
Chapter 1

Superconnection

1.1 Z2-graded algebra

Definition 1.1.1. A is a C-algebra, A is Z2-graded, if there is a splitting: A = A+ ⊕ A−, such
that A+A+ ⊂ A+, A−A− ⊂ A+, A+A− ⊂ A−, A−A+ ⊂ A−.

Aeven = A+, Aodd = A− are called the even and odd part of A. The usual algebra is trivially
Z2-graded with A = A+.

Definition 1.1.2. for homogeneous elements a, b ∈ A±, the supercommutator is

[a, b] = a b− (−1)deg a·deg bb a, deg a =

{
0, a ∈ A+

1. a ∈ A−

we extend linearly to A. a, b ∈ A is said to be supercommutative if [a, b] = 0. Note that
[A+, A+] ⊂ A+, [A−, A−] ⊂ A+, [A+, A−] ⊂ A−, [A−, A+] ⊂ A−.

Proposition 1.1.1 (Generalized Jacobi Identity).

[a, [b, c]] + (−1)deg a(deg b+deg c)[b, [c, a]] + (−1)deg c(deg a+deg b)[c, [a, b]] = 0, or equivalently

[a, [b, c]] = [[a, b], c] + (−1)deg a·deg b[b, [a, c]] (derivation property)

Example 1.1.1. 1. E is a finite dimensional vector space. The exterior algebra: ∧∗E∗ =
∧evenE∗ ⊕ ∧oddE∗ is a commutative Z2-graded algebra, since ω ∧ η = (−1)degω·degηη ∧ ω.

2. τ : E −→ E is an endomorphism, s.t.τ2 = id, then E is Z2-graded: E = E+⊕E−, τ |E± = ±1.
End(E) is a Z2-graded algebra:

End(E)even = {A ∈ End(E) : Aτ = τA}, End(E)odd = {A ∈ End(E) : Aτ = −τA}

3. q is a nondegenerate quadratic form on E, the Clifford algebra is Z2-graded:
α : Cl(E, q) −→ Cl(E, q) is the involution defined by α(v) = −v,∀v ∈ E.

Definition 1.1.3. A,B are Z2-graded algebra, A⊗B has a product:

a⊗ b · a′ ⊗ b′ = (−1)deg b·deg a
′
aa′ ⊗ bb′

for homogeneous elements a, a′ ∈ A, b, b′ ∈ B. It’s well defined and A ⊗ B becomes a Z2-graded
algebra, denoted by A ⊗̂B:

(A ⊗̂B)+ = (A+⊗B+)⊕ (A−⊗B−), (A ⊗̂B)− = (A+⊗B−)⊕ (A−⊗B+)
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Remark 1. If A,B are unitary(1A ∈ A, 1B ∈ B), then A,B are embedded in A⊗̂B. We can identify
a with a⊗ 1B , and b with 1A⊗ b, then a · b = (−1)dega·degbb · a, so A and B are supercommutative
in A⊗̂B.

Example 1.1.2. (E1, q1), (E2, q2) are two vector spaces with nondegenerate quadratic forms. Let
E = E1 ⊕ E2, q = q1 ⊕ q2 : q((v1, v2)) = q1(v1) + q2(v2), then Cl(E, q) = Cl(E1, q1)⊗̂Cl(E2, q2).

Definition 1.1.4. assume E = E+⊕E− is Z2-graded defined by involution τ . ∀A ∈ End(E), the

supertrace of A is Trs(A) = Tr(τA). In blocked matrix, τ =

(
1 0
0 −1

)
, if A =

(
a b
c d

)
, then

Trs(A) = Tr(a)− Tr(d).

Proposition 1.1.2. ∀A,B ∈ End(E), T rs[A,B] = 0.

assume (E, τ), (F, σ) are two Z2-graded vector space, then E⊗̂F = (E⊗F, τ⊗σ) is a Z2-graded
vector space. ∀A ∈ End(E), B ∈ End(F ), we have

Trs(A⊗B) = Tr(τA⊗ σB) = Tr(τA)Tr(σB) = Trs(A)Trs(B).

Definition 1.1.5. E is a finit dimensional, we define the supertrace on the Z2-graded algebra
∧∗E∗⊗̂End(E)(matrix of forms):

Trs : ∧∗E∗⊗̂End(E) −→ ∧∗E∗

ω ⊗A 7→ ωTrs(A)

By the universal property of tensor product, this is well defined. For simplicity, we write ωA
for ω ⊗A. We have

[ωA, ω′A] = (−1)degA·degωωω′[A,A′]

1.2 Superconnection

Definition 1.2.1. E is a finite dimensional Z2-graded complex vector bundle on the manifold M .
A superconnection A is an odd differential operator acting on Γ(∧∗T ∗M⊗̂E), which satisfies the
Leibniz rule:

A(ωs) = dω · S + (−1)deg ωω ∧As

Remark 2. ∧∗T ∗M⊗̂E is a Z2-graded vector bundle, Γ(∧∗T ∗M⊗̂E) is the set of E-valued forms
which is naturally Z2-graded. Locally on an open set U , we choose a cotangent frame {ei} and a
frame of {sα} = {s+

λ } ∪ {s−µ } of E = E+ ⊕ E−, then locally τ ∈ Γ(∧∗T ∗M⊗̂E) is:

τ = fαi1,...,ire
i1 ∧ . . . ∧ eir ⊗ sα, ταi1,...,ir ∈ C

∞(U)

Aτ = gβj1,...,jse
j1 ∧ . . . ∧ ejs ⊗ sβ , g = D(f), D is a matrix of differential operators. τ is even iff

locally it’s the sum of ωeven · s+
λ and ωodd · s−µ .

Γ = Γeven ⊕ Γodd = Γ((∧∗T ∗M⊗̂E)even)⊕ Γ((∧∗T ∗M⊗̂E)odd)

By definition, A(Γeven) ⊂ Γodd, A(Γodd) ⊂ Γeven.

Example 1.2.1. ∇E is a connection preserving the splitting E = E+ ⊕ E−, i.e.
∇E(Γ(E±)) ⊂ Γ(E±).

Write ∇E = ∇E+ ⊕∇E− , or in blocked matrix: ∇E =

(
∇E+ 0

0 ∇E−

)
We extend ∇E to act on Γ(∧∗T ∗M⊗̂E) satisfying the Leibniz rule: ∇E(ωs) = dω · s +

(−1)deg ωω ∧ ∇Es, Then ∇E is a superconnection, since it increases the degree of forms by 1,
while keeps the degree of sections of the bundle E, thus odd.
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let D ∈ Γ(End(E)odd), i.e. Dx ∈ End(Ex)odd, in matrix D =

(
0 D−
D+ 0

)
, then ∇E +D is

a superconnection, since D preserves the degree of forms, and interchanges the even and odd part
of E.

In particular, when M = {pt}, E is a Z2-graded vector space, D ∈ End(E)odd is a supercon-
nection.

Proposition 1.2.1. Any superconnection A can be written as A = ∇E+B, with ∇E = ∇E+⊕∇E− ,
and B ∈ Γ(B), where B = ∧∗T ∗M⊗̂End(E) is a bundle of algebras.

Proof. Let B = A − ∇E , then B is an odd operator on Γ(∧∗T ∗M⊗̂E). ∀f ∈ C∞(M),
s ∈ Γ(∧∗T ∗M⊗̂E),

B(fs) = A(fs)−∇E(fs) = df · s+ fAs− (df · s+ f∇Es) = f(A−∇E)s = fBs

so B is C∞(M) linear, i.e. tensorial.
Let Bsα = θβαsβ , θβα ∈ Γ(∧∗T ∗U), define B̃ = θβαs

∗
α ⊗ sβ ∈ Γ(∧∗T ∗M⊗̂End(E)), where {s∗α} is

the dual basis of {sβ}, then B̃ is independent of the chosen frame since B is tensorial.

conversely ∀B̃ ∈ Γ(∧∗T ∗M⊗̂End(E)), B̃ acts naturally on Γ(∧∗T ∗M⊗̂E) : (ω⊗D) · (η⊗ s) =
(−1)deg D·deg ηω ∧ η ⊗Ds, this action is clearly C∞ linear. So we can identify B and B̃, and the
proposition is proved.

Remark 3. if we choose local frame {s+
λ } ∪ {s−µ } of E on U , then E ∼= Cn ⊕ Cm. The de Rham

operator d is a connection on trivial bundles. By the proposition, every connection is locally of
the form:

A = d+B,B ∈ Γ(∧∗T ∗M⊗̂End(Cn ⊕ Cm))odd

1.3 Chern-Weil theory for superconnections

Proposition 1.3.1. A is a superconnection, then A2 ∈ Γ(Beven).

recall that B = ∧∗T ∗M⊗̂End(E).

Proof. Since A is odd, A2 is an even operator. ∀f ∈ C∞(M),

A2(fs) = A(df · s+ f ·As) = d(df)s− df ∧As+ df ∧As+ fA2s = fA2s

so A2 is a tensor.

Definition 1.3.1. The curvature of a superconnection A is A2. The Chern character of A is
ch(A) = ϕTrs(e

−A2

) ∈ Γ(∧∗T ∗M), where

ϕ : ∧∗CT ∗M −→ ∧∗CT ∗M = ∧∗T ∗M ⊗ C

α 7→ (2πi)−
deg α

2 α

is the normalization endormorphism, which makes the definition agree with the Chern character
of a complex vector bundle.

Theorem 1.3.1 (Quillen). ch(A) is a closed, even form. [ch(A)] = ch(E+) − ch(E−),
[ch(A)] ∈ Heven

dR (M) is the cohomological class represented by ch(A).

Proof. Take a local trivialization E = E+ ⊕ E− ∼= Cn ⊕ Cm, then A = d + B, where
B ∈ Γ(∧∗T ∗M⊗̂End(Cn ⊕ Cm))odd

dTrs(exp(−A2)) = Trs(d exp(−A2)) = Trs[d, exp(−A2)]

= Trs[d+B, exp(−A2)] = Trs[A, exp(−A2)] = 0

In the third equality, we use Trs[B, exp(−A2)] = 0: since exp(−A2) is a tensor, the supertrace of
supercommutator vanishes. The last equality follows from the Bianchi identity: [A,A2] = 0, which
is trivial in this setting.
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Remark 4. It’s easy to see that, ∀B ∈ Γ(∧∗T ∗M⊗̂End(E)), [A,B] ∈ Γ(∧∗T ∗M⊗̂End(E)).

Since A2 is even, exp(−A2) is even. It is the sum of the form

even form⊗
(
∗ 0
0 ∗

)
, odd form⊗

(
0 ∗
∗ 0

)

but Trs(odd form⊗
(

0 ∗
∗ 0

)
) = 0, so Trs(exp(−A2)) contains only even forms.

Next we want to prove [ch(A)] is independent of the superconnection. LetA = {superconnection},
A is an affine space. Given A0, A1 ∈ A, let At = (1− t)A0 + tA1. Define A = dt ∂∂t +At, then A is
a superconnection on the vector bundle π∗ME −→ M × [0, 1], where πM : M × [0, 1] −→ M is the
projection. A2 = A2

t + dt∂At∂t ,

ch(A) = ϕTrs exp(−(A2
t + dt

∂At
∂t

)) = ch(At) + dtβt

βt is an odd form on M × [0, 1]. We know that ch(A) is closed, so

0 = d ch(A) = dMch(At) + dt
∂

∂t
ch(At)− dtdMβt = dt

∂

∂t
ch(At)− dt dMβt

so ∂
∂tch(At) = dβt and

ch(A1)− ch(A0) =

∫ 1

0

∂

∂t
ch(At)dt = d

∫ 1

0

βtdt

so [ch(A0)] = [ch(A1)].

Thus we can choose any superconnection to compute [ch(A)]. We letA = ∇E =

(
∇E+ 0

0 ∇E−

)
,

then

ch(A) = [ϕTrs exp(−∇E,2)] = [ϕTr exp(−∇E+,2)]− [ϕTr exp(−∇E−,2)]

= [Tr exp(

√
−1

2π
∇E+,2)]− [Tr exp(

√
−1

2π
∇E−,2)] = ch(E+)− ch(E−)

Example 1.3.1. M = C, E = E+ ⊕ E− = C⊕ C, Dz =

(
0 z̄
z 0

)
, ∇E = d. At = ∇E +

√
tD =

d+
√
tD,

A2
t = d2 +

√
t dD + tD2 =

(
t|z|2 0

0 t|z|2
)

+
√
t

(
0 dz̄
dz 0

)
Since

1

n!
Trs(t|z|2+

√
t

(
0 dz̄
dz 0

)
)n =

1

n!

n · (n− 1)

2
(t|z|2)n−2t T rs

(
dz̄dz 0

0 dzdz̄

)
= −t (t|z|

2)n−2

(n− 2)!
dzdz̄

Trs exp(−A2
t ) =

∞∑
n=0

(−1)nTrs(A
2
t ) = −t exp(−t|z|2)dzdz̄

ch(At) = ϕTrs exp(−A2
t ) =

1

2πi
· (−t) exp(−t|z|2)dzdz̄ =

t

π
exp(−t|z|2)dxdy = P 1

4t
(z)dxdy

where pt(x, y) = 1
4πt exp(− |x−y|

2

4t ) is the heat kernel of Laplace ∆ = −( d2

dx2 + d2

dy2 ) = −4 ∂2

∂z∂z̄ on C.

αt = ch(At) has the following properties:

•
∫
C αt = 1
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• αt
t→0−−−→ 0, αt

t→∞−−−→ δ{0}, in distributional sense.

We see that: [αt] = 0 = ch(E+) − ch(E−)(for trivial bundle E, ch(E) = rank(E)), this gives no
information. But for t > 0, αt represents the generator of H∗c (C), which is the compact supported
cohomology(strictly, the forms are fast decaying). By Poincaré’s duality,

H∗c (Rn) = Hn−∗(Rn) =

{
R ∗ = n

0 ∗ 6= n

The isomorphism Hn
c (Rn) ∼= R is given by integration over Rn.

Example 1.3.2 (Heat kernel method). H1, H2 are Hilbert spaces, a closed linear operator with
dense domain P : H1 −→ H2 is Fredholm iff dimkerP < ∞, dim cokerP = dimH2/imP < ∞.
We can prove that imP is closed, so cokerP ∼= (imP )⊥ = kerP ∗, and

Ind(P ) = dimkerP − dimcokerP = dimkerP − dimkerP ∗ = dimkerP ∗P − dimkerPP ∗

P ∗P and PP ∗ have the same nonzero eigenvalues, and the corresponding eigenspaces are isomor-
phic:

EP∗P (λ) −→ EPP∗(λ)

x 7→ Px
1

λ
P ∗y ← y

We can obtain the heat equation method:

Ind(P ) = dimkerP ∗P − dimkerPP ∗ =
∑
λ

e−tλdimEP∗P (λ)−
∑
λ

e−tλdimEPP∗(λ)

= Tr e−tP
∗P − Tr e−tPP

∗
= Trs(e

−tD2

) = ch(D)

where D =

(
0 P ∗

P 0

)
is a superconnection on the infinite dimensional Hilbert bundle

H = H1 ⊕H2 → pt.
We can also use the transgression method to see this:

∂

∂t
Trse

−tD2

= −Trs(D2e−tD
2

) = −1

2
Trs([D,D]e−tD

2

) = −1

2
Trs[D,De

−tD2

] = 0

so Trse
−tD2

is a constant. Since Trse
−tD2 t→∞−−−→ dimkerP ∗P − dimkerPP ∗ = IndP , the formula

follows.

1.4 Chern-Simon class

E is a complex vector bundle, ∇E , ∇′E are two connections, RE = ∇E,2, R′E = ∇′E,2 are their
curvatures. P is an invariant polynomial of GL(n,C), i.e. P satisfies:

P (TAT−1) = P (A), ∀T ∈ GL(n,C), A ∈Mn

P (RE) is closed and [P (RE))] does not depend on ∇E , so

P (R′E)− P (RE) = dα, for some α ∈ Ωodd(M)/dΩeven(M)

We can have a canonical way to construct α, which is called the Chern-Simon form.
As in the proof of Theorem, choose a curve Ct = {∇Et : t ∈ [0, 1]} connecting ∇E and ∇′E in A

which is the affine space of connections. ∇E = ∇Et + dt ∂∂t is a connection on the bundle π∗ME over

M×[0, 1], where πM : M×[0, 1]→M is the projection. The curvature RE = ∇E,2 = ∇E,2t +dt
∂∇Et
∂t .
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P : Mn
∼= Cn2 → C is a polynomial of n2 variables, we have the Taylor expansion:

P (x+ y) =
∑

|α|≤deg P

∂αP (x)

α!
yα, ∀x, y ∈ Cn

2

Note that each term of RE is a 2-form, which commutes with other forms. So we use the above
formula to have:

P (RE) = P (REt + dt
∂

∂t
∇Et ) = P (REt ) + dt < P ′(REt ),

∂

∂t
∇Et >

where P ′(x) : Cn2 → C is the total derivative at x ∈ Cn2

. We know that P (RE) is closed, so:

0 = dM×[0,1]P (RE) = dMP (REt ) + dt
∂

∂t
P (REt )− dt dM < P ′(REt ),

∂

∂t
∇Et >

so ∂
∂tP (REt ) = d < P ′(REt ), ∂∂t∇

E
t >. Define

P̃ =

∫ 1

0

< P ′(REt ),
∂

∂t
∇Et > dt

then dP̃ = P (R′E)− P (RE).
This is a case of integration along the fibre, see appendix. We write:

P̃ =

∫
Ct

P (REt ) =

∫
[0,1]

P (RE)

Proposition 1.4.1. The class of P̃ in Ωodd/dΩeven does not depend on the path connecting ∇E
and ∇′E.

Proof. If C ′t = {∇′Et } is another path, let ∇Es,t = (1−s)∇Et +s∇′Et , define ∇E = ds ∂∂s +dt ∂∂t +∇Es,t.
then ∇E is a connection on E = p∗1E, p1 : M × [0, 1]2 →M is the projection. The curvature:

RE = ∇E,2 = ∇E,2s,t + dt
∂

∂t
∇Es,t + ds

∂

∂s
∇Es,t = ∇E,2s,t + dt((1− s) ∂

∂t
∇Et + s

∂

∂t
∇′Et ) + ds(∇′Et −∇Et )

RE |s=0 = ∇E,2t + dt
∂

∂t
∇Et = ∇E,2, RE |s=1 = ∇′E,2t + dt

∂

∂t
∇′Et = ∇E′,2

RE |t=0 = ∇E,2, RE |t=1 = ∇′E,2

Note that RE |t=0, R
E |t=1 have no ds term. Using the Stoke’s Formula, we have:

d

∫
[0,1]2

P (RE) =

∫
[0,1]2

dP (RE)− (

∫
I1

P (RE |s=0)−
∫
I3

P (RE |s=1))

= −
∫

[0,1]

P (RE) +

∫
[0,1]

P (RE′) = P̃ ′ − P̃

I1 = {s = 0}

I3 = {s = 1}

I4 I2

-

-

@@

@
@

@
@
@
@@@�

�r
r

∇E

∇′E
∇′Et

∇Et
-

Given ∇E , ∇′E , by the above proposition, we have constructed a class in Ωodd/dΩeven. We
denote it by P̃ (∇E ,∇′E), called Chern-Simon form. It satisfies 3 properties:
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1. d P̃ (∇E ,∇′E) = P (R′E)− P (RE)

2. P̃ (∇E ,∇E) = 0 Just choose the constant path: ∇Et ≡ ∇E .

3. P̃ (∇E ,∇′E) is functorial: if f : N →M is a dfferentiable mapping, then

P̃ (f∗∇E , f∗∇′E) = f∗P̃ (∇E ,∇′E)

where f∗∇E , f∗∇′E is the induced connection on F = f∗E.
This is because: Choose a curve ∇Et connecting ∇E and ∇′E , ∇Ft = f∗∇Et is a curve
connecting ∇F = f∗∇E and ∇′F = f∗∇′E . Let E = π∗ME, ∇E = ∇Et + dt ∂∂t ; F = π∗NF ,

∇F = ∇Ft + dt ∂∂t = (f × id)∗∇E.

P̃ (f∗∇E , f∗∇′E) =

∫
[0,1]

P (RF) =

∫
[0,1]

P ((f × id)∗RE) = f∗
∫

[0,1]

P (RE) = f∗P̃ (∇E ,∇′E)

In fact, we have:

Proposition 1.4.2. The class P̃ (∇E ,∇′E) is uniquely defined by properties 1-3

Proof. We need to check the uniqueness. Assume P̃ satisfies the 3 properties. Choose any path
∇Et connecting ∇E , ∇′E . Let ∇E = ∇Et + dt ∂∂t , ∇

E
0 = ∇E + dt ∂∂t be connections on E = π∗ME. By

property 1, we have P (RE) − P (R′E) = dP̃ (∇E
0 ,∇E). Integrate this equality along the fibre, and

use the Stoke’s Formula:∫
[0,1]

P (RE) =

∫
[0,1]

P (RE
0 ) +

∫
[0,1]

dP̃ (∇E0 ,∇E)

= −d
∫

[0,1]

P̃ (∇E
0 ,∇E) + P̃ (∇E

0 ,∇E)|t=1 − P̃ (∇E
0 ,∇E)|t=0

Since ∇E
0 |t=1 = ∇E , ∇E|t=1 = ∇′E , by functoriality, P̃ (∇E

0 ,∇E)|t=1 = P̃ (∇E ,∇′E). Also
P̃ (∇E

0 ,∇E)|t=0 = P̃ (∇E ,∇E) = 0 by property 2. So P̃ (∇E ,∇′E) −
∫

[0,1]
P (RE) is exact, that is

what we require.

Example 1.4.1. λ is a line bundle, c1(λ) is the first Chern class, then c̃1(∇λ,∇′λ) = −∇
′λ−∇λ
2πi is

the Chern-Simon class. This is because d(−∇
′λ−∇λ
2πi ) = i

2π r
′λ− i

2πir
λ = c1(∇′λ)− c1(∇λ), and the

other two properties are obvious.

Since {superconnections} is an affine space as {connections}, everything we’ve done can be
carried out on superconnections, so we have:

Proposition 1.4.3. The whole theory of Chern-Simon class extends to superconnections

Proposition 1.4.4. Let At be a curve of superconnections, then

∂

∂t
Trs exp(−A2

t ) = −d Trs(
∂At
∂t

exp(−A2
t ))

proof 1. Let A = At + dt ∂∂t be a superconnection on π∗ME. By simple computation as example
1.3.1, we see that

Trs exp(−A2) = Trs(exp(−A2
t ))− dtTrs(

∂At
∂t

exp(−A2
t ))

We know that Trs exp(−A2) is a closed even form on M × R, so

∂

∂t
Trs exp(−A2

t ) = −dTrs(
∂At
∂t

exp(−A2
t ))
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proof 2.

∂

∂t
Trs exp(−A2

t ) = −Trs(
∂A2

t

∂t
exp(−A2

t )) = −Trs([At,
∂At
∂t

exp(−A2
t )])

= −Trs([At,
∂At
∂t

exp(−A2
t )]) = −d Trs(

∂At
∂t

exp(−A2
t ))

We used identities:

• ∂A2
t

∂t = ∂At
∂t At +At

∂At
∂t = [At,

∂At
∂t ] (note both At and ∂At

∂t are odd)

• d Trs(B) = Trs[A,B], for A a superconnection and B ∈ Γ(B) (see the proof of theorem 1.3.1)

When At = ∇E +
√
tV , ∇E = ∇E+ ⊕∇E− , V =

(
0 V−
V+ 0

)
∈ Γ(End(E)odd),

∂

∂t
Trs exp(−A2

t ) = −d Trs(
V

2
√
t

exp(−A2
t ))

We want to integrate this equality on [0,∞).
Now assume gE = gE+ ⊕ gE− is an Hermitian metric on E, ∇E is a unitary connection, and V is
self-adjoint, so V− = V ∗+.

Proposition 1.4.5. αt = ch(At) is a real form.

Proof. We define an adjoint operator ∗ on B = ∧∗T ∗M⊗̂End(E):

1. ∀ω ∈ ∧1
CT
∗M , ω∗ = −ω̄

2. ∀A ∈ End(E), A∗ is the adjoint of A

3. ∀f, g ∈ B, (f · g)∗ = g∗ · f∗.

This is well defined. Now A2
t = ∇E,2 +

√
t∇EV + tV 2. (tV 2)∗ = tV 2, since V is self-adjoint.

∀X ∈ TM, ∇XV is also self-adjoint, so (∇EV )∗ = (ei∇EeiV )∗ = ∇EeiV · (−e
i) = ei∇EeiV = ∇EV .

Since ∇E is unitary, RE(X,Y ) = ∇E,2(X,Y ) is skew-Hermitian w.r.t. gE , ∀X,Y ∈ TM , so

(∇E,2)∗ = (ei ∧ ejRE(ei, ej))
∗ = −RE(ei, ej)(−ej) · (−ei) = ei ∧ ejRE(ei, ej) = ∇E,2

So we see (A2
t )
∗ = A2

t , also (exp(−A2
t ))
∗ = exp(−A2

t ). Note that ∀ωA ∈ Beven,

(ωA)∗ = A∗ω∗ = A∗(−1)deg ω · (−1)
deg ω·(deg ω−1)

2 ω̄ = (−1)
deg ω·(deg ω−1)

2 ω̄A∗

so

Trs(ωA) = Trs(ω̄A
∗) = (−1)

deg ω·(deg ω−1)
2 Trs((ωA)∗) =


Trs((ωA)∗) deg ω ≡ 0 mod 4

−Trs((ωA)∗) deg ω ≡ 2 mod 4

0 otherwise

So (Trs exp(−A2
t ))

(4k) is real, and (Trs exp(−A2
t ))

(4k+2) is purely imaginary, then it’s clear
ϕTrs exp(−A2

t ) = ch(At) is real.

Remark 5. Similarly, ∀ωA ∈ Bodd, (ωA)∗ = (−1)
deg ω·(deg ω+1)

2 ω̄A∗, so ∀B ∈ Bodd satisfying B∗ = B,
we have (Trs(B))(4k+1) is purely imaginary, and Trs(B)(4k+3) is real, then 1√

2πi
ϕTrs(B) is real.

Proposition 1.4.6. Assume kerV has locally constant dimensions, then kerV is a smooth sub-
bundle of E.
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Proof. Since kerV has locally constant dimensions, ∀x ∈ M, ∃ε > 0, and a neighborhood U 3 x,
s.t. ∀y ∈ U, Vy : Ey → Ey has no nonzero eigenvalues in the disk B(0, ε) = {z ∈ C : |z| ≤ ε}. Let

P kerV =
1

2πi

∫
∂B(0,ε)

dλ

λ− V

then P kerV : E → E is a smooth projection onto kerV . We have the direct sum:

E = P kerV (E)⊕ (1− P kerV )(E) = kerV ⊕ (kerV )⊥ = kerV ⊕ imV

Since kerV =kerV+ ⊕ kerV−, and dimkerV−=dim(imV+)⊥=dimE−− (dimE+− dimkerV+),

dimkerV+ + dimkerV− = dimkerV, dimkerV+ − dimkerV = dimE+ − dimE−

So dimkerV+, dimkerV− is locally constant, by the proposition kerV± is subbundles of E±.
Let gkerV be the metric on kerV induced by gE , and ∇kerV = P kerV∇E be the induced connection
on kerV by orthogonal projection, then

∇kerV = P kerV (∇E+ ⊕∇E−) = P kerV+∇E+ ⊕ P kerV−∇E− = ∇kerV+ ⊕∇kerV−

Proposition 1.4.7. ch(E) = ch(kerV ) in H∗(M), where ch(E) = ch(E+) − ch(E−),
ch(kerV ) = ch(kerV+)− ch(kerV−).

Proof. We have an exact sequence of vector bundles:

0 −→ kerV+ −→ E+
V+−→ E− −→ kerV− −→ 0

‖ ‖
kerV+⊕(kerV+)⊥

V+−→ (kerV−)⊥⊕kerV−

since we can take any connection to compute ch(E), we let

∇E+ = ∇kerV+ ⊕∇(kerV+)⊥ , ∇E− = ∇(kerV−)⊥ ⊕∇kerV−

where ∇(kerV+)⊥ = V ∗+∇(kerV−)⊥ , then

ch(E) = ch(E+)− ch(E−) = [ch(∇E+)]− [ch(∇E−)]

= [ch(∇kerV+)]− [ch(∇kerV−)]

Theorem 1.4.1. When t→ +∞, we have asymptotic formula:

ch(At) = ch(∇kerV ) +O(
1√
t
)

uniformly on compact sets.

Proof. We first compute ∇kerV,2. Consider the orthogonal splitting E = kerV ⊕ (kerV )⊥, ∇E =

∇split +A, where ∇split = ∇kerV ⊕∇(kerV )⊥ . In blocked matrix with respect to the new splitting,
because ∇E is unitary,

∇E =

(
∇kerV 0

0 ∇(kerV )⊥

)
+

(
0 −B∗
B 0

)
Because ∀s ∈ Γ(kerV ), X ∈ TM ,

(∇EXV )s = ∇EX(V s)− V (∇EXs) = −V (∇EXs) ∈ imV

9



∇EV is a 1-form with value in End(E), which maps kerV into (kerV )⊥ = imV , and

P (kerV )⊥∇EXs = −V −1(∇EXV )s, where V : (kerV )⊥ → imV = (kerV )⊥ is an isomorphism.
So

B(X) = P (kerV )⊥∇EX · P kerV = −V −1(∇EXV )P kerV , B(X)∗ = −P kerV · ∇EXV · V −1

or in our sign rule

B = V −1 · (∇EV ) · P kerV , B∗ = −P kerV∇EV · V −1

so

A
4
=

(
0 −B∗
B 0

)
=

(
0 P kerV∇EV · V −1

V −1∇EV 0

)
∇E,2 = ∇split,2 +∇splitA+A2, since ∇splitA interchanges kerV and (kerV )⊥,

∇kerV,2 = P kerV∇E,2P kerV − P kerVA2P kerV

= P kerV (∇E,2 −∇EV · V −2 · ∇EV )P kerV

we next take the limit. A2
t = tV 2 +

√
t∇EV + ∇E,2 ∈ Γ(Beven),

√
t∇EV + ∇E,2 is nilpotent in

B because they contain Grassmannian variables. So the spectrum of A2
t in B is the same as tV 2.

Since tV 2 is positive, Sp(A2
t ) = Sp(tV 2) ⊂ R+. We choose a contour C as in the figure and use

the Cauchy integral formula:

exp(−A2
t ) =

1

2πi

∫
C

exp(−λ)dλ

λ−A2
t

-

6

-

�
?−1 q

0
qiq
iq

C

We can compute (λ−A2
t )
−1 by the following

Lemma 1. M =

(
A B
C D

)
is a blocked matrix, then

(λI −M)−1 =

(
α αB(λ−D)−1

(λ−D)−1Cα (λ−D)−1(1 + CαB(λ−D)−1)

)
where

α = (λ−A−B(λ−D)−1C)−1

the proof is just computation.

A2
t =

(
0 0
0 tV 2

)
+
√
t

(
0 P kerV∇EV P (kerV )⊥

P (kerV )⊥∇EV P kerV P (kerV )⊥∇EV P (kerV )⊥

)
+(

P kerV∇E,2P kerV P kerV∇E,2P (kerV )⊥

P (kerV )⊥∇E,2P kerV P (kerV )⊥∇E,2P (kerV )⊥

)

=

(
P kerV∇E,2P kerV

√
tP kerV∇EV P (kerV )⊥ +O(1)√

tP (kerV )⊥∇EV P kerV +O(1) tV 2 +O(
√
t)

)
Using the lemma, we have

αt = [λ− P kerV∇E,2P kerV − (
√
tP kerV∇EV P (kerV )⊥ +O(1))(λ− tV 2 −O(

√
t))−1

(
√
tP (kerV )⊥∇EV P kerV +O(1))]−1

= (λ− P kerV (∇E,2 −∇EV V −2∇EV )P kerV )−1 +O(
1√
t
)

= (λ−∇kerV,2)−1 +O(
1√
t
)
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and estimates for other blocks:

α B (λ−D)−1 = O( 1√
t
), (λ−D)−1 (1 + C α B (λ−D)−1 ) = O( 1

t )

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
1
√
t t−1 t−1

√
t 1

√
t t−1

(λ−D)−1Cα = O( 1√
t
)

So (λ−A2
t )
−1 =

(
(λ−∇kerV,2)−1 0

0 0

)
+O( 1√

t
), and

exp(−A2
t ) =

1

2πi

∫
C

exp(−λ)

λ−A2
t

dλ =
1

2πi

∫
C

exp(−λ)

λ−∇kerV,2
P kerV +O(

1√
t
)

ch(At) = ch(∇kerV ) +O(
1√
t
)

as t→ +∞, uniformly on compact sets of M.

Proposition 1.4.8.

Trs(
√
tV exp(−A2

t )) = O(
1

t
), as t→ +∞

Proof. Consider the projection π : M×(0,∞)→M , ∇E = ∇E+da ∂
∂a is a connection on E = π∗E.

Let At = ∇E +
√
taV be a superconnection.

A2
t = ∇E,2 + ta2V 2 +

√
ta∇EV + da

√
tV

So
Trs(exp(−A2

t )) = Trs(exp(−At(a)2))− daTrs(
√
tV exp(−At(a)2))

where At(a) = ∇E +
√
taV .

Note ker(aV ) = π∗kerV , by the above theorem, Trs(exp(−At(a)2))=Trs(exp(−∇kerV,2))+O( 1√
t
),

as t→ +∞, so

Trs(exp(−A2
t )) = Trs(exp(−∇kerV,2))− daTrs(

√
tV exp(−At(a)2)) +O(

1√
t
)

On the other hand, by the theorem again,

Trs(exp(−A2
t )) = Trs(exp(−∇ker(aV ),2)) +O(

1√
t
) = Trs(exp(−∇kerV,2)) +O(

1√
t
)

We used the fact: ∇ker(aV ) = π∗∇kerV + da ∂
∂a , and so ∇ker(aV ),2 = π∗∇kerV,2. Comparing the

above two equation, and note that At(1) = At, we see that

Trs(
√
tV exp(−A2

t )) = O(
1√
t
)

By the above proposition, we have

∂

∂t
Trs exp(−A2

t ) = −dTrs(
V

2
√
t

exp(−A2
t )) =

{
O( 1

t
3
2

) as t→ +∞
O( 1√

t
) as t→ 0

So we can integrate it from 0 to +∞.

Definition 1.4.1. β = 1√
2πi

∫ +∞
0

ϕTrs(
V

2
√
t

exp(−A2
t ))dt
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Theorem 1.4.2. β is an odd real form and

dβ = ch(∇E)− ch(∇kerV )

Proof. By the Remark following proposition 1.4.5, β is an odd real form. By theorem 1.4.1 and
proposition 1.4.4

Trs(exp(−∇kerV,2))− Trs(exp(−∇E,2)) =

∫ ∞
0

∂

∂t
Trs(exp(−A2

t ))dt

= −d
∫ ∞

0

Trs(
V

2
√
t

exp(−A2
t ))dt

Since ϕ ◦ d = 1√
2iπ
d ◦ ϕ,

ϕTrs(exp(−∇E,2)− ϕTrs(exp(−∇kerV,2)) =
1√
2iπ

d

∫ ∞
0

ϕTrs(
V

2
√
t

exp(−A2
t ))dt

i.e. ch(∇E)− ch(∇kerV ) = dβ.

We will show β is a Chern-Simon class. First we generalize the definition.

Theorem 1.4.3. Given an exact sequence of vector bundles:

E : 0 −→ E1
v1−→ E2

v2−→ · · · vn−1−→ En −→ 0

and connections ∇E = {∇Ei} on E = {Ei, vi}, there is a unique way to associate a class c̃h(∇E)
in Ωodd(M)/dΩeven, which satisfies 3 properties:

1. dc̃h(E) = ch(∇E1)− ch(∇E2) + . . .+ (−1)n−1ch(∇En) =: ch(∇E)

2. If the sequence (E,∇E) splits, c̃h(∇E) = 0. “(E,∇E) splits” means:

E : 0 −→ E1
v1−→ E′2 ⊕ E′′2

v2−→ · · · vn−1−→ En −→ 0

and ∇Ei = ∇E′i ⊕∇E′′i , ∇E′′i = v∗i∇E
′
i+1 , where E′i = imvi−1 = kervi, E

′′
i
∼= Ei/E

′
i.

3. c̃h(∇E) is functorial.

Proof. Fix a splitting: Ei = E′i ⊕ E′′i , ∇Ei,split = ∇E′i ⊕∇E′′i , ∇E′′i = v∗i∇E
′
i+1 . Let

α(∇E) =

n∑
i=1

(−1)i−1c̃h(∇Ei,split,∇Ei)

where c̃h(∇E ,∇′E) is the Chern-Simon class defined before(see propositin 1.4.2). We’ll show α(∇E)
satisfies the 3 properties.

1. Since
∑n
i=1(−1)i−1ch(∇Ei,split) = 0,

dα(∇E) =

n∑
i=1

(−1)i−1dc̃h(∇Ei,split,∇Ei) =

n∑
i=1

(−1)i−1(ch(∇Ei)− ch(∇Ei,split))

=

n∑
i=1

(−1)i−1ch(∇Ei) = ch(∇E)

2. First consider another splitting of the kind: Ei = E′i⊕̃Ẽ′′i , ∇Ei =∇E′i⊕̃∇Ẽ′′i , ∇Ẽ′′i = v∗i∇E
′
i ,

i.e. the bundles have a new splitting Ei = E′i⊕̃E′′i , but we use the fixed ∇E′i . They together

determine the new splitting connections ∇Ei = ∇E′i⊕̃∇Ẽ′′i .
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Claim 1. c̃h(∇Ei,split,∇Ei) = 0.

proof of the Claim. Let P̃E
′
i and P̃ Ẽ

′′
i be the projection w.r.t this new splitting, we have

isomorphisms

(E′′i ,∇E
′′
i ) -
P̃ Ẽ

′′
i |E′′i : E′′i

∼=→ Ẽ′′i
�

PE
′′
i |Ẽ′′i : Ẽ′′i

∼=→ E′′i

(Ẽ′′i ,∇Ẽ
′′
i )

So ∇Ei = ∇E′i⊕̃(PE
′′
i )∗(∇E′′i ). ∀s ∈ E, s = u + v = ũ + ṽ is decompositions w.r.t the two

splittings, we calculate

PE
′
i(∇E

′
i⊕̃(PE

′′
i )∗(∇E

′′
i ))PE

′
is = PE

′
i∇E

′
i P̃E

′
iPE

′
is+ PE

′
i(PE

′′
i )−1∇E

′′
i PE

′′
i P̃ Ẽ

′′
i PE

′
is

= ∇E
′
iPE

′
is

PE
′′
i (∇E

′
i⊕̃(PE

′′
i )∗(∇E

′′
i ))PE

′′
i s = PE

′′
i ∇E

′
i P̃E

′
iPE

′′
i s+ PE

′′
i ((PE

′′
i )−1∇E

′′
i PE

′′
i )P̃ Ẽ

′′
i PE

′′
i s

= ∇E
′′
i PE

′′
i s

PE
′′
i (∇E

′
i⊕̃(PE

′′
i )∗(∇E

′′
i ))PE

′
is = PE

′′
i ∇E

′
i P̃E

′
iPE

′
is+ PE

′′
i (PE

′′
i )−1∇E

′′
i PE

′′
i P̃ Ẽ

′′
i PE

′
is = 0

PE
′
i(∇E

′
i⊕̃(PE

′′
i )∗(∇E

′′
i ))PE

′′
i s = PE

′
i∇E

′
i P̃E

′
iPE

′′
i s+ PE

′
i(PE

′′
i )−1∇E

′′
i PE

′′
i P̃ Ẽ

′′
i PE

′′
i s

= ∇E
′
i P̃E

′
iPE

′′
i s =: B

In the above calculation, we use some identities, like

P̃E
′
iPE

′
i = PE

′
i , P̃E

′′
i PE

′
i = 0, P̃ Ẽ

′′
i PE

′′
i = PE

′′
i , PE

′
i(PE

′′
i )−1 = PE

′
i P̃ Ẽ

′′
i = 0

So with respect to the initial splitting Ei = E′i ⊕ E′′i , we have

∇Ei =

(
∇E′i 0

0 ∇E′′i

)
+

(
0 B
0 0

)
:= ∇Ei,split +D

Let ∇Eit = ∇Ei,split + tD be a curve connecting ∇Ei,split and ∇Ei . It’s easy to see that

ch(∇Eit ) ≡ ch(∇Ei,split)

So c̃h(∇Ei,split,∇Ei) = 0.

Now we consider the general splitting Ei = E′i⊕̃Ẽ′′i , ∇̃Ei = ∇̃E′i⊕̃∇̃Ẽ′′i , ∇̃Ẽ′′i = v∗i ∇̃E
′
i+1 .

From the definition, we can see that

c̃h(∇Ei,split, ∇̃Ei) = c̃h(∇Ei,split,∇Ei) + c̃h(∇Ei , ∇̃Ei)

By the above construction, we have

c̃h(∇Ei , ∇̃Ei) = c̃h(∇E
′
i⊕̃∇Ẽ

′′
i , ∇̃E

′
i⊕̃∇̃Ẽ

′′
i )

= c̃h(∇E
′
i , ∇̃E

′
i) + c̃h(v∗i∇E

′
i+1 , v∗i ∇̃E

′
i+1)

= c̃h(∇E
′
i , ∇̃E

′
i) + c̃h(∇E

′
i+1 , ∇̃E

′
i+1)
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Using the Claim,

α(∇̃E) =

n∑
i=1

(−1)i−1c̃h(∇Ei,split, ∇̃Ei)

=

n∑
i=1

(−1)i−1(c̃h(∇Ei,split,∇Ei) + c̃h(∇Ei , ∇̃Ei))

=

n∑
i=1

(−1)i−1c̃h(∇Ei , ∇̃Ei)

=

n∑
i=1

(−1)i−1(c̃h(∇E
′
i , ∇̃E

′
i) + c̃h(∇E

′
i+1 , ∇̃E

′
i+1))

= 0

3. By the functoriality of c̃h(∇E ,∇′E), this is clear.

So we have the existence. We prove the uniqueness. The proof is same as the proof of proposition
1.4.2.
Assume α(∇E) is any class satisfying the 3 properties. Let ∇Et be any path connecting ∇E,split =
{∇Ei,split} and ∇E = {∇Ei}. Let ∇E = ∇Et + dt ∂∂t , then ∇E|t=0 = ∇E,split, ∇E|t=1 = ∇E , so∫

[0,1]

ch(∇E) =

∫
[0,1]

dα(∇E)

= −d
∫

[0,1]

α(∇E) + α(∇E)|t=1 − α(∇E)|t=0

= −d
∫

[0,1]

α(∇E) + α(∇E)

Note that
∫

[0,1]
ch(∇E) is what we’ve constructed.

We can now show β = 1√
2iπ

∫∞
0
ϕTrs(

V
2
√
t

exp(−A2
t ))dt is a Chern-Simon class.

Theorem 1.4.4. We have an exact sequence of vector bundles

0 −→ kerV+ −→ E+
V+−→ E− −→ cokerV+

∼= kerV− −→ 0

and corresponding connections ∇kerV+ , ∇E+ , ∇E− , ∇kerV− .

β = −c̃h in Ωodd/dΩeven.

Proof. By proposition 1.4.2, β is a real odd form, and

dβ = ch(∇E)− ch(∇kerV ) = −(ch(∇kerV+)− ch(∇E+) + ch(∇E−)− ch(∇kerV−))

The functorial property is easy. We need to prove β satisfies the 2nd property. If the sequence
splits, we assume:

∇E+ = ∇kerV+ ⊕∇(kerV+)⊥ , ∇E− = ∇kerV− ⊕∇(kerV−)⊥ , ∇(kerV+)⊥ = V ∗+∇(kerV−)⊥

Under the splitting E = E+ ⊕ E− = kerV+ ⊕ (kerV+)⊥ ⊕ kerV− ⊕ (kerV−)⊥, we have

∇E =


(
∇kerV+ 0

0 ∇(kerV+)⊥

)
0

0

(
∇kerV− 0

0 ∇(kerV−)⊥

)
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V =

 0

(
0 0
0 V−

)
(

0 0
0 V+

)
0

 , ∇EV =

 0

(
0 0
0 ∇EV−

)
(

0 0
0 ∇EV+

)
0

 = 0

A2
t = ∇E,2 +

√
t∇EV + tV 2

=


(
∇kerV+,2 0

0 ∇(kerV+)⊥,2+tV−V+

)
0

0

(
∇kerV−,2 0

0 ∇(kerV−)⊥,2+tV+V−

)


So Trs(V exp(−A2
t )) = Trs

(
0 ∗
∗ 0

)
= 0, so β = 0.

So β is indeed the Chern-Simon class of the sequence.
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Chapter 2

Atiyah-Singer Family Index
Theorem

2.1 Family Index Theorem

X −→ M
π−→ S is a fibration with compact fibre X of dim 2l. TX (subbundle of TM) is

even dimensional, orientable and spin. This is a global condition over M . gTX is a metric on
TX. E is a complex vector bundle on M with Hermitian metric gE and unitary connection ∇E .
STX = STX+ ⊕ STX− is spinor bundle of TX, rank(STX) = 2

dimX
2 = 2l. ∀s ∈ S, DX

s is the
Dirac operator along the fibre Xs with twisting bundle E|Xs , which acts on Γ(Xs, S

TX ⊗ E|Xx).

DX
s =

(
0 DX

−,s
DX

+,s 0

)
is self-adjoint, it’s Fredholm. Ind(DX

+,s)=dimkerDX
+,s−dimkerDX

−,s ∈ Z

does not depend on s by the homotopy invariance of the index. By Atiyah-Singer index theorem,

IndDX
+,s =

∫
Xs

Â(TX)ch(E)

The idea of family index is to see IndDX
+ as “vector bundle” on S, s.t. “rank”(IndDX

+ )=classical
index.
Suppose that kerDX

+ and kerDX
− have constant dimensions, then one can prove easily that kerDX

±,s
are the fibres of smooth vector bundles. Let V(M) denote the class of vector bundles on M , then
we have

V(M) −→ V(S)

E 7→ kerDX
− 	 kerDX

−

One of the purposes of topological K-theory is to make sense such a 	 sign, the idea is analogous
to the idea of extending natural numbers N to integers Z. But for vector bundles we must consider
stable equivalent relations rather than equality.

Definition 2.1.1. E,E′ ∈ V(M), E
s∼ E′ ⇔ ∃F ∈ V(M), s.t.E ⊕ F ∼= E′ ⊕ F . E and E′ are

called stable equivalent. Let W(M) = V(M)/
s∼. Define a equivalent relation on V(M)× V(M):

(E,E′) ∼ (F, F ′)⇔ E ⊕ F ′ = E′ ⊕ F inW(M)⇔ ∃H ∈ V(M), s.t.E ⊕ F ′ ⊕H = E′ ⊕ F ⊕H

The K-group of M is defined to be K(M) = {(E,E′) : E,E′ ∈ V(M)}/ ∼.

Remark 6. There are several equivalent definitions of K(M). See ref.

If E
s∼ E′, then ch(E) = ch(E′). It’s clear the map ch : V(M) −→ H∗(M) induces

ch : K(M) −→ H∗(M)
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Assume again that kerDX
± are smooth vector bundles, (it’s sufficient to assume constant dimen-

sions) then
Ind(DX

+ ) = kerDX
+ − kerDX

− ∈ K(S)

If the assumption is not verified, we can add a finite dimensional space, and find a surjective
homomorphism D̃+ : STX+ ⊕ Cn → STX− , for which the assumption is verified, then

Ind(DX
+ ) = Ind(D̃+)− Cn ∈ K(S)

Theorem 2.1.1 (Family Index Theorem).

ch(Ind(DX
+ )) = π∗[Â(TX)ch(E)]

in Heven(S,Q), i.e. the diagram commutes:

K(M)
Ind(DX+ )
−−−−−−→

π!

K(S)

ch

y ych
Heven(M,Q)

π∗[Â(TX)· ]−−−−−−−−→ Heven(S,Q)

Example 2.1.1. If S is a single point, V(S) =vector spaces, K(S) = Z, ch(E	F ) = dimE−dimF .
We get the index theorem

Ind(DX
+ ) =

∫
X

Â(TX)ch(E)

2.2 Consequences of the Family Index Theorem

Assume S is even dimensional, compact and spin and we have a given horizontal space THM
which is a subbundle of TM . So THM ∼= π∗TS, TM = THM ⊕ TX ∼= π∗TS ⊕ TX. Let
gTM = gTX ⊕ π∗gTS . Then TM is spin, and STM = STX⊗̂π∗STS . Since Â is multiplicative, we
have Â(TM) = Â(TX)π∗Â(TS). So

Ind(DM,E
+ ) =

∫
M

Â(TM)ch(E) =

∫
M

π∗(Â(TS))Â(TX)ch(E)

=

∫
S

Â(TS)π∗[Â(TX)ch(E)]
F.I.T

=

∫
S

Â(TS)ch(IndDX
+ )

= Ind(D
S,IndDX+
+ ) (2.1)

Claim 2. (2.1) is equivalent to family index theorem:

Proof. Let F be a vector bundle on S, (2.1) is valid when E  E⊗π∗F . By the same computation
of (2.1)

Ind(DM,E⊗π∗F
+ ) =

∫
S

Â(TS)ch(F )π∗[Â(TX)ch(E)]

Note that Ind(DX,E⊗π∗F
+ ) = F ⊗ Ind(DX,E

+ ), so by A-S index theorem,

IndD
S,Ind(DX,E⊗π

∗F
+ )

+ =

∫
S

Â(TS)ch(F )ch(IndDX,E
+ )

Since ch(F ) generate the full Heven(S,Q) as F varies, compare the above two equation, we have

Â(TS)π∗[Â(TX)ch(E)] = Â(TS)ch(IndDX,E
+ )

Since Â = 1 + · · · is invertible in Heven(S,Q), so

π∗[Â(TX)ch(E)] = ch(IndDX,E
+ )

Remark 7. Atiyah-Singer proved the family index theorem by proving (2.1).
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2.3 Adiabatic Limit

From now on, we assume gε = gTMε = gTX ⊕ 1
επ
∗gTS , then THM = (TX)⊥ ∼= π∗TS, and

π : M → S is a Riemannian submersion. Let ∇TM,ε denote the Levi-Civita connection of gTMε ,
∇TM,L = ∇TM,1 denote the Levi-Civita connection of gTM = gTX ⊕ π∗gTS = gTM1 .

We want to calculate the Dirac operator DM
ε using the metric gTMε .

Theorem 2.3.1. As ε→ 0, ∇TM,ε =

(
∇TX ∗

0 π∗∇TS
)

+O(ε) =: ∇TM,0 +O(ε).

Proof. ∀U ∈ TS, UH denotes the lift of U to THM . If U is a smooth vector field on S, then UH

is a smooth vector field on M . Let ϕt, ψt be one-parameter transformation group generated by U
and UH , then ϕt ◦ π = π ◦ ψt, and ψt : Xs → Xϕt(s) is a diffeomorphism. So if V is a smooth
section of TX, then [UH , V ] ∈ TX.
By properties of connection, we can assume X is either vertical or X = UH ∈ THM in the following
proof. We have defining equation of the Levi-Civita connection:

2〈∇XY,Z〉 = X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉+ 〈Z, [X,Y ]〉 − 〈Y, [X,Z]〉 − 〈X, [Y, Z]〉 (2.2)

Using this formula, we calculate all possible cases:

1. Y, Z are vertical, X is vertical

〈∇TM,ε
X Y, Z〉gTX = 〈∇TXX Y,Z〉gTX

2. Y, Z are vertical, X = UH is horizontal

2〈∇TM,ε
UH

Y,Z〉gTX = UH〈Y,Z〉gTX + 〈Z, [UH , Y ]〉gTX − 〈Y, [UH , Z]〉gTX
= 2〈[UH , Y ], Z〉+ (LUHg

TX)(Y,Z)

= 2〈[UH , Y ], Z〉+ 〈(gTX)−1LUHg
TX(Y ), Z〉

So PTX∇TM,ε
UH

Y = [UH , Y ] + 1
2 ((gTX)−1LUHg

TX)Y .

3. Y = V H is horizontal, Z is vertical, X is vertical

2〈∇TM,ε
X V H , Z〉gTX = V H〈X,Z〉gTX−〈[V H , X], Z〉gTX−〈X, [V H , Z]〉gTX = (LV Hg

TX)(X,Z)

So PTX∇TM,ε
X V H = 1

2 (gTX)−1(LV Hg
TX)(X).

4. Y = V H is horizontal, Z is vertical, X = UH is horizontal

2〈∇TM,ε
UH

V H , Z〉gTX = 〈PTX [UH , V H ], Z〉gTX

So PTX∇UHV H = 1
2P

TX [UH , V H ].

5. Y is vertical, Z = WH is horizontal, X is vertical

2〈∇TM,ε
X Y,WH〉π∗gTS = −ε(LWHgTX)(X,Y )

So PT
HM∇TM,ε

X Y = O(ε).

6. Y is vertical, Z = WH is horizontal, X = UH is horizontal

2〈∇TM,ε
UH

Y,WH〉π∗gTS = −ε〈Y, PTX [UH ,WH ]〉gTX

So PT
HM∇TM,ε

UH
Y = O(ε)
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7. Y = V H , Z = WH are horizontal, X is vertical

2〈∇TM,ε
X V H ,WH〉π∗gTS = −ε〈X,PTX [V H ,WH ]〉gTX

So PT
HM∇TM,ε

X V H = O(ε).

8. Y = V H , Z = WH are horizontal, X = UH is horizontal

〈∇TM,ε
UH

V H ,WH〉π∗gTS = 〈∇TSU V,W 〉gTS

So PT
HM∇TM,ε

UH
V H = (∇TSU V )H .

Write in matrix,

∇TM,ε =

(
PTX∇TM,εPTX PTX∇TM,εPT

HM

PT
HM∇TM,εPTX PT

HM∇TM,εPT
HM

)
=

(
∇TX ∗
O(ε) π∗∇TS +O(ε)

)

where ∗ = PTX∇TM,εPT
HM is determined by above calculations in cases 3 and 4. The theorem

is proved.

From above calculations in cases 1 and 2, we see that

Theorem 2.3.2. The connection ∇TX = PTX∇TM,εPTX is characterized by the following two
properties:

1. ∇TX restricts to the Levi-Civita connection of (X, gTX) along the fibre X.

2. ∀U ∈ TS, Y ∈ TX, ∇TXUHY = [UH , Y ] + 1
2 ((gTX)−1LUHg

TX)Y .

Remark 8. ∇TX preserves the metric gTX . In general, if ∇E is any connection on an Hermitian
vector bundle E, we can modify it to be metric preserving: ∇′E = ∇E + 1

2 (gE)−1(∇EgE).

X〈s, s′〉 = (∇EXgE)(s, s′) + 〈∇EXs, s′〉+ 〈s,∇EXs′〉

= 〈1
2

(gE)−1(∇EXgE)s, s′〉+ 〈s, 1

2
(gE)−1(∇EXgE)s′〉+ 〈∇EXs, s′〉+ 〈s,∇EXs′〉

= 〈∇′EX s, s′〉+ 〈s,∇′EX s′〉

Let ∇⊕ = ∇TX ⊕ π∗∇TS denote the splitting connection, we write

Sε = ∇TM,ε −∇⊕, S = ∇TM,L −∇⊕

Proposition 2.3.1. Assume ∇TM,L is the Levi-Civita connection of gTM , and ∇ is a metric
preserving connection with torsion T . Let ∇TM,L = ∇+ S, then

2〈S(X)Y,Z〉 = 〈T (X,Z), Y 〉+ 〈T (Y,Z), X〉 − 〈T (X,Y ), Z〉 (2.3)

We first evaluate the torsion T of ∇⊕.

Proposition 2.3.2. 1. T takes value in TX;

2. T vanishes on TX × TX;

3. T (UH , V H) = −PTX [UH , V H ];

4. T (UH , A) = 1
2 (gTX)−1(LUHg

TX)A, U ∈ TS, A ∈ TX.
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The proof is straightforward computation. By above two proposition, we have the properties
of S and Sε:

Proposition 2.3.3. 1. PTXSε = PTXS

2. PT
HMSε = εPT

HMS

3. S(·) maps TX into THM

4. 〈S(UH)V H ,WH〉 = 0, for U, V,W ∈ TS

Proof. 1. by (2.3)

2. by (2.3) and properties 3,4 in proposition 2.3.2

3. because ∇TX = PTX∇TM,LPTX = PTX∇⊕PTX

4. by (2.3)

Remark 9. The proposition also follows from the proof of theorem (2.3.1), and the formula

Sε =

(
0 ∗

O(ε) O(ε)

)
Theorem 2.3.3.

DM
ε = DX +

√
εDH − εc(TH)

4
(2.4)

• DX is the Dirac operator along the fibre: DX =
∑
i c(ei)∇S

TX⊗E
ei , {ei} is a orthonormal

basis of TX.

• TH is the HH component of T : TH(UH , V H) = −PTX [UH , V H ], and

c(TH) =
1

2
〈TH(fHα , f

H
β ), ei〉c(fα)c(fβ)c(ei)

{fα} is a orthonormal basis of TS.

• DH = c(fα)(∇S
TX⊗STS⊗E

fHα
+ k(fα)), k(U)

4
= 1

2div
X(UH) = 1

4Tr[(g
TX)−1LUHg

TX ]

Proof.
DM
ε = c(ei)∇εei + c(fα)∇ε√εfHα (2.5)

∇ε is the induced connection on the spinor bundle STM = STX⊗̂π∗STS by the Levi-Civita con-
nection ∇TM,ε. Note that the Clifford multiplication doesn’t change when rescaling the horizontal
metric. We have ∇TM,ε = ∇TM + Sε, and Lie algebra homomorphism:

so(n) −→ spin(n) ⊂ Cln

A 7→ c(A) =
1

4
〈Aei, ej〉c(ei)c(ej)

so we get

∇ε=∇S
TX

+∇S
TS

+
1

4
〈Sε(·)ei, ej〉gεc(ei)c(ej)+

1

4
〈Sε(·)

√
εfHα ,

√
εfHβ 〉gε+

1

2
〈Sε(·)

√
εfHα , ei〉gεc(fα)c(ei)

(2.6)

∇STX and ∇STS is the connection on spinors induced by ∇TX and ∇TS . By (2.3), proposition
2.3.3, and propostion 2.3.2
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• 〈Sε(·)ei, ej〉gε = 0

• 〈Sε(·)
√
εfHα ,

√
εfHβ 〉gε = ε〈S(·)fHα , fHβ 〉

c(ei) · 1
4 〈S(ei)f

H
α , f

H
β 〉c(fα)c(fβ) = 1

8 〈T (fHα , f
H
β ), ei〉c(fα)c(fβ)c(ei)

〈S(fHγ )fHα , f
H
β ) = 0.

• 〈Sε(·)
√
εfHα , ei〉gε =

√
ε〈S(·)fHα , ei〉

c(fα) · 1
2 〈S(fHα )fHβ , ei〉c(fβ)c(ei) = − 1

4 〈T (fHα , f
H
β ), ei〉c(fα)c(fβ)c(ei)

c(ei) ·
1

2
〈S(ei)f

H
α , ej〉c(fα)c(ej) =

1

4
(〈T (fHα , ej), ei〉 − 〈T (ei, f

H
α ), ej〉)c(ei)c(fα)c(ej)

=
∑
i

1

2
〈T (fHα , ei), ei〉c(fα) +

∑
i6=j

· · ·

=
1

2
〈T (fHα , ei), ei〉c(fα)

〈T (fHα , ei), ei〉 = 〈 12 (gTX)−1(LfHα g
TX)ei, ei〉 = 1

2Tr[(g
TX)−1LfHα g

TX ]

Lemma 2. Let dVX be the volume element along the fibre, then

divX(UH) =
LUHdVX
dVX

=
1

2
Tr[(gTX)−1LUHg

TX ]

proof of the lemma. {ei} is an orthonormal basis of TX, {ei} is the dual basis. We calculate

LUHdVX = LUH (e1 ∧ · · · ∧ en) =
∑
i

e1 ∧ · · · ∧ LUHei ∧ · · · ∧ en

=
∑
i

e1 ∧ · · · ∧ (
∑
j

−〈LUHej , ei〉ej) ∧ · · · ∧ en

= −(
∑
i

〈LUHei, ei〉)dVX

Tr[(gTX)−1LUHg
TX ] = TrgTX (LUHg

TX) =
∑
i

(LUHg
TX)(ei, ei)

=
∑
i

(UH〈ei, ei〉 − 〈LUHei, ei〉 − 〈ei, LUHei〉)

= −2
∑
i

〈LUHei, ei〉

Put the results together, finally we have

DM
ε = c(ei)∇TX⊗Eei +

√
εc(fα)(∇S

TX⊗STS⊗E
fHα

+ k(U))− ε

8
〈T (fHα , f

H
β ), ei〉c(fα)c(fβ)c(ei)

= DX +
√
εDH − εc(TH)

4

2.4 Levi-Civita Superconnection

Definition 2.4.1. ∀s ∈ S, Hs = Γ(Xs, (S
TX ⊗ E)|Xs). Hs = Hs,+ ⊕Hs,−.

H is an infinite dimensional Z2-graded vector bundle with L2 Hermitian metric .
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Definition 2.4.2. ∀U ∈ TS, f is a smooth section of H,

∇HU f = ∇S
TX⊗E

UH
f +

1

2
divX(UH)f =: ∇′HU f + k(U)f

Note that Γ(S,H) = Γ(S,Γ(X,STX ⊗ E|X)) = Γ(M,STX ⊗ E)

Proposition 2.4.1. ∇H is a unitary connection H, whose curvature is a two form on the base
with values in 1st order differential operator along the fibre.

Proof. Let U,UH , ϕt, ψt be the same as in the beginning of proof of theorem (2.3.1). ∀f, f ′ ∈ Γ(H),

U〈f, f ′〉H = U

∫
t

〈f, f ′〉dVX =
d

dt

∫
ϕt(X)

〈f, f ′〉dVϕt(X)

=

∫
X

d

dt
ψ∗t (〈f, f ′〉dVϕt(X)) =

∫
X

(UH〈f, f ′〉+
LUHdVX
dVX

)dVX

=

∫
X

(〈∇UHf, f ′〉+ 〈f,∇UHf ′〉+ divX(UH)〈f, f ′〉)dVX

= 〈∇HU f, f ′〉H + 〈f,∇HU f ′〉

So ∇H is unitary. Since ∇H = ∇′H + k, ∇H,2 = ∇′H,2 + dk. So ∀U, V ∈ Γ(TS),

RH(U, V ) = ∇S
TX⊗E

UH
∇S

TX⊗E
V H

−∇S
TX⊗E

V H
∇S

TX⊗E
UH

−∇S
TX⊗E

[U,V ]H
+ dk(U, V )

= RS
TX

(UH , V H) +RE(UH , V H)−∇S
TX⊗E

PTX [UH ,V H ]
+ dk(U, V )

So RH is a two form on the base S with value in 1st order differential operator along the fibre.

By this proposition and Γ(M,STX⊗̂STS ⊗ E) = Γ(S, STS⊗̂H), we see DH is just the Dirac
operator on S with twisting bundle (H, 〈·, ·〉L2 ,∇H).

Definition 2.4.3. The Levi-Civita superconnection on H is given by

A = DX +∇H − c(TH)

4

c(TH) = 1
2 〈T

H(fHα , f
H
β ), ei〉fαfβc(ei).

Remark 10. Formally, this is obtained by changing Clifford variable c(fα) in DM to Grassman
variable fα. In fact, it’s obtained by Getzler rescaling: in the expression of DM

ε , we substitute:

c(fα) 
fα∧
ε
− εifα

and let ε→ 0, then we get the Levi-Civita superconnection A.

We want to calculate the curvature of A. We use the Lichnerowicz formula for DM
ε :

DM,2
ε = −∆M

ε +
KM
ε

4
+RE (2.7)

where ∆M
ε = (∇εei)

2 + ε(∇εfα)2 is the Bochner Laplacian, ∇ε is given by equation (2.6). KM
ε is the

scalar curvature of gTMε , and

RE =
1

2
c(ei)c(ej)R

E(ei, ej) +

√
ε

2
c(ei)c(fα)RE(ei, f

H
α ) +

ε

2
c(fα)c(fβ)RE(fHα , f

H
β )

The idea is to change Clifford variable c(fα) to fα, note that

• (
√
εc(fα))2 = −ε (fα)2 = fα ∧ fα = 0
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• α 6= β,
√
εc(fα)

√
εc(fβ) = εc(fα)c(fβ) fα ∧ fβ

So if the power of
√
ε > (=) the length of Clifford variables, then the term is killed(survives).

∇TM,ε = ∇TM + Sε, ∇TM,ε,2 = ∇TM,2 +∇TMSε + [Sε, Sε].

Definition 2.4.4.
αt = ϕTrs(exp(−A2

t ))

Theorem 2.4.1. 1. The αt are real, even, closed forms on S.

[αt] = ch(Ind(DX
+ ))

2. As t→ 0, αt = π∗[Â(∇TX)ch(∇E)] +O(
√
t)

3. If dimkerDX
± is locally constant, as t→∞,

αt = ch(∇kerD
X

) +O(
1√
t
)

∇kerDX = P kerD
X∇H .

Remark 11. 1. The theorem implies the family index theorem:

ch(Ind(DX
+ )) = [αt] = π∗[Â(TX)ch(E)]

2. the theorem asserts the following diagram commutes.
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Chapter 3

Determinant Bundle

3.1 Finite Dimensional Case

Let C denote the category of complex line(complex vector space of dim 1) up to canonical isomor-
phism. For example

• C denotes the canonical line. If λ has a canonical nonzero element s ∈ λ, then λ can be
canonically identified with C: a ∈ C 7→ as ∈ λ.

• If λ, µ are complex lines, then canonically λ⊗ µ ∼= µ⊗ λ, a⊗ b 7→ b⊗ a. The operator ⊗ is
commutative, associative and has a neutral element:

– λ⊗ C ∼= λ: s⊗ 1 7→ s.

– λ∗ ⊗ λ ∼= C: choose any s 6= 0 ∈ λ, there is s−1 ∈ λ∗, s.t. 〈s−1, s〉 = 1. s−1 ⊗ s does not
depend on s, so it’s a canonical nonzero element in λ∗ ⊗ λ. We define λ−1 = λ∗.

Definition 3.1.1. E is a finite dimensional complex vector space

detE
4
= ∧maxE

∧maxE means the elements of max degree in ∧∗E.

Remark 12. More correctly, C = {(λ,±)}, V={finite dimensional complex vector space}.

d̂et : V −→ C, d̂etE = (detE, (−1)dimE)

then d̂et(E ⊕ F ) = d̂et E⊗̂d̂et F , where λ⊗̂µ ∼= µ⊗̂λ is given by a⊗̂b 7→ (−1)ελεµb⊗̂a.

Let E : 0→ E0
V−→ E1 → 0, λ = detE

4
= (detE0)−1⊗ detE1. V induces det V : detE0 → detE1,

so det V ∈ λ.
Let E be a Z2-graded vector bundle with Hermitian metric gE = gE+ ⊕ gE− , unitary connection
∇E = ∇E+ ⊕ ∇E− . We have the induced metric gλ and unitary connection ∇λ. Assume V =(

0 V−
V+ 0

)
is self-adjoint and V+ is invertible. Let {ei} be an orthonormal basis of E+

(∇λX(det V+))(e1 ∧ · · · ∧ en) = ∇X(V+(e1) ∧ · · · ∧ (en))− det V+(
∑
i

e1 ∧ · · · ∧ ∇EXei ∧ · · · ∧ en)

=
∑
i

V+(e1) ∧ · · · ∧ (∇E−X (V+(ei))− V+(∇E+

X ei)) ∧ · · · ∧ V+(en)

=
∑
i

V+(e1) ∧ · · · ∧ V+(V −1
+ ∇XV+)(ei) ∧ · · · ∧ V+(en)

= Tr(V −1
+ ∇XV+) · det V+(e1 ∧ · · · ∧ en)
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So in anticommutative sign rule

∇λ(det V+) = −(det V+) · Tr(V −1
+ ∇EV+) (3.1)

Note that

V −1∇EV =

(
0 V −1

+

V −1
− 0

)(
0 ∇EV−

∇EV+ 0

)
=

(
V −1

+ ∇EV+ 0
0 V −1

− ∇EV−

)
So

Tr(V −1
+ ∇EV+) =

1

2
Tr(V −1∇EV ) +

1

2
Trs(V

−1
− ∇EV ) (3.2)

Since (V −1
+ ∇EXV+)∗ = (∇EXV−)·V −1

− , 1
2Tr(V

−1∇EXV ) is real, 1
2Trs(V

−1∇EXV ) is purely imaginary.
Moreover, Tr(V −1∇EV ) is exact: det V ∈ (detE)∗ ⊗ detE ∼= C is a well defined function, so it’s
easy to see

Tr(V −1∇EV ) =
d(det V )

det V
= d log |detV | = 2d log |detV+| (3.3)

Let rλ be the curvature of ∇λ, by formula (3.1),(3.2),(3.3)

rλ = d
∇λdet V+

det V+
= −d Tr(V −1

+ ∇EV+) = −1

2
d Trs(V

−1∇EV ) (3.4)

Lemma 3. c1(detE) = ch(E)(2) = c1(E)

in definition 1.4.1, we defined

β =
1√
2πi

∫ ∞
0

ϕTrs(
V

2
√
t

exp(−A2
t ))dt

where A2
t = ∇E,2 +

√
t∇EV + tV 2.

Note that (−1)n

n! Trs(V (
√
t∇EV + tV 2)n)(1) = (−1)n

(n−1)!

√
tT rs(V∇EV (tV 2)n−1),

Trs(
V

2
√
t

exp(−A2
t ))

(1) = −1

2
Trs(V (∇EV ) exp(−tV 2))

β(1) = − 1

2πi
· 1

2

∫ ∞
0

Trs(V∇EV exp(−tV 2))dt =

√
−1

2π
· 1

2
Trs(V

−1∇EV )

By formula (3.4)

dβ(1) = −
√
−1

2π
rλ = −c1(detE) = −ch(E)(2) (3.5)

3.2 Determinant Bundle

We want to construct the determinant bundle λ of {H = H+ ⊕H−, DX
+ }. If kerDX

± has constant

dimension, λ
4
= (det ker DX

+ )−1 ⊗ (det ker DX
− ). In general cases, ∀a > 0,

Ua
4
= {s ∈ S|a 6∈ Sp(DX,2

s )}

Ua is an open set on S.
⋃
a>0

Ua is an open covering of S.

Definition 3.2.1. On Ua, H<a =
⊕

λ∈Sp(DX,2)
λ<a

(bundle of eigenvalue λ of DX,2).

We use other similar notations, like H(0,a), D(0,a) = DX |H(0,a) , e.t..

Proposition 3.2.1. H<a is a finite dimensional smooth vector bundle on Ua. H<a = H<a
+ ⊕H<a

− .
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Definition 3.2.2. On Ua, λ<a = detH<a = (detH<a
+ )−1 ⊗ detH<a

− . λ<a is a smooth line bundle
on Ua.

The idea is that we can’t define detH = (detH+)−1 ⊗ detH− directly, but we can patch λ<a

together to get a well defined line bundle.

Proposition 3.2.2. ∀s ∈ Ua, λ<as
∼= (det kerDXs

+ )−1 ⊗ (det kerDXs
− ) =: det kerDXs . This is a

canonical isomorphism.

Proof. We have an exact sequence:

0 −→ kerDXs
+ −→ H<a

+

D+−→ H<a
− −→ kerDXs

− −→ 0
‖ ‖

kerDXs
+ ⊕H

(0,a)
+

D+−→ H
(0,a)
− ⊕kerDXs

−

Let σ± 6= 0 ∈ det kerDXs
± , τ 6= 0 ∈ detH(0,a)

+ , define

det kerDX ∼=−→ detH<a

σ−1
+ ⊗ σ− 7→ (σ+ ∧ τ)−1 ⊗ (detDX

+ τ ∧ σ−)

This isomorphism is independent of τ . In fact, detD
(0,a)
+ = τ−1⊗ (detDX

+ τ) is a nonzero canonical

section of detH(0,a). So σ−1
+ ⊗ σ− 7→ (σ−1

+ ⊗ σ−) · (detD(0,a)
+ ) is a canonical isomorphism from

det kerDX to detH<a = (det kerDX)⊗ (detH(0,a)).

∀0 < a < b, a, b 6∈ Sp(DX,2), H<b = H<a ⊕H(a,b), detH<b = detH<a ⊗ detH(a,b). detD
(a,b)
+ is

a canonical nonzero section of detH(a,b), so we have a canonical isomorphism

ϕab : λ<a −→ λ<b

σ 7→ σ ⊗ (detD
(a,b)
+ )

Since D
(a,c)
+ = D

(a,b)
+ ⊕D(b,c)

+ , detD
(a,c)
+ = detD

(a,b)
+ ⊗detD(b,c)

+ ∈ detH(a,b)⊗detH(b,c) = detH(a,c).
So ϕac = ϕbc ◦ ϕab : λ<a → λ<b. We can define the determinant line bundle:

Definition 3.2.3. The determinant line bundle λ is the complex line bundle obtained by pasting
(λ<a, Ua) together via the canonical isomorphisms {ϕab : λ<a → λ<b}

Remark 13. If kerDX
± have constant dimension, then

λ ∼= det kerDX

Proposition 3.2.3. c1(λ) = π∗[Â(TX)ch(E)](2) in H2(S).

Proof. By the family index theorem, ch(IndDX
+ ) = π∗[Â(TX)ch(E)] in H2(S). So c1(λ) =

c1(det kerDX) = c1(det IndDX
+ ) = ch(IndDX

+ )(2) = π∗[Â(TX)ch(E)](2).

We want to construct a metric on λ. First we have a induced metric | · |λ<a on λ<a by the
metric of H. ∀σ ∈ λ<a,

|ϕab (σ)|λ<b = |σ ⊗ (detD
(a,b)
+ )|λ<b = |σ|λ<a |det(D(a,b)

− D
(a,b)
+ )|

1
2

H
(a,b)
+

We want to define ‖ · ‖λ<a = | · |λ<a |detD(a,∞)
+ |, then

‖ϕab (σ)‖λ<b = |ϕab (σ)|λ<b |detD
(b,∞)
+ | = |σ|λ<a |detD(a,b)

+ ||detD(b,∞)
+ | = |σ|λ<a |detD(a,∞)| = ‖σ‖λ<a
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so the metric patch together. We have to make sense the meaning of |detD(a,∞)
+ | in this infinite

dimensional case.
L = DX

−D
X
+ is a second order, elliptic, positive differential operator, we define

ζ(s) = Tr∗(L−s) =
∑

λ∈Sp∗(DX−DX+ )

1

λs
(eigenvalue 0 excluded) (3.6)

We have the result of Seeley:

Proposition 3.2.4. ζ(s) is holomorphic in {s ∈ C|Re s > n
2 }. It extends to a meromorphic

function of s ∈ C with simple poles, which is holomorphic at s = 0.

Proof. Use the Melin transform:

L−s =
1

Γ(s)

∫ ∞
0

ts−1e−tLdt

Tr∗(L−s) =
1

Γ(s)

∫ ∞
0

ts−1Tr∗(e−tL)dt =
1

Γ(s)
(

∫ 1

0

+

∫ ∞
1

)∫ +∞
1

ts−1Tr∗(e−tL)dt is uniformly convergent w.r.t s, so is holomorphic in s ∈ C. When t → 0,
we have asymptotic expansion:

Tr(e−tD
2

) =
A−n2
t
n
2

+ · · ·+A0 +A1t · · ·+O(tk)

So
1

Γ(s)

∫ 1

0

ts−1Tr∗(e−tL)dt =
1

Γ(s)

∫ 1

0

ts−1Tr(e−tL)dt− 1

Γ(s+ 1)
(dimkerL)

is holomorphic when Re s > n
2 .

We also define

ζa(s) = Tr(L−sP (a,+∞)) =
1

Γ(s)

∫ +∞

0

ts−1Tr(e−tLP (a,+∞))dt

and ζ(a,b)(s) = Tr(L−sP (a,b)). Then ∀0 < a < b, ζa(s) = ζ(a,b)(s) + ζb(s). Note that

∂ζ(a,b)

∂s
(0) = − log

∏
λ∈Sp(L)
a<λ<b

λ = − log detL(a,b) = −2 log |detD(a,b)
+ |

So |detD(a,b)
+ | = exp(− 1

2
∂ζ(a,b)

∂s (0)). We define

|detD(a,∞)| = exp(−1

2

∂ζa

∂s
(0)), |det∗D+| = exp(−1

2

∂ζ

∂s
(0))

then
|detD(a,∞)

+ | = |detD(a,b)||detD(b,∞)|, |det∗D+| = |detD(0,a)
+ ||detD(a,+∞)|

Definition 3.2.4. ‖ · ‖λ<a = | · |λ<a |detD(a,∞)
+ | = | · |λ<a exp(− 1

2
∂ζa

∂s (0)).

Theorem 3.2.1. Under the canonical identification of λ with λ<a over Ua, the metric ‖ · ‖λ<a
patch into a smooth metric ‖ · ‖λ on λ.

the next step is to construct a natural unitary connection ∇λ on (λ, ‖ · ‖λ). First we assume
kerDX

± have constant dimensions. In theorem ?? we see that

dη̃ = π∗[Â(∇TX)ch(∇E)]− ch(∇kerD
X

)

so dη̃(1) = π∗[Â(∇TX)ch(∇E)](2) − c1(∇det kerDX ).
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Definition 3.2.5. ∇′λ = ∇det kerDX − 2πiη̃(1).

then
c1(∇′λ) = c1(∇det kerD

X

) + dη̃(1) = π∗[Â(∇TX)ch(∇E)](2)

Since 2πiη̃(1) is purely imaginary, ∇′λ is unitary with respect to | · |λ. Let g, g′ be the metric
associated with ‖ · ‖λ, | · |λ, and θ the connection form of ∇′λ, then

dg = d(
g

g′
g′) = d(

g

g′
) · g′ + g

g′
dg′ = g · d log

g

g′
+
g

g′
(g′θ + g′θ)

= g(d log
g

g′
+ θ + θ)

So if we let

∇′′λ = ∇′λ +
1

2
d log

g

g′
(3.7)

then ∇′′λ is unitary with respect to ‖ · ‖λ.

In general case, we want to patch ∇λ<a together. Let ∇H<a be the orthogonal projection of ∇H
to H<a, which is unitary, then λ<a has an induced connection ∇<a which is unitary w.r.t. | · |λ<a .
∀σ ∈ λ<a

∇λ
<b

(ϕab (σ)) = ∇λ
<b

(σ ⊗ detD(a,b)
+ ) = ∇λ

<a

σ ⊗ (detD
(a,b)
+ ) + σ ⊗ (∇λ

(a,b)

detD
(a,b)
+ )

= (∇λ
<a

σ +
∇λ(a,b)

detD
(a,b)
+

detD
(a,b)
+

σ)⊗ (detD
(a,b)
+ )

From formula (3.1), we know that

∇λ(a,b)

(detD
(a,b)
+ )

detD
(a,b)
+

= −Tr[(D(a,b)
+ )−1∇H

(a,b)

D
(a,b)
+ ]

= −1

2
Tr[(D(a,b))−1∇H

(a,b)

D(a,b)]− 1

2
Trs[(D

(a,b))−1∇H
(a,b)

D(a,b)]

We want to define ∇′λ<a = ∇λ<a − Tr[(D(a,∞)
+ )−1∇H(a,∞)

D
(a,∞)
+ ], then

∇′λ
<b

(ϕab (σ)) = (∇λ
<a

−Tr[(D(a,b)
+ )−1∇H

(a,b)

D
(a,b)
+ ]−Tr[(D(b,∞)

+ )−1∇H
(b,∞)

D
(b,∞)
+ ])σ ⊗ detD(a,b)

+

= (∇λ
<a

σ − Tr[(D(a,∞)
+ )−1∇H

(a,∞)

D
(a,∞)
+ ]σ)⊗ detD(a,b)

+ = ϕab (∇′λ
<a

σ)

So the connection {∇′<a} patch together. First, we introduce

Definition 3.2.6.

γat =

∫ ∞
t

Tr[e−sD
2

∇HD ·D · P (a,∞)]ds = −Tr[e−tD
2

D−1∇HD · P (a,∞)]

δat =

∫ ∞
t

Trs[e
−sD2

∇HD ·D · P (a,∞)]ds = Trs[e
−tD2

D−1∇HD · P (a,∞)]

similarly we can define γ
(a,b)
t and δ

(a,b)
t .

As t→ 0, we have asymptotic expansions:

γat =

∫ 1

t

(Tr[e−sD
2

∇HD ·D · P (a,∞)] +

0∑
−n2

dAj · sj−1)ds

+

∫ ∞
1

Tr[e−sD
2

∇HD ·D · P (a,∞)]ds−
−1∑
−n2

dAj
j

+

−1∑
−n2

dAj
j
tj + dA0 · log t

=

−1∑
−n2

dAj ·
tj

j
+ dA0 · log t+ γa0 +O(t) (3.8)
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δat = δa0 +O(t)

we have γbt = γat + γ
(a,b)
t , δbt = δat + δ

(a,b)
t and

γ
(a,b)
0 = −Tr[D−1∇HD · P (a,b)] = −Tr[(D(a,b))−1∇H

(a,b)

D(a,b)]

δ
(a,b)
0 = Trs[D

−1∇HD · P (a,b)] = Trs[(D
(a,b))−1∇H

(a,b)

D(a,b)]

So
∇λ

(a,b)
(detD

(a,b)
+ )

detD
(a,b)
+

= 1
2 (γ

(a,b)
0 − δ(a,b)

0 ). If we let

∇′λ
<a

= ∇λ
<a

+
1

2
(γa0 − δa0 )

then ∇′λ<a will patch together. But it may not be unitary. By equation (3.7), we compute

d log g
g′ = d(−∂ζ

a

∂s (0)). Recall that

ζa(s) = Tr(L−sP (a,∞)) =
1

2
Tr[(D2)−sP (a,∞)] =

1

2Γ(s)

∫ ∞
0

ts−1Tr[e−tD
2

P (a,∞)]dt

so

dζa(s) = − 1

Γ(s)

∫ ∞
0

tsTr[e−tD
2

∇HD ·D · P (a,∞)]dt

= − 1

Γ(s)

∫ 1

0

ts(Tr[e−tD
2

∇HD ·D · P (a,∞)] +

0∑
−n2

dAj · tj−1)dt

− 1

Γ(s)

∫ ∞
1

tsTr[e−tD
2

∇HD ·D · P (a,∞)]dt+
1

Γ(s)

−1∑
j=−n2

dAj
s+ j

+
dA0

Γ(s+ 1)

Note that Γ(s) has simple pole at s = 0, Res(Γ(s), 0) = 1, and ( 1
Γ(s) )′(0) = 1. By equation (3.8),

we get

d[
∂ζa

∂s
(0)] = −

∫ 1

0

(Tr[e−tD
2

∇HD ·D · P (a,∞)] +

0∑
−n2

dAj · tj−1)dt

−
∫ ∞

1

Tr[e−tD
2

∇HD ·D · P (a,∞)]dt+

−1∑
j=−n2

dAj
j
− Γ′(1)dA0

= −γa0 − Γ′(1)dA0

δa0 is purely imaginary, so ∇′′λ<a = ∇λ<a + 1
2 (γa0 − δa0 ) + 1

2Γ′(1)dA0 is unitary and can be patched
together.
We will see whether it satisfies c1(∇λ) = π∗[Â(∇TX)ch(∇E)](2), we know that as t → 0,
ch(At) = ϕTrs exp(−A2

t ) = π∗[Â(∇TX)ch(∇E)] +O(
√
t). So

[ϕTrs exp(−A2
t )]

(2) = π∗[Â(∇TX)ch(∇E)](2) +O(
√
t) (3.9)

Proposition 3.2.5.

[Trs exp(−A2
t )]

(2) = [Trs exp(−(
√
tDX +∇H)2)](2) (3.10)

Proof. Let Alt =
√
tDX +∇H − lc(TH)

4
√
t

, then

∂

∂l
[Trs exp(−Al,2t )](2) = −dTrs[

∂Alt
∂l

exp(−Al,2t )](1) = dTrs[
c(TH)

4
√
t

exp(−Al,2t )](1) = 0

Since A1
t = At, A

0
t =
√
tDX +∇H , the proposition follows.
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Proposition 3.2.6.

[Trsexp(−(
√
tDX+∇H)2)](2) =[Trsexp(−(

√
tD<a+∇H

<a

)2)](2)+[Trsexp(−(
√
tD(a,∞)+∇H

(a,∞)

)2)](2)

(3.11)

Proof. We use the same transgression trick: Let Ma = ∇H −∇H,split, where

∇H,split = ∇H<a ⊕∇H(a,∞)

, and ∇Hl = ∇H,split + lMa. Then

∂

∂l
[Trs exp(−(

√
tDX +∇Hl )2)](2) = −dTrs[Ma exp(−(

√
tDX +∇Hl )2)](1)

= −dTrs[Ma exp(−tDX,2)]

Clearly Ma interchanges H<a
± and H

(a,∞)
± , while exp(−tDX,2) preserves the splitting

H± = H<a
± ⊕ H(a,∞)

± , so Trs[M
a exp(−tDX,2)] = 0. Since ∇H,split verifies the proposition, so

does ∇H .

Now

∂

∂t
[Trs exp(−(

√
tD(a,∞) +∇H

(a,∞)

)2)](2) = −dTrs[
D(a,∞)

2
√
t

exp(−(
√
tD(a,∞) +∇H

(a,∞)

)2)](1)

=
1

2
dTrs[D

(a,∞)∇H
(a,∞)

D(a,∞) exp(−tD(a,∞),2)]

=
1

2
dTrs[exp(−tD2)∇HD ·D · P (a,∞)]

Since a > 0, as t→ +∞, [Trs exp(−(
√
tD(a,∞) +∇H(a,∞)

)2)](2) decays exponentially. So we have

[Trs exp(−(
√
tD(a,∞) +∇H

(a,∞)

)2)](2) = −1

2
d

∫ ∞
t

Trs[exp(−sD2)∇HD ·D · P (a,∞)]ds

= −1

2
dδat (3.12)

By formula (3.9),(3.10),(3.11),(3.12), we have

[Trs exp(−A2
t )]

(2) = [Trs exp(−(
√
tD<a +∇H

<a

)2)](2) − 1

2
dδat

Let t→ 0, we get

π∗[Â(∇TX)ch(∇E)](2) = c1(∇λ
<a

)− 1

2πi

1

2
dδa0 (3.13)

Now we have ∇′′λ<a = ∇λ<a + 1
2 (γa0 − δa0 ) + 1

2Γ′(1)dA0. Note that γa0 = −d[∂ζ
a

∂s (0)]− Γ′(1)dA0 is
exact, so

c1(∇′′λ
<a

) = c1(∇λ
<a

)− 1

2πi
· 1

2
dδa0 (3.14)

So ∇′′λ<a is the connection we want:

Theorem 3.2.2. Let 1∇λ<a = ∇λ<a + 1
2 (γa0 − δa0 ) + 1

2Γ′(1)dA0, then identifying λ with λ<a over

Ua, the connection 1∇λ<a patch together into a connection 1∇λ on λ, which is unitary w.r.t. the
metric ‖ · ‖, and

c1(1∇λ) = π∗[Â(∇TX)ch(∇E)](2)

30


