Kahler structures for holomorphic submersions

Chi Li

To the memory of J.P. Demailly

Abstract

For any holomorphic submersion m : X — B, we derive a criterion for X to have
Kahler structures. This criterion generalizes Blanchard’s criterion for a special class of
isotrivial holomorphic submersions. We use this criterion to answer a question of Harvey-
Lawson in the case of fiber dimension one. As the main application, we prove that the
existence of Hermitian-Symplectic structures on certain class of holomorphic submersions
with Kahler fibers and K&ahler bases implies that the total spaces are Kahler. This class
includes isotrivial submersions and torus fibrations.
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1 Introduction and main results

Let X, B be compact complex manifolds. Assume that there is a holomorphic submersion
m: X — B. We want to derive a criterion for X to be a Kéhler manifold.

If X admits a Kahler metric with the associated Kéahler form denoted by ). Then Q)
is a closed (1,1)-form which defines the Kihler class [Q] € H?(X,R). In this paper, we
will work with Kéhler forms and do not distinguish them from the corresponding Kéahler
metrics. Let f; : X; — X denote the embedding of the fiber X, = 7~1(b). The restriction
Qlx, = f;Q is a Kéhler metric on X3 for any b € B. On the cohomology level, we have
natural restriction homomorphisms for k € {0,...,dim X }:

fi H¥Y(X,R) = H*(X,,R). (1)

So we have the first necessary condition:



(Condition I) There is a class [Q] € H?(X,R) that restricts to be a Kihler class on each
fiber X, = 7=1(b), b € B.

Moreover one can show that if @) is a Kéhler form on X, then a Kéahler form on B
can be constructed as [ X/B Q™! where J X/B denotes the operation of integration along
fibers. So we get the second necessary condition:

(Condition IT) B is a Kahler manifold.

The main result of this paper is that these two conditions are also sufficient:

Theorem 1.1. In the above setting of holomorphic submersions, there is a Kdhler metric
on X if and only if (Condition I) and (Condition II) are both satisfied.

Note that if we know a priori that [Q] € H2(X,R) is represented by a closed (1,1)-
form, then the result can be proved quite easily by applying a family version of 99-lemma.
See Remark 3.2. However here we do not assume this condition. Indeed, the main goal is
to construct such a closed (1, 1)-form. In this aspect, one could think Theorem 1.1 as a
Kahler correspondent to Thurston’s well-known construction of symplectic structures for
symplectic fibrations ([19], [10, Theorem 4.91]).

Let X, = 7 (b) (with b € B) be any fibre of 7. There is a natural monodromy
action of 71(B) on H*(X},R) defined by translating cohomology classes. If we denote by
HF (X, R)™ the set of elements in H*(Xj, R) that are invariant under the monodromy
action, then we know that the image of the restriction morphism f; in (1) is contained
in H*(X;,R)™. In the simplest situation when the fiber has complex dimension 1, we
have H?(Xp,R)™ = HL1(X;, R) and Theorem 1.1 can answer positively a question of
Harvey-Lawson (see Theorem 2.3).

On the other hand, we have the Leray spectral sequence { EX'?, d,. : EF? — EF JrT’q_TH}
that converges to {Grz HPT9(X,R)} with respect to the Leray filtration F. There are
isomorphisms:

EY* = HY(B, R*r,R) =~ H*(X,,R)™. (2)

According to Leray spectral sequence, a class x € Eg’k extends to be a class in H*(X,R)
if and only if d,z = 0 for r € {2,...,k+ 1} (see Section 2.1 for more explanations). With
these notations, there is a more refined version of Theorem 1.1.

Theorem 1.2. There is a Kdhler metric on X if and only if the following conditions are
all satisfied:

(Condition Ia) There is an element [w] € H(B, R?>m.R) restricts to be a Kdihler class
on Xp for any b € B.

(Condition Ib) dyfw] = 0 in E>' = H%(B, R'm,R).

(Condition II) B is Kaihler.

The conditions of Theorem 1.2 is a priori weaker than the conditions of Theorem 1.1.
In other words, Theorem 1.2 implies 1.1 (the “if” direction).

Theorem 1.2 generalizes an old result of Blanchard in [2] who considered a special
class of isotrivial holomorphic submersions. Here a holomorphic submersion is called
1sotrivial if all fibers are isomorphic as complex manifolds. Note that by a Theorem of
Fischer-Grauert [9], isotrivial holomorphic submersions are always locally trivial and are
sometimes called analytic fiber bundles. In fact, in proving the criterion in [2] Blanchard
not only assumed isotriviality but also that m1(B) acts trivially H!(X3).

(Conditions I) appeared in [21, Remark 4.16], where it is pointed out that Deligne’s
theorem on the degeneration of Leray spectral sequence at the FEs-page for projective



submersions can be proved under this assumption. This condition also appeared in [16]
where it is called cohomologically Kahler. In fact, in the special case of torus fibrations
Theorem 1.1 and Theorem 1.2 are contained in [16, Proposition 2.17] which was proved
there by using a precise description of torus fibrations in terms of variation of Hodge
structures of weight 1.

Our motivation for proving Theorem 1.1 comes from a question of Li-Zhang [14] and
Streets-Tian [18] about the existence of Hermitian-Symplectic (HS) structures on non-
Kahler complex manifolds. By definition, a Hermitian-Symplectic structure on a complex
manifold X with the integrable almost complex structure .J is a symplectic structure w on
X that tames J which means that w(v, Jv) > 0 for any v # 0 € TgX. Any Kéhler form
w on (X, J) is Hermitian-Symplectic because in this case w not just tames J but is also
compatible with J which means that w(Jv, Jw) = w(v,w) for any v,w € TrX. Li-Zhang
and Streets-Tian asked whether there are examples of HS structure on non-Kéahler complex
manifolds. ! The question is still open in general, though there are negative results which
say that there are no such examples among complex surfaces ([14, 18]), nilmanifolds with
invariant complex structures ([8]), twistor spaces ([20]), Moishezon manifolds and complex
manifolds of Fujiki class ([17, 3]). See also [7, 22] for some analytic approach to the
general problem. We consider this question for complex manifolds that admit structures
of holomorphic submersions. As in the Kéhler case, it is easy to see that the existence
of HS structures for holomorphic submersions forces the fibers and the base to be HS. So
if we are looking for such examples of lowest dimension, it makes sense to assume that
the base and fibers are all Kahler. Even though such an example is currently missing to
us, we will show that HS submersions always satisfy (Condition Ib) (Proposition 4.5).
By applying criterion in Theorem 1.2, we can then derive a K&hlerian criterion for HS
submersions (Proposition 4.1) and rule out several classes of (non-trivial) examples:

Theorem 1.3. Let w : X — B be a holomorphic submersion with Kahler fibers and a
Kadhler base. Assume that there is a Hermitian-Symplectic structure on X. Let F denote
a fiber of w. Then X must be Kdhler if any one of the following conditions is satisfied:

1. The holomorphic submersion s isotrivial.

2. The fibers of m are complex tori (of possibly varying complex structures).
3. The monodromy action of w1 (B) on H?(F) is trivial.

4. H*(F)=0.

We end this introduction by sketching the organization of this note. In section 2.1, we
will review the Leray spectral sequence in terms of filtered de Rham complex, describe d :
EP? — EP 14 in terms of Gauss-Manin connection and explain its compatibility with the
exterior differential operator. In section 2.3, we will review Deligne’s Hodge theory for the
cohomology groups with coefficients of polarized variation of Hodge structures and derive
a variant of the classical 90-lemma that will be crucial for our construction. In section
3, we will construct a Kéhler form step-by-step which is guided by the Leray spectral
sequence as more explained in more detail in Section 2.1. The main line of construction is
similar to the original construction of Blanchard but differs from it significantly in some
steps because we are dealing with a more general situation (see Remark 3.1). Finally

Tn real dimension 4, Donaldson had a similar question about tamed/compatible symplectic structures but
without assuming the integrability of complex structures.



in section 4, we will apply the criterion in Theorem 1.2 to study Hermitian-Symplectic
structures for holomorphic submersions.
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2 Preliminaries

2.1 Leray spectral sequences

Let m : X — B be a differentiable fiber bundle. In this subsection, we do not consider any
complex structures. It is well-known that there is a Leray spectral sequence: {EX? d,}
with

EPY = HP(B, Rim.R) = EP9 =~ GrHPTI(X,R).

To prepare for the later construction, we explain this convergence of spectral sequence
from the point view of filtered de Rham complex in terms of differential forms. In the
following discussion, for any local calculations, we choose a small coordinate neighborhood
{U,u = (u1,...,um)} of B such that there is a diffeomorphism

1 (U)=Ux F. (3)

Choose local real coordinates y = {y1,...,y,} on F such that 7 : 7= 1(U) — U is given
by the projection 7(u,y) = w.

Denote by £Y(X) the space of smooth degree-¢ differential forms on X. A form n €
EX(X) is locally represented by the following expression:

n o= Y nx(uwy)dur Ay =Y dur A (4)
|1+ K |=¢ i
where, for the simplicity of notation, for an index set I = {i1,...,47}, we denote du; =

dui, A+ Adug,, (similarly for dyk ), and 7y = Z|K|:€f|l\ K AYK -
Consider the following Leray filtration:

FLENX)=dn= > nnrdur Adyg;|T| > p
I |+]K =t

It is easy to verify that under the change of coordinates (u,y’) = (u,vy'(u,y)), for any I

with |I| = p the term Y nr.xdyx changes as tensor along any fibre X, = 7=1(b). In

particular, the restriction nr|x, := fynr is a well-defined (¢ — p)-form on any fiber Xj.
Let’s recall the description of the Leray spectral sequence following [11, p. 440-442]:

P — {a c ]:fngrq(X) -da € ]:£+rgp+q+1(X)}
! d(FP " erta-1(X)) + FPHerta(X)

(5)

Here the denominator is not a subgroup of the numerator and the meaning is that we
take {denominator as written} N {numerator}. The differential d, : B¢ — EPT™47"+1 jg
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then defined as:

{b e FrIreptatl(X); db € FPHorertat2(x))

dr — Id Ep+r,q7r+1 —
[a} [ CL] S r df£+lgp+q(X) + f£+r+lgp+q+1(X>

(6)

If a class [n] € EP? satisfies d,[n] = 0, then by (6) there exists x € FLT &P+ such that
dn — dx € FPHrHigptatl and hence 1) and 7' = i — x defines the same class in EP? while
n' = n — x defines a class in EXY,.
When p = 0, we have the map d, : EC? — EF9" and ngl = Ker(d,) C EY. So
we always have the inclusion EY C ES’_ql C...C E? A,
Consider the 2nd page (i.e. r = 2) and denote by V? = R4m,R the local system with
fiber {H?(X3,R);b € B}. Then there is a natural identification:

Ey? = HY(B,VY) = HY(X;,R)™ (7)

where H?(B, V1) is the space of flat sections of V¢ and H?(Xj, R)™ is the space of
cohomology that is invariant under the monodromy action. Moreover, [n] € EX C
EY? = HY(B,VY) if and only if we can find a representative 7 of [n] € EY? such that
dn € Fr€1(X). In this case, d,[n] = 0 if and only if there exists x € F}€? such that
d(n—x) € F; T ET(X). As a consequence, if d,.[n] = 0 for any 7 € {1,...,q + 1}, then
the representative 7 can be chosen to be a closed g-form and we say that [] € H°(B, V)
extends to be a closed g-form on X. In other words, the subspace E%! = ngl C Eg’q is
equal to the image of the natural map

fi HY(X,R) — HI(X,, R)™ = EJ9. (8)

Note that the Leray filtration induces a filtration {F; H4(X,R)},>0 on H¢(X,R). The
morphism f in (8) coincides with the composition H4(X,R) — GT?_—LHCI(X, R) — Eg’q
where G?“OILH‘I(X7 R) = FYHY(X,R)/F1 HY(X,R). For our later purpose, we need to
better understand the 1st and 2nd pages of the Leray spectral sequence. For any n =
Soydur A€ FPEPTY(X) as in (4), we know that for any I with |I| = p, nr]x, is a
closed differential form on any fibre Xj, i.e. (dnr)|x, = 0. So [n|x,] defines a class in
Vil = H%(Xp,R). Then the space E}"? has the following description:

EB,VY) = {lnl=lp:= ) dur®mlx,): n € FLEPHI(X),
[|=p
for any I with |I| = p,dn;|x, = 0}

which is the space of V%-valued differential forms of degree p. Next we want to relate the
di-differential to the following differential operator induced by the Gauss-Manin connec-
tion.

D:E&P(B,VI) — &PHY(B, V).

Dy = X (=7 (dur Adus @ [La, 1)) )
1=
z'e{l,...,diilR B}
Here Lo, is the Lie derivative with respect to the vector field 9y, for i € {1,...,m}. Here
we lift 0y, to be vector field defined on 7~1(U) under the diffeomorphism in (3).



Using the vanishing (dnr)|x, = 0, it is easy to see that the graded piece in dn €
FP H/ F7 *2 is represented by the terms:

Z (=DPdur Adu; A Lo, nr + Z P duy A dny.

[1|=p; |J|=p+1
i€{1,...,dimg B}

Note that dny in the second term is exact when restricted to any fiber. In particular, for
n € FPEPTY(X) such that ny|x, is closed for any b € B, we have:

dn € FUHeptatl(X) and D], = [dnlps1 € EPTH(B, V). (10)
Lemma 2.1. There is a natural surjective morphism:

¢ {a e FPEPYI(X) : da € FPT2EPHIHL(X)} — Ker(D : EP(B, V) — EPYY(B, V).
(11)
which induces an isomorphism
Ker(D : EP(B,VY) — EPTY(B, V1))

qu
Im(D : £&7-L(B, V1) — £7(B, V9))

= HP(B,VY). (12)

Proof. For simplicity of notation, denote the left-hand-side and the right-hand-side of
(11) by V1 and Vs respectively. We also denote £ = p + g.

If ) € Vi, then dn € FPT2E1(X) and hence D[nl, = [dnlp41 = 0. So we get the
natural morphism ¢ that maps 1 to [n],. To see that this map is surjective, choose any
[n] € Vo with n € FPEX(X) such that ny|x, is closed for any fibre X;. Then [dn]p+1 =
Din), = 0 implies that (dn)s|x, is exact for any J with |J| = p + 1 and any fiber Xj.
Choose a coordinate system {(Uy, {ugk)}} of B and a partition of unity {p} subordinate
to the covering {Uy}. For each b € Uy and any J with |J| = p + 1, we can find x; on
Xy such that (dn)s|x, = dxgg and X(k) depends smoothly on b € Uy for any fixed Uy.

Because any fiber is diffeomorphic to a fixed smooth manifold F', the family {ngg; be U}
(k)

can be considered as a smooth form x;
Define

on 71 (Uy) & Uy x F (a smooth diffeomorphism).

== p > (1P laul) Ay§.

ko J=p+1

Then ' satisfies ' —n € .7-"2“81’4"1 and (dn’)s|x, = 0 for any J with |J| = p+ 1 and for
any b € B. In particular ’ € V; and satisfies ¢(n') =[] = [n].

To see that ¢ induces the isomorphism (12), we need identify the kernel of proj o ¢
where proj : Vo — HP(B, V) is the quotient map. So assume that [n] = D[x]| € Im(D :
EP~Y(B, V) — EP(B,VY)). Then we can assume 7 € FPEY(X) with dn € FPTEH1(X)
and x € .7:2_15@*1()(). Then

[y = Dlxp-1= Y (~1P (dus Adu; @ [La,, x1]) = [dly-
[I|=p—1

This implies [n — dx], = 0 which implies n € V| := d}'f_lé'e*l(X) + ffHEE(X). So we

get the identity ¢~'(Im(D)) = V{ N V1. By the definition in (5), EY? = ;7%= So we
1

conclude that ¢ induces an isomorphism.
O



2.2 Kahler case

From now on, we assume that the fibers {X3;b € B} and the base B are all Kahler
manifolds. Suppose that we have a € HY(B,V?) & Eg’2 that restricts to be a Kahler
class on each fibre. The main problem we are considering is whether we can find a closed
(1,1)-form @ on X such that [Q]|x, = f;[Q] = a, i.e. a is contained in the image of the
natural morphism in (8) for ¢ = 2. According to Theorem 1.2, the answer is positive if
and only if da(ar) = 0. In some sense, Theorem 1.2 is a converse to the following basic
result in Kahler geometry by Blanchard and Deligne:

Theorem 2.2 ([2, 4]). Let X and B be compact Kihler manifolds and 7 : X — B be a
holomorphic submersion, then the Leray spectral sequence degenerates at the Es-page.

In section 4 we will use Deligne’s method for proving this theorem to prove an extension
result for Hermitian-Symplectic submersions (see Proposition 4.5).

Another interesting consequence of Theorem 1.1 is the following positive answer to a
question of Harvey-Lawson in [13].

Theorem 2.3 (Corollary of Theorem 1.1). Assume that the fiber of the submersion has
dimension 1. Then there exists a Kahler metric on X if and only if the homology class of
any fiber of X is not zero.

In fact, when dim¢c X = 1. H?(Xp,R)™ = HY'(X;) = R induced by the natural
orientation of the fibers. (Condition I) is satisfied if and only if the the map f; in
(8) is non-zero, which by duality is equivalent to the non-vanishing of the Gysin map
(fo)r : HO(Xp,R) = Ho(Xp,R) — Ho(X,R) = H?"2(X,R). This is also equivalent to
the non-vanishing of the class cl(Xp) := (fp)i[1] that is defined as the cohomology class
of the fiber. On the other hand the complex subvariety Xj defines the current {X3} of
integration along X;,. The current {X,} is a closed positive current of type (n —1,n — 1)
and its de Rham cohomology class is cl(X}) € H" 'YX, R) ¢ H> 2(X,R). If there
exists a Kéhler metric on X, then it is easy to see that the current {X;} is not the
(n—1,n—1)-component of an exact current. These statements together easily imply that
the following equivalences, which imply [13, Theorem 1.7] and answer [13, Note D].

cl(Xp) #0 {Xp} is not the (n — 1,n — 1)-component of an exact current

~

Kahler

2.3 Deligne-Hodge theory for polarized variation of Hodge
structures

From now on we assume that both (Condition Ia) and (Condition II) are satisfied for
the holomorphic submersion 7 : X — B. In particular, all fibers X; = 7~!(b) and the base
complex manifold B are Kahler. Then the local system V? = R47w, R underlies a polarized
variation of Hodge structures. In our construction of Kéhler metrics for holomorphic
submersions, we will need Deligne’s Hodge theory for HP(B,VY) to derive a variant of the
d0-lemma (Lemma 2.6). So we briefly recall this theory following Zucker’s presentation
in [23].



For any b € B, because the fiber X, is Kihler, we have the Hodge filtration {#¢ :=
FLHI(X,,C)} of V&, := HY(X,, C) that induces the Hodge decomposition for each fiber:

VE, = HY(X,,C @’H“ (X))  with  HENX,) = ZinFzal (13)

This fiberwise Hodge decomposition in (13) defines smooth subbundles H*9~* of the
smooth vector bundles associated to V§ = VI ®@g C. If EP(VI) = T'(B, V{ ®c £}) be the
smooth V(g—valued p-forms on B, then we have the decompositions:

q

EO(Vq) — EBEO(HZ’q 14 7 gp Vq @gk,p k H@q Z)
=0

Do @, s @ e
RS a+c=R,b+d=S
a+b=p,c+d=q

We can decompose the Gauss-Manin connection D as two conjugate operators:
D=VaV:WV) eV e (ve).

The flatness of D implies that the operator V satisfies the integrability condition V' =0.
So V defines a holomorphic structure that gives rise to the associated holomorphic vector
bundle ¢ = V4 ®g Op. The Hodge filtration induces a filtration of holomorphic sub-
bundles {#¢7 %} of ¥9. Griffiths proved that the holomorphic Gauss-Manin connection
V satisfies the infinitesimal period relation (also called Griffiths transversality):

VFYICQh o771y, (14)
The relation in (14) implies the inclusion:
Dga,b(rHc,d) C 5a+1,b(rHc,d) o ga+1,b(rHcfl,d+1) o 5a,b+1(rHc,d) o ga,bJrl(rHchl,dfl)‘
Correspondingly, the operator D decomposes as:
g £ b HE d) ga—&-l,b(ch,d)
g - ga, b N ga+1,b(Hcfl,d+1)
(

(
) (1Y)
§ . & b(ch d) ga,b—H ch,d)
é: £a b(Hc d) — ga,b+1(Hc+1,d71)_

(15)

It is well-known that 6 is given by the wedge product with the Kodaira-Spencer class
of the associated deformation. More precisely, for any b € B and any v € TpB, if we
denote by 7,(v) € H' (X}, TX}) the Kodaira-Spencer class of the deformation induced by
the holomorphic submersion in the direction v, the cup-product with 7,(v) induces the
fiberwise map:

() : HY(X3, Q5,) = HH (X3, Q). (16)

Then 6 is the natural tensorial map induced by the family of maps {7, € T;((bl’o) ® (Hg’d)* ®
®/H071,d+1}
b .



With the decomposition in (15), we can define the following operator:

D' =9 +0:e/ (V)T — grtl(Va)RTLS,

D' = 5/ +6: gp(Vq)R’S N gp-i—l(Vq)R,S-i—l‘
The above discussion applies to any variation of Hodge structures of any fixed weight. So
for the rest of this subsection, we just write V for V4. Now assume that V is polarizable:
there exists a non-degenerate flat bilinear pairing on V' defined over R that satisfies the
Hodge-Riemann bilinear relations (see [21, vI.10.1] for a precise definition). Then there is

a Hodge metric on the smooth vector bundle £ (V') which allows us to define the adjoint
operators D*, D™*, D"* and the Laplace operators:

DD — DD* + D*D7 DD/ — D/D/* + D/*D/’ DD// — D//D//* + D//*D//.

Denote by hh = h?(V') := Ker(Op) the space of harmonic form in EP(V). Recall that we
assumed that B is Kéhler. Then the standard Hodge theory gives us:

Theorem 2.4 (Hodge theorem). In the above setting, there is an isomorphism HP(B,V') =
b.

Deligne proved the following results:

Theorem 2.5 (Deligne, see [23, Section 2]). If (Condition Ia) and (Condition II) are
satisfied for the holomorphic submersion w : X — B, then, with the above notation, the
following statements hold true.

1. The following generalized Kahler identities are true.
[A,D]=-C~'D*C, [A,D"]=—-V—-1D*, [AD]|=+—-1D" (17)
where C' is the operator that is the direct sum of the scalar operator i®=5 on EP(V)R3,
2. The following equalities for Laplacians hold true:
Op =0pr, Op=0p +0Opr =20pn.

As a consequence, a form is harmonic if and only if all of its (R, S)-components are
harmonic.

3. Denote by h™5 the space of harmonic form in EP(V)®S. There is a Hodge structure
on HP(B,V) induced by the isomorphism in Theorem 2.4 and the decomposition:

R,S
= @ 0
R+S=p+q

Note that Deligne’s theory reduces to the classical Hodge theory when V = R. As in
the classical case, the Kahler identities imply the following useful identity:

D/D//* + D//*D/ — 0 (18)

We will need the following variant of the standard dd-lemma and a Lemma by Blanchard
([2, Lemma II 3.2]).

Lemma 2.6. With the same assumption as Theorem 2.5, the following statements hold
true.



1. Ifx € £&(V)BS is D-exact, then there exists z € £ (V)F~1571 such that x = D'D" 2.

2. Ifv € &(V)EHLS g & (V)RS s D-exact, then there exists w € £ (V)9 such that
x = Dw.

We provide the short proof, which is the same as in the classical case, for the reader’s
convenience.

Proof. By standard Hodge theorem, there is a Green operator G : £ (V) — £ (V) that
preserves types, commutes with D", D’ and satisfy GOp = OpG = Id — H where H is the
orthogonal projection to the space of harmonic forms. So we get a decomposition for x:

z =Haz + 2(D"D"™ + D"*D")Gx = 2D" D"*Ga.

So we can find a form y = 2D"*Gz of type (R, S — 1) such that = D"y. Applying the
similar decomposition for y we get: y = Hy + 2(D'D"™* + D"*D')Gy = D'z + D" u (with
z = 2D"*Gy and u = 2D'Gy) and hence x = D"D’'z + D" D"™u. On the other hand, we
know that D'z = 0. So that 0 = D'D"D"™u = —D'D"*D"u where we used (18). Pairing
this with D"u, we see that D" D"*u = 0. So we conclude z = D"D’z.

For the second statement, set x = y + 2z with y € £(V)F1S and 2 € £(V)FSHL
Because Hz = 0, we get Hy = Hz = 0. Because we also have D'y = 0, there is a
decomposition y = D'D"*Gy = D'u where u = D"*Gy is of type (R, S). Then x — Du =
(x — D'u) — D"u = z — D"u is D-exact and is of type (R, S + 1). By the first statement,
we get @ — Du = D"D'v = DD'v for v € £(V)~19. So the form u + D'v is of type
(R, S) and satisfies the conclusion.

O

3 Proof of main results

In this section, we prove Theorem 1.2, which also implies Theorem 1.1. The “only if”
direction is clear by the discussion in the introduction and section 2.1. So we only need
to prove the “if” direction.

In the following construction, we fix an open covering {Uy} of B with each Uy bi-
holomorphic to a polydisc and also a partition of unity {px} subordinate to the covering
{Ug}.

By the assumption (Condition Ia), there is an element o € HY(B,V?) such that
o|x, is a Kéhler class for any b € B. By refining the open covering {Uy}, we can assume
that 771 (Uy) admits a Kéhler metric wy and [wi]|x, = o|x,. Indeed, for any b, € X, by
the theorem of Kodaira-Spencer on the stability of Kéhlerian property under deformation
(see [21, vol I, section 9.3.3]), we can assume that there is a smooth family of Kéhler
metrics {@y(b),b € Uy} for a small neighborhood Uy of by such that [wk(bk)] = olx, €
H?(Xp,,R)™. By the compactness of X, we can assume that {Uy} forms a finite open
covering of X. We then set wy(b) with b € Uy to be the harmonic representative of o with
respect to w(b). Set w = >, prwi. Then w is a globally defined (1, 1)-form satisfying
o =[w] € HY(B,V?) = Ey*.

To do concrete calculation, we choose local holomorphic coordinate {wq, zx } = {w&k), zﬁk)
on 7~ 1(Uy) such that 7 is given by the map m(wq, 2:) = (wa). Then w can be expanded
locally as:

w = apzdzy N\ dZs + aardwe A dz, + aBdeg ANdzs + aagdwa A divg.
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With the assumption that do[w] = 0, our goal is to correct w by a (1,1)-form x such that
@ = w — x satisfies d@) = 0 globally on X.

We will achieve this in several steps by achieving d@Q € .7-"2(53(X )) for p = 1,2,3,4
sub-sequentially (note that F7(£3(X)) = 0). For p = 1 this is already true because w|x, is
closed. For p = 2, we will see that the correction comes from the fact that d;[w] = 0 so that
[w] € Eg’2 = H°(B,V?). For p = 3, we need to use the assumption of (Condition Ib)
that dajw] = 0 and crucially the Lemma 2.6. Finally one can complete the p = 4 case
with the usual 9d-lemma.

For simplicity of notation, we will denote by (dQ)p.3—p € }'253()()/]:2“53()() the
graded piece of dQ € FYE3(X). In other words, if dQ € FPE3(X) then (dQ)ps—p = 0
if and only if dQ € ff+183(X). Note that this is the case if and only if for any b € B,
I3 s, "'l/f)ade = 0 where 04, € {v1,...,0m,01,...,0m} where m = dim B, v, (resp.
Uq) are lifts of local coordinate vector fields 0, (resp. O, ) near b € B and fp : Xp — X
is the embedding map of fiber.

e (Step 1: Elimination of (dw)o;3) This is already true for the (1, 1)-form w because
of the vanishing (recall that f; : X — X is the embedding of the fiber)

frdw = dfyw = 0.
e (Step 2: Elimination of (dw);,2) We can calculate:
frwadw = fi(Ly,w — diy,w) = fpLy,w — dfy Ly, w. (19)

Because di[w]| = [dw]y = 0, fFLy,w is an exact form for any b € B. So the right-
hand-side of (19) is an exact form of type (1,1) + (0,2) for each b € B. By Lemma
2.6.2, there exists a form h, of fiber type (0, 1) such that dhq = f; ty, dw. Moreover

we can assume that over any Uy, hy = h((xk) depends smoothly on b € Up. Set
Y = dwy A hg + divg A he over 71 (U},) and define:

Q=w->Y_ mx™.
k

Then @ is globally defined and satisfies dQ € F#&3(X). From now on, replace w by
Q (i.e. we call @ our new w).

e (Step 3: Elimination of the components of (dw)2,,1) Since dw € F7E3(X),
it defines a smooth section [dw] of £2(V!) which satisfies D[dw] = 0 and da[w] =
[dw] € E22 e 2(B, V). Because the complex structure is integrable, dw is a form
of type (2,1) + (1,2) and [dw] € E2(V'!) is contained in

52,0(7_[0,1) @ gl,l(Hl,O) D 50,2(H1,0) D 5171(’}-[071).

Now we use the assumption that de[w] = 0 so that [dw]y € E2(V!) = £(V)> @
E (V)12 is D-exact. By Lemma 2.6.2, there exists [x] € £ (V)!?! such that [dw]s =
D[x] = [dx]2. Because [x] belongs to £ (V)1 = gLO(HO) @ £91(HY), we can
construct a representative y as a (1,1)-form (by using partition of unity as in the
proof of Lemma 2.1).
The terms of dw with type (0,2;1,0) or (2,0;0,1) are given by:

1 1

5((8@%,. — Ogaar)dzy) N divg A divg + 5((8%&% — Ow,8s5)dZs) N dwa A dwg
1 11—
5 Fap A dia A dilg + 5 Pag N dwa N duwg.
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By replacing w by w — x, we can assume that [dw]s = 0 € £2(B, V). This implies
that over each fiber Xj, the (1,0)-form P55 is an exact form. Because X is Kéhler,
this implies that P;5 = 0. So dw does not have terms of type (0,2;1,0) or (2,0;0,1).
(Step 4: Elimination of components of (dw)i.1.1,0)

The terms of dw with type (1,1;1,0) or (1,1;0, 1) can be written as P,3 A dw, A dwg
where

P = (3w6aag)d23 — (awaaBT)dzr + (8gsaa5)d23 + (8zraa5)dzr.

As in Step 3, we can assume that [dw]s = 0 € £2(B, V'), which again means that
P, in the above expression is exact. So for any b € Uy, there exists a smooth

function fgg on Xj such that P,z = dfg;,—) and [ X, {ggw" = 0. Moreover, we can

assume that fggﬁ—) depends smoothly on b € Uy. Define a new (1, 1)-form
k _(k
Q=w-— Zpk . fig)dwg“) A dwé ),
k

Then Q satisfies dQ € F;E3(X). Now we replace w by Q.

(Step 5: Completion of construction) Because dw € F}E3(X), we can get:
dw = fapydwe N dwg N divy + fopydig A dig A dw,.

ddw = 0 implies that f,g5 are constant along fibers. So dw = 7*np for some
ng € £21(B) + £Y2(B). Clearly the degree 3 form np is closed. We claim that
np must be exact. Denote m = dimc B, k£ = dimc X} (so that m + k = n) and
vol(Xp) = be wk. The claim is true because for any closed (m — 3)-form T on B,

1 1
ANT = Fam*ng AT T = ——— dw A T
/BUB vol (Xp) /Xw TN AT (k + 1)vol(Xp) /X w T

1

_ wk+1 7_[_* —
(k4 Dwol(Xyp) /Xd( AmT) =0

where we use Stokes’ theorem for the last identity. Because B is assumed to be Kéhler
(Condition IT), Lemma 2.6 applied to the constant local system R, we know that
there is a smooth (1, 1)-form such that ng = dxp. So the (1,1)-form Q' =w —7*xp
is a closed (1,1)-form that restricts to be Kéhler forms on each fiber. Let wp be
a Kéahler form on B, then for K > 1, the closed (1,1)-form @ := Q'+ K - m*wp
becomes a Kéhler form on X.

Remark 3.1. The above proof generalizes and simplifies the proof of [2, THEOREM
PRINCIPAL II] where Blanchard considered the special case when the holomorphic sub-
mersion m : X — B is isotrivial and and also satisfies an extra condition that m(B)
acts trivially on HY(F). In fact, Blanchard showed in [2, THEREME II.1.I] that under
this triviality assumption and (Condition Ia), the (Condition Ib) is equivalent to the
condition that the transgression map H'(F) — H?(B) is 0. Then he used this vanishing
of transgression map to carry out the construction of Kahler metrics in his original steps
corresponding to Step 3 and Step 4 above. Moreover because the analytic fiber bundle is
isotrivial, the standard Hodge theory for a Kdhler manifold is sufficient for [2] instead of
Deligne’s Hodge theory for polarized variation of Hodge structures used in the above proof.
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Remark 3.2. If we know that the class [Q] contains a closed (1,1)-form Q, then the
above construction can be greatly simplified as follows. We start with the (1,1)-form w
constructed by using partition of unity as at the beginning of this section. For any b € B,
we can use the standard d0-lemma to conclude that there exists 1, € C°°(Xy,R) such
that wpy = Q|x, + V=100vy, and be Ypwy = 0. Moreover, it is easy to see that 1y
depends smoothly on b € B. This allows us to define a smooth function ¥ on X such that
Ulx, = ¥p. Define Q' = Q ++/—100¥. Then Q' is a closed (1,1)-form that restricts to
be a Kdahler metric wy, on Xy,. Choosing a Kdhler metric wg on B, Q' + K - m*wpg is then
a Kahler metric for K > 1.

If we just know that Q is a closed 2-form not necessarily of (1,1)-type, then a similar
construction would only produces a Hermitian-Symplectic form on X. The Hermitian-
Symplectic structure will be discussed in the next section.

4 An application to Hermitian-Symplectic struc-
tures

Let X be a complex manifold and ) be a closed 2-form on X. @ is a Hermitian-Symplectic
(HS) structure precisely when @ satisfies the following two conditions.

1. @ is a symplectic form. In other words, Q4™ X is non-vanishing and d@Q = 0.

2. If Q = Q%% + Q! + Q%2 is the decomposition of @ into differential forms of type
(2,0), (1,1) and (0, 2) respectively, then Q1! is a positive definite (1, 1)-form.

We are going to apply Theorem 1.2 to prove the following general result.

Proposition 4.1. Let w : X — B be a holomorphic submersion with Kdhler fibers and a
Kadhler base. Assume that X admits a Hermitian-Symplectic structure. Then the following
conditions are equivalent:

1. X is Kdhler.

2. There exists [w] € H*(B, R*m.R) that restricts to a Kihler class on each fiber F.
3. The variation of Hodge structure R*m,R is polarizable.

4. X satisfies the 90-lemma.

The rest of this section is devoted to proving Proposition 4.1 and deriving Theorem
1.3 as its corollary. Let F be any fiber of m. It is easy to see that x = Q|r is a

Hermitian-Symplectic form on F'. Because F' is assumed to be Kéahler, we have a Hodge
decomposition:

H*(F,C) = H**(F)® H"Y(F) ® H**(F), H%*(F)= H29(F).

The cohomology class [x] € H?(F,C) decomposes as [x] = [x]*° + [x]*! + [x]®? with
respect to the above decomposition. On the contrast, ifi we denote by x'! the (1,1)-
component of the 2-form y, then x"! is in general only 9d-closed but not d-closed.

Proposition 4.2 ([14]). If x is a Hermitian-Symplectic form on a Kdhler manifold F,
then [x]V! is a Kdhler class.

As pointed out in [14], this is a consequence of deep results from [6]. For the reader’s
convenience, we provide a quick proof.
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Proof. First one shows that [x]"! is in the nef cone which is the closure of the Kihler
cone. By [6, Theorem 4.3], this is equivalent to the condition that for every irreducible
analytic subset Y C F, dim = p, and every Kihler class [wr] € HY(F,R),

/ DA AwE > 0.
Y

But for reason of the types, the above integral is equal to

Awb = Awb = LIAwP >0,
X r X o X F
Y Y Y

For any o € HY1(F,R) and e sufficiently small, the class [x] + e« clearly also contains a
Hermitian-Symplectic form and hence [x] + e« is also contained in the nef cone. So we
conclude that [x]'! is in the interior of the nef cone which is nothing but the Kéhler cone.

0

To proceed, we consider the following definition.

Definition 4.3 (see [10, Definition 4.96]). A symplectic manifold (F,x) is of Lefschetz
type if the multiplication by [x]"~!

L:=Ly :H(F,R) - H" Y(FR), a—aA[]"" (20)
s an tsomorphism.

Corollary 4.4. Let F' be a Kdhler manifold. If x is a Hermitian-Symplectic form on F,
then (F,x) is of Lefschetz type.

Proof. By Poincaré duality, H!(F,R) and H?>"~!(F,R) have the same dimension. So it is
enough to prove that Ly,j : H'(F,R) — H?*"~!(F,R) is injective.

Because F' is Kahler, by the Hodge decomposition and Theorem 4.2, there exists a
Kéhler form wp and a (closed) holomorphic 2-form 7 such that [x| = [wp+n+17]. Moreover
we have the Hodge decomposition: H(F,C) = H"*(F) @ H%!(F). So any o € H'(F,R)
can be represented by a sum & + & where ¢ € HY(F, Q};) is a closed holomorphic 1-form.

Assume that L""!(a) = 0. Then there exists an (2n — 2)-form ¢ such that:

(wr+n+0)"""AE+E) =do

From this, we get (wp +n+7)" P AEAE =dp N E = d(d AE). Integrating both sides, we
get:
[ nspr AEIEA = V7T [ dend =0
F F
By using the positivity of wp, it is easy to verify that the left-hand-side is greater than
Ir w?{l A V/—1& A € which implies that the L?-norm of ¢ (with respect to wr) is equal 0.

So we conclude that £ = 0 and hence o = 0.
O

Let (F,x) be any symplectic manifold. Motivated by the Kahler case, we set:

H2(F,R)primm = Ker (Lgal . H2(F,R) — H>(F, R)) .
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Then it is easy to see that there is a direct sum decomposition:
Hz(Fa R) = HZ(Fv R) - R[X] S HQ(F7 R)prim-

Indeed, it is easy to verify that R[x] N H2(F,R)pim = {0} and any o € H*(F,R) decom-
poses as

o= (W[XD + (a - W[x]) € R[x] + H*(F,R)prim-

So we have a Lefschetz-type decomposition in degree 2 for any symplectic manifold (cf.

[1)-

Proposition 4.5. Let w : X — B be a holomorphic submersion. Assume that there is
a closed form @ on X such that (X, Qp := Qlx,) is a symplectic manifold of Lefschetz
type. Then any x € H°(B, R*m,R) extends to a global class in H*(X,R).

Proof. By the discussion in section 2.1, it is enough to prove that ds : Eg’2 — E22’1 and
ds : Eg’2 — E??)”O are both 0. We will adapt Deligne’s method for proving the degeneration
of Leray spectral sequence at the Fs-page for projective submersions to the HS setting.
By the same argument as in [21, 4.2.2], because @ is closed, it induces a morphism of
local systems:
L:=[QU: R*r,R — R*?mn,R. (21)

which is equal to Lig,] = [Qp]U on the stalk at b € B. For k = 1,2, we have relative
Lefschetz decomposition:

R'mR = (R'R) pyim, R*mR = (L R°1,R) @ (R*7R) prim
which induces the decomposition:

H°(B,R*m.R) = L - H°(B, R°7,.R) ® H°(B, (R*7.R) prim)-
Because RO7,R = R is a constant local system, L - HY(B, R%7,R) = R - [Q] and it is easy
to see that dy : L - H(B, R°7.R) — H?(B, R'7,R) is equal to 0. So to show dy = 0, it

is enough to show that dy restricted to H%(B, (R?>m«R)prim) is equal to 0. Consider the
following commutative diagram.

HO(B, (R*7,R) prim) & HO(B, R?"7,R) (22)

.| P

H?(B,R'm,R) —X"" H2(B, R 'n,R)

The top row is zero by the definition of (R27T*]R)prim. The bottom row is an isomorphism
by the assumption that (X3, Qx,) is of Lefschetz type. So we see that dy on the left side
is indeed O.

By using similar argument, we can easily prove that ds : E21’1 — Eg’ ¥ is also 0. So we
get E§72 = Eg72 and Eg’o = ES’O. Then we can use the same argument as above to prove
that ds : E§’2 — Eg’o = H3(B, R%7,R) is also equal to 0. For example, we use the following
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commutative diagram to conclude that ds restricted to Eg 2 = HY(B, (R%7.R) prim) is equal
to 0:
HO(B, (R*7,R) prim) ——> HO(B, R*"1,R) . (23)

| o

O

Proof of Proposition 4.1. By Theorem 1.2 and Proposition 4.5, we know that condition
1 and condition 2 are equivalent (under the Hermitian-Symplectic assumption), and it is
well-known that they imply condition 3 and condition 4.

We show that condition 3 implies condition 2. We know that [Q] € H°(B,V?) is a
flat section of the local system V? = R%?m,R with respect to the Gauss-Manin connection.
If the associated variation of Hodge structure on V? is polarized (condition 3), then by
Deligne’s Hodge theory as explained in section 2.3 the (1, 1)-component of [Q)] is also flat
so that [Q]"' € HY(B,V?). By Proposition 4.2, we know that [Q]"! restricts to Kéhler
class on each fiber. But this means exactly condition 2.

Finally we show that condition 4 implies (Condition I) of Theorem 1.1. If X satisfies
the d0-lemma, then by the well-known result of [5] X admits a Hodge decomposition and
the restriction morphism f; : H?(X,R) — H?(Xp,R) is a morphism of Hodge structures.
Let [Q]"! be the (1, 1)-component of [Q] in the Hodge decomposition of H?(X,C). Then
[Q]"! is represented by a closed (1, 1)-form and it restricts to become the (1, 1)-component
of [Qlx,] € H*(Xp,R). By Proposition 4.2, [Q|x,]!! is Kéhler. So by Theorem 1.1 (or
more easily by Remark 3.2), we can construct a Ké&hler form on the total space X.

Proof of Theorem 1.3. Assume that @) is a Hermitian-Symplectic form on X.

In case 1, we know that the Kodaira-Spencer class is 0. So by the formula (16) we
know that § = 0 = # in the decomposition of Gauss-Manin connection in (15). As
a consequence, the Gauss-Manin connection preserves the decomposition £%(B,V?) =
EYB, V)R 9B, VHLl g £9(B,V?)%2, So the (1,1)-component of the flat section [Q]
is also flat. By Proposition 4.2, we know that [Q]"! restricts to Kéhler class on each fiber.
So we conclude by Proposition 4.1.

In case 2, there is a natural polarization of V(Cl = R'm,Rc = H"Y @ H%!. Indeed, for
any b € Xy, £,n € H"0(Xy), define:

& mn=v-1 . EATAQ" L.

Then because Q is closed and QU! is positive definite, it is easy to see that defines a
polarization on V(Cl, which also induces a polarization on V2 = A2V'!. So we can conclude
by Proposition 4.1.

In both case 3 and case 4, we know that the (1,1)-component of [(Q]|x, satisfies the
condition 2 of Proposition 4.1. We also remark that the dimension of H?"(Xj) does
not depend on b € B by the invariance of Hodge numbers of Kéhler manifolds under
deformations (see [21, Proposition 9.20, v1.9.3.2]).

O
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We end this paper by briefly proposing a natural problem, which is based on commu-
nications with Weiyi Zhang.

Problem: Extend the main results in this paper to more general holomorphic maps. In
fact, in the case of elliptic fibrations (with singular fibers) in high dimensions, Nakayama
had derived similar type of Kahlerian criterion based on a delicate study of such structures
(see [15, 16]). On the other hand, Thurston’s construction of symplectic structures has
been generalized to the setting of Lefschetz pencils by Gompf ([12]). Correspondingly, we
expect that Zucker’s generalization of Deligne’s result in [23] and a careful treatment near
the singular fibers of Lefschetz pencils should lead to a generalization of the Kéhlerian
criteria in this paper.
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