211.2725.

G. Tian, On Kéhler-Einstein metrics on certain Kidhler manifolds with ¢ (M) > 0, Invent. Math. 89 (1987),
225-246.

G. Tian, On Calabi’s conjecture for complex surfaces with positive first Chern class, Invent. Math. 101 (1990),
101-172.

G. Tian, On stability of the tangent bundles of Fano varieties, Internat. J. Math. 3 (1992), 401-413.

G. Tian, The K-energy on hypersurfaces and stability, Comm. Anal. Geom. 2 (1994), no. 2, 239-265.

G. Tian, Kdhler—Einstein metrics with positive scalar curvature, Invent. Math. 137 (1997), 1-37.

G. Tian, Canonical metrics on Kéhler manifolds, Birkhduser, Basel 2000.

G. Tian, Existence of Einstein metrics on Fano manifolds, in: Metric and differential geometry, Progress
Math. 297, Springer, Berlin (2012), 119-159.

G. Tian, K-stability and Kihler—Einstein metrics, preprint 2012, http://arxiv.org/abs/1211.4669.

G. Tian and B. Wang, On the structure of almost Einstein manifolds, preprint 2012, http://arxiv.org/
abs/1202.2912,

G. Tian, S. Zhang, Z. Zhang and X. Zhu, Supremum of Perelman’s entropy and Kéhler—Ricci flow on a Fano
manifold, preprint 2011, http://arxiv.org/abs/1107.4018.

Y. Xing, Continuity of the complex Monge—Ampere operator, Proc. Amer. Math. Soc. 124 (1996), 457-467.
S. T. Yau, On the Ricci curvature of a compact Kihler manifold and the complex Monge—Ampere equations.
I, Comm. Pure Appl. Math 31 (1978), 339411.

Chi Li, Mathematics Department, Stony Brook University, Stony Brook, NY 11794-3651, USA
e-mail: chi.li@stonybrook.edu

Eingegangen 18. August 2013, in revidierter Fassung 28. November 2014


http://arxiv.org/abs/1207.4839
http://arxiv.org/abs/1411.1725
http://arxiv.org/abs/1211.2725
http://arxiv.org/abs/1211.2725
http://arxiv.org/abs/1211.4669
http://arxiv.org/abs/1202.2912
http://arxiv.org/abs/1202.2912
http://arxiv.org/abs/1107.4018

