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Abstract

Let X be a complex manifold, and let S — X be an embedding of a complex subman-
ifold. Assuming that the embedding is (k — 1)-linearizable or (k — 1)-comfortably
embedded, we construct via the deformation to the normal cone a diffeomorphism F
from a small neighborhood of the zero section in the normal bundle Ns to a small
neighborhood of S in X such that F is in a precise sense holomorphic up to the
(k — 1)th order. Using this F, we obtain optimal estimates on asymptotic rates for
asymptotically conical (AC) Calabi—Yau (CY) metrics constructed by Tian and Yau.
Furthermore, when S is an ample divisor satisfying an appropriate cohomological
condition, we relate the order of comfortable embedding to the weight of the defor-
mation of the normal isolated cone singularity arising from the deformation to the
normal cone. We also give an example showing that the condition of comfortable
embedding depends on the splitting liftings. We then prove an analytic compacti-
fication result for the deformation of the complex structure on an affine cone that
decays to any positive order at infinity. This can be seen as an analytic counterpart
of Pinkham’s result on deformations of cone singularities with negative weights.
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1. Introduction and main results

Our original motivation for this paper was to understand the optimal convergence
rate of asymptotically conical (AC) Calabi—Yau (CY) Kéhler metrics on noncompact
Kéhler manifolds. However, this led us to the study of embeddings of complex sub-
manifolds and deformations of isolated normal singularities. We start the discussion
with the embedding problem.

Let S be a complex submanifold of an ambient complex manifold X. The com-
parison between neighborhoods of S inside X with neighborhoods of S inside the
normal bundle Ny is a classical subject in complex geometry (see, e.g., [6], [7], [14],
[16] for details). It is clear that, although in general Ng has a different holomorphic
structure than that of any neighborhood of § inside X, Ng can be viewed as a first-
order approximation of a small neighborhood of S. More precisely, we will denote by
S (k) the ringed analytic space (S,0Ox/d ]§+1), which is called the kth infinitesimal
neighborhood of S inside X . Recall the following definition.

Definition 1.1

The submanifold S is k-linearizable inside X if its kth infinitesimal neighborhood
S(k) in X is isomorphic to its kth infinitesimal neighborhood Sy (k) in Ng. Here we
identify S with the zero section Sy of Ng =: N.

Our first preliminary result is that there is a diffeomorphism from a neighborhood
of § C X to a neighborhood of Sy C Ng that is in some sense the most holomorphic
one. Although the existence of such a diffeomorphism may be known to experts after
the celebrated work of Grauert [14] (cf. [3], [11], [18], [33]), here we would like to
give an almost explicit construction using the work of Abate, Bracci, and Tovena in
[1] together with the deformation to the normal cone construction. Let g¢ be a smooth
Riemannian metric on a neighborhood W; of Sy inside Ns. Denote by || - ||z, the C°-
norms of tensors on Wy with respect to g¢, and denote by 7 the distance function to
So with respect to go.

PROPOSITION 1.2

Assume that S is a smooth submanifold of X. If S — X is (k — 1)-linearizable, then
there exist a small neighborhood Wy of So — Ngs and a diffeomorphism F : Wy —
F(Wy) C W, where W is a small neighborhood of S C X, such that for any j > 0,
there exists a constant C; > 0 and F satisfies

| VL (F*T = Jo)|,, < Ci7*7 on W (1.1)

Our next result deals with a special situation that arises in Tian and Yau’s con-
struction in [32] of an asymptotically conical (AC) Calabi—Yau (CY) metric on the
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complement of some divisor inside a Fano manifold. To state the result, we need to
use the notion of conical metrics on affine cones. In this paper, by an affine cone
C(D, L) we will mean the normal affine variety obtained by contracting the zero sec-
tion of a negative line bundle L~! over a smooth projective manifold D. We will also
consider the compactified cone C (D, L) = C(D, L) U Dy, obtained by adding the
divisor D, at infinity. These varieties can be expressed using pure algebras (x has
degree 1 in the second graded ring):

o0
C :=C(D.L) =Spec @ H*(D.mL),

m=0

€ := C(D, L) = Proj é(é H(D, L") -xm—’).

m=0 r=0

Now let i be a Hermitian metric on the negative line bundle L~! — D with negative
Chern curvature. Since C = C(D, L) is obtained from L~! by contracting the zero
section, /1 can be considered as a nonnegative function on the cone C. For any § > 0,
there is a complete Kéhler cone metric on C (D, L) whose Kihler form on the regular
part C \ {0} is given by

o® = V=100n°. (1.2)

It is easy to verify that the associated Kéhler metric tensor g(()'s) is indeed a Riemannian
cone metric (see Section 5.1).

In the following proposition, we need to use the notion of comfortable embed-
ding, which is a property that appeared in the study of embeddings of complex sub-
manifolds in [14]. It refines the notion of linearizability in Definition 1.1 and was
explicitly introduced in [1]. We refer to Definition A.4 for its definition.

PROPOSITION 1.3

Let X be an n-dimensional projective manifold, and let D be a smooth divisor such
that Np is ample over D. Let wg = a)(()S) be a cone metric on C(D, Np) as defined in
(1.2). Assume that the embedding D — X is (k — 1)-comfortable. Then there exists a
diffeomorphism away from compact sets Fg : C(D, Np)\Br(0) = (X\D)\K such

that
|V2o(Fid = Jo)],, < r=57 forany j >0, (1.3)

where J (resp., Jo) denotes the complex structure on X \ D (resp., C(D, Np) \ {0}).

Note that the norm used in (1.1) is with respect to g¢, while the norm used in
(1.3) is with respect to the cone metric wg (or go) (see Section 5.1 for the compari-
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son between these two Kihler metrics). This difference corresponds to the difference
between the linearizable and comfortable embeddings.

The next corollary follows from Proposition 1.3 combined with the regularity the-
ory developed by Conlon and Hein in [10] (see (5.9)). In many cases, Proposition 1.3
improves the regularity in [11] (see also [12, Remark 1.2]).

COROLLARY 1.4

With the same notation as in Proposition 1.3, let X be an n-dimensional Fano mani-
fold, and assume that —K x = oD with a > 1. Denote § = “T_l Suppose that D has
a Kiihler—Einstein metric and that D is (k — 1)-comfortably embedded into X. Then
the metric wry constructed by Tian and Yau (see Section 5.2) satisfies

H Vc{)o(FI?a)TY — a)()) Hwo < r—mi"{Z%}—j fOV any j > 0.

If, moreover, we assume that the Kdhler class is contained in the compactly supported
cohomology HZ(X\D), then we get

_min{2n,§}—j for any ] > 0.

IV, (Fiary —oo),, <
The special number § = “T_l in the above corollary is the exponent in the Calabi
ansatz for Kdhler—Ricci flat cone metrics (see (5.7) in Section 5.1).
Under appropriate assumptions, our next result relates the order of embedding of
D — X to the order and the weight of a deformation of C(D, Np). To construct the
deformation that we like to use, let X be a projective manifold of dimension greater
than 2, and let D be a smooth ample divisor on X. Let X denote the flat family that
is obtained by first blowing up D x {0} inside X x C and then blowing down the
strict transform of X x {0}. Let O be the strict transform of D x C. It is easy to
see that D 2 D x C. Assume that the central fiber Xy coincides with C (D, Np) so
that X° = X \ D is a flat deformation X° — C of C(D, Np). We remark that this
assumption is always satisfied when X is Fano and —Ky = oD with o > 1.
Denote by m(X, D) the maximum positive integer m such that the embedding
D — X is (m — 1)-comfortably embedded. Let Ord(X°) denote the order of defor-
mation (see Definition 2.11), and let w(X°) be the weight of the reduced Kodaira—

red

Spencer class KS'y's (see Definition 2.12).

THEOREM 1.5
In the setting of the above paragraph, we have the identities

m(X, D) = Ord(X°) = —w(X°). (1.4)
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Notice that the integer m (X, D) in the above theorem was considered in [1,
Remark 4.6]. If dimD > 2 and D is ample, then, by Remark A.7, m(X, D) is also the
maximal order of linearizability. In other words, D C X is (m(X, D)—1)-linearizable
but not m (X, D)-linearizable. When dim D = 1, we expect the conclusion of Theo-
rem 1.5 to also be true. In fact, a parallel analytic result will be shown in Theorem 1.6
without the restriction on dimension. On the other hand, we will calculate the exam-
ple of diagonal embedding P! < P! x P! explicitly to see some new phenomena
about the embedding of submanifolds in Proposition 4.9. In particular, this example
shows that the condition of comfortable embedding depends on the choice of splitting
liftings, and thus answers a question by Abate, Bracci, and Tovena negatively.

Combining Theorem 1.5 with Proposition 1.3, we can give algebraic interpreta-
tions of ad hoc calculations in [10] on the asymptotic rates of holomorphic volume
forms. See the examples in Section 5.2.

Finally, we ask if any deformation of complex structures on C that decays at
infinity comes from this construction. We have a good understanding of the algebraic
version of this problem thanks to the work of Pinkham. His results in particular imply
that any (formal) deformation of C with negative weight can be extended to a (for-
mal) deformation of C (see Theorem A.14). For the application to the study of AC
Kihler metrics, we prove an analytic compactification result, which can be seen as the
analytic counterpart of Pinkham’s result. Note that a similar compactification result
in the asymptotically cylindrical Calabi—Yau case has recently appeared in [18]. See
Remark 6.2 for some comparison.

To state this result in a general form, let 2 be a Hermitian metric on any negative
line bundle L~ — D with negative Chern curvature, and use the notation wg := a)(()'s)
in (1.2). Let U, denote a neighborhood of the infinity end of C(D, L). Equivalently,
U is a punctured neighborhood of the embedding D = Do, < C(D, L). Denote
by Jo the standard complex structure on C(D, L), and denote by U, = U, U D the
compactification of U, in C (D, L).

THEOREM 1.6
Assume that J is a complex structure on Ue = U\ D such that there exists A > 0 such
that

||V§0(J —Jo) ||w0 <r % foranyk > 0.

Then the complex analytic structure on U, extends to a complex analytic structure
on U,. Moreover; if we denote by m = [8)A] the minimal integer which is greater
than or equal to 8A, then in the compactification (U, J) the divisor D is (m — 1)-
comfortably embedded.
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This can be seen as a converse to the first part of Proposition 1.3 and implies that
the estimate in Proposition 1.3 is sharp.

Remark 1.7

Because our proof uses only local information near the divisor, the argument in the
proof should apply in the more general orbifold case. In fact, Conlon and Hein [12]
recently used the compactification obtained in Theorem 1.6 to prove that any asymp-
totically conical Calabi—Yau metric with quasiregular metric tangent cone at infinity
comes from Tian and Yau’s construction.

We end this Introduction with the organization of this paper. A more detailed
summary of materials will be given at the beginning of each section. In Section 2, we
recall the standard Kodaira—Spencer theory of infinitesimal deformations and general-
ize it to a higher-order setting. We also explain how the (higher-order) abstract defor-
mations and embedded deformations are related via Schlessinger’s exact sequence.
In Section 3, we relate the order of embedding to the order of deformation of neigh-
borhoods of complex submanifolds. This is achieved by writing down explicitly a
reduced Kodaira—Spencer class and relating it to obstructions to extension of embed-
dings (in Proposition 3.3). In Section 4, we treat the case when the submanifold is
an ample divisor and prove Theorem 1.5. In Section 5, we apply the result in Sec-
tion 4 to estimate the asymptotic rates of complex structures on asymptotic conical
Kéhler manifolds in order to prove Proposition 1.3. In Section 6, we adapt Newlander
and Nirenberg’s work to prove an analytic compactification result for asymptotically
conical complex manifolds. In the Appendix, we collect some background results,
including Abate, Bracci, and Tovena’s work on embedding of submanifolds, and the-
ory of infinitesimal deformations of normal affine varieties with isolated singularities.

2. Preliminaries on deformation theory

Our primary object of interest will be a normal affine variety Z with an isolated sin-
gularity 0. We would like to explain what it means for a deformation of Z to be
trivial up to a certain order and to classify the next order of deformations in terms of
a Kodaira—Spencer class in le. This is done in Section 2.3, following Artin and Sch-
lessinger relying on manipulations with defining equations. We will show that these
concepts are “identical” to certain analogous concepts in the deformation theory of the
complex manifold Z\ K, where K is a small pseudoconvex neighborhood of 0. We
will define such concepts in Section 2.2 following essentially Kodaira—Spencer. The
desired identification is proved in Proposition 2.15. For this purpose we will intro-
duce a notation of “p-trivial embeddings,” which connects the two primary concepts
to each other. We will be working in the category of analytic varieties.
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2.1. Infinitesimal deformations via coordinate changes and embedded deformations

In this subsection, we recall how to get the first-order Kodaira—Spencer class for an
analytic family by using the variation of holomorphic coordinate changes (see [22])
and its relation to embedded deformations. Suppose that ¥ — B is an analytic family
of complex manifolds over the unit disk B =

Definition 2.1

An atlas covering Y is a collection of coordinate charts { Uy, Oy = (Zg, 1) }aess sSuch

that

(1)  for each o € 4, Uy C Y is biholomorphic to polydisk B!, and Y, C
Uy Ua, thatis, Yo = [, (Ua N Yo);

(2)  there is a biholomorphic map ®, = (z4,1) : Uy = Py (Uy) C C* x C such
that ¢ is the coordinate on B; in particular, Uy := ¥y N U, = {t = 0}.

Remark 2.2

(1) Since we only care about the behavior near the central fiber Yy, the base B
is not very important. For example, we will frequently shrink B to become
Be = {t € C;|t| <€} for any 0 < € < 1 in the following discussion.

(2) Since we can always shrink U, the assumption that U, is biholomorphic to
polydisk B"*! is just for the simplicity of the argument.

We first recall two ways to get the first-order Kodaira—Spencer class for a holo-
morphic family of complex manifolds by using the variation of holomorphic coordi-
nate changes.

(1) (Cech cohomology) Suppose that the coordinate changes are given by

zh = Flg(zp.t).  tlu, =tlu,. (2.1)

Then we can deduce that

Fg;ﬁ (Fpy(zy,1).1) = Fg;y(zy,z)

i J i i
_ i 8Faﬂ(z-ﬁ,t) 8Fﬂy(zy,t) N 8Faﬁ(2ﬂ,t) _ IFy, (zy,1) -
‘ 0z ot ot t=0 ot =0
Jj=1 B
So if we denote
8F’ (Zy,[) azﬂ(zy,t) P
Q. = — = _ 2.2
By IX; ot t= 082 ; 32:3 (2-2)

then it satisfies the cocycle condition 6g, = 0y — Oup so that {fyg} €
H'({Uy)}, Oy,), where Uy = Uy N Yo and Oy, is the tangent sheaf on Y.



1404

2)

CHI LI

The class defined by 6 = {0,p} in H'(¥Yp,Oy,) is the classical Kodaira—
Spencer class associated to the analytic family ¥ — B.

(Dolbeault cohomology) Tt is well known that the above 8 can be represented
by using Dolbeault cohomology. For this purpose take {p,} to be a partition
of unity for the covering { U, } and define

a (Z)”t) 0
&-ZZ e WG

i=1 Yy

It is easy to verify that O, = & — &g, so that Ay = 55,3 is a globally
defined ®y,-valued closed (0, 1)-form and it represents a cohomology class,
still denoted by 6, in Hé(o’l)(iyo, ©®y,). On the other hand, & measures the
first-order variation of the complex structure. We can follow the method in
Kodaira’s book [22, Section 2.3] to define a differentiable vector field V. First
notice that by the chain rule

3 " OFl,(zg.1) 9
(i) = 2% 0 * ()

" OFl,(zp.1) 9

__Z 9z7 ozl

i=1 Z

We can define a differentiable vector field locally on U, for fixed o by
7=2 ()
ot/ p
B
n i
o az’ t/a

1—1
s(zp.1) d
= Z(Z 7)ﬂ +(50).
i=1
Then V is a globally defined vector field in a neighborhood of ¥,. Let o (¢) be
the flow associated with V which exists for sufficiently small . We have the
identity
d . .
E(a(l) J) = (£vyJ)(05;)dz’ = V.

Notice that 9V ;o = 0&a = 0 € H\""" (Yo, Oy,) = H' (Yo, Oy,).
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Assume that a holomorphic family of complex manifolds ¥ — B is embedded into
CV x B. Then the Kodaira—Spencer class can also be obtained by using the rela-
tion between embedded deformations and abstract deformations. In the following
discussion we assume that ¥ = ¥, is smooth. First there is an exact sequence of
sheaves

0—dy/d3 — Q(lcN|Y —Qy —0,
where Q! denotes the cotangent sheaf. The dual of this sequence is given by
0— Oy — O¢n |y = Ny — 0,

where Ny = Ny ¢~ is the normal sheaf of Y as a complex submanifold of CN. Then
there is a long exact sequence

0— H°Y,Oy)
§
— H(Y,Ocn) — HO(Y,Ny) > H'(Y,Oy) > H' (Y, Ocny). (2.3)
Choose an atlas covering ¥y, denoted by {U,, (Zé,l‘)}, such that the embedding

Uy — CN x B is given by holomorphic functions

wb = wg(zé,t), 1<b<N.

Note that we will use {wb;b =1,..., N} to denote the coordinates of CN and use
wg (i.e., depending on @) to denote w? as functions of the coordinates {zt’;(, t}. Then
there is a locally defined section vy € H(Uy, Ocn |y, ) given by

N

dw? 9
Ua—l; 3t li=odw?"

Let [vy] € H%(Uy, Ny |y, ) denote the induced local section under the natural projec-
tion O¢w |y, = Ny, .

LEMMA 2.3

The local section {[vy]} can be glued together to become a global section v in
HO(Y, Ny). Moreover, 8y (v) = 0, where 8y is the connecting morphism in (2.3) and
0 is the classical Kodaira—Spencer class defined in (2.2).

Proof
Notice that we have the relation

w? = wg(Zﬂ,t) = wg (zé(zé,t),t) =wb(zl.1).
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Taking derivatives on both sides with respect to ¢ at ¢ = 0, we get
Bwb 82 9 N dwb

N
dwd B
Z at = Oawb ZZ Bz 3[ r=0 Jw? Z ot

0

r=0 Qwb

Denote by ty : ¥ — CV the induced embedding. Then the above equality is equiva-
lent to

N o 1 o9zh(z ,t)
va—v/;:Z(Z ﬂata

b=1 i=1

dw’y 9
)5 = (1)+(650).

t=0 le’g

where we used the identity (2.2). Since 0g, € Oy, (Uy N Up), we get [vg] = [vg]. By
the definition of the connecting morphism 8y in (2.3), we indeed have y (v) = 6. O

2.2. p-trivial atlas and p-trivial embeddings
We can generalize the above discussion to higher-order deformations. Let us introduce
a condition that will be important in the following discussion.

Definition 2.4
Assume that there is an atlas U = {Uy, Py = (z4,t)} covering Yy with coordi-
nate change functlons zL,=F i p (zg,t) on Uy N Ug. We say that U is p-trivial if

aﬂ (zg,t) — aﬂ (zg,0) vanishes up to order p att =0:

o (Flg(zp.1) = Flg(25,0)) ‘

o0 =0, for0<I<p.

t=0

Notice that, since the / = 0 case is automatically true, this p-trivial condition is equiv-
alent to

alFol;ﬂ (zg,1)
or!

O:0, forl </ <p. 2.4)
t=

If this is the case, then we define the (p + 1)-order Kodaira—Spencer (Cech) class,
denoted by 0,41 (U) or simply by 6, if the atlas is clear, as the (Cech) cohomology
defined by the cocycle

BT L2a) S NEPN) T
(p+ D! = at? =00z},

€ H(Ue N Ug N Yy, Oy,). (2.5)
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LEMMA 2.5

(1)  We have that 0,1 := 0,11(U) is well defined, that is, 0p11 = {(0p+1)ap}
satisfies the cocycle condition (9p+1)ﬂy = (91,4_1)0”, — (Op+1)ap-

2) If we have another p-trivial atlas U= {‘L(a, o« = (Za,t)}, then ép+1 =

Op+1 (‘U) defines the same Cech cohomology class as Op+1.

(3)  Assume that there exists a (p — 1)-trivial atlas covering Yy and 0, =0 €
H'(Y,, Oy, ). Then for any relatively compact open subset K € Y such that
Ko = n71(0) N K is a relatively compact open set of Yoy = n~1(0), there
exists a p-trivial atlas covering K.

Proof
Using the cocycle condition of {Fyg} and the vanishing condition (2.4), we can take
higher-order derivatives with respect to ¢ to get

F;'B(Fﬂy(zy,z),z) =F! 2y 1)

i J i 1
_ Z 8Fﬁ(23 t) 8F (zy,t) 8Fﬂ(2ﬁ t) aFO’W(zy,z)

= o ot ot ot
. Xn: 3Fiﬂ(2ﬁ,l) 3P+1F’ ,(Zy 1) oW+ 3P+1Féﬁ(2ﬂ’f) _ IPHLE,, (2),1)
— 3Z,§ 8tP+1 9rp+1 = 9rp+1

From this it is clear that 6,1 = {(6,+1) g} satisfies the cocycle condition.

To prove the second item, we first choose a common refinement of U and u
and assume that we have the same collection of open sets: Uy = ﬂa for a € A.
Suppose that the coordinate function Uy is denoted by &g = (24,1). We then have
the following relation on the composition of coordinate functions:

Zo = Zo(Za. 1) = 2o (Za(Zp.1).1) = za(Za(Zp(zp.1). 1), 1) = 24 (zp.1).

Taking derivatives on both sides with respect to ¢ we get

. . ~T o~ ~k ~T o~
dzi(zp,1) Z 0zL () (Z 025 (Zp,1) 0Zg(zp.1)  9Z)(Zp,1)
92alZp-1) _ N OZalfarl) + )

. =k
ot = 9z = azﬂ ot ot
82& (Za,t)
— 2.6
o (2.6)
Note that we used the Einstein summation rule. On the other hand, we have
azk(zﬂ 1) 8z5(Zp.1) azk(zﬂ 1)
Zﬁ—Zlg(Z’B(Zﬂ 1), l‘ =>Z B B = 2.7)

az at at

j=1
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Combining (2.6)—(2.7) and using the chain rule, we get

n i n ~f /~
Zaza(z,g,t) 0 Zazé(zlg,t) 0

— a9zl = o 9zl
020 (Gart) 0 n 025Cp.0) 9
_Z Za (Za1) B PP A 2.8)
o 0z, = o gz

At ¢t = 0, this shows that §; — 51 is indeed a coboundary. For p-trivial atlases U and
U, we can take higher-order Lie derivatives (£3,)?*! on both sides of (2.8) atz =0
to get

Pzl (z5,1) 0 ortizign) 0
drpt1 =00z}, dr P+l 1=03z)
"L 9Ptz (2, 1) o 0PTzj(Ep.0) 9
D e T A e M S
i=1 T =00zg

So, using the definition in (2.5), 0,41 — §p+1 is indeed a coboundary.
Finally, we prove the third item. Assume that U = {Uy, Py = (2, 1) }aen 1S @
(p — 1)-trivial atlas. Then by the definition of 6, and the assumption, we have

1 &L 0Pz (zp.1 b N0 D
_Z% N Ay gy (2.10)
i

0p =
Pl = =00z, = “0z, dzg

Define the new coordinates Z., = z!, + 17!, which are genuine coordinate charts on
an open neighborhood of Ky inside ¥, since K C ¥ and K¢ C ¥, are relatively
compact open subsets:

Bl =zl (zp.0) +17cl =z, (B) — 1) 1) + 1P ch = Z(Bp.0).

Taking the p-order derivative with respect to ¢ on both sides, we get

ial’fé(iﬁ,t) _ Z azh o ial’zf;,(z,g,t) 4ol
p! ot =0 10z Bli=o ~ p!  3tp =0 %
Notice that BZ% = azi" att =0, so we get by (2.10) that
1 0Pz 9Pzl (zp,1) 0
Ei=l 0P li= 082’ __Z ﬁa_1+21 “82’ — orP =00z},
=0.

So the new atlas {Uy, ® = (Z4.7)} is a p-trivial atlas covering K. O
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To make a connection with embedded deformations, we introduce the following
definition.

Definition 2.6

Let ¥ — B be a holomorphic family of complex manifolds that can be embedded into
CVN x B. We say that an embedding ty : ¥ — CV x B is p-trivial (along Yy =: Y) if
there exists an atlas U = { Uy, Py = (2, 1) }gen covering Y such that, for each « €

s, if the embedding Uy — CV x B is represented by the functions w? = wg (Zg» 1),
then the following vanishing conditions are satisfied:

al b ot

0wy (Za 1) =0, 1<l<p. @2.11)

ot! t=0

In this case, we say that U is an atlas adapted for the p-trivial embedding, or simply
a p-adapted atlas.

To state the next result, we introduce additional notation. Let 7 : ¥ — B be a
holomorphic family of complex manifolds over the unit disk. For any 0 < € < 1 and
any subset X C Y, denote B, = {t € B; |t| < ¢} and

Y=Y x5 B =771 (Be), Ke=n"1(B) N K. (2.12)

LEMMA 2.7
With the above notation, if there exists a p-trivial embedding Y — CN x B for
some 0 < € K 1, then there exists a p-trivial atlas covering Y.

Conversely, assume that there exists a p-trivial atlas covering Y. Then for any
relatively compact open subset X € ¥, there is a p-trivial embedding K, — CN x
Be for 0 < € < 1. More precisely, given an embedding ¥ — CN x B and a rel-
atively compact open set KX € ¥, there exist 0 < € K 1, a neighborhood W, of
K inside CN x B, and a biholomorphism ® of the form ®(w,t) = (¥,(w),1),
Wy = 1d, from We onto its image in CN x B such that ®| X. is a p-trivial embed-
ding.

Proof

Assume that there is a p-trivial embedding with p-adapted atlas {Ugy, Py =
(zL,1)}aen. We prove that the p-adapted atlas is a p-trivial atlas defined in Def-
inition 2.4. In other words, we want to show that

al(za(z,&[) - Za(z;‘% 0))
ot! t=0

=0, for0<I<np.

We prove this by induction. The case of [ = 0 is automatically true. Assume that this
is proved for the (I — 1)th-order derivative for some 1 </ < p. Then we take the
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[th-order derivative on both sides of (with respect to ¢ at ¢t = 0),

w? = wg(za,t) = wg(za(z,g,t),t) = wz (zg.1),

and we use the (I — 1)-trivial atlas and the /-adapted property to get
B o wg (zp,1)

o

" dwb(zg. 1) ¥ zL(zp,1)

9zl ar!

i=1 «

t=0

N wb(zq,1)
=0 or! =0

" 8w3 (2o 1) 8121’; (zg,t)
ozl ar!

. t=0
i=1

Because the N x n matrix

_0wh(za. 1)

My, -
bi BZ&

!,
%h:o = 0. So the atlas is /-trivial. This

completes the induction argument and shows that the p-adapted atlas is indeed p-
trivial.

has rank n and zero kernel, we get

Conversely, we choose a p-trivial atlas U = {Uy, Py = (2o, 1) }aes covering Yy
and an embedding which, for each « € 44, is represented by w? = w2 (z,,1). Then we
have the relation

w? = wg(zlg,t) = wg (28 (zas 1), 1) = WE(Zas 1).
Taking the derivative on both sides at # = 0 and using the p-trivial condition of the
atlas, we get

ol w?

o

!

t=0 A 322 ! ‘t=0 !

So we see that for each 1 </ < p, there is a globally defined vector field

N alwb

d 0
t:()m (S H (Y, ®(CN IY)

We claim that the given embedding can be modified to become a p-trivial embedding
on any relatively compact open subset. We do this by induction as follows. Assume
that we already get an (I — 1)-trivial embedding for some 1 <1 < p. Let ¥(w, s)
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be the flow generated by an extension of holomorphic vector field —v¥) /1! to CV.
Note that o) (w, s) exists on a relatively compact open subset for |s| sufficiently
small.

Set ®(w,t) = (6D (w,t?),t) =: (Y;(w),t). Then ® is a biholomorphism
defined on a relatively compact open neighborhood W, of K. when ¢ is suffi-
ciently small. Define a new embedding Ty, := ® o ty|w,.. Then there is a new
representation W2 = WP (wy (z4,1),1) = 11)2 (zq,1). We can then take the derivative
with respect to ¢ by using the (I — 1)-trivial condition to see that Iy is indeed an
[-trivial embedding:

i M E T
part ot! t=0 Jw?
_ii di 3w C(za,t) . N 8wt (w, 1) 9
o Pyt owe¢ t=0 Jwb Py ot! t=0 Jwb
Z C(ja’t) 9 0o,
= ot t=0 Jw°¢ O

The first statement of following lemma generalizes Lemma 2.3.

LEMMA 2.8

(1) If there is a p-trivial embedding 1y : Y — CN x B with p-adapted atlas
{Us, @0 = (za,t)}, then we can define a global section vp41 =
v,p1(ty, Po) € H°(¥Y,, Ny,) such that

N
1 [ P wb(zy,1)

(»+ 1 = grptl

d
UP"FI(UDZ) = l‘=08wb:|

€ H°(Uy N Yo, Ny,), (2.13)

where we used the natural morphism Oc¢n |y, — Ny, (remember that
(wb)fy:1 denotes the standard coordinates on CV ). Furthermore, 8y (bpt1) =
Op+1 where 8y is the connecting morphism Sy : H°®(¥o, Ny,) —
H' (Y, 0y,) introduced in (2.3) and 0,41 is the reduced Kodaira—Spencer
cocycle associated to the p-adapted atlas.

(2)  Assume that there is another p-adapted atlas {‘l:(a, o, = (L, 1)} for the
same embedding ty. If we denote bp1q = Up+1(Ly,&>a), then Sy (0p41 —
0p+1) =0.
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Proof

By the proof of Lemma 2.7, a p-adapted atlas is p-trivial. So we can use the p-trivial
condition to take the (p + 1)th-order derivative with respect to ¢ at £ = 0 on both
sides of the identity

wb = wg(Zﬁ,t) = wg (zp(zf.0).1) = wl(z4.1)
to get
07wl (za.1) o QW 07Ty grHlwb(zp 1) (2.14)
9rp+1 B 9zl 9P+l 9rp+1 :
i=1 “B
If we define
1 N P wl (z4,1) 9

Vg = ,
T (p+ 1) = drptl dw? lr=o0

then vy — Vg =ty «x(0p+1)Ba- SO {[Va]}aen can be glued to become a global section
v, € H(Y, Ny) using the fact that Ny = O¢n /Oy .
For the second item, we use (2.14) to get the following identities:

8(0p41 —0p41)(Ua NUB) = ty«((0p+1)a) — tY*((éerl)ﬁa)

= 1y+((0p+1)pa — (ép+l)ﬂa)'

By Lemma 2.5(2), more specifically identity (2.8), we know that 0,41 — 0,411 =0¢€
H'(Y,Oy). So the proof is complete. O

LEMMA 2.9

Assume that there exists a (p — 1)-trivial embedding 1y : Y — CN x B with 0,(ly) =
0 H°Y,, Ny,) (see Lemma 2.8 for the definition of v,). Then for any relatively
compact open subset X € Y, there is a p-trivial embedding X — CN x B, for
O<exl.

Proof

We need to prove that there exists an atlas satisfying the condition (2.11). By assump-
tion, there is an atlas U = {Uy, Py = (24, 1) }aess covering Yy such that the follow-
ing condition is satisfied: for each o € +, if the embedding ty|y, : Ug — CN xB

b 31w2(2a51)|t_0 =0

is represented by the function w” = wg(za,t), then we have

ot!
(b=1,...,Nand 1 <] < p—1), and (see (2.13))
N
1 8Pw3(za,t) d
— Oy, (Uy N Yp). 2.15
P!b—l at» 1=0 Qw? € Oy (Ua 1 %) 215
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So we get functions d(ft (z¢) satisfying

ial’wg(za,t) KB =id" 9
P r=09wb  —~ "9zl
b=1 i=1

dwb(24,0) 9
—Zd’ W (Za )—€®y0(u N%). (2.16)
= azl, dwb

Define the new functions Z!, = z, +d.* o« T " which are coordinates on K, for 0 < € < 1.
Taking the derivative all the way up to order p on both sides of

w? = wl(za,1) = Wl (20 G, 1), 1) = W2(Za.1)

att =0, we get

Pwh (Z4.1) ‘ B Z WL (24,0) 0PzL (Zgot)  0Pwh(z4,1) ’
atp B dzi, atp atp
_ _Zdl wd(24,0)  0Pwl(z41) _o
az, otP =0
i=1
So we see that the atlas { Uy, (Z4,7)} is indeed a p-adapted atlas. O

LEMMA 2.10
Let v : Y — B be a holomorphic family of complex manifolds embedded into CN x C.

Let X C Y be a relatively compact open set such that there exist a bounded open set
WCCN xCand Hy,..., Hy € O(W) satisfying

K={(w,1)e W:Hy(w,1)=---= Hg(w,1) =0}. (2.17)

Then for all p > 1, the following are equivalent (see (2.12) for notation):

(D) There exists 0 < € < 1 such that there exists a p-trivial atlas on K.

(2) There exist 0 < € < 1 and a biholomorphism ® of the form ®(w,t) =
(Y, (w), 1), Yo = 1d, from W, onto its image in CN x C such that ®|x, is a
p-trivial embedding.

3) There exist 0 < € < 1 and a biholomorphism ® of the form ®(w,t) =
(W, (w,1),1), Yo = 1d, from W, onto its image in CN x C such that

D(Ke) = {(w.1) € D(We): Fi(w,1) == Fg(w,1) =0}

for some holomorphic functions Fy,..., Fg with Fp(w,t) = Fn(w,0) +
tPT1G,(w, ).
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Proof

The equivalence of (1) and (2) has been proved in Lemma 2.7. We now prove that
(2) implies (3). So assume that ®|x_ is a p-trivial embedding with a p-adapted atlas
{Uq. (zg-1)}. Set Fy,, = H,, o ®1. Then the ideal sheaf of ®(K,) is generated by
{Fi(w,t),..., Fg(w,t)}. We will prove by induction that there exists a sequence of
open sets W = W©® > WD > ... > WE+D and holomorphic functions F (w, )
on W& such that

(1) Y N WO is generated by F,f,l)(w,t);

(i)  there exist holomorphic functions G, ;(w,?) on WO such that

FEDw,t) = FPw,0) + ' Gpy(w,1). (2.18)

For [ =1, let WO = W, let F(w.1) = Fp(w.7), and let G (w,1) =
%(Fm(w,t) — F(w,0)). Then assume that the statement is true for 1 </ < p.
We have the identity

F,g)(wolt(za,t),...,wév(za,t),t)EO. (2.19)

Taking the derivative with respect to ¢ / times and using the identities (2.11) and
(2.19) we get

Gm,i(Wa(za.1).1)],_o = 0. (2.20)

Because the ideal sheaf of Ko N W is generated by {Fl(l)(w,O), e F‘y)(w,O)},
there exists /i, 1 (w) such that

d
Gma(w.0) =Y FD(w, 0,1, (w). 2.21)

m=1

Now define

d
FytOw,0) = FP w0y =t Y FO W, 0,1 (w)
r=1
d
= FPW.0) + 1! G yw.0) =" Y " FOw. ) hy s (w).

r=1
We then have
31F(1+1)(w 1)
—" =0.
! t=0

So we know that Frs;H)(w, t) has the expansion
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FUt D, 1) = FYw,0) + 111Gy (w,0) (2.22)

over an open subset W(+D of WO Note that {F,(IH)} generates the same ideal as
the {F,(l)}. Indeed {Fr(l“)} is obtained by multiplying a holomorphic matrix of the
form Idgxg + O(t) to {Fy (l)} Because [ > 1, this matrix has a holomorphic inverse
for |t| < 1. So it is easy to see that F, I+ satisfies the wanted properties.

Conversely, we assume that (3) holds, and we consider the biholomorphism &
of (3). Choose an arbitrary atlas U = {Uy, Oy = (24,1)} covering K. We want to
use induction to prove that there exists an /-adapted atlas for the embedding ®|x,
for 1 <1 < p. Assume that this has been proved for / — 1. This is trivially true when
[ = 1. Then note that

(Fr +1771G,) (wP(z,1)) =0, forl<r<d. (2.23)

Taking the l th order derivative on both sides of (2.23) and using the (/ — 1)-adapted
property aﬂ |t o=0forl<j<Il—1,weget

i OF, olw?
owb at!
b=1

Since {F } are defining functions of Ky, this means that the vector field

=0, forl<r<d.

t=0

Zb 1 (,n, 3wb |s=0 is tangent to Kg. So there exists c =c! (za) such that

N alwg 9 n
bZl 3l owb li=o Z 0‘321 bZZ aazz 3wb =0’ (2.24)

Now define a new coordinate function

l
2}1 :Z(lx + l' a(Za)

Then we get a new representation of the embedding on U, :
WP = wb(zq,1) = w0 (24 (G, 1), 1).

Taking /th-order derivatives on both sides, by (2.24) we get

b _—Z g a’wg
“ot! li=o 82‘ o Ty

So by induction, we indeed get a p-adapted atlas on K, for 0 <e < 1. O

t=0
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2.3. Higher-order deformation of a normal isolated singularity via higher-order
deformation of a regular part

Let Z C CV be an affine algebraic variety with exactly one singularity o € Z, and
we can assume that this singularity is the origin 0 € C". Assume that there is a holo-
morphic family of complex analytic varieties Z — B which is a deformation of the
analytic germ (Z¢,0) = (Z,0). For any k > 0, this induces a deformation over the
analytic space B(k) = (B, Op/ J’g“), where d¢ = (¢) is the ideal sheaf of the point
0 € B. Indeed, we have the flat morphism Z(k) := Z xp B(k) — B(k).

Definition 2.11
The order of the deformation (Z, (Z¢,0)) — (B, 0) is defined to be the natural number

Ord((Z.(Zo.0))/(B,0)) = max{k + 1: Z(k) — B(k) is trivial}.

If the pointed base (B, 0) and the point 0 € Z are clear, we shall just write Ord(Z) for
Ord((Z, (Zy,0))/(B,0)).

It is well known that higher-order deformation theory in the algebraic category
(see [4], [17, Theorem 10.1]) can also be developed in the analytic category (cf.
[15, Proposition 1.29]). Given a deformation of certain order, the space of possible
deformations to the next order is a principal homogeneous space under T, that
is, an affine space without preferred origin. More precisely, suppose that there is a
flat family Z(k) — B(k) and an extension to Z*(k + 1) = B(k + 1) of Z(k) with
Z*(k) = Z*(k + 1) Xpk+1) B(k) = Z(k). Then the set of (k + 1)th-order deforma-
tions that extend the kth-order deformation Z(k) — B(k) can be identified with T .
In the special case at hand, there is a preferred origin given by the trivial deformation
and this allows us to define a reduced Kodaira—Spencer class.

Definition 2.12

Suppose that there is a flat family Z — B of complex analytic varieties with (Zg,0) =
(Z,0). Assume that Z(k) — B(k) is trivial for a fixed k > 0. If the trivial deformation
Z*(k +1):=Z xB(k + 1) is used as the basepoint so that Z*(k) = Z x B(k)
coincides with Z(k), then the corresponding class representing Z(k + 1) in le is
defined to be the (k + 1)th-order Kodaira—Spencer class of Z — B and is denoted by
KS%“LI). If p + 1= 0rd(Z), then we define the reduced Kodaira—Spencer class as
KS! = KSY .

LEMMA 2.13
With the same notation as above, if Ord(Z) > p + 1, then there exist a small neighbor-
hood W of 0 € CN x C and a biholomorphism ® of the form ®(w,t) = (¥; (w), 1),
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Wy = Id, from ‘W onto its image in CN x C such that the ideal sheaf of ®(Z)
in ©(W) is generated by Fi(w,t),..., Fg(w,t) satisfying Fp,(w,t) = F,(w,0) +
tPY1G(w,t) on W with G (w, t) analytic in W.

Proof
By assumption, there exists an isomorphism of quotients of power series rings

¢ Clw',... . w )}/ (Fi(w,1),.... Fy(w,1),tPT1)
— oYY (fi@D), ..., fa (D), 17T,

where Fy(w,1),..., Fz(w,t) are defining equations of the germ (Z, (0,0)) C (CV x
C, (0,0)). We will change the embedding of (Z, (0, 0)) several times during the proof
but will continue to use F,,(w,t) to denote the defining equations of (Z, (0,0)) in
each step.

Assume that ¢ is represented by functions w? = By (!,..., %" ,1). Then we
have

d
Fr(By(b.0).0) = > fi@)hpy(b.0) + P (1), r=1,....d, (225
=1

where £, ; and u, are holomorphic near 0 € CN x C. We can assume that B, (i1, . . .,
WV ,0) = @b and F,(By(10,0),0) = F,(,0) =: f,(®) so that h,;(i,0) = ;.
Multiplying (2.25) by the inverse matrix (/,;)~" (which exists for |¢| sufficiently
small) and replacing F,, we can assume that £, ;(,?) = §,; so that the following
identities hold:

Fr(Bp(0,1),t) = fr(D) + 2 u, (b, 1). (2.26)

We will prove by induction that there exist a small open neighborhood ‘W of (0,0) €
CV x C and a biholomorphism ® of the form ®(w,t) = (¥;(w),?), Yo = Id, from
‘W onto its image C" x C such that ®(Z N ‘W) is defined by equations F,(w,?) =0,
where the following hold for any 0 <[ < p:

I (Fr(w,1) — fr(w)) —0 o (Bp(d,1) — )
= and A A4
at! =0 at! =0

This clearly implies the statement of the lemma.
The identity (2.27) holds for / = 0. Assume (2.27) for [ — 1. Taking the derivative
for both sides of (2.26) with respect to ¢ / times and evaluating at ¢ = 0, we get

=0. (227

i IF,(w,0) &' By (), 1) . o F,(w, 1)

dwb ot! ot! t=0

= 0. (2.28)
b=1
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Note that

N
Z vb awb

b=1

d

=0 Qw? € HO(ZO, ®(CN |Zo) (2.29)

3 By(ih,1)

is a globally defined vector field on Zy. Let o (w, s) be the one-parameter subgroup
generated by a holomorphic extension of v. Then o(w,s) exists for |s| sufficiently
small on an open neighborhood of 0 € Zy C CV x {0}. Set

W =w(w,t)=o(w,t' /1),
E,(0,1) = Fr(w(ib,1),1), (2.30)
B, 1) = w(w(id,1),t).

[ b
In particular, %h;g = b = —Wh:o forb=1,...,N. Then we get,
since [ > 1,
l ~
(F,(zb,t)—F,(zI),O))‘t_O

arl
l ~
= WFr(w(w,t),t)‘tzo
B i IF, (w,0) 3 wb (W, 1) N o' F.(w,1)
=L ot ol li=o

Z aF,(w 0) o' By (1, 1) 81Fr(w 1)

. ( =0 (by(2.28)).

Moreover, we have the vanishing

Ly o )| _ —= a—lﬁ)b(B(w 0.1)|
ar! ’ 0 8t1 o
w’ (w,0) al a b
= Ziawc 57 Beh.1) + =0 (w, t))
c=1
_0'By(.1) 3 By (), 1) _o
=0 al =0
So the induction argument completes. O

If Ord(Z) > p + 1, then by Lemma 2.13, after changing the embedding of Z,
there exists a small open neighborhood ‘W of (0,0) € CV x C such that dz (W) is
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generated by {F;(w,7) = F;(w,0) + t?*t1G;(w,)}. In particular dz,(W N Zo) is
generated by {f1,..., fg} where f;(w):= F;(w,0) fori =1,...,d. Set g;i(w) =
Gi(w,0). The flatness condition of Z — B implies that {g;} (and hence {G;})
determines a well-defined morphism (see [15, Proposition II.1.25] and [4, Sec-
tion 6])

d d
g:dz—>0cn/dz. Y frhr> Y grhy. (2.31)
r=1 r=1

We have g € Hom(ch (dz,0cn[/dz) = HOm@Z(JZ/Jz .0z)=H%Z,Nz). Soif
Ord(Z) > p + 1, then there is a well-defined class

—¥z(2) €Ty, (2.32)

where ¥z : H*(Z,Nz) — TIZ was defined by Schlessinger (see (A.5)). This class is
exactly the Kodaira—Spencer class KS(ZPH) of Definition 2.12. Notice that here we
are working in the analytic category as in [31] and [15].

From now on assume that Z has a normal isolated singularity at o, and denote
U = Z \ {o}. Schlessinger showed in [31] that the (infinitesimal) embeddable defor-
mations can be determined by deformations of U and that TIZ is a subspace of
H%(U,®y) (see Proposition A.10 and (A.7)). More precisely, there are two exact

sequences:

HO(U. Ocn [y) — H(U. Ny) 58 T, — 0,
(2.33)

0T, % HY (U, Oy) — H'(U.Ocn |v).

Fix an embedding 0 € Z < CV, and let {wi}lN: | be the standard coordinates of CcV

with w; (0) = 0. Choose a smooth, strictly plurisubharmonic function ¢ on C¥ such

that the following conditions are satisfied:

(D) ¢|v > 0 is a strict plurisubharmonic function on U = Z\o;

(2)  forany € > 0 and ¢ > 0, the subset {p € U;€ < ¢(p) < c} is relatively com-
pactin U;

(3)  for ¢ > 0, the subset K, := {p € U;¢(p) < c} satisfies that dK is compact
and strongly pseudoconvex.

Now assume that (Z, 0) is the germ of the vertex of an affine cone Z = C(D, L) and

that Z is a C*-equivariant deformation of Z. We can then assume that the embedding

of Z into CV x C is C*-equivariant and that the morphisms in the sequences (2.33)

are C*-equivariant. Moreover, we can choose ¢ to be an S!-invariant function so that

the compact set K. becomes S!-invariant. Fix 0 < ¢; < ¢; < +00.
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LEMMA 2.14

With the same notation as in the above paragraph, set ¥ = Oy or Ny. Then for
i > 1, the natural morphism R : H' (Z\K.,,F) — H'((Z\K¢,) N 1852, F) induced
by the inclusion is an isomorphism.

Proof

Since we are working with Cech cohomology, we first construct coverings by S'-
invariant Stein open sets in the following way. Let 7 : Z \ {0} — D be the natural
projection realizing Z \ {0} as a C*-bundle over D. Choose a Stein covering {UaD }
of D, and set Uy = 7~ (UP) N (Z\KL,). Similarly, we get an S'-invariant Stein
covering {U,} of (Z\K,,) N 1362.

We first argue that R is injective. Represent the cohomology classes by Cech
cocycles with respect to the above S!-invariant Stein coverings. If [§] = [{£q, ;)] €
HI(Z\K,,.F) satisfies R([£]) =0 € H' (Z\K¢,) N Ke,. O7), then £ = 8(n) is a
coboundary where 7 = {fa,aya;_; } is a cochain (over (Z\ K¢, ) N I%Q).

By using the result in [20, Proposition 3.4], we can decompose each compo-
nent of 7 into weight pieces. More precisely, we can write n = Y, nx, where ng =
{(k)a,-a;_, } has weight k under the S!-action. Note that F is associated to a C*-
equivariant vector bundle over 71 (UP). So each (nx)q,.-a;_, is represented by
holomorphic functions over U, N---NU,.  withrespect to a C*-equivariant trivial-
ization of ¥ . Since homogeneous holomorphic functions on an annulus in C uniquely
extend to holomorphic functions on C*, it is easy to see that 7 extends uniquely to a
holomorphic cochain of ¥ with respect to the covering {U,,} such that £ = §(n) also
holds on Z \ K, . So £ is also a coboundary over Z \ K., and hence represents zero
in H(Z\ K¢, F).

By using exactly the same argument, which again depends on the weight decom-
position (using [20, Proposition 3.4]) and the holomorphicity of cochains, we also
prove that each cocycle over (Z \ K,) N 1362 extends to a cocycle over Z \ K,. So
the surjectivity of the morphism R is also true. O

With the same notation as in the above discussion, set ¥ := (Z\K¢,) N 1362
and Y’ := Z\K,, . By [2, Théoreme 15], for any locally free sheaf ¥ (whose depth
is always n), the natural restriction morphism H®(U, %) — H°(Y’, ¥ |y-) is an iso-
morphism and H'(U, ¥) — H'(Y’, ¥ |y’) is injective (since n > 2). Combining this
with the above lemma, we get that the restriction morphism jo : Ho(U, F|y) —
HO(Y,F|y) is an isomorphism and w1 : H' (U, ¥) — H'(Y, ¥ |y) is injective.

Now we have the following commutative diagram:
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wo
H°(U,Ny) —— HO(Y, Ny) (2.34)

e T

U M1
T, —— H'(U,0y) —— H'(Y,Oy)

Note that ¥y and 7y are defined via Schlessinger’s result in Proposition A.10 and
that 8y and 8y are connecting morphisms as in (2.3) (see also (A.9)).

PROPOSITION 2.15

With the above notation, let Y — B be the holomorphic family of complex manifolds

that is induced by Z — B. The following conditions are equivalent:

(1) Ord(Z) > p + 1 and hence there is a well-defined KS(ZPH) € TIZ.

2) There is a p-trivial embedding of ¥ and hence there is a well-defined v, 1 €
HO(Y, Ny).

3) There is a p-trivial atlas covering Yo and hence there is a well-defined 041 €
H(Y,Qy).

If one of the above conditions holds true, then we have the following identities:

8y (0p41) = Opr1 =1 oty (KSF™Y)  and

1 (2.35)
KSE{+ ) =yyo o (0p41).

Proof
Notice that the equivalence of (2) and (3) was already proved in Lemma 2.7. So we
only need to prove the equivalence of (1) and (2).

Assume that Ord(Z) > p + 1. Then by Lemma 2.13, after changing the embed-
ding of Z, we can choose an open neighborhood W of (0,0) € CV x C such
that Jz(W) is generated by {F(w,?) = Fy(w,0) + t?T1G(w,1),..., Fg(w,t) =
Fy(w,0) + tP*1G4(w,1)}. By Lemma 2.10, condition (2) holds, that is, we get a
p-trivial embedding and a p-adapted atlas.

Now we verify the identities in (2.35) by using this p-adapted atlas. Set f,(w) =
Fr(w,0) and g,(w) = G,(w,0). Taking (p + 1)th derivatives with respect to # on
both sides of the equation

(fy +1P11G,) (WP (za,1)) =0,

we get

N

Zaf, 1 grtiyh
Jwb (p+ 1)1 0rp+1

=0 +gr=0.
b=1
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Comparing with the definition of v, in (2.13) and the definition of g in (2.31),
this says that —g|y = vp41 € HO(Y, Ny). It is clear that v,41 = —uo(g|u) so
that —g|y = /,LO_I(U p+1) since (g is an isomorphism. On the other hand, we have
—Yu(glv) = KSE{H). So we get

_ +1
Yy opg'(vp41) =KSFHY.

The identity 8y (v,41) = 0p+1 was proved in Lemma 2.8. The other identity is a
CONSEUENCE NOW:

10 TU(KS(ZPH)) =p10oty oYy opy (vp41)
=108y o pg' (0pt1) =8y (0p11) = Op41.

We are left to prove that (2) implies (1). Now assume that (2) holds but, on
the contrary, Ord(Z/B) = [ + 1 with / < p. Then by using the defining functions
{Fy(w,0) + t!*1G,(w,t)} from Lemma 2.13, we have ¥y (g) = —KS%H) #0¢
T,. S0 8y (g) =tw o Yu(g) #0€ H'(U,Oy) since 1y is injective. By the discus-
sion before Proposition 2.15, 11 is injective. So w1 o 87 (g) # 0. Hence

0141 =38y (v141) = —p1068u(g) #0.

On the other hand, we assumed that there is a p-trivial embedding iy with p > [.
So by choosing a p-adapted atlas, the corresponding class ;41 := v;41(ly) = 0.
So 8y (9;41) = 0. By Lemma 2.8(1) and Lemma 2.5(2), 8y (v;41) = 8y (0;41) €
H'(Y,Oy). So we get a contradiction. O

3. Embeddings of submanifolds and deformations

In Section 3.1, we will construct the “most holomorphic” diffeomorphism between
a neighborhood of a complex submanifold to a neighborhood of the zero section of
its normal bundle. In particular, this allows us to get Proposition 1.2. We do this
by first using the “deformation to normal cone” to construct a “holomorphic fam-
ily of neighborhoods” as the deformation of a neighborhood of the zero section of
the normal bundle. We also construct a (k — 2)-trivial (resp., (k — 1)-trivial) atlas on
this family under the assumption that the embedding is (k — 1)-linearizable (resp.,
(k — 1)-comfortable). Then we use a method similar to that used in Section 2.1 to
get the wanted diffeomorphism. Our main goal in this section is a technical Proposi-
tion 3.3 which relates the reduced Kodaira—Spencer class of the “holomorphic family
of neighborhoods” to the obstructions to splitting embedding and comfortable embed-
ding.
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3.1. Construction of comparison diffeomorphism and (k — 1)-trivial atlas

As mentioned above, the construction of diffeomorphism F in Propositions 1.2 and
1.3 uses a construction in algebraic geometry called deformation to the normal cone
(see [13, Chapter 5]). This is a way to degenerate a neighborhood of S < X to a
neighborhood of S < Ng. The construction is simply to blow up the submanifold
S x {0} € X x C which gives a total family X = Blgx {0} (X x C) with the projection
7 : X — C. The central fiber 560 = Blg X U E is the union of two components. The
exceptional divisor E = P(Ng & C) is the projective compactification of the normal
bundle Ng of S C X. In this way, we can view S < X as an analytic deformation
of Sy < Ng. More precisely, we will construct an analytic family W as an open
neighborhood of § = § x C — X. In other words, W is considered as a deformation
of a neighborhood of S — X.

The main result of this subsection is the following proposition, which contains the
statement of Proposition 1.2. For the construction in its proof, we refer to Section A.1
in the Appendix for preliminary results from [1] that will enable us to read out the
precise order of holomorphicity of the diffeomorphism constructed.

PROPOSITION 3.1

Assume that S is a smooth submanifold of X. If S < X is (k — 1)-linearizable, then

the following statements are true.

(1) There is a holomorphic family of complex manifolds W such that Wy is a
neighborhood of Sy — Ns and Wy =: W is a small neighborhood of S C X,
and there is a (k — 2)-trivial atlas covering 'W.

2) There is a diffeomorphism F : Wy — F(Wy) C W where W = Wy such that
forany j >0, there exists a constant C; such that F satisfies

’|V§{0(F*J _JO)Hgo = ijk_j on Wy. (3.1)

If S — X is furthermore (k — 1)-comfortable, then the above properties can be

improved as follows.

3) There is a (k — 1)-trivial atlas covering 'Wj.

4) There is a local decomposition of ® := F*J — Jy into four types of compo-
nents (see (3.9))

=0+ oY + @Y + O

such that, for any j > 0, the following estimates hold over Wy for a uniform
constant Cj:

j ~k+1—j j ~k+1—j
IVZ, @hllag < C;iF1 7 |IVE @ lla, < €71,
32)
Vj " ~ < C;fki Vj " - <C,~k—j
V2 By < CiF7, VL @, < ;7
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The improved estimates (3.2) will be used to prove Proposition 1.3 in Section 5.

Proof
Assume that the embedding S < X is (k — 1)-linearizable. By Theorem A.9 in Sec-
tion A.1, we can find coordinate charts {V,,, (zy)} of X near the submanifold S such

that S NV, = {z} =--- =z = 0} and the transition functions on V N Vg are given
by
z[rs ZZT=1(aﬂa)§(Z(Z)Z(§+R£ forr=1,...,m, (33)
z;;:d)ga(z(;’)—i—R,f forp=m+1,...,n,
where we have denoted by z” = (z*1 ..., z) the tangent variables, which can also

serve as coordinates on S. Here R,’C, R,f € Jg. We also consider coordinate charts
{Va xC,(zq,0)} on X x Csothat S x {0} ={zl =---=z" =1 =0}.

Consider the blowup 7 : X = Blgx{0y(X x C) = X x C with the exceptional
divisor £ =P(Ng @ C). Here E is the projective compactification of the normal bun-
dle Ng — S and S sits inside Ngs C E C 920 C X as the zero section of Ns — S.
The subset 71 (V, x C) C X is defined as the following subvariety of V, x C x P™:

{(z5.22.0.12,. TN); (24 28) € Va1 € C, 2 2 — 25 Z), = 0,

zp-T —t-Z;, =0; forr,s:1,...,m;p=m+1,...,n},

o

where [Z], T are homogenous coordinates on P*. Near Sy, the coordinate 7" # 0,
and so we can define new coordinate charts {wy,?} such that the map 7 is given by

1
o

_ 1 m __ m. m+1 _  m+1 n__ . .n. _
zZ —l‘wa,...,Za —twa, Zy =W, yeeesZo = Wy r=1.

Without loss of generality, we can assume that Vo, = {z4;|z4| < €} for sufficiently
small € > 0. Then if we denote the polydisk on the total space

Uy = {([v Wa);

1] <2, |we| <€},
then 7(Uy) C Vo x C, and when ¢ # 0 satisfies || < 2,
7(Uy) N Xy = {za;|zg[| <2et,|zf| <€ forr = 1,...,m;p=m+1,...,n}.

Denote by & the strict transform of S x C on X. Let 71 be the composition X — X x
C — C. For any a > 0 € R, denote 8);|<, = 7' ({t;]¢| < a}). Then the collection of
open sets {Uq} is a covering of &< inside the total space X, and on Uy the ideal
sheaf dg is generated by wolt, ...,wy. Denote U = |J, Ug. We can find a small
neighborhood ‘W of §,j<; C X such that W CcC U. Denote w), = (w},...,w™),

wg — (wm+1

M, ..., wk), and define
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D - m _ —k / "
Ry (t:wg, wy) =t "Ry (twg, W),
PP (4.0, m _ —k pp ’ "
Ry (t5wy, wy) =177 Ry (1w, wg).
Then Ié,’c € Jg, Ié,f € Jg. Note that {Uy N Wy, wy }o form an atlas covering W, :=

71 (X;)N'W for |t| < 1. The transition function on (Uy N Wy) N (U N W) is given
by

{w,rs = Zsm=l(a,30t)§(w(/):)wi + [k_lerc' for r = 1’ e, (34)

wé’:qﬁga(w&’)—l-tkﬁ,f forp=m+1,....n
So we get a (k — 2)-trivial atlas covering Wy in the sense of Definition 2.4. Next we
can construct the diffeomorphism that we want. Choose a partition of unity {py, 0}
subordinate to the covering {Ug, X\ 'W}. In particular, Supp(py) C Uy, Supp(p) N

W = @. As in Section 2, define the differentiable vector field in the small neighbor-
hood W of &);<1 C X:

v=Yn(3),
afa( wt)\ 9 3

_Z(Z e )awf(&)ﬂ

_Zzpaat(t

r=1 « p=m+1 «

9, (1* RP) ( )ﬂ.

Let {o(s);s € (—€,€)} be the one-parameter subgroup generated by Re(V),
which exists when ¢ is sufficiently small. Then we get a map o(s) : W N Xo —
U N X5 which gives a diffeomorphism to its image.

Note that the vector field V is tangent to § so that o (s) preserves §. Denote by
& the complex structure on the total space X of the blowup. Denote

O(s) =0(s)*d — 4.
Then we can calculate

d(s) = ~(009)"9) = £rend = 3V + av

> [0 (* R (@

Il
M sls

r=1 «
P
+ Z > o R)(apa)@va 5l
p=m+1 « ﬂ

+ complex conjugates.
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Assume that @ is a smooth Kihler metric on the open set 'W. Because both R? ﬁ,f €
d g, we get

|<D|l:>() < CSmax{O,k—2}|w/|k‘

So we can integrate to get

|05, = 0% = %5, = | /0 o) (Lyfyds| <N 6S)

If 7 is the distance function to Sy with respect to go, then 7 is comparable to the
norm |w’|. So the above estimate proves the inequality (1.1) for j = 0. The higher-
order estimates of ® can be proved in the same way by taking the higher-order Lie
derivative of V.

Next we show that if S < X is (k — 1)-comfortable, the estimates of some com-
ponents of & can be improved. In this case, by Theorem A.8, we can choose the
coordinate charts such that the following holds:

{zg Y (aga)i(zl)zs + Ry, forr=1,....m, 3.6

Zé’:qﬁﬂa(zg)—i—R,f forp=m+1,....n
where R,’ﬁLl
t_(kH)R’ L(ewl, wl) and R (t;w),, wl) = t*RY (tw),, w(}). Then Rk+1
and Rp € Jk On the total space of the deformation to the normal cone, we have

Jkﬂ, R,f € J’g. Similarly as before, denote Iérﬂ(t‘w(’x,wg) =

Jk+1

{wﬁ_zs V(apo)p(wiws, +* Ry forr =1,....m, a7

,g—¢ﬂa(w£§)+th,f forp=m+1,...,n

Notice that this is a (k — 1)-trivial atlas covering ‘W, in the sense of Definition 2.4.
Similarly as before, the differentiable vector field V (see Section 2) becomes

V=3 (Ta el 3;%%),9

Jw
9
—ZZpa 0 (t“ Ry, D] ® ur + Z > a0 (*RD)]® a—
r=1 « p=m+1 «
9
+ (a_r)ﬂ' (3.8)

Use the same notation o (s), &, ®(s), and ®(s), as before. We have
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. d _ _—
D(s) = %(U(S)*&’) = Lred =9V + 9V

S 1 9
= Zz[at(thlrc+l)](apa) (3¢ a—r
r=1 «o Wg

“ O d
+ Z Z[at(th]I;)](apa)@)a—p
Wp

p=m+1 « 1=s
+ complex conjugates.
We assume the index v € {1,...,m,T,...,m}, helm+1,....,n,m+1,...,n}, and
we decompose P into four types of components:
® = O + @) + O} + P
= @M dw? @ i + ¢F dw" ® Dy
+ ¢ dw®’ @ dyo + P dw" @ 3. (3.9)
Again we assume that @g is a smooth Kihler metric on ‘W.
Since R,’chl € Jg“, R,f € J’g, it is easy to see that
il < Cs* ML gy = CsF T
grl < Cs* 'k, jgn < O |k,
Integrating these, we get
|(DZ|CT)0 < CSklwllk—H, |q)3|a~)0 < Csk|w/|k—|-17

h ky, .k h ki, 71k (3.10)
|(Dh5,0§CS |lU|, |q)va~)0§CS |w|

When |s| < € with € sufficiently small, since 7 is comparable to |w’|, we get the
estimates that improve the estimates in (3.2) for j = 0. The higher-order estimates
can be proved similarly by taking higher-order Lie derivatives of J with respect
to V. O

3.2. Order of embedding via deformation to the normal cone

Let S be a smooth submanifold of a complex manifold X. We will denote by ns :
Ns — § the normal bundle of S inside X and by Oy the tangent sheaf on the
total space of Ng. The natural C*-action on Ng induces C*-actions on various coho-
mology groups. Since we will use various Cech cohomology groups frequently, we
choose a Stein covering {Us} of Ng by first choosing a Stein covering {U} of S
and then defining US = n;l(Ua). In particular, Ua is invariant under the natural
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C*-action. On each Uy, choose a coordinate system wg = {wh, wi} = {wk, wl|r =
l,...,m;p=m+1,...,n} such that w}, are fiber variables and wl are base vari-
ables. Then the C*-action is given by

t-{wl,, wiy = wl, wll

The transition function on 00[ no  is of the form

{w;} =3 (age) s (whws forr=1,...,m, 31D

wg = dp, (W) forp=m+1,...,n.

Let V be a Cech cohomology space H' (X, ), where X is an analytic space with a
C*-action and ¥ is the coherent sheaf associated to a C*-equivariant vector bundle
F — X. The space of cocycles of ¥ with respect to a C*-invariant Stein covering
has a continuous S!-action. By the result from [20, Proposition 3.4], this space can
be written as the closure of the algebraic direct sum of eigenspaces. This induces a
weight decomposition of the cohomology space V = H'(X, ). We will denote by
V(—k) the subspace of elements of weight —k.

LEMMA 3.2
For k > 0, we have the commutative diagram of exact sequences

), Tk
H'(Ns, Oy ® 45T) (k) —— H'(Ns.On; @ 45)(—k) —— H'(S,05 @ 45/451h

RIye Tk
H'(S,Ns ® 45T /951?) ———— H'(Ns,Ong) (k) ——— H'(S,05 @ d5/45Th

(3.12)

where the morphisms are given as follows:

(1) Tk, ‘ﬁ;c are induced by inclusion of sheaves;

2) ‘Z}c, Ry will be defined in the proof, and Ry is an isomorphism;

() M =Tk o N o R, and Ty =T} 0 I are defined by using the commuta-
tivity of the diagram.

Note that in the above diagram the sheaf J ’g/ Jf;“ is a sheaf supported on S.
The Kodaira—Spencer class 0 of the atlas constructed in the proof of Proposition 3.1
lives in H'(Ns, ®y)(—k) and the bottom exact sequence will serve to compare 6
to Abate, Bracci, and Tovena’s obstruction in Proposition 3.3.
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Proof
We first notice that T} is well defined as the composition of maps

H'(Ns,Ong ® J5) — H'(S,On s @ I5 /4511 — HI(S, 05 ® S5 /45T,

In the last map, we used the holomorphic splitting Oy |s = Os @ Ng. Similarly, Dy
is well defined as the composition of maps

H'(Ns,Ong @ 45T — H(S, 05 |5 @ I5T1/9512)
— H'(S,Ns ® J5+1/45%2),

Let us first show that the first row of the sequence is exact. Assume that 6 €
H'(Ns,On, ®J ’g)(—k). Let 0y be represented by a cocycle {0,4} with respect to a
C*-invariant covering of Ng. Then by [20], we can write 6, as a convergent series
Bap =Dy bup ¢, Where 6,p ¢ has weight £. Because § commutes with the C*-action,
we know that Oyg ¢ is also a cocycle. Because 0 = [{0,4}] has weight —k and the
weight decomposition of cohomology is induced by the weight decomposition on the
space of cocycles, we know that [{8,p.¢}] = 0 if £ # k. So we can assume that 0y is
represented by a weight (—k) cocycle

(ek)ga—Zbﬁa(w) + Z ,ga(w)
p=m+1

where bga,cga € Jg. Since % (resp., %) has weight 1 (resp., 0), we know that

by, (resp., cga) is homogeneous of degree (k + 1) (resp., k) in w’' = {wg}. Then

7 & 8
(Te0))ge = D [cga(w)]k+lw’

p=m+1

If T} (6k) = 0, then we can write

- d
Z A
p=m+1 pe ! awg

n

0
= E dPles1— —

n

0 N N
E [dg]kﬂw over Uy N Up.
p=m+1 «

p=m+1
We can assume that d g and dg are homogeneous of degree k. Then it is easy to see

9 D
that cga = dé’ — do‘{(;:—’z. So if we define
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O)pa = (Oh)pa — Z dp—+ Z dd =g

p=m+1 g=m+1

then it is easy to see that (ék)ﬂa € HO((Z,, N Uﬂ,GNS ® Jéf“)(—k) and we have
Ok = I (6k)-
To show that Ry is an isomorphism, we will construct its inverse. Assume that
he H'(S,Ns ® J§+1/JI§+2); we can represent it as a cocycle
= d
= b — 3.13
bpa ;[ Balk+2 o, (3.13)

We can assume that b;ga is homogeneous of degree k + 1 in wl’g = {wlg }. Then because
of homogeneity, the cocycle condition of {hgq} becomes

(7 PP
Z(bﬂa(wﬂ)awr +baya +byﬂ 8w1’,) =0. (3.14)

r=1

So if we define

m
- ad R
Dpo =i (Bpa) = 3 Bpos— NUs. Ong ® 5T (k).
r=1
where ﬁ and so on are considered as tangent vectors along the fibers of Ng — S,
then by (3.14) {f)’B ) satisfies the cocycle condition and hence represents a cohomol-

ogy class in H'(Ng,Ong ® Jlg“) of weight —k. Now we can define 91;. Choose
he H'(S,Ns ® 4511 /4512) represented by the cocycle as in (3.13) such that by,
is homogeneous of degree k + 1 in w = {wp}. Then we define

M (hga) = Tk 0 M 0o R (hpa) = D by L ONg) (k).
r=1

-
ow B

Using a similar homogeneity argument, one can also construct an inverse of Ji
showing that it is an isomorphism. Indeed, forany 6 € H!(Ng, © y ) of weight (—k),
we can choose a C*-equivariant Cech cocycle {0p«} of weight (—k) representing 6.
On U, N Ug, we can write

eﬁa—Zaﬂama) + Z b”a(wo—
/3

p=m+1

homogeneous of degree (k +1) (resp., k) in wg,. In particular, ap , € 4}, k+1and bp
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Jk So e € H (U N Uﬂ Ong ® Jk) and {fg, } represents a cohomology class in
H (Ns,On, ® 45 <) of weight (—k). O

Our main result in this subsection is the following technical proposition which,
under appropriate assumptions, reinterprets the obstructions to splitting and comfort-
able embeddings via the deformation to normal cone construction.

PROPOSITION 3.3

Assume that S is a (k — 1)-comfortably embedded submanifold of X for some k > 1,

and let (px—1,vr—1) be a (k — 1)-comfortable pair. Then for the holomorphic fam-

ily of complex manifolds ‘W from Proposition 3.1, the associated k-order Kodaira—

Spencer class Ox € H'(Wo, ©y,) extends uniquely to a class in H'(Ng, © ). This

extension lies in the (—k)-weight space and will still be denoted by 0. Moreover, 0

satisfies the following properties under the exact sequence from Lemma 3.2:

(1) Tk (Or) = gpk e HI(S§,05 ® J’g/ﬂg“) is the obstruction to k-splitting
relative to py_1. As a consequence, if S is not k-splitting relative to py_1,
then O, € H'(Ns, O n,)(—k) is nonzero.

2) If S is k-splitting relative to px—1 (i.e., we have a kth-order lifting py such
that ¢y g—1 © Pk = Pk—1), then O = mk(hzk), where f)zk e H'(S,Ns ®
J §+1 /d ]§+2) is the obstruction to k-comfortable embedding with respect
10 Pf.

Proof

Suppose that the embedding S < X is (k — 1)-comfortably embedded. As shown in
(3.7), we can choose a (k — 1)-comfortable atlas adapted to (px—1, Vk—1) such that we
get an induced atlas on the blowup with coordinate changes given by

wg:z “i(aga)s(wy)wy +thk+1 forr=1,...,m, (3.15)
w:g=<;5ﬂo[(w(’);)—|—th,‘;J forp=m+1,....n
We can substitute the transition function in (3.15) into (2.5) above to get
Gpa= =3 8kfﬂ“(wa’[)’ :
be = 11 k=0 gu
i=1 B
m
=Y R, (0: wa) -+ Z RY (03 we) 5 (3.16)
r=1 5 p=m+1 ,3

where in the last expression, wy and wg are related by the following relation on Xo
near So = S:



1432 CHI LI

wp = Y (age)t(whHws  forr=1,...,m, a.17)
wp = ¢p, (wy) forp=m+1,....n '
which is nothing but the transition function on Ng. Recall that R,’C Jrl(t' wh,wh) =

t_(k+1)Rk+1(tw wy) and RP(t;wl,wy)) = t7*RP (1w}, w). So R; 71 (01wg)
(resp., R (0; wgy)) is nothing but the (k + 1)th-order (resp., kth-order) leading term
of R} 1(wo[) (resp., Rp (wg)) in its Taylor expansion with respect to wy,.

Since w,, are global coordinates on the whole U, C Ng, we see that (0k) ga
is actually defined over Ua N Uﬁ C Ng. This shows the statement that 0 €
H'(Wo,®qy,) extends uniquely to a class in H'(Ns,®yg) which will still be
denoted by 6.

So if we denote by 7s : Ng — S the natural projection of the normal bundle to
its base, and by Ua = n§1 (U N Xo N So) the C*-invariant open set on Ng, then we
have

(6k)pa € HO(Ux N Up, Ong ® I5).
So we geta Cech cohomology class:
0p == {(Ok)pa} € H' (N5, Ong ® 9%).

From (3.16) and the homogeneity of Rk 41 R? © in wy,, we see that 6 has weight (—k)
under the natural C*-action on Ng. When we restrict to Sog = S C Ng and mod out
by Jgjl, we get

(9K)Ba = (Ok)galso

= D R O wi)] o : + Z [RE O w)] 5 7
r=1 p=m+1
S ]
= ) (R O:wg. we)] gy 55 (3.18)
p=m+1 Wg

which form a cocycle

{(@)pa) € H' ((Us}. Ongls, ® 45, /5T
= H'({Uq}, N5, ® J’go/.ﬂ’;jl) @ H'({Uy}, Os, ® Jgo/y’;(jl).

In the last equality, we used the holomorphic splitting ® ¢ |s, = Os, ® Ns,. Because
we assumed that S is (k — 1)-comfortably embedded, the component in the first
summand is 0 as seen in (3.18). So using the notation in Lemma 3.2, we can write

k = Tk (k). By Proposition A.2, we see that g = {(gx)ga} is the obstruction to
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the existence of py satisfying ¢k x—1 © px = px—1. In other words, gzk_' := g is the

obstruction to k-splitting relative to px—1. So we get the first part of Proposition 3.3.
Now if we assume that the obstruction to k-splitting vanishes (i.e., that the
above gzk_' vanishes), then by Theorem A.9 the transition functions in (3.15) can be

improved to

wh = Y0 (apa)s(wiwy + X R forr=1,....m, (3.19)
w§=¢§a(wg)+tk+1R,f+l forp=m+1,...,n.
Substituting this into (3.16), (6 )go Now becomes
P S wa)) 9 I 9
O = 75 - =) Rj,(0;we)—. 3.20
( k)ﬂa k! ; atk =0 awllg ’; k+l( w(x)awlg ( )

So we see that in this case (0x)gq € HO(Ua N Uﬂ,GNS ® J’g“). Again we get a
weight (—k) Cech cohomology class

0 = {(O)pe} € H' ({Ua), Ons ® I5H) (=),
which satisfies 9% (6;') = k. When we restrict to Sp and mod out by J’;:z, we get

(hx)ga = (Bk)palso

= 0
= § :[Rl’;+l(0;w¢/x’wg)](k+l) 3w,r3
r=1

€ HO(Uy NUg N So, Ns, ® I51/46F2). (3.21)

Comparing with (A.3), we see that by := {(bx)g«} is nothing but the obstruction hi"'
to k-comfortable embedding with respect to the k-splitting pr. By Lemma 3.2, we
can write 6 = R ! (hx). O

4. Special case: S = D is an ample divisor

One of the main goals of this section is to prove Theorem 1.5. The proof is essentially
based on the construction in Section 3.1 and Proposition 3.3. Roughly speaking, under
the assumption that D — X is (m — 1)-comfortable, we get an (m — 1)-trivial atlas
by the construction in Section 3.1 and hence a reduced Kodaira—Spencer class defined
as a class in H'(U, ®y). Then Proposition 3.3 is also used to show that this reduced
Kodaira—Spencer class is nontrivial if the embedding D — X is not m-comfortable
(and n > 3). Finally, by Proposition 2.15, the reduced Kodaira—Spencer class near the
“infinity” divisor via coordinate changes coincides with the reduced Kodaira—Spencer
class for the deformation of the cone defined in Definition 2.12. This allows us to
complete the proof.
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.

Figure I.M:D~C—>X.

4.1. Degeneration to the projective cone

From now on, we assume that S = D is a smooth ample divisor in X. Then we
can further modify the deformation to the normal cone construction. Recall from the
above section that X = Blpx{0y(X xC) and that 560 = BIpX)UE = X UE, where
E =P(Np & C). Denote by L := L p the holomorphic line bundle associated to the
divisor D. Since D is an ample divisor, one can verify that the line bundle £ =
7y L — E is my-relatively semiample, where 771 is the composition X—>XxC—o>X
and 7, is the composition X > X xC—C. Moreover, the strict transform of X
under the blowup becomes exceptional and can be blown down so that we get X
under the morphism associated to £. Then the canonical morphism 7 : X — C =
Spec(CJt]) gives a flat family of projective varieties, satisfying that X; = X fort # 0
and X is obtained from E by contracting the infinity section Do, (see Figure 1 for an
illustration). The central fiber Xy thus obtained is very close to being the projective
cone C (D, L). One delicate point here is that Xy may not be normal.

LEMMA 4.1
The central fiber X coincides with C(D,L) if the restriction map Y, + HO(X,
mL) — H°(D,mL|p) is surjective for any m > 1.

Proof

We first describe the above construction of X in the algebraic category (see [13,
Chapter 5]). Let d p denote the ideal sheaf of D as a subvariety of X. Then X is the
blowup of the ideal sheaf dp + () on X x C:

+oo

X = PronXC(®(JD + (t))k).

k=0

Moreover X = Projc,j<R, where R is the following finitely generated graded algebra
over C[t]:
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400 +oo oo
R=EH'(C.(m2)« (kL)) = P H(X. kL) = P R, 4.1)
k=0 k=0 k=0

where £ = m{ L — E. The graded pieces Ry can be calculated in the same way as in
[29, Section 4]:

R = HO(X .k(zfL— E)) = H(X xC.L* & (4p + (1))")

kol
—

T HO(X, L* @ 4577 @ t*C[1]HO (X, L¥)
D

1P

T
L

t'HO(X, L)) & t*C[t]H° (X, L¥). (4.2)
0

~.
I

In the last identity, we used d p = Oy (—D) == L~!. The central fiber is thus equal to

+o0
Xo = Proje(R/(H)R) = Projc(@ Ri /(r):Rk). 4.3)
k=0

From (4.2), we see directly that

HO(X,L%)

k
— J 7
Y e

k
=@sz°(x,Lf)|D. (4.4)
j=0

Here H%(X,L/)|p denotes the image of the restriction map H°(X,L") — H%(D,
L’|p) for any j > 0. To see the last identity, we consider the exact sequence of ideal
sheaves

0— L '=L'Q0(-D)— L — L/|p — 0, 4.5)
and the corresponding long exact sequence
0— HX,L'™"— H(X, L)) — H°(D.L’|p) — H'(X,L’™Y). (4.6)
Soindeed HO(X, L/)/H(X,L~') = H°(X,L’)|p for j > 1.
On the other hand, we have
_ 0 k . .
C(D,L)= Proj@(@ HO(D,L'|p) .tk_f).
k=0 j=0

Combining this with (4.3) and (4.4), we see that Xy = C(D,L)if HY(X,L))|p =
H(D,L’|p) forany j > 1 (the j = 0 case is automatic). O
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For example, let X be any Riemann surface of genus at least 1, and let D = {p}
be any point. Then D is ample. In this special case, the central fiber X is a singular
curve whose normalization is P!. Here the map o = 1d: H%(X,0x) — H%(p,0,).
But ¢y =0: H%(X,L,) =C— H°({p}, Lp|{p3) = C because ¥ factors through

S{py

the inverse of isomorphism H%(X,0x) = C — H°(X, L) by the assumption that
g(X) = 1. In particular, ¥; is not surjective.

Remark 4.2

The above lemma was communicated to me by H.-J. Hein. One referee provided an
even more explicit example to me: if X is an elliptic curve and p is a Weierstrass
point, then by using the Weierstrass form, one can verify that the total space has a
singularity of type Es.

On the other hand, from the exact sequence

0— H°(X,(m—1)Lp)— H°(X,mLp)— H°(D,mL|p)
— HY(X,(m—1)L) - -+,

we see that 1V, is surjective if H1(X, (m — 1)L) = 0 for all m > 1. In particular, this
is satisfied in the Tian—Yau setting. Indeed, if X is Fano and m > 1, then H 1 (X,(m—
L) = H(X, Q% ® Ox (—Kx + (m—1)L)) = 0 by the Kodaira—Nakano vanishing
theorem.

4.2. Proof of Theorem 1.5

From now on, we assume that we are in the situation that the above central fiber
X, that is, the strict transform of the exceptional divisor of the blowup, is normal
and hence coincides with C (D,L) =: C. Let D be the strict transform of D x C,
and let X° = X \ D. Because D is a relatively ample divisor over C, we know
that X° is a flat family of affine varieties. In particular, we can define Ordxo as
in Definition 2.11. Notice that X§ = C(D, L) =: C and we can define the reduced
Kodaira—Spencer class KSr;Cdo € TIC. Since there is a natural C*-action on TIC, we
can talk about the weight of KSr;Cd0 € T, and denote it by w(X°) (see Section A.2.2).
With this notation and combining the calculations from the previous subsection, we
can derive the following.

PROPOSITION 4.3

Let XX — B be the flat family constructed in the above section, and assume that Xo =
C(D,Np). Let D < X be (k — 1)-comfortably embedded, and let (pg—;,vik—1) be a
(k — 1)-comfortable pair. If D is not k-splitting relative to py_1, then Ord(X°) =k =
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—w(X°). In particular, if D is (k — 1)-comfortably embedded and not k-splitting,
then Ord(X°) =k = —w(X°).

Proof

Let (pg—1,vk—1) be a (k — 1)-comfortable pair. Then by the proof of Proposition 3.3,
we have a (k — 1)-trivial atlas covering ‘Wy. Without loss of generality, we can assume
that Wy = C \ K where K is a strongly pseudoconvex neighborhood of the ver-
tex 0 € C. Then we also have a (k — 1)-trivial atlas covering Wy \ D = C \ K. In
particular, this atlas covers the annulus ¥ = (C \ K.,) N 12'62. By Proposition 2.15,
we get Ord(X°) > k. Moreover from Proposition 3.3, we get a cohomology class
6k € H'(L,©®1) with weight —k, which is represented by a cocycle {(6) g }. Propo-
sition 2.15 yields that

(1 0 t0)(KSEY) = Okly,

where Y again denotes the annulus and p;, Ty are from the diagram (2.34). But
Okly = 1(6x|v)- So thanks to the injectivity of both tyy and w1, we may reduce to
proving that the class ¥ := 0|y € H'(U, ®y) is not zero.

By Proposition 3.3, we know that Ty (6x) = g is the obstruction to k-splitting
relative to pr—_1. So if the embedding is not k-splitting with respect to px—1, then 6
is nonzero. Now the claim follows from Lemma 4.6. (]

COROLLARY 4.4

Assume that dimD =n — 1 > 2. If D is (k — 1)-comfortably embedded and not k-

comfortably embedded, then the following holds.

(1)  Ord(X°) =k =—w(X°), that is, Theorem 1.5 is true.

(2)  For any | <k and any (I — 1)th-order lifting p;—1 : Op — Ox/d%,
there exists a (k — 1)th-order lifting px—1 : Op — OX/J]B such that
Ok—1.1—1(Pk—1) = p1—1, Where ¢p_1 11 : QX/J]B — (9X/JID is the natu-
ral map.

Proof
We first recall Remark A.7. If dim D > 2 and D is ample, then H'(D, Np ® J][‘)H/
J’f;z) =HY(D, Lz)k ) = 0 for any k > 1 by the Kodaira-Nakano vanishing theorem.
So there is no obstruction to k-comfortably embedded relative to any kth-order lifting.
As a consequence, k-comfortable is equivalent to k-splitting for any £ > 0, and is also
equivalent to k-linearizable for all k > 0.

By the assumption, we know that (X, D) is (k — 1)-splitting but not k-splitting,
and hence there exists a comfortable pair (px—1, Vx—1) such that there is no kth-order
lifting relative to pr_;. So the first statement holds by Proposition 4.3.
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Suppose that for some [ < k, there exists an ([ — 1)th-order lifting p;_; that
cannot be lifted to a (k — 1)-order lifting. By choosing the maximal / and using
Remark A.7, we can assume that there is a comfortable pair (p;—1,v;—1) such that
p1—1 cannot be lifted to an /th-order lifting. By Proposition 4.3, we get w(X, D) =
—I > —k, which contradicts Corollary 4.4(1). O

Remark 4.5
We will see in Proposition 4.9 that Corollary 4.4(2) is not necessarily true if n = 2.

LEMMA 4.6 N
For k > 1, the natural restriction map induces an isomorphism H'(L,®p)(—k) =

HY(U,Op)(—k).

Proof

This is already clear by the homogeneity argument as in the proof of Lemma 3.2.
Indeed, we just need to construct an inverse of the natural morphism. Let 6, €
H'(U,®y)(—k). Then by the same argument as in the proof of Lemma 3.2, we can
assume that 6y is represented by a weight (—k) cocycle

m n
s = Y Phaw)gr + 3 chyw)sy
r=1 B p=m+1 B
Since ﬁ (resp., %) has weight 1 (resp., 0), we know that bga (resp., cga) is
homogeneous of degree (k + 1) (resp., k) in w’ = {w/g}. Because k > 1, 0 can
be extended to become a cocycle H'(L,®y)(—k). This defines the inverse of the
restriction morphism. U

Remark 4.7
We sketch a slightly more conceptual proof by using the Dolbeault cohomology. On
the total space L, we have the exact sequence

0—>n;L—>0OL—>n;0p—0. 4.7

By restricting this exact sequence to U = L\ D, we have a similar exact sequence
on U. So we get a commutative diagram of long exact sequences:

HO(L,n}®p) — H'(L,xfL) — HYL,0;) — HY(L,xi0p) — H2(L,7}L)

v v b v v

HO(U,n}®p) — H'(U,n}L) — H'(U,01) — H'(L,n},0p) — H2(U,n}5)

(4.8)
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For any k > 0, we have the weight-(—k) pieces of the cohomology groups under the
natural C*-action:

HP(L,7}L)(—k) = H?(D,L™%),
HP(L,7;®p)(—k) = H?(D,Op @ L™%);

HP?(U, 7z} L)(—k) = HP (D, L),
HP(U,n},0p)(—k) = H?(D,0p ® L™F).

If we were to work in the algebraic category, the weight decomposition is directly
obtained by using a projection formula as in [4, Section 11]. Since we are working in
the analytic category, we need to be more careful as we now explain. Since the argu-
ments to get the decompositions are the same, we just explain the first identity. Using
the isomorphism between Dolbeault cohomology and sheaf cohomology, any coho-
mology class & € H?(L,nj L) is represented by a d-closed n; L-valued (0, p)-form
denoted by 7. For any point p € D, we first choose local holomorphic coordinates
{z' £}, where the {z'}’s are holomorphic coordinates on D and £ is a linear coordi-
nate along the fiber associated to a local trivializing holomorphic section s. By using
the Fourier expansion along the circle |£| = constant and extending to the whole U,
one can show that 1 can be expressed as a convergent sum:

1= Y A ER)E" + A (2 62)E s a2

méeNo,|I|=p

(Y (B EP)E T+ B

meNo,|J|=p—1

E|2)§m+l]stJ)

=7 4 3¢

Furthermore, by using the fact that 37/ = 0, one can see that A;n, ;(z,1€/*) and
A (2, |€]?)|€|*™ are constants in £. In particular, by smoothness, A;;,’I = 0 for all
m € Ny. So we see that 7 is d-cohomologous to a (0, p)-form of the form

n = Z Z A, (2)EMsdz! =:an.

meNo |I|=p

C* actson i/ by ton’ =Y, ™ 1n/,. Using the d-closedness of 77/, it is easy to
see that each component 7, is d-closed. We have that n’ is of weight —k if and
onlyif n=m ., =2 1= A;{H’Iék“s dz! which represents a cohomology class
o € H?(D,L™). We can now extract the weight (—k)-part from (4.8) to get exact
sequences:
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Ny Ty
H(D,©6p®L~%) = H'(D,L™*) = H'(L,0.)(-k) = H'(D,0p®L™*) = H*(D,L™")

H I b s [

H(D,0p®L%) - HYD,L™%*) > H'(U,0y)(-k) = HY(D,0pQ®L~*) = H2(D,L™%)
4.9)

The statement then follows from the five lemma.

Remark 4.8
If we rewrite the statement of Proposition 3.3 by using the isomorphism of Lemma 4.6,
then we get the exact sequence

ne T2
HY(D,L™%) -5 HY(U,®p)(—k) - H'(D,®p ® L) (4.10)

such that (1) T, (0% = gy is the obstruction to k-splitting, and (2) if p W®) =0,
then there is a kth-order lifting pg and 9% = Ny (h®)), where h% is the obstruction
to k-comfortably embedding with respect to py.

4.3. 2-dimensional examples and a remark on comfortable embedding

As mentioned in the Introduction and recalled in Section A.1 of the Appendix, Abate,
Bracci, and Tovena in [1] gave a detailed study of various conditions of embedding:
k-linearizable, k-splitting, and k-comfortable embedding. In order to talk about k-
comfortable embedding, we need to assume k-splitting (see Definition A.4). Under
this assumption, we can study whether the embedding is comfortable with respect to
any kth-order lifting. In [1, Remark 3.4], the authors asked whether k-comfortable
embedding with respect to one kth-order lifting implies k-comfortable embedding
with respect to any other kth-order lifting. Here we give a simple example showing
that the answer to this question is in general negative.

PROPOSITION 4.9

For the diagonal embedding D = A(P') < X = P! x P!, the following conditions

hold.

1) It is k-splitting for any k > 1.

(i1) The set of all first-order liftings is parameterized by C. So we can denote by
p$ the first-order lifting corresponding to any a € C.

(iii)  There exists a second-order lifting p, satisfying ¢».1 0 p2 = p§ if and only if
a=0.

(iv)  The embedding is 1-comfortable with respect to p{ if and only ifa = —1/2.

(v) The embedding is 1-linearizable but not 2-linearizable.
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Remark 4.10
This diagonal embedding is 2-splitting and 1-comfortable, but the embedding is only
1-linearizable. This does not contradict Theorem A.9, since the 1-comfortable embed-

ding is with respect to pl_l/ 2 which cannot be lifted to a second-order lifting.

Proof of Proposition 4.9
Because there is a projection morphism onto the first factor p; : X = P! x P! —
P!, we see that there is a natural kth-order lifting px : Op — Ox/ J]L‘)H given by
$ook © Py © A*, where p} : Op — Ox is the pullback and ¢oo  : Ox — (9)(/J(][‘,Jrl
is the natural quotient map. So the embedding is k-splitting for any k > 1. Since
any embedding is O-comfortable, we know that the embedding is 1-linearizable by
Theorem A.9. So we get (i) and the first half of (v).

We will quickly show that the embedding is not comfortable with respect to the
natural first-order lifting p;. We first construct an atlas near D. Choose the open
covering of P! x P!,

V=UixUpl=i,j=2}
with (we denote P! = C U {oco} with |oo| = +00)
Uy ={zeP|z| <2}, U, ={zeP'|z| > 1/2}.

Then S = A(P?) is covered by two open sets {V; := U; x U;;i = 1,2}. We define the
new coordinate functions by
Vi = {(Z,z’) eP! x P;|z| <2,|7/| <2} 2,
(z,2)> (i =z-2,21=2),
Vo = {(z,z’) e P! x P |z > 1/2,]7| > 1/2} -2,

(z.2) > (yo =z =27V 2 =270,

So we have D NV; = {y; = 0}. If V' is a small neighborhood of S = A(P!), then on
the intersection V3 N Vo N V', the transition functions are given by

2
J1 Ji N -1
Yyp=——"——=—— ——= + R3, Zp=2Z1 . 4.11)
z1(z1 = y1) Z% Zf !

In the above expansion, we assume that y; is sufficiently small, and we denote by R3
a term belonging to d 1?5. It is immediate to see that this atlas is adapted to the natural
first-order lifting p; where we have

p1(z1) =[z1] on VNV, p1(z2) =22l onVoN V"
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The obstruction to 1-comfortable embedding is given by

25 9
(h‘f‘)21=—[y;3]3 5 e H'(Ui NV, Np ® 43 /93). (4.12)
1 2

; 0 0 0 _
Here we consider s and ay; as local generators of Np, so that we have s

z%% on U; N U,. We claim that hp ! represents a nonzero cohomology class in
HY(D,Np ®J /J )= HY(P!, Op1 (—2)) = C. Otherwise, we can write

2 a a
_[y13]3 =alyilsz— [y2]3 on Ui NUs,,

Z1 E 3)’1

where a = a(z;) is analytic in z; and b = b(z]!) is analytic in z, = z]'!. Using the
change of coordinates, we arrive at an equation

which obviously has no solutions by looking at the Laurent expansion. So we get that
D — X is not 1-comfortably embedded with respect to p;.

Let us find all possible first-order liftings, that is, homomorphisms of sheaves of
rings p: Op =0Ox/dp — (9X/J2D with ¢1,0 o p =1d. On U;, we can write p(z1) =
[z1 + a(z1)y1]2 with a(zy) analytic in z; and p(z3) = [z2 + b(z2) y2]2 with b(z2)
analytic in z, = z]!. Since p is a homomorphism of sheaves of rings, we must have

1 =p(z122)
= [z122 + a(z))z1y1 + b(22)22)2],
=1+a(z1)z1ly1l2 + b(z2)z2[y2]>  over Uy N V.

Since we have [y2]> = —[y1]2272 by (4.11), we get (a(z1) — b(22))z1[y1]2 = 0. So
we must have that a(z,) = b(z;) = a = constant. Thus we get (ii). We will denote
the corresponding first-order lifting by p.

Now for any fixed first-order lifting p?, it is easy to find an atlas adapted to it. We
simply need to make a coordinate change:

A

Z1=z1+ays, y1=y1 onlVi;
) ) (4.13)
Zy =1z3 +ays, y2=y2 onV,.

We can calculate the new transition function

yz=—72—(2a+1);_§+R37 L= +‘1) +R3’ @.14)
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where R3 denotes terms in J:Z). So we see that the obstruction to 1-comfortable
embedding with respect to p¢ is equal to (2a + 1)h" (see (4.12)). From the above
we have seen that H' (D, Np ® 43, /43)) = C is generated by h7'. So the embedding
is comfortable with respect to p¢ if and only if @ = —1/2. So we get (iii).

Furthermore, we can calculate the obstruction to existence of second-order lifting
p5 such that ¢, 1 0 p§ = p§:

a 2 0
(65" )21 = —a? [213]3 5o € H(U;NU,,0p ® 4% /43).
1 2

By similar reasoning as before, we can see that H'(D,0p ® 47,/43) = H' (P!,

Opt ® Op1 (—4)) = C is generated by the cohomology g’;‘l if and only if a # 0. So
we get (iv).

If the embedding is 2-linearizable, then it is 2-splitting and 1-comfortable with
respect to the induced 1-splitting (see Theorem A.9). But from (ii)—(iv), we see that
no such kind of 1-splitting exists. So we get the second half of (v). U

Remark 4.11
By (4.13), it is clear that the special value a = —1/2 corresponds to the (most) “sym-
metric” coordinate atlas

1 A A
Vis () (225G +2)) = Grb.
1
Va3 (7 =272 427 = (o),

for which (see (4.14)) the transition functions are given by

. V1 J1 193 L 1 197
V2=—0 1o —A—Z—ZA—4+R5’ Zz—A2_1A2—2—+Z§+R4
Z1 — 301 ] 1 1 —3h1 1 Zi

So this is indeed a 1-comfortable atlas (see Theorem A.8).

Remark 4.12
By Theorem A.3, 1-comfortable embedding is equivalent to the splitting of the exact
sequence

0—d% /43, — dp/d3 — dp/d3 — 0. (4.15)

This is an a priori sequence of sheaves of Ox /4% -modules. 47,/43, and Jp/J% are
natural @ p-modules. dp /43, becomes an @ p-module depending on the first-order
lifting (ring homomorphism) p¢ : Op — Ox /43, Proposition 4.9(iv) is equivalent
to saying that (4.15) splits as an exact sequence of @ p-modules thus obtained if and
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only if a = —1/2. This can also be verified directly using the expressions p§(z1) =
[z1 +ay1]2 on Vi and pf (22) = [z2 + ay2]z on V>.

Remark 4.13
If we denote by w; the fiber variables of Np satisfying w, = —zl_zwl, then using

a —1/2
the notation in Lemma 3.2, we have 07 =91, (f)‘l)' ) =0and 32(‘;1/2) = ggl #0,
where

w? 9
08)o1 = —Qa + 1)—F —
(07)21 (2a + )Z% 9w,
1 ) 1 d A A
= (2a + 1)(511)28—22 — Ewl 8_21) S HO(UI N U2»®ND)(_1)
and
_ 1w? 9 A ~
051 = _12_31@ € H'(U1 N0z, 0n,)(-2).
1

Notice that the central fiber of X from the contracted deformation to the nor-
mal cone is C (P!, Op1(2)) = P(1,1,2). So by Proposition 4.3, we get the following
corollary (see Example 5.2).

COROLLARY 4.14
The contracted deformation to the normal cone associated with (P! x P!, A(P'))
degenerates P! x P to P(1, 1,2). The weight of this deformation is —2.

Similarly, we can deal with the case D, ={Z2 + Z? + Z3 = 0} — X, = P2,
For this, we notice that there is a two-fold branched covering:

p2 Pl x P! — P2,
([Xo0. X1].[Yo. Y1]) = [XoYo + X1Y1,V—1(XoYo — X1 Y1),
V=1(XoY1 + X1Yo)].

The branch locus is exactly A(P') with po(A(P!)) = D,. Using this covering struc-
ture, it is easy to obtain two open sets { V1, V> } covering D5:

Vi = (U xU,)/Z* — C?,
1 1
) (n=G-n =56 +2).
Vo = (Uy x Uy) ) Z? — C2,

1 1
(2.2 (y2 = ZCT =2 = ST 42 T).
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The transition function over V; N V5 is given by

1 yi o 2y Z1 I n
Vo=-—5—= =5+ ——7 + R3, = =—+ =+ Rs.
(Z% —y1)? Z‘lt zf z% -y 1 Zf

So this atlas is a 0-comfortable one. The associated 6; € H!(D2, Np,)(—1) is repre-
sented by
2w? 9 wy; 0 NN
01)21=—F —+ —-—€ H' (U1 NU,,0Op,),
(01)21 26 dw, T 23 0z, (Us 2.0Onp,)
where the w;’s are fiber variables of Np, = Op1(4) satistying w, = zl_4w1. So we
have

w 0
(91)21 = (T1(01)),, = [ 213]2 9, € H(Uy NU,.0p, @ dp,/d3,).

1

In the Cech cohomology H L{U1,U,},0p, ® dp,/ JZDZ), any coboundary can be
represented by

9 9 _(—atz) _bGY
aelilag - = bl = (<5 = = iy

Since a(zy) (resp., b(zy'!)) is analytic in z; (resp., z7!), the term in the bracket of
the right-hand side cannot contain any 21_3—term. So we see that H!(D2,0p, ®
dp,/dp,) = H'(P',0p1(-2)) = C is generated by g1 # 0. Because g; is the
obstruction to 1-splitting (see Proposition A.2), we obtain that the embedding is not
even 1-splitting and hence not 1-linearizable. In this case, Xo = C (P!, Op1(4)) =
P(1,1,4). So by Proposition 4.3, we obtain the following result.

PROPOSITION 4.15

We have that D, = {Zg + Z% + Z% = 0} < P? is O-linearizable. The contracted
deformation to normal cone associated to (P?, D5) degenerates P? to P(1,1,4). The
deformation weight w(X, D) is equal to —1.

5. Applications to AC Kihler metrics

In the first subsection, we explicitly compute the data of rotationally symmetric Kéh-
ler cone metrics on the affine cone. We also compare the norms with respect to a
smooth metric (living on the projective cone) and norms with respect to the cone met-
ric near the infinity divisor. This allows us to get the estimate in Proposition 1.3. In
the second subsection, we combine this estimate with Conlon and Hein’s estimates in
(5.9) to get Corollary 1.4. We then calculate several examples to illustrate our results.
In particular, we can indeed recover numerical quantities in examples of [10].
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5.1. Proof of Proposition 1.3
First we review the Kihler cone metric on C(D, L) given by the special Calabi ansatz
wo = ~/—130h?. Then wy is a Riemannian cone metric on C(D, L):

g=dr’+r’gy.

where Y is the associated circle bundle over D. To see this, we consider the coordi-
nate chart on P(L~! @ C). Away from the infinity section Do, we have the coordi-
nate chart given by (z, [{ae€q. 1]) = (2, [ea, ;;1]) = (z,[ea,Ea]). Leth = |ea|i|§a|2 =
aq—(2)|8x|? = (aq+(2)|Ex|?)~". For simplicity, we will denote ¢ = (g, £ = &4, a =
dq— = ay} . Then we can calculate

- ViAV
= V=100h® = 8h’ wp + §2h° §|§|2 ¢
x VS AVE

NEE
where wp = +/—1 90 log / is a smooth Kéhler metric on D, and we have used vertical
and horizontal frames:

=8hwp + §2 (5.1

, dual d da d d
dz',V¢=d 19 V,i=——a'—(—,—.
7', V¢ (+la” 0a — A= Td s PTEFT:

Under the {z, £} coordinate, we have similarly

dz' VE=dE—ta " da = —¢72V¢
dual 0 0

= —1__ ___2
Vz’_a Es 85 é‘ é_

To write the metric into a metric cone, we write ¢ = pe’?. Then
Vi=di+¢ada=e"dp+ipdo + pa'da) =e®(dp+ip(dd —ia ' da)).

So if we let r = h%/2 = (a(2)|¢]?)%/? and VO = dO — Ja~ ' da, then it is easy to
verify that the corresponding metric tensor is given by

wo = dr? +1r*(8gwpy +82VO @ V).

Note that V is nothing but the connection form on the unit S!-bundle in L~!. Now
we compare the norm of tensors on U = L\ D with respect to two metrics wg and @y,
where @ is any smooth Kihler metric on a neighborhood of D in L. For example,
we can take
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@o = wjwp + €v/—139(at () [£]?)

for small € > 0. Suppose that ® is a tensor of type (p = pp + pPv,q = qn + qy), that
is,

e (TFX)®P @ (T X)®P @ (T X)®4 @ (T, X)®7.
Then, by noticing that 1%/2 ~ ||~ we have

:z:“’o ~ |§:|8Ph+(8+1)17v_3¢]h_(8+1)¢10‘ (5.2)
@0

In particular, we get the following lemma.

LEMMA 5.1
If ® is tensor of type (1, 1), then

h h -1
|q)v|w0~|®v|a~)0|‘i:|7 |q);)l|w0~|q);;|5)o|§:| s
h h
1DV lwo ~ [Py lao- [Py lwo = [P lao-

As a consequence, under the assumption that the embedding D — X is (k — 1)-
comfortable, we combine Lemma 5.1 with estimates (3.10) to get

_k
| @]y < Col&[* ~ Cor™5. (5.3)

Next we compare the Christoffel symbols of the two metrics, which will be useful
for converting the estimate of covariant derivatives with respect to wg to that with
respect to @g. See (6.2) and (6.3). To simplify the calculation, we can choose the
coordinate {z.,} on D and holomorphic frame such that

870 =wp(@,,.0,)0) =6y, (9,487)(0) =0;
(8Z&a)(0) =0, (825‘ 8zéa)(0) =0.
Denote by index 0 the coordinate corresponding to & = &,. Then the components of
the metric tensor associated with wq are given by

8205|S|—2(8+1)’

g7 =8a"|E7¥8;.  gop= goj =85 ="0.

So it is easy to calculate that

L i
Ex &=
§+1

. . §
Ih =T =T)%=Tj=0 T} =—gbu. F(‘)’O:—T.

|z |y = 6712072 ~ €|y = 87"a™"2[g|HD ~

14 i0
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In other words,

) s+1 5+1
Vazé =—gd§®azé, Vagz—%dztl)l@azé—%d%'@ag,

Vdzi = —g(dé ®dzl, +dzl, ®dE), Vdi= —5%1 dE® dE.

So we see that

|azé|w0 |azé{|w0
~ ~ N
18 r

Vo9 log < C
(5.4)

_ |8§‘|w0 |8§‘|w0
Ve Oglwp < CIEIT ~ =g ~ =2,
woEleo g

EEAPLEA
1§10 ro

[dElwy _ |dEln,
EEEE

Voo dZglwy < CI§17 ~

(5.5)

1428
|Vw0d§-‘|w0§C|E| ~ .
The above estimates imply that each time we take a covariant derivative with respect
to wo, we get an extra decay factor |£|]® ~ r~!. So by induction which starts from
(5.3), we get the wanted estimate in Proposition 1.3:

V2 @l < CjlE[F7 ~ C;r=577 forany j > 0. (5.6)

5.2. Asymptotic rates of Tian and Yau’s Ricci-flat metrics

In this subsection, we explain how to get Corollary 1.4. First we recall the Calabi—
Yau cone metric on C := C(D, L) in the case in which K! = L for i > 0 and D
has a Kihler—Einstein metric wp = w%F such that Ric(o§) = p1 - fF. In this case,
note that the Hermitian metric / satisfies ~/—199 logh = P To find the Calabi-Yau
cone metric, it is straightforward to calculate that

Ric(wp) = —v—13dlog @l = (—n8 + p)m}wkF,

where n = dim D + 1. So we get the exponent for the Calabi—Yau cone metric:

I

_Kp=uN §=—*Hr
D=RND = 0= 1

5.7
Now assume that X is a Fano manifold of dimension #n and that D is a smooth divi-
sor such that —Ky ~ aD with Q > « > 1. By the adjunction formula, we get that
—Kp =—Kx|p—[D]=(e¢—1)[D] = (1—a~!)Ky" is still ample, and so D is also
a Fano manifold. Assuming that D has a K&hler-Einstein metric, Tian and Yau [32]
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constructed an asymptotically conical (AC) Calabi—Yau Kahler metric wry on X'\ D
whose metric tangent cone at infinity is the conical Calabi—Yau metric on C(D, Np)
discussed above with the exponent § = "‘n;l See also [5]. More precisely, there is a
diffeomorphism ¢x : C(D, Np)\Bgr(0) = (X\D)\K such that

| V2, (6% (@ry) — wo) || co < Cr—*77 for j > 0. (5.8)

Here K is a compact set in the noncompact manifold M := X\ D and Bg(o) is the
ball of radius R around the vertex o of the metric cone.

A natural problem is to determine the optimal order (i.e., the number A in (5.8))
of such an AC Calabi—Yau metric. This issue was studied in detail by Cheeger and
Tian in [8] and by Conlon and Hein in [10] and [11]. In [10] Conlon and Hein studied
the estimates on solutions to the corresponding complex Monge—Ampere equation for
Calabi—Yau metrics. If we denote by ¢ its Kéhler class represented by wry, then their
estimate of the optimal rate is as follows (see [10] and [12, Remark 1.2]):

(5.9)

s min(2n,A;) ifte H2(M),
"7 I min@,A;)  ifte H2(M).

Here A; is any number satisfying the following condition: there exists a diffeomor-
phism Fg : C(D, Np)\Bg(0) > M\K such that

[V2,(Fg2 =0, = Cr~1™ forany j >0, (5.10)

where 2 (resp., 2¢) is the multivalued meromorphic volume form on X (resp.,
C (D, Np)) that is nonvanishing holomorphic on M = X\ D (resp., C(D, Np)) and
has pole of order o along D. Conlon and Hein [10] also showed that the condition
(5.10) is equivalent to the following condition:

ch{;o(FEJ _JO)”wo = Cr_il_j for anyj >0, (5'11)

where J (resp., Jp) is the complex structure on M (resp., C(D,Np)). So we see
that A; essentially measures the difference between the complex structure of M\ K
and C(D, Np)\ Br(0). Equivalently, we are indeed comparing the complex structure
on the (punctured) neighborhood of D inside X and the complex structure of the
(punctured) neighborhood of D inside Np.

Now assuming that D is (k — 1)-comfortably embedded, the diffeomorphism
from Proposition 1.3 (constructed in Section 3.1) satisfies (5.11) with A; = k. By the
above discussion, we indeed get Corollary 1.4 by using the estimates of Conlon and
Hein.
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Example 5.2

(1)  (X,D) = (P! x P!, A(P!)). In this case, wry coincides with the Eguchi—
Hanson metric. We have « =2, n =2, § = (@ — 1)/n = 1/2. By Proposi-
tion 4.9, D is 1-comfortably embedded (and 1-linearizable) so that k = 2. So
r=%=4

2 (X,D) = (P2 {Z2 + Z? + Z2 = 0})) = (P! x P!, A(P'))/Z>. In this
case, wry is the Eguchi-Hanson metric/Z,. We have o = %, n=2 6=
(¢ — 1)/n = 1/4. By Proposition 4.15, D is 0-comfortably embedded (and
O-linearizable) so that k = 1. So A = % =4,

Example 5.3
We consider Pinkham’s construction of sweeping out the cone (see [27, p. 46]).
Assume that D"~1 ¢ PN~ is a smooth complete intersection

m
D=(\{F(Z.....Zy) =0} cP¥71,
i=1

where m = N —n and F;(Z4,...,Zy) is a (generic) homogeneous polynomial of
degree d; > 0. Denote the affine cone over D in CV and projective cone over D
inside PV by
m
C(D.H)=(\{Fi(z1.....z23) =0} cC",

i=1

C(D.H)=({Fi(Z.....Zy)} CPV.
i=1

Notice that since we have assumed that D is a complete intersection, it is then known
that D is projectively normal in PY~! which implies that its projective cone inside
PV is normal and hence coincides with its normalization C (D, H).

Now assume that G;(Zg, Z1,...,Zy) is a generic homogeneous polynomial of
degree e; with e¢; < d; for each i = 1,...,m. In particular, G;(1,zq,...,zx) is a
polynomial of degree e;. We construct a degeneration

m
X =(WF(Z1.....Zx) + (1 Zo) 51 G; (1 Zo. Z1..... Zn) = 0}
i=1

c PV xcC. (5.12)

By the “generic” assumption, X = X is smooth. This degenerates the variety X =
X1 C PN to C(D, H). In fact, X is a degeneration of X, generated by the one-
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parameter subgroup of projective transformations
(Zo,Z1,....ZN]1 = [t 120, Z1,.... ZN).

Away from {Z( = 0}, we have the deformation of C(D, H):

m
X°=(WFiCr.....28) + 14729 Gi(t.z1....,z2n) =0} CCV x C. (5.13)

i=1

From Digression 5.4, the degeneration X coincides with the family obtained by first
blowing up D x {0} inside X x C and then blowing down the strict transform of
X x {0} as in the Introduction. Now using the representation of X in (5.12), we see
that X can be obtained by applying the above construction to the case X = X,
Y'=C(X,H)CcCMPN,H)=PN*! and D = {Zy =0} N X. The coincidence of
C (D, H) with the central fiber from the contracted deformation to the normal cone
can also be verified directly by using Lemma 4.1 and the projective normality of D.

By the adjunction formula, we know that —Kx, = (N + 1 — >~ d;)H and
—Kp =(N - Z:"Zl d;) H . Consider the hyperplane section D = D; = X1 N{Zy =
0} C X1. Then if we assume that Zlm:l d;i < N — 1, we are in Tian and Yau’s setting
above witha := N + 1 -0 d; > 2.

By Section A.2, Tlc can be calculated as a quotient ring. As in Example A.11,
consider the class

[9]:= [Z Gi(l,zl,...,z,,)] e PTL(-(di —e).
i i=1

where [-] denotes the quotient morphism (see (A.11))

0 L HUNy) X @ H(D.(di + j)H)
H (U ,Ny)—T¢ = HO(U,®cn |v) —Jgi Jac(HY(D,(j + ) H)®N)’

Notice the right-hand side is actually finite-dimensional (see [4], [31]). Now if we

assume that [§] in T, is nonzero, then the reduced Kodaira-Spencer class KSY;C‘L is

the maximal weight piece of [§] and the weight of deformation w(X°) of KSB‘?{; /B 18
equal to the weight of [§].

Without loss of generality, we can assume that e; > e; > -+ > e, so that
min/2, {d; —e;} = dy —e;. Then in general, w := w(X°) < —(d; — e;) which could
be a strict inequality (see example item (3) of ordinary double point below). The
equality holds if [G1] # 0 € T (—(dy — e1)). If we assume furthermore that n > 3,
then by Theorem 1.5, we know that the divisor D is (Jw| — 1)-comfortably embedded
into X (but not |w|-comfortably embedded into X).
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So by the above calculation, we see that the asymptotic rate of holomorphic form

is given by
w n
g oo lwl_ nfwl
] a—1
If, furthermore, ¢; < d; — 2, then
_wl nlw|  n-minfL{d; —e;}

§ a—1  N-=YT. d

In this way, we can indeed give an algebraic interpretation of the corresponding cal-
culations in [10].
(D (See [10, Example 1]). This is the smoothing of the cubic cone:

C:{Z€C4;24:Zi3:0}

i=1
{z e C*; Zz = Zauzlz, + Zakzk + e}
i=1
where a;;, a;, € are small (generic) constants. We have

TIC (C[Zl,..., @TC(V)

(z3,....22) —3

With the earlier notation, G(Zo, ..., Za) =3_; ;aij ZiZj + > _p ax Zx Zo +
¢Z2 with
1= ayziz + Y axzi + €] € TE() + TE(-2) + TL(=3),
ij k

Note that we assume that a;;, ay are generic if they are not zero. So we get

KS5.  |(w(X°)| A

aj =ar =0 |3, aiyziz;] -3 |5=9

4—3
aij =0,ar #0| [Ypakzk] | -2 |25 =6
aij #0 [€] -1 |2 =3

2) (See [10, Example 2]). This is the smoothing of the complete intersection:
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5

5
C={reCsfi=)"2=0 =3 nz=0}

i=1 i=1
M ={zeC fi(z) = fo(z) =¢€}.
Here n; are distinct complex numbers. We have

Clz1,...,z25]%?
1 _ _ml
TC - Im( Z] ... Z5 ) - TC (_2)

Nzi ... N5Z5

Because the images of § = (—e, —¢) are not zero inside T}, we have A =

32
=== =6.
522
3) (See [10, Example 3]). This is the smoothing of the ordinary double point:
n+1 n+1 n+1
C = {Z E(C”JFI;X:ZI-2 =0} ~ M = {Z E(C”JFI;X:ZI-2 = Za,-zi +6},
i=1 i=1 i=1
Clzy,...,
TL = Clzt. - zngal _ TL(-2).
(Z1,++ o2 Znt1)
As a result, we get G(Zy,...,Zn+1) = Z:’:lla,-Zi + €Zy. Therefore, we
have that [G(1, z1,...,2,)] = [Z?:ll a;z; + €] = [€] is of weight —2. So we
have A = ,H’_’12_2 = nZT”I Note that if n = 2, then D <> X is isomorphic to
A(P!) < P! x P!, where A : P! — P! x P! is the diagonal embedding which
was studied in Section 4.3. The identification is easily constructed:
(P' xP', A(PY)) — (X.D)
=({Z3+ 23+ 22+ 23 =0,,{Zy =0} N X),
([Xo. X1].[Yo. Y1) +—  [XoY1—X1Yo, V—1(XoY1 + X1Y0),
(XoYo 4+ X1Y1). vV—1(XoYo — X1 Y1)].
Digression 5.4

Here we recall an equivalent description of the deformation to the normal cone by
using MacPherson’s graph construction. Let sp denote the canonical holomorphic
section of L = L p with D = {sp = 0}. We can identify X with the graph of sp as a
subvariety of Y =P(L & C): X1 ={(p, [sp(p), 1]); p € X}. We then use the natural
C*-action on Y to get a family of subvarieties of Y: X; = {p.[t " 'sp(p).1]; p € X}.
For t #0, X; = X. As t — 0, X; converges to a subscheme 560 of Y which is
nothing but the union of X with E. Alternatively, there is a rational map

V:XXxC--»P(L&C),  (p.0) (p.[t7"s(p). 1]) = (p.[5(p).1]).
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Figure 2. (Color online) Deformation to the normal cone: graph construction.

Notice that the indeterminacy locus of W is exactly D x {0} = {s = 0} x {0}. So
X = Blsx{0y(X x C) is the graph I'y of W, that is, the closure of the graph of W :
(X xC)\ (D x{0})) > P(L & C).

Figure 2 is an illustration of deformation to the normal cone using the graph
construction (S = D). Notice that the two pairs of opposite sides of the boundary
in the figure are glued according to the direction of arrows and the total space X
should be taken as the disjoint union of X; in the figure. (See also [13, Remark 5.1.1,
Section 5.1].) To get X from X, we can use the similar construction, just by replacing
Y =P(L @ C) by the projective cone C (X, L) =: Y’ which is obtained from ¥ by
contracting the infinity divisor X .

Remark 5.5
As pointed out by the referee, for the above examples of complete intersections the
result of Theorem 1.5 may not be surprising since we have explicit expressions:

m
X1 =(WF(Z1.....Z0) + Z§ "1 Gi(Zo. Z1..... Zn) = 0} C PV,

i=1
Noting that |[w| = min}L,{d; — ¢;}, it is immediate that
lwl o lwl
Ox,/dp =0x,/dp

using the fact that d p (Uyz; £0ynx,) = ((%—‘i’) +Jx,)/dx, . In other words, (X1, D) is
(Jw]—1)-linearizable. Then by Remark A.7, when n > 3, we know that D is (|Jw|—1)-
comfortably embedded. So we get m(X, D) > |w|. Note however that the conclusion
in Theorem 1.5 is stronger, saying that this is an equality for the more general case
without using such explicit defining equations.
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6. Analytic compactification

In this section, we will prove Theorem 1.6. We will first sketch a proof following the
strategy of the classical work of Newlander and Nirenberg in [24] that is modified
to adapt to the setting of weighted spaces. Then we will write down the detailed
estimates by imitating the corresponding estimates in [24].

6.1. Reduction of Theorem 1.6 to Proposition 6.1

We refer to Section 5.1 for background. Denote U = L\ D. Denote the standard com-
plex structure on U by Jy. Assume that we have a complex structure J on some
neighborhood U, of D. Denote ® = J — J;. We assume that the index v € {1,1}
associates to the fiber variable £ = zolt and that h € {2,...,n,2,..., 71} associates to
the base variables {z2, ..., z"}. By abuse of notation, we decompose ® into four types
of components:

® ="+ @ + &Y+ of
=M dz’ @, +¢Pdz" @00 +¢Ldz" ® v + Pl dZ" @, (6.1)

We assume that ® satisfies |V/ ®|,, < C|r|™*77 ~ |£]54+7) We first need to trans-
form this estimate to the corresponding estimate with respect to @g. For this, since we
know that the basic tensors satisfy (5.4) and (5.5), we can equivalently assume that ®
satisfies

|807.0) ® (dz")® ® (d=")®2], < Clr[ = CIEgPt+D.  (62)

Recall the norm in Section 5.1:

|dz¥ oo < CIEPHY, |d2"]0, < CIEP
= [(dz")®7' ® dz")®7 |, < (g1 OTVHRT = [T,
Also, we have
|dz" ® 0,nlwy < CIEl.  1dz" ® 0zv]wy < CE|7",
1dz° @ 00]wg < C, dz" @ 8,n]w < C.
By these inequalities, it is easy to see that
005052 | S[EM71 (ool el S [E1MT

(6.3)
02807001 S 615N, (olbal el < 1
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PROPOSITION 6.1

Fix n € Rwg \N. Let Jo denote the standard complex structure on B* x B" . Assume
that J is an integrable almost complex structure on B* x B"~! and that the tensor
® = J — Jy is decomposed into four types of components:

d=J—-J
=0 + &Y + D + OF
=M Az’ @00 +¢Pdz" @0 + ¢Ldz" @ D0 + Bl dZ" ® 9,0, (6.4)

where the index v € {1,1} is associated to the first variable z', and h € {2,....n

2,... .1} is associated to the variables {z2, ... ,z"}. Assume that there exists a con-
stant C such that for any ji1 + jo <2n + 1 and all (z1,22,...,2,) € B* x B* ! it
holds that

PRGOS CIITTnage s ClTT
|3"3’2¢UI<C|$|" Jl |8J1 a]z¢h|<c|glfl Jl '

Denote m = [n]. Then for sufficiently small R > 0, there exist J -holomorphic coor-
dinates { = (1,82, ....5n) : By x B 1 — B3 x B2%! and a constant C' such that
forany ji + jo» <2n + 1 it holds that

0207, (8" =21 (©)| = Cjgt
04075 (¢ - 2 @) < )¢ ", 2<k <n.

Remark 6.2

The result obtained here is a counterpart of [18, Theorem 3.1] in our different asymp-
totically conical setting. In the proof of Theorem 3.1 there, the authors used gauge
fixing and a result of Nijenhuis and Woolf [25, Theorem II]. (See [12] for a different
proof following a similar argument as in [18].) We aim to give a more direct proof
by following the fundamental work of Newlander and Nirenberg. One should also be
able to adapt the work of Nijenhuis and Woolf [25] and Malgrange [23] to the current
setting to prove the compactification (extension) of the complex structures considered
here.

Remark 6.3

If we assume that 1 > 1, then the existence of such coordinates follows from the
work of [19]. However, even in this case, Proposition 6.1 provides more information
(weighted estimates), which is needed to read out the embedding order of the divisor
at infinity.
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In the remainder of Section 6.1, we will sketch the proof of Proposition 6.1 and
show how Theorem 1.6 follows from it. Section 6.2 contains the technical details of
the proof of Proposition 6.1.

The (0, 1)-vector under the new complex structure J is given by

ad «/ 1 \/ -1, 0

1 0 -
—(14+V-1J)— = — j L
2( + )BE’ a—z ¢l a—j 2 i 8Zk

Denote n = A§ and p = || = |z!|. Then from (6.3), we can write

J O(p")1x1 0(pn+l)lx(n—1) ) 6.6
(¢ )= (O(lO’7 l)(n 1)x1 O(Pn)(n—l)x(n—l) . 66)

We have the same order estimates for (gbl,l‘). When p is sufficiently small, the matrix

(81.1- + —Vz_l ¢if ) is invertible. It is easy to get the order estimates

ah=—(+ 55140) " (5 4)
_ ( O(p")1x1 O(P" ) 1x(n-1) )

_ (6.7)
O(p" 1)(n—1)><1 O(ion)(n—l)x(n—l)

To get an analytic compactification of the complex structure J, we want to solve
foramap z : B — B), C C”, where B} = {(£Y,...,t") e C™;|L7| < R}, such that
z is a homeomorphism onto the image and is holomorphic with respect to Jo and J.
For the map z to be holomorphic, dz(9/3¢") should be a (0, 1)-vector for any / > 1.
It is easily seen that z' = z* () must solve the following equations:

z* AN 4
N doE =0, il=1...n 6.8)
aé_l Z p aé_l

We first recall the important homotopy operator in [24]. For a vector of n
complex-valued functions F = (f1, ..., fi), denote (see [24, (2.5)])

n—1

(1) - .

TF =) D) > TG, TI50;, - T fr
s=0 :

where Y’ denotes the summation over all (s + 1)-tuples with ji,..., js, k distinct,
and

f@ e
) = Zm//o«kR e gear,

j _ f@L YT ,
Tlf(f)—%//ﬂde dtvdzt, forj>2.

e
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To adapt this to our setting, we need to modify 7'!. First choose N = [5]. Then we
define (see (6.25) and Lemma 6.5)

T Q) =T'f(& 2 8 =T (0,8%,....8")

é—k

N-1
=2 (MNP0,

k=1
T/ f@&)=T7f(©). ifj=2.

Then by Lemmas 6.5 and 6.6, these operators are well defined for functions f
such that £ ~ O(|¢!|"!) and satisfy (see [9, p. 775]) the following identities on
B% x B% 1

0, T f=f j=1.....n, and 8;,T*f=Tk3,f forj+#k. (6.9

Then we define

. n—1 1) o o _
Tr@) =3 U S e, T
s=0

Then using relation (6.9) to manipulate, we can easily get the following formula which
is a variation of the one in [24, (2.6)] by replacing the operator T/ by T”/:

n—2

_ (=1)* L L _

0, TF - f5=" (S+2)!§ ITIY - TH9, - TR@; fe— 0 f5),  (6.10)
5s=0

where Y/ denotes the summation over all (s 4 1)-tuples with ji, ..., js. k distinct
and different from j. From (6.8), we will denote

n — n
. . azP . . . R
fl==Y a5 =, F'=(f.fy.....fH=)_fd¢. (6.11)
p=1 aé‘ =1
Denote also 3/ (¢) = z' () — ¢*. We then want to transform (6.8) into

2= 4 T(Fi(2)) <=5 =T(F' (¢ +3) <= 5 =13). (6.12)
We will show in Lemma 6.13 that the solution to this equation with the appropriate
control is indeed the solution to (6.8). To get solutions to the system (6.8) with the

required order estimates, we prescribe the following asymptotic behaviors:

="+ 00", =+ 00"

= '=00"T). F=0(". ©613)
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Here and in the following, we still denote p = |¢!| since |¢!| and |z!| are comparable
with this prescription. If we denote by 4 the index {2, ..., n}, then the precise meaning
of (6.13) is the following:

|90, = 2| = Cy, L) 0,
(6.14)
|a’l 8lh(z — M| <L), forall iyl > 0.

However, to carry out the argument in [24], we first need to define the space of func-
tions which have only “mixed” higher-order derivatives. So we will first consider the
functions {z';i =1,..., n} satisfying
2=+ 00", 2=+ 0"
— 3'=00",  F=00". 615

which implies that the following estimates hold:

|a/118/12( 1 é- )} <C(11 12)|§ |1+17 l]
. . (6.16)
|01 057 (" =M = CUi )",

where 0’ means that we do not allow repeated derivatives with respect to any single
variable (see Section 6.2.2).

Under this prescription, by using (6.11) and the asymptotic behavior of a’., we
first show (see Lemma 6.11) that

(. fa) = (0" + p*"), 0(p*" ! + p"t1)) = (O (p"). O ("),
(L D) = (000" + p*"71), 0(p*" + p")) = (O ("), O (p")).

Then we show (see Lemma 6.9) that

6.17)

T[F1=0(p"""),  T[F¥]=0(p") fork>2.

This is compatible with the prescription in (6.15) and should allow us to use the
arguments in [24] to solve the system (6.12). However, to use the contraction-iteration
principle (see Lemma 6.10), we have to relax the asymptotic behaviors in (6.15) a
little bit by replacing n by a v satisfying

0O<v<n, [v] = [n] and vé¢N. (6.18)

Although replacing n by v might seem like a loss of derivative, we will gain this €
back using the analyticity of transition functions.
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More precisely, in the next subsection, we will introduce the weighted multiple
Holder norm || « || 4+na,(v+1,v) and show in Theorem 6.12 that, for any 3, 3 satistying
that when R is sufficiently small and ||3]l,4na,v+1,0) < R, [13lln4na,w+1,1) < R, then
the following estimates hold:

(1)
“3[5] “n+na,(v+1,v) <R, (6.19)

2

~ ~r 1 .
13061 = 3B 4w 1.0y = 513 = Bllmtma ot 1) (6.20)
By standard iteration, there is a unique solution to the system (6.12) such that

31=00""), 3/ = 0(p"), orequivalently

B o 6.21)
2= 0. = 00,

In the following, Bg = {¢ € C;|{| < R} denotes the closed disk of radius R with
center 0, and By = {{ € C;0 < || < R} denotes the punctured closed disk. We need
to show that the map ¢ + z gives a coordinate chart for { € B, when R is sufficiently
small. First note that {z(¢)} is the identity for ¢! = 0 and is Holder continuous on
{¢! = 0}. Second, on Ug = B% x IB%’}{I, consider the Jacobian

Az, 7
=222
(87.¢")
By an argument similar to the one used to obtain (6.7), it is easy to see that J is
invertible if R is very small. So on Ug, ¢ > z is a local diffeomorphism to its image.
We just need to show that it is an injective map and hence a homeomorphism.

To do this, we decompose the coordinate change in (6.13) into two steps. First
we let

yi=2' Q="+ 0(¢')1), Y=tk fork>2. (6.22)

Since the Jacobian matrix is invertible and C", the map is a C *”-diffeomorphism and
is clearly a change of coordinates. We can express ¢ in terms of y to get

§1=y1+0~(|y1|1+v), ek =k fork >2.
Now we can write the map in (6.13) as

zl =yl K=y + O(y'") fork >2.
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We just need to show that this is injective. We assume that z(y) = z(¥). Then y! =
7! and z/ (y) = z/ (7). On the slice y! = 7!, we connect y and 5 by y; = (1—1)y +
ty. Then we have

0=[z() -z

o
=;\/0 3600 6F =l

n 1 n . B
= Z(fo S (6 + Oy ) GF = vy dr| = 1 = R[5 = vl
J=2 k=2

So if R is sufficiently small, then we indeed have y = y.
To get all the higher-order estimates for the functions as stated in Proposition 6.1,

that is,
st=00'™), 3/ = 0(p”), orequivalently
1 1 1+v j j v (6.23)
z=0+00p™), /=40,

we need to apply similar arguments as in [24, Section 6] involving regularity theo-
rems for elliptic equations (6.8). Since this part of argument is now standard, we will
be brief and refer to [24, Section 6] for references on differentiability theorems. By

(6.21), we know that z!,...,z" are Clljr"ffv functions of E-i, E-i under the weighted
Holder norm. Because (6.8) is first-order elliptic, we infer that the z*’s are Clzjfﬁv

with respect to the variables ¢/, é_‘ J. Combining this with the “mixed” second deriva-
tives from (6.21), we see that the z¥’s are of class Clzrlfiv whose norm is defined
using all derivatives (including repeated derivatives) with respect to ¢!, ..., ¢". The
higher-order regularity follows from differentiating equations (6.8) and improving the
derivatives by a standard bootstrapping argument. See [12] for a different proof of the
higher-order estimates using the gauge-fixing method and regularity theorems.

This completes the sketch of the proof of Proposition 6.1. We will now explain
the comfortable order of the divisor in the last statement in Theorem 1.6. Note that

the transition functions on the bundle Np — D in terms of {zf;l} are standard ones:
1 ", 1 k k "
Zg =age(z")z,, zg =¢ﬁa(za) fork > 2.

By the asymptotic behavior (6.23) and its inverse, we see that the transition functions
in the {-coordinates have the shape

Cy=apa(CNia+ 000", T =k, 0 + 0(12]").

We know that ¢ };, for any 1 <i < n, is a holomorphic function of ¢, outside D, and
from the above expressions it is Holder continuous across D = {{} = 0}. So we see
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that ¢ ,13 is holomorphic across D and hence is a holomorphic function of ¢,. Denote
m = [v] = [n] = [A§] (recall that n = A§ and v = n — € for small €). Then the
analyticity of holomorphic functions clearly implies that we must have the following
improved transition:

(g =apaC)la+ Ruprs  C =85, (C0) + R,

where R} | € I7*! RK € 4™ where dp is the ideal sheaf of D generated by {1 }.
By Theorem A.8 (see also (3.6)), we see that in the compactification, the divisor D is
indeed (m — 1)-comfortably embedded. In this way, we prove Theorem 1.6.

6.2. Estimates for the proof of Proposition 6.1
Suppose that f is a complex-valued function defined on B x IB%’I’{I. Denote by D

either of the differential operators %, %. We denote by D* a general kth-order
70 5
derivative D¥ = D;, ---Dj, with iy,...,i distinct (i.e., we only consider “mixed”

derivatives), and we denote by DkJ = p; - Dy, (resp., DkAL.7}) such a derivative
with the iy,...,i distinct and different from j (resp., {1, j}). For a fixed positive
o < 1, we denote the difference quotient operators

£1 52 ny _ 1 2 n

31f=f@’§"“’§~) fE,8%....8")
¢t =g

for0< |t <R,0<|C'| <R, £,

@) = S

§if —
gt =gt
fori > 1,|¢'| < R,|C'| < R, &' £
Denote §" =6, ++-8;,, for 0 <m <n and ji,..., j, distinct; 89 will denote the
identity operator; §™! will denote such a difference quotient with jy, ..., j,, distinct

and different from 1.

6.2.1. Single-variable estimates
The following is the standard Schauder estimate for the elliptic operator d for a single
variable.

LEMMA 6.4
Assume that o € (0,1) is fixed. There exists a constant ¢ > 0 such that, if w €

C (B, (0)) satisfies 33—%’ = f inBy and if f € C%*(B,(0)), then

lwllcra@, . < c(lwllzee) + 1 fllcoa,))- (6.24)
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Proof
In the following proof, the constant ¢ may change but does not depend on f €
C%%(BB(0)). Denote operators

1 w(7)

f(_rz_dt/\ dt, Sw() =—

dr.
T 27i Jet—¢C ¢

THE) = — [B

2mi
Then w € C1¥(B,) satisfies
w:T85w+Sw:Tf+Sw.
By Chern [9, Main Lemma], we have

ITf lcrem,) <cllfllcowm,)-

On the other hand, because Sw = w — T'f is holomorphic, we have

[Swlcram, ) = cllSwlLeo@,)
<c(llwllzec@y) + I1Tf L))
< cllwllzee@y) +cll fllLoo,)- O
We need to extend the above Schauder estimate to the weighted Holder space. We
follow [26, Chapter 2] to define the weighted Holder norm for functions on the punc-

tured disks. For any s > 0, denote the annulus {¢! € C;s < |¢1] < 25} by A(s,2s).
First we define the norm on the annulus:

w(x) —w
[Whias:= sup |w|+s sup |Diw|+s* sup Lofy)'
A(s,2s) A(s,2s) x,y€A(s,25) |X - y|
|Diw(x) — Diw(y)|

+ s1+ot sup -
x,y€A(s,2s) |X - y|

The following is the scaling-invariant weighted Holder norm for functions on the
punctured disk of radius R:

lwll 1.0 = sup 5 "[Wlies-
C,*(BR(0) sc(0.R/2] @8
As pointed out in [26, Corollary 2.1], the following lemma is important for deriving
the rescaled Schauder estimate in Lemma 6.6.

Denote m = [v] = [n], and denote the area form zdﬂ’yi_fl by dV,ordV(z) if we

want to emphasize the integration variable. For any f € Cvl’_‘”1 (BRr), define
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_ m—1 k
710 =T7@) - /0~ Y (N0 3

k=1
1 S(7) . f@)g* _
Z%(/BRT— dt AndT Z/ 1 dr/\dt)
S@" .
2711 /BR =0 dtandrz. (6.25)

LEMMA 6.5
Denote p = |{| for any ¢ € ]]EB* Then there exists a positive constant C independent
of R such that for any f € C ° (BR), we have

lo™"T fllLee@g) < Cllp" ™ flliLoo@r)- (6.26)

Proof
We can first estimate

o™ T f1= 1517

e
J et

1-v m—v T
< ”|P| f”Loolé‘l f/BR(O) |7:_é'||‘[|m4r1 v’

We split the integral into three parts:

/f =[[ +// +// 14+ T4 TIL
BRr(0) By,2(0) By/2(8) BRr(0O\(B,/2(0)UB,,2(5))

The inequality (6.26) follows from the following estimates:

p/2
I<C[ L<vam
~ Joo s"Tp/27

p/2
II§C/ L<C,o"_’”.
0

pm+1—v -

To estimate part II1, it is easy to see that |t — | > % for t € Br(0) \ B,/2({). So we
can estimate for any v < m:

R
ds C AN v—m v—m
L e S

It is clear that (6.26) follows by combining the above estimates. O
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LEMMA 6.6
If fe C ° (BR), then T f € Co*®(BR) and satisfies

”Tf”C,,l'a(]BR) = C”f”CS’_al(IBR)'

Proof
Let F(¢) = T f(¢). Let p = |¢]. By Lemmas 6.4 and 6.5 and a standard rescaling
argument as in [26, Corollary 2.1], we have

”Tf”cl}ﬂ(BR/z) = C”f”c?f‘[@m-

To get the estimate on Br\Bg /2, we use the explicit formula of T. As in [9, (18),
(26)], we have

Fr=f(),

1 SO,
vl W =l

k-1 (@) -
27‘[\/_2 é— [/ (O)Tk""l dtndz.

So

IFy| O -1,
iz —2nww1[7(m e VO

i R ds
+ ZkRk_v”Pl_vf”oo/o P
k=1

The second term on the right-hand side of the above identity is uniformly bounded by
C||p'™" f|loo- To estimate the first integral term, we split it into two parts:

T
Br(0) B,/2(0) Br(0)\B,/2(0)

Here we need to separate the integral over B,/,(0) from each estimate since we only
have Holder estimates for x and y of comparable lengths. Notice that we can assume
that R/8 < |¢| < R and estimate

T [ ]
‘Zﬂlﬂwﬂmua |Dz(' @l S+l F@)[)av()

R
<C 1-v L /2 Rl—v v—1 Dsd
=Cllp " fle@r) g2 A (R"s""" + 1)sds
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< Clp" ™" fllLoo@r )

I fll o |t —¢|*R™
In<c /f vl 3 dv
Br(0)\B,/2(0) [t —¢|

2R
— —2+1
<Clflepe B [ 52 1ds <Cl o,

So we get |[p VD1 T f||Loo < C|| f || 0.« . that is, the C!-estimate. This implies the
v—l1

C 0% _estimate

[w(x) —w()|
R sup < ) o

x.yeAR/8.R) |[x—y|*
Similarly, one can prove that

|Diw(x) — Dyw(y)|
sup

R1+Ol
x,y€A(R/8,R) |x — y|*

= Cl/ llgos

with w = T'(f). In fact, we can prove the inequality as in [25, Section 6.1¢], again
the only difference is that we need to separate the integral over B,/,(0) from each
estimate since we only have Holder estimates for x and y of comparable lengths. [

6.2.2. Multivariable estimates

Similarly to [24, (3.1)—(3.3)], we introduce the weighted multiple Holder space by
incorporating the weighted first-order Holder space for ¢! and the usual first-order
Holder spaces for the other variables. Formally, we introduce various norms:

(D) (Integral part)

n-1l pk k.1
R | D u|
el = D sw (S

N K B0y xBR(0)!

Rk+1

n wp (L2l
(k+ D! xproy—1 > 151"

(2) (Fractional part, i.e., difference quotient part)

w o (T

* Br(0)*xBR(0)"!

n—1 RMe
[M]na,v = Z( m!
m=1

R(m+1)oz
+ TSP s sup |818m’1u|).
(m + ) s€(0,R/2) {El,EIEA(S,Zs)}
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3) (Oth-order weighted multiple Holder norm)

~ ||
)l na,y = Hawlu] = sup o T [U]nav-
Br(©)*xBgOy 1 [T]
4) (First-order weighted multiple Holder norm)
ulln+new = lttllnv
n-l nk k+1
R R
+ Z(F[Dk’lu]na,v + m[l)ll)k’l“]na,v—l)
k=0
n—1 Rk B 1 k+1 1
=k (k—!Ha,v[D “ul 4 mHa,v—l[DlD ’ u])
=0

(®)] (Partial first-order weighted multiple Holder norm)

n—1 Rk
”u”rlz—]-i-na,v = F sup Ha,v[Dk,lu]’
k=0 " Br(0)*xBg(0)"~!
) n—2 Rk . L
Il 1 pary = Z(F sup H, ,[DF 171y
k=0 ' BR(0)*xBg(0)"~!
Rk-‘rl B k )
+ mHa,v_l[DlD ’{l’j}u]) forj > 2.

(6) (Anisotropically weighted norm for vector of functions) Denote 3 =

G'(9).....53"(©), F = (ff..... fr)- Denote

n
13+ nero+1.0) = 13" lntnawtt + Y U157 ln-tnaw,
=2

n
. ,
| E lnt-4ne+) = 1 Frllnsman + D0 1501 mas1-
j=2
Now we come back to solve the system (6.12) which is equivalent to

n —

Doy ; ; ; . azP
§=T(F ¢ +9) =L where F' = (f)) = (-} ab7).  627)
p=1 9
Arguing as in [24], the following lemma is a consequence of the definitions of the
above norms and Lemma 6.6.
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LEMMA 6.7 (cf. [24, (3.4), Lemma 4.1, Lemma 4.3])
We have the following estimates:

”DJf”n 1+nav — ”f”n—i—mx v ] = 1""’”’
”T]D f”n 1+nav—c||f||n 14+na,v° j’l: 1""’n’j 75[’
”T f”n-‘rna,v-i-l fCR“f”n—l-i—not,v7

||ij||n+nav ECR”f”n 1+no,v forj 22

(6.28)

Remark 6.8

Note that the idea for the above estimates are the following.

(1)  Differentiation with respect to z/ for j # 1 keeps the weight unchanged and
produces an R~! factor under appropriate norms. TJ for Jj # 1 keeps the
weight unchanged and produces an R factor.

2) Differentiation with respect to z! decreases the weight and produces an R™!
factor. T'! improves the weight by 1 and produces an extra R factor.

Packing these estimates for components of F!, F/ the above lemma implies the
following one.

LEMMA 6.9 (cf. [24, Theorem 4.1])
We have

H;\T(Fl)”n-i-na,v-i-l = CR||F1||n—l+na,(v,v+l)§

T ] imaw < CRIF? ln-14nao-10).  for j =2.

The next lemma follows from the decay rate of (aif) in identity (6.7) and the
definition of norms listed above. It shows the reason for relaxing the asymptotics by
replacing n by v.

LEMMA 6.10 (cf. [24, Lemma 3.1])
Suppose that ||3|ln+ne,(v+1,v) < 1. Then

Ha (€+3) ”n 1+na,y — < KR"™ (1 + RU”3”"+"%(V+1,V) ’
”a & +3) Hn 1+na,v+1 — < KR l)(1 + R® ”3”"4'"05,(”4'1,\1)
Hak@ + 5) ||n 1+na,v—1 — < KR"” l)(1 + Rv||3||n+na,(v+1,v)

Ha (; +3)”n 1+ntxv = KR™ l)(1 + Rv||3||n+noz,(v+1,v) .

)

’

)
)
)
)
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The following lemma is the precise formulation of the estimates in (6.17). Notice
that if n = 1, then we get back the estimate in [24, Lemma 5.1].

LEMMA 6.11 (cf. [24, Lemma 5.1])
If”ﬁ”n-i—na,(v—l—l,v) <R, then

”Fl ||n—1+na,(v,v+1) =< CRn_v(l + R’ ||3||n+na,(v+1,v))»

) Lo -1 _ (6.29)
“F [3] - F [5] “n—«—na,(v,v-i—l) <CR ”5 _3||n+na,(v+1,v)~
For j =2, we have
“Fj ”n—l-‘rna,(v—l,v) = CRn_v(l + Rv”ﬁ”n-ﬁ-na,(u-‘rl,v))a (6 30)
H Fj [5] - FJ[Z] ||n+na,(v—1,v) = CRﬂ—l ”3 _3||n+na,(v+1,v)-
Proof
We prove the first two estimates for F' = (f, f;). We first deal with f;':
9z! azm
71 :a%TjLZa}hf. 6.31)
861 m>1 3{1

For the first term on the right-hand side of (6.31), we have the following estimate:
9z
H ar—

dg

1
n—1+na,v n—1+na,0)

= ||a%||:L—1+n(¥,U(1 + Haéll
¢
S KR (14 R 3lln+nav+1.0))
< (14 13" ln+naw+1 RV )
SR (14 R 3l ntnaor1m)s

1

where we estimated |4 [, 4q.

estimate

using Lemma 6.10. Using Remark 6.8, we can

97! CER
lade +9 5 —abe+9 5|
it i

n—14+na,v
T oz
= Ha%(g + 3) - a%(é‘ + 5) ”n—l-l—not,v g n—1+na,0
N G =3H
+ ”a%(z + 5) Hn—l-{—na,v azl n—14+na,0

< KR"! (F 5”n+na,(v+lav)‘
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In the above estimates, similar to the method in our proof that { — z gives coordi-
nate charts, we have estimated the difference of a%(z) — a%(Z) by decomposing into
two parts and then using the mean value theorem to get the above estimate (cf. [24,

p. 401]):

@ +5) = a € + Dy pnarn
=[at¢ +5) —at@ +3".¢" + 3 e maw
+ et @ 510 +5) = af @ 45 45 st s

~//
||n+mx V.

5 Rﬂ—l ”3 _3 ||n+mx,v+1 + Rn_l ”3”

The following estimates deal with the second part on the right-hand side of (6.31):

L 0z 1

m -1

d¢

11
a—— < |la= -~
” n—1+na,v ” m”n71+na,v+1 H 821 n—1+no,—1

S KRn_v(l + Rv”3”n-i—noz,(v-i—l,v))||3m||n+no{,vRv_1
S Rn_v(l + R’ ”3”n+na,(v+1,v))-

In the last inequality, we used ||3” ||z +nav < R:

9z 9z
a3 + 95 ke +) 5
oz 3T

n—14na,v
oz™
= Ha (€ +3)—agm (§+3)||n 1+na, v-HH aé_ n—1+na,—1
. G™ —3") !
+ ”alm(C + 3) ”n—1+na,v+1 H 1 n—1+na,—1

13
= KRH_I ”3 - 5”n+na,(v+1,v)~

We used the estimate

L R ] -
”a (§+3) a ({ + é‘”—i_aﬂ)”n 1+na,v+1
+ ”a (é-l_’_ ;N‘f‘j”) al (é. + §//+~N)”n I nawt1

~//
”n-‘rmx V-

SR =5 Intnawtr + R —

In the same way, one can verify the other estimates. ([
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6.2.3. Completion of the proof of Proposition 6.1
Combining Lemmas 6.9 and 6.11, we get the following result.

THEOREM 6.12

For any 3, 3 satisfying ||3lln+na,+1,0) < R,
small, we have

3lln+na,w+1,0) < R with R sufficiently

”3(5) Hn+no¢,(u+l,u) = CRU—V(I + R” ||3||n+na,(v+1,v)),
”3(5) _3(3) Hn-‘rna,(v+1,v) <cR" ”5 _5”n+mx,(v+1,v)-
So for R sufficiently small, we indeed get the desired inequalities (6.19) and

(6.20) needed to apply the contraction-iteration principle to get a solution to the sys-
tem (6.27).

LEMMA 6.13
If 3 is a solution to the system (6.27), then 3 is a solution to (6.8), that is,

i n =D

. z . 0z o
g%:—.—l—Za%(z)g:O, i,j=1,....n. (6.32)

Proof
We follow the argument in [24, p. 403]. Using the formula (6.10) and calculating as
in [24, (2.11)—(2.12)] (see also [25, (4.1.2)]), we get the identity

n=2 . i\g _ o
¢ =Y DS igag, L Fag,
J s:0(5—|—2)! ! g

TH[@pap) () @27 - g7 = 9™ - 87)]. (6.33)

where Zj denotes the summation over all (s 4+ 1)-tuples with jq,..., js, k distinct
and different from j. We claim that from (6.33) the following holds:

”Gl ||n—1+not,(V,v+1) + ”Gj ||n—1+na,(v—1,v)
= CR'H_V(”GI ||n—1+not,(v,v+1) + ”Gj ”n—l—i—na,(v—l,v))a (634)
where we denote G' = (g, ..., ng). Assuming that (6.34) holds, then when R is

sufficiently small we have G' = 0 and so we indeed get the solution to (6.32). To
verify the claim, we need to estimate the term in the bracket:

. ] q 5 P_9q sm_  Py_. i
= D @pa) (@77 gf — 2" gh) =) &L
p.m

m,p
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We will estimate it for different cases of indices.
(1 (i =1, j =1)Inthis case k > 2 (since k # j in }_/).
@ (p=1,m=1) Note that d;a} = O(R"™™), 8,2' = O(1 + R"),
lgtln-14napr1 = OR™Y,  Hz' = &' = ORT,

||g]17||n_1+,,0,,,, = O(R”). So we can estimate the summand as:

”®%Emp”n—l+na,(v,v+1)
=< Rn_l ((1 + Rv) : Rv+1 ”Gl ||n—1+na,(v,v+1)
+ R"TM|0x3 ln—14nev+1 - RV||G! lln—1+na,@v+1))

= RTH‘V(”Gl ||n—1+noz,(v,v+l) + ”G] ||n—1+na,(v—1,v))-

For convenience, we will just write formally that the following holds:

®%Emp — O(p"_l(p°+”+1 + pv+1+V)) — é(p"p”),
By similar reasoning, we can estimate the other summands:
b (pz2m=16L  =0("(p" +p" ) = 0(p"p").
© (p=lm=2)BL =O0(p"(p"" T+ p"*)) = 0(p"p").
@ (pz2.m=2 6L =0 (o' + p™ ) = 0(p"p").
Combining estimates (a)—(d) above gives
”QS%];”n—l-i-mx,v S Rn+v(”Gl ||n—1+na,(v,v+l) + ”Gj ||n—1+na,(v—1,v))~

The same remark applies to the notation in the following estimates:
2) (i =1, j >2)In this case k can be 1.
(a) (k= 1) We estimate norm ||(’5}i ln—1+nev-

i) (p=1m=1) QS}Tmp = 0(pn—1(pv+1+u + POl =
0(p"p"). i

Gg) (p=2 m=1 6}‘1;@ = O(p"(p" 11 + p0+v)) =
O(p"p"). .

i) (p=1,m=2 & = 00" + p"~1"Hh) =
0(p"p"). )

iv) (p =2, m=>2) 6}‘1mp = O(p"+1(p*+"1 4 pUmlHYy) =
O(p"p").

(b) (k> 2) We use the norm ||(’§}]€ ln—1+ne.vt1-
() (p=1,m=1) Q%Emp = O(p"~1(p" TV FL 4 priltvtly) —
0~(pn+vpv+l).
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(i) (pz2 m=1 &L =0 (p"H + ptH) =
O~(pn+vpv+l).

(i) (p=1mz=2) &L = 0@ (""" + p* 1) =
O(p"p" ).

iv) (p =2, m=>2) QS;)kmp — é(pn+1(p0+v + pO-‘rv)) —

O(p"p" ™).
3) (i =2, j = 1) In this case k > 2. From the expression of @i__%, we see that the

only difference between this and the case i =1, j =1 lies in the term 9 pa"ﬁ.
We just need to decrease each order by 1 to get

i _ A(nav—1
&= 0(p"p" ™),
or equivalently,
”@ii];”n—l-i-na,v =< Rn+v_1(||Gl ”n—1+na,(v,v+l) + ”Gl ||n—1+noc,(v—1,v))-

@) (i =2, j >2)In this case, k can be 1. Again, we see that the only difference
between this and the case i = 1, j > 2 lies in the term o paim. So we just need
to decrease each order by 1 to get

i A v—1 i _ A v
& =0("p"") and & =0("p").

Now from (1), we have that

11 Tk g5 1
”gT”n—l-i-na,v <C Z 1T ®TE””_1+"""”
k>2

= CRn+v (”Gl ||n—1+na,(v,v+1) + ”Gj ||n—1+na,(v—l,v))-
From (2), we have for j > 2,
1J 1l 1 kgl |J
s < € (17 Bl s + 2 NTE O )
k>2

= CRn+v (”G1 ||n—1+noz,(v,v+1) + ”Gj ||n—1+na,(v—l,v))-

Note that we have used the fact from (6.7) that the operator 7! improves the weight
from v to v + 1. The same argument applies to items (3) and (4) as well. So we indeed
get the estimate (6.34). U

Appendix
A.l. Neighborhoods of complex submanifolds after Grauert-Abate—Bracci—Tovena

Assume that S is a smooth complex submanifold of X. In the Introduction, we
recalled the definition of S(k) and the concept of linearizability. Grauert [14] showed
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that the obstruction for extending an isomorphism S(k — 1) — Sy (k — 1) to an iso-
morphism S(k) — Sy (k) lies in the cohomology group H1(S,Ox|s ® J’g/JgH).
He also pointed out that this obstruction consists of two parts. To see this, consider
the exact sequence

0— 05 @IE/IETT - Ox|s @ JE/IET - Ny @ 95 /95T =0
from which we get the long exact sequence

= HY(S,05 ® 95/05T)
— H'(S,0x|s ® 45 /5+1) — HY(S,Ns ® 45 /95+1) — ...

So, roughly speaking, the obstruction comes from two parts: one from H'(S, Ng ®
J’§/J§+1), and the other from H!(S,05 ® J’g/J{é“). In [1], Abate, Bracci, and
Tovena explicitly described these two cohomological obstruction classes, and intro-
duced the notion of k-splitting and k-comfortably embedded such that k-linearizable
equals k-splitting plus (kK — 1)-comfortably embedded with respect to the induced
(k —1)th-order lifting. (This section includes results from Abate, Bracci, and Tovena’s
work referenced in the main body of the paper.)

Definition A.1 ([1, Definitions 2.1, 2.2])
(1) S is k-splitting in X (for some k > 1) if the exact sequence

0—> dg/IET — Ox /IET — 05 — 0

splits as a sequence of sheaves of rings.
(2) A k-splitting atlas for S C X is an atlas {(Vy,zy)} of X adapted to S (i.e.,
Vo NS # @ implies V, NS ={zl =-.- = z™ = 0}) such that
kD
0 zZg o
I3 — Y
0z71 - 0z,k 1S
forall ri,...,rg =1,...,m,all p=m+1,...,n, and all indices o, f such
that Vo, N Vg NS # 0.
(3)  An atlas {(Vy,zy)} adapted to S is adapted to a kth-order lifting p: O —
k+1 ;
Opm/dg" if

k

81
plflh = Z(—l)l[ﬁzr' --~z§/]k+1, (A1)

. aZr] o
1=0 o

for every f € O(Vy) and all indices « such that Vo, N S # @.
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In the following, if S is k-splitting, we will fix a lifting: pg : Os — Ox /J5H1.
We also denote by ¢y, x the natural map

G Ox /I8t — Ox /I5F forh > k. (A2)

PROPOSITION A.2 ([1, Proposition 2.2])

Assume that S is (k — 1)-splitting in X, let pp—1 : Os — (9X/J’§ be a (k — 1)th-
order lifting, and let 0 = {(Vy, ¢a)} be a (k — 1)-splitting atlas adapted to py_1. Let
gzk_‘ € H'(S,Hom(Qs, J{é/J{;H)) be the Cech cohomology class represented by a
I-cocycle {(g7* ") pa} € H' (Us,Hom(Qs, Jg/fﬂgﬂ)) given by

1 okzf d
Pk—1 - o _ AL S
(@ g = = 0zfy -9z |5 9z ®lg o2y len
e H'(Vu NV NS, 05 ® 4% /51T, (A3)
Then there exists a kth-order lifting py : Os — (9X/J§+l such that px—1 = @k k-1 ©
pk if and only if gi*~" = 0. We call this gi*~" the obstruction to k-splitting relative

o Pr—1-

PROPOSITION A.3 ([1, Proposition 3.2])

Assume that S is k-splitting in X, and let p: Qs — (9X/JI§+1 be a kth-order lifting,
with k > 0. Then for any 1 < h <k + 1, the lifting p induces a structure of locally
Os-free modules on JIS/JIQ’Jrl for 1 <h <k + 1 in such a way that the sequence

0—> Jh/40FT s g /ghtt s gg /gt — 0 (A4)

becomes an exact sequence of locally Os-free modules.

Definition A.4 ([1, Definitions 3.1, 3.2])

(1 If S is k-splitting in X and the sequence (A.4) splits for 1 <h <k + 1,
then S is called k-comfortably embedded in X . Denote by vj_q 1 ds/d g —
ds/d g“ the splitting (9 s-morphism of the sequence (A.4) and the comfort-
able splitting sequence vy = (Vo,1,- .., Vk k+1)-

(2) A k-comfortable atlas is an atlas {(V, z,)} adapted to S such that

az% 02z,
—ﬂeJk, and — ﬁs eﬂg
az? 024! 0242
k2§ ot1zg
— =0, and =0,

Ao ATk PO TR ey
0z -+ 0zgk IS dzi ... gzt s
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forall ri,...,rg =1,...,m,all p=m+1,...,n, and all indices &, § such
that Vo, NVg NS # 0.

Remark A.5

Any submanifold § is always 0-comfortably embedded and O-linearizable, but is not
always l-linearizable (which is equivalent to having a splitting tangent sequence). If
S is k-comfortably embedded, then S is also k-splitting.

THEOREM A.6 ([1, Corollary 3.6])

Assume that there exists a kth-order lifting pr : Os — Ox/ J’;“ such that S is
(k —1)-comfortably embedded in X with respect to px—1 = @k k—1° pk. Fixa (k—1)-
comfortable pair (px—1,Vi—1), and let B = {(Vy, z4) } be a projectable atlas adapted
to px and (Pg—1,vk—1). Then the cohomology class hPk associated to the exact
sequence (A.4) is represented by 1-cocycle {hg’;} € H'(Ug, Ns ® J§+1/J'§+2) given
by

1 dzg azgtt geign

Sk DIz 8z Bz oz

hglfx - sazé ® [zg' "'Z;k+1]k+2~
Remark A.7

If D is a smooth divisor, then the obstruction to k-comfortable embedding lies in
HY(D,Np ® 4% /452y = H(D, (Np)~*). If we assume that the normal bundle
Np isample on D and n — 1 = dimD > 2, then the Kodaira—Nakano vanishing theo-
rem gives H'(D, (Np)~%) = 0 for any k > 1. So in this case, there is no obstruction
to passing from (k — 1)-comfortable embedding to k-comfortable embedding (with
respect to any k-splitting). Note that D is always O0-comfortably embedded. So we
obtain that if Np is ample on D and dimX > 3, then D is k-comfortably embedded if
and only if D is k-splitting, and if and only if D is k-linearizable (see Theorem A.9).

THEOREM A.8 ([1, Theorems 2.1, 3.5])
S is k-splitting in X if and only if there is a k-splitting atlas 0 = {(Vy,24)} of X,
that is an atlas adapted to S such that

Z;; = Z;nzl(aﬂa):-(za)Zé, forr=1,...,m,
25 =dp(z) + Ry, forp=m+1,...n,

p
k+1

belonging to J{é“. Furthermore, S is k-comfortably embedded in X if and only if
there is a k-comfortable atlas 0 = {(Vy, z4)}, that is an atlas adapted to S such that

where z}) = (z"*1 ..., z") are local coordinates on S, and R denotes a term
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{zg = 3 @pa)i(z)z + Ry . forr=1....m,
25 = bpo(z) + R,y forp=m+1,....n,

where R,

k+2 P k+1
k+2€JS and R edg".

k+1

THEOREM A.9 ([1, Theorem 4.1])

S is k-linearizable if and only if S is k-splitting in X and (k — 1)-comfortably embed-
ded with respect to the (k — 1)th-order lifting induced by the k-splitting, if and only
if there is an atlas S0 such that the changes of coordinates are of the form

zp = doimi(aga)i(z)zy + Ry forr=1,....m,
Z§:¢ga(zg)+R1€+1 f0rp=m+l,...,n,

r
where Rk+1’

k+1 o gk+1
R, edgm.
A.2. Deformation of normal algebraic varieties

A.2.1. First-order deformations

Assume that Z is a complex analytic variety in CV . Choose any analytically open set
W of CV, and assume that  z (W) is generated by { f1,..., f4}. Let Z — B be a flat
deformation of Z with Zy = Z, which is realized as an embedding deformation of
Z — CN. Assume that Jz, (W) is generated by { fi + 1g1,..., fa +tga}. Then by
the flatness condition, {g;} induces a morphism

§:d2/d% = Ocn [dz =0, > ik =) gihilz.
i i
So we get § € Homg,, (dz/4%,0z) = H°(Z, Nz). To get the space of first-order
infinitesimal deformations of Z, one considers the conormal exact sequence
dz/d% — Qcnlz — Qz — 0,
whose dual defines the sheaf 'J'Zl (see [31, Section 1.2] and [15, Proposition I11.25]):
0—-0z >0Bcn|z—> Nz —>'J’Z1 — 0.

Since we assumed that Z is an embedding in CV, we get the exact sequence

O—>HO(Z,G)Z)—>HO(Z,®CN|Z)—>H°(Z,NZ)E>TIZ—>O. (A.5)

In particular, TIZ is defined so that (A.5) becomes exact and is not equal to
HY(Z,0z) in general. The image of g in le is the first-order information of
the deformation Z — B.
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PROPOSITION A.10 ([31, Theorem 1])
Assume that Z has an isolated normal singularity o, and denote U = Z \ {0}. Then
there are exact sequences

HO(U.Ocn|y) — HO(U.Np) L5 TL, 0, (A.6)
0— T, B H\(U.0y)— H' U.Ocnlv). (A7)

Proof

For the reader’s convenience, we sketch the proof here. Because Z is normal, by
Serre’s criterion for normality, Z has depth depth,Z > 2 at its vertex. Because the
first three sheaves in (A.5) are reflexive, by [30, Lemma 1] the depth of each is at
least 2. So in (A.5) we can replace H%(Z,-) by H°(U,-) to get

0— H°(U,0y) — H°(U,Ocn|v) - H*(U,Ny) — T, — 0. (A.8)
On the other hand, because U is smooth and embedded into CV, we have
0— Oy —> Ocn |y — Ny — 0,
which gives us the exact sequence
0— H(U.®y) — H°(U,O¢n |v)
— H(U, Ny) - H'(U,©y) — H' (U, Ocn |1). (A.9)

Combining (A.8) and (A.9), we get (A.6) and (A.7). O

A.2.2. Deformation of affine cones
As an example of the above general theory, consider a projective manifold D ¢ PNV~1.
We assume that D is projectively normal in PY~! so that the affine cone over D is
normal and is equal to C = C(D, H), where H is the hyperplane bundle of P¥ 1,
Then it is easily verified (see [4], [31]) that
400
HO(U.Ocn|y)= Y H°(D.Op(j +1)).
J=—00
+o00
H°(U.Ny)= Y H°(D.Np(j)).
Jj=—00

Decompose T, = Y-72° T, (j) into weight spaces. Then by (A.6) we have the

Jj=—00
exact sequence

H®(D,Op(j +1))”ﬂHO(D,ND(j))—>T1C(j)—>0. (A.10)
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Example A.11 (cf. [4, Section 4], [21])
Assume that D"~! ¢ PNV~ is a complete intersection
N-n
D= (\{F=0cP""

i=1

where F; is a homogeneous polynomial of degree d;. We assume that {Zy,...,Zxn}
are homogeneous coordinates of PV ~! and denote

+o00
R(D.H)= @ H*(D.mH) =C|Z\.....ZN)/(F1..... FN_n).

m=0

Note that this is nothing but the affine coordinate ring of C(D, H). Then

HY(D.Op(j+ 1)) =H*(D.(j + DH) = R(D. H)(j + 1),
N-n
H°(D,Np(j)) = @ HO(D.(di + j)H)
i=1
N-—n
= P R(D. H)(di + j).
i=1
The map
N-—n
Jac: R(D.H)(j + DY — @) R(D. H)(di + j)
i=1
is given by the Jacobian matrix (3F /0Z’ )izll".':.’]x,_ ,» With the quotient
@i R(D,H) (i + /)

1 N
TeW) = e ®RD. G + DoV’

(A.11)

Now assume that § = {g; = g;(z1,...,zn),i = 1,..., N —n} consists of (not nec-
essarily homogeneous) polynomials. We can consider the deformation of C(D, H) C
CV given by

N-—n
€ = ﬂ {Fi(z1,....2N) + 1gi =O}CCN,

i=1

If we assume that the image [§] in T}j is not zero, then, by (A.10), we see that the
weight of this deformation is the weight of [§]. Note that the polynomials in the image
of Jac have degree at least d; — 1. So if g; is of degree ¢; < d; —2, then it is easy to see
that [¢] is indeed not zero and the weight is equal to max{e; — d;} = —min{d; —e;}.
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Remark A.12

The reason that we assume the nonvanishing of [§] is to guarantee that the induced
map C — Tlc does not have a vanishing first-order derivative. Otherwise, we can
consider the reduced Kodaira—Spencer class, as the following example shows:

{234+ 23 +25 =0}~ {27 + 23 + 23 + 123 = 0}.
We have T¢ = Clz1,22,23]/(21, 22, 23). S0 § = (g = z3) gives the vanishing image
[¢] = 0. However, we have

P
{Z%+Z§+Z§+IZ3:0}:{212+Z§+(z3+t/2)2_120}

12
—=0}.

4

So by Definition 2.11 and (2.32), we see that the order of the deformation is equal to
2 and the weight of the deformation is equal to —2.

2,2 22
’e{zl +z3+z23 —

Finally, we briefly recall Pinkham’s results on deformation of isolated singulari-
ties with C*-actions. We state the results in our setting of affine cones.

THEOREM A.13 (see [27], [28])

(1) There exists a formal versal C*-equivariant deformation € — V of C.

2) Let Y — T be any formal C*-equivariant deformation of X . Then there exists
a C*-equivariant morphism ¢ : T — V and a C*-equivariant isomorphism of
the deformation ¥ — T with the pullback X xy T — T.

Let ¢; be homogeneous generators of the maximal ideal of weigh d(¢;). Let J~
be the ideal in Oy generated by {f;;d(¢;) < 0}. Let V™ be the subvariety defined
by J .

THEOREM A.14 ([28, Theorem 2.9])

The deformation €~ — V'~ of C extends to a proper flat family € — V= of defor-
mations of C. Moreover, there is an isomorphism € —€ = Do x V™, and € — V~
is a locally trivial deformation near D .
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