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Moment map of torus actions on projective manifolds

X a projective manifold. L→ X an ample holomorphic line bundle.

Kähler metric ω =
√
−1
∑
i,j

ωi j̄dzi ∧ dz̄j > 0 in 2π · c1(L).

T ∼= (S1)r , with Lie algebra NR, acts holomorphically on (X , L)

Hamiltonian action: ω is T -invariant and there exists a moment map:

m : X → N∨R
∼= Rr , ιξω = d〈m, ξ〉 for any ξ ∈ NR.

Atiyah-Guillemin-Sternberg: the image m(X ) is a convex polytope (which
can be recovered by algebraic data using weight decompositions).

Duistermaat-Heckman measure: DHT := m∗(ωn) does not depend on the
Kähler form in the same Kähler class. ⇒ For any smooth function g on Rr ,

Vg :=

∫
X

g(m)ωn =

∫
P

g(x)DHT is independent of ω ∈ [ω].
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Fano manifolds

X Fano: −KX := ∧nTholX is ample, c1(X ) = c1(−KX ) > 0.

Local holomorphic frame: ∂z = ∂z1 ∧ · · · ∧ ∂zn , dz = dz1 ∧ · · · ∧ dzn.

Hermitian metric on −KX ←→ volume form

hϕ = h0e
−ϕ ←→ Ωϕ = |∂z |2hϕ(

√
−1)n

2

dz ∧ dz̄ .

Chern curvature:

Ric(Ωϕ) = Ric(Ω0) +
√
−1∂∂̄ϕ = ω0 +

√
−1∂∂̄ϕ = ωϕ ∈ 2πc1(X ).

Space of Kähler potentials:

H(ω0) =
{
ϕ ∈ C∞(X ); ω0 +

√
−1∂∂̄ϕ > 0

}
.

holomorphic vector field v −→ a canonical Hamiltonian function:

θv (ϕ) = −LvΩϕ

Ωϕ
=⇒ ιvωϕ =

√
−1∂̄θv (ϕ).

If v = 1
2 (−Jξ −

√
−1ξ), θv (ϕ) is real ⇐⇒ ξ is Killing w.r.t. ωϕ.
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g -soliton equations

Moment map of T = (S1)r action with respect to ωϕ:

mϕ : X −→ N∨R , 〈mϕ, ξ〉 = θvξ(ϕ).

vκ = 1
2 (−Jξκ −

√
−1ξκ): κ-th generator of (C∗)r

mϕ = (θκ,0 + vκ(ϕ))rκ=1 : X → Rr .

Let g : P → R > 0 be a smooth function. g -soliton equation:

g(mϕ)(ω0 +
√
−1∂∂̄ϕ)n = e−ϕΩ0

⇐⇒ Ric(ωϕ)− ωϕ =
√
−1∂∂̄ log g(mϕ).

Examples: g = exp(〈x , ξ〉): Käler-Ricci soliton; g = 1: Kähler-Einstein.

g(x) = 1 + 〈x − x̄ , ξ〉: Mabuchi soliton

g = (c + 〈x , ξ〉)−n−2: Ricci-flat Kähler cone metric (Apostolov et al.)
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Futaki invariant and Matsushima type result

Set gϕ := g(mϕ) and fϕ = log gϕ. For any holomorphic vector field v

Futg(v) :=

∫
X

v(− log
ωn
ϕ

Ωϕ
− fϕ)egϕωn

ϕ = −
∫
X

θv (ϕ)gϕω
n
ϕ.

Fact: Futg does not depend on the choice of ω ∈ 2πc1(L).

∃ g -soliton in =⇒ Futg ≡ 0.

There is a generalized Matsushima reductivity result:

Theorem

If (X ,T) admits a g -soliton, then the following group is reductive:

Aut(X ,T) = {σ ∈ Aut(X ); t ◦ σ = σ ◦ t ∀t ∈ T}. (1)

This follows from the identity:

aut(X ,T) ∼=
{
θ ∈ C∞(X ,C)T ; (∆ +∇f )θ = −θ

}
. (2)
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Toric case

X : toric manifold: T ∼= (C∗)n has an open orbit ←→ moment polytope P
X : toric Fano manifold ←→ reflexive polytope P 3 0

P : `ni (x) = 〈x , ni 〉 ≥ −1, i = 1, . . . ,K .

Holomorphic vector field ←→ ζ ∈ Rn

Futg(ζ) =

∫
P

〈x, ζ〉gdx = 0 ↔ g -weighted barycenter = 0.

If g = f (〈x , ξ〉) for a strictly convex f , this determines ξ uniquely.

Examples: f = exp (KR soliton); f = 1
(c+t)d

for any c > 0 and d > 0.

Theorem (Han-L. , a consequence of YTD theorem)

For toric manifolds, there exists a g -soliton iff the g -weighted barycenter=0.

For Kähler-Ricci soliton this was proved by Wang-Zhu (2000).
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Energy functionals and coercivity

g -weighted functionals generalizing the unweighted case:

Eg (ϕ) =
1

Vg

∫ 1

0

dt

∫
X

ϕωn
tϕ, Λg (ϕ) =

1

Vg

∫
X

ϕgϕ0ω
n
0

Ig (ϕ) =

∫
X

ϕ(gϕ0ω
n
ϕ0
− gϕω

n
ϕ), Jg (ϕ) = Λg (ϕ)− Eg (ϕ)

L(ϕ) = − log

(∫
X

e−ϕΩ0

)
, Dg (ϕ) = −Eg (ϕ) + L(ϕ)

Mg (ϕ) =
1

Vg

∫
X

log
gϕω

n
ϕ

Ω0
gϕω

n
ϕ − (Ig − Jg )(ϕ).

Automorphisms: Aut(X ,T) = {σ ∈ Aut(X );σ · t = t · σ, ∀t ∈ R}
T̃: maximal torus of Aut(X ,T); T : maximal compact torus of T̃.

Fg is reduced coercive if ∃γ,C > 0 s.t. ∀T̃ -invariant ϕ ∈ H(ω0)

Fg (ϕ) ≥ γ · inf
σ∈T̃

Jg (σ∗ωϕ)− C .
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Analytic criterion

Theorem (Han-L. , generalize Tian, Tian-Zhu, Phong-Song-Sturm-Weinkove,
Darvas-Rubinstein)

The following are equivalent:

1 (X ,T) admits a g -soliton.

2 Dg is reduced coercive.

3 Mg is reduced coercive.

1→ 2: generalize the argument of Darvas-Rubinstein based on the
convexity and uniqueness:

Theorem (Berndtsson, BBEGZ)

L is convex along geodesic segment in E1
g . It is affine iff the geodesic is

generated by a holomorphic vector field that commutes with T.

2→ 3: Dg ≤Mg .
3→ 2: A duality argument.
2→ 1: Variational argument
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g -Monge-Ampère measure for singular potentials

ϕ ∈ L1(ωn
0 ) is ω0-psh if it is u.s.c. and ψ + ϕ is psh (ω0 =

√
−1∂∂̄ψ).

PSH(ω0) = {ϕ;ϕ is ω0-psh}.

Non-pluripolar product:

(ω0 +
√
−1∂∂̄ϕ)n = lim

j→+∞
(ω0 +

√
−1∂∂̄max{ϕ,−j})n.

g =
∏
κ(xκ + c)dκ such that P + c(1, . . . , 1) ∈ Rr

>0, then∫
X

fgϕ(ω0 +
√
−1∂∂̄ϕ)n =

∫
X [~d ]

(f T )[~d ](
∑
κ

θκ(ϕ)ωFS,κ + ωϕ)n+d .

General g , find polynomials gj → g uniformly and set:∫
X

fgϕω
n
ϕ = lim

j→+∞

∫
X

f (gj)ϕω
n
ϕ.
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Fibration construction

P → B: hol. line bundle with Hermitian metric hP ; P̄ circle bundle.

L→ X : hol. line bundle with C∗-action, S1-invariant Hermitian metric hL

(Y ,F ) = (P∗ × (X , L))/C∗ → B: associated holomorphic fibre bundle.

Induced horizontal distribution and splitting TY = π∗TB
⊕

TX .

Induced Hermitian metric hF on F whose Chern curvature at P̄:

√
−1∂̄∂ log hF = π∗(θv

√
−1∂̄∂ log hP) +

√
−1∂̄∂ log hL.

The right-hand-side is considered as an equivariantly closed form on X .

Example:

(P → B) = (Pd+1 \ Pd
∞ → Pk), P̄ ∼= S2d+1, P∗ = Cd+1 \ {0}.

Curvature: θv (ϕ)ωFS + ωϕ.

S[~d ] = S2d1+1 × · · · × S2dr +1 → P[~d ] = Pd1 × · · · × Pdr .

(X [~d ], L[~d ]) = S[~d ] ×(S1)r (X , L)→ P[~d ].

Curvature:
∑r
κ=1 θκ(ϕ)ωFS,Pdκ + ωϕ.
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E1
g space

Define:

E1 =

{
ϕ ∈ PSH(ω0);

∫
X

|ϕ|ωn
ϕ < +∞

}
, (Guedj-Zeriahi)

E1
g =

{
ϕ ∈ PSH(ω0)T ;

∫
X

|ϕ|gϕωn
ϕ < +∞

}
= (E1)T .

Strong topology: ϕj → ϕ in strong topology iff it converges in L1 and
Eg (ϕj)→ Eg (ϕ) iff

ϕj → ϕ in L1, supϕj → supϕ, Ig (ϕ,ϕj)→ 0.

Theorem (generalized version of Berman-Boucksom-Eyssidieux-Guedj-Zeriahi)

For any constant C > 0, the following subset is compact in strong topology:{
ϕ ∈ E1

g ;

∫
X

log
gϕω

n
ϕ

Ω0
gϕω

n
ϕ < C , supϕ = 0

}
.
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Test configurations

Let X → P = PNm−1 be the T-equivariant Kodaira embedding via |mL|.

σ(s) = exp(sζ), s ∈ [0,+∞): one parameter subgroup of GL(Nm,C).

Limit scheme: [X0] = lims→+∞ σ(s) ◦ [X ] and induced test configuration:

X = {(z , t) ∈ PNm−1 × C; z ∈ σ(− log |t|2) ◦ X}
L = (p∗1OP(1))1/m

.

Path in H(ω0): Φ = {ϕ(s)} with ϕ(s) =
1

m
log
|σ(s) · Z |2

|Z |2
.

For ξ ∈ NR, twist (X ,L)→ (Xξ,Lξ) ←→ σ · exp(sξ).

σ commutes with T =⇒ T× C∗ acts on (X0,L0) and hence on
Vm = H0(X0,mL0) with weight decomposition:

Vm =
⊕
α

Vm,α =
⊕
α∈Zr

⊕
i∈Z

Vm,α(λ
(m,α)
i ).
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Non-Archimedean functionals

ENA
g =

1

Vg
lim

m→+∞

n!

mn

∑
α,i

λ
(m,α)
i

m
g(
α

m
) =

1

Vg

∫
X0

θζgϕω
n
ϕ

ΛNA
g = lim

m→+∞
max
α,i

λ
(m,α)
i

m
= sup
X0

(θζ), θζ =
1

m

∑
α,i λ

(m,α)
i |s(m,α)

i |2∑
α,i |s

(m,α)
i |2

JNA
g = ΛNA

g − ENA
g

LNA = lct (X ,−(KX + L);X0)− 1

= sup {c ; (X ,−KX − L+ (c + 1)X0) is sub-log-canonical}
DNA

g = −ENA
g + LNA.

Theorem (Generalized slope formula, proof uses fibration construction)

For each F ∈ {Eg , Jg ,Dg}, we have the identity:

FNA(X ,L) = lim
s→+∞

F(ϕ(s))

s
.
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Stability (generalization of Tian, Donaldson, . . . )

(X ,T) is reduced uniformly g -Ding stable if there exists γ > 0 such that for
any T̃-equivariant test configuration (X ,L):

DNA
g (X ,L) ≥ γ · JNA

g ,T̃(X ,L)

where
Jg ,T̃(X ,L) = inf

ξ∈ÑR

JNA
g (Xξ,Lξ).

It is g -(Ding)-polystable if DNA(X ,L) ≥ 0 and equality holds iff it is
induced by a holomorphic vector field.

Theorem (Liu-Xu-Zhuang, Blum-Liu-Xu-Zhuang)

(X ,T) is reduced uniformly g -Ding-stable if and only if it is polystable with
respect to T̃.

Generalized Kähler solitons on Fano varieties



MMP and Valuative criterion

Theorem (Generalizing K. Fujita and L. , based on L. -Xu)

(X ,T) is reduced uniformly g -Ding stable if and only if it is so for special test
configurations (the central fibre is a normal Fano variety).

The proof uses Minimal Model Program and the fibration construction.

X div
Q : set of divisorial valuations. v = ordE ∈ X div

Q .

AX (v): log discrepancy of valuation; Sg (v) =
1

Vg

∫ +∞

0

volg (F (t)
v )dt.

Theorem (Han-L. , generalizing Fujita and L. )

(X ,T) is reduced uniformly stable if and only if there exists δ > 1 such that for
any T̃-invariant valuation v ∈ X div

Q , there exists a ξ ∈ ÑR such that
AX (vξ)− δ · Sg (vξ) ≥ 0.

Proved by studying filtration associated to the valuation v = r(ordX0 ).
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Yau-Tian-Donaldson conjecture

Theorem (Han-L. , generalization of Berman-Boucksom-Jonsson, L. )

(X ,T) admits a g -soliton metric if and only if (X ,T) is reduced uniformly
g -Ding stable over special test configurations.

=⇒ Analytic criterion + slope formula

⇐= Proof by contradiction. Suppose that Mg is not reduced coercive.

Take a destabilizing sequence and construct a destabilizing geodesic ray,
based on convexity and compactness

Blow up multiplier ideal sheaf to construct test configurations

Approximate slopes of energy functional by non-Archimedean functionals of
test configurations and get a contradiction.

Problem: Prove partial C 0-estimates for the Bakry-Emery Ricci curvature tensor
Ric(ωϕ) +

√
−1∂∂̄fϕ under appropriate assumptions.
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log Fano case

X : projective normal variety; D: an effective Weil divisor

satisfying: −(KX + D) is Q-Cartier and ample.

(X ,D) has klt singularities if for any v = ordE ∈ X div
Q ,

A(X ,D)(v) = ordD(KX ′/X ) + 1 where E is an ordinary divisor on X ′ → X .

Example 1: Orbifold (X ,D), for any p ∈ X , ∃ a neighborhood U s.t.

U ∼= D/Γ, D =
∑
i

(1− d−1
i )Di

where Γ is a finite group that acts linearly on U and Di is the set of points
with non-trivial stabilizers isomorphic to Zdi .

Example 2: (S ,∆) is log Fano variety, −(KS + ∆) = γL with γ > 0, then
the cone singularity
(X = Spec(

⊕
m H0(S ,mL)),D = Spec(

⊕
m H0(∆,mL))) is klt.

Theorem (Han-L. )

(X ,D,T) admits a g -soliton iff it is reduced uniformly g -Ding stable.
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Perturbation approach (developed by L. -Tian-Wang)

Choose resolution of singularities µ : Y → X with SNC exceptional divisors {Ei}.
There exist βi = A(X ,D)(Ei ) > 0 and a positive perturbation P = µ∗L−

∑
i θiEi :

−KX ′ −
∑
i

(1− βi +
ε

1 + ε
θi )Ei = µ∗(−KX − D)− ε

1 + ε

∑
i

θiEi

−(KX ′ + Bε) = Lε =
1

1 + ε
(µ∗L + εP) > 0.

Idea to overcome the difficulty caused by singularities: carry out the construction
on (X ′,Bε) and let ε→ 0.

Construct a destabilizing geodesic ray.

Use multiplier ideals of perturbed sub-geodesic rays to construct
destabilizing test configurations of (X ′,Bε).

Use valuative criterion to prove the uniform stability of (X ′,Bε).

Prove uniform convergence estimates as ε→ 0 to get contradiction.
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Kähler cone metric

Y = Spec(R): affine variety isolated singularity o ∈ Y .

T̂ ∼= (C∗)r+1-action ⇒ Weight decomposition: R =
∑
α̂∈Zr+1

Rα̂.

T̂ -invariant Radius function: r : Y → R≥0, S = {r = 1}.

Kähler form: ω̂ =
√
−1∂∂̄r2, ω̂(·, J·) = dr2 + r2gS .

Reeb vector field: J(r∂r ) ∈ N̂+
R =

{
ξ ∈ N̂R; 〈α̂, ξ̂〉 > 0

}
(Reeb cone).

Quasi-regular: ξ̂ ∈ N+
Q . 〈vξ̂ ∼= C∗ and Y /〈vξ̂〉 = (X ,D) is an orbifold.

Regular: if 〈vξ〉 acts freely on Y ∗. Y /〈vξ̂〉 is a projective manifold.

Irregular: ξ̂ 6∈ N+
R . 〈vξ〉 ∼= (C∗)d for d > 1 (main interest).

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Ricci-flat Kähler cone (Martelli-Sparks-Yau)

s: no-where vanishing section of |mKY |, T-equivariant: t ◦ s = tαs.

Canonical volume form: dVY =
(√
−1)m(n+1)2

s ∧ s̄
)1/m

.

Ricci-flat Kähler cone equation:

(
√
−1∂∂̄r2)n+1 = dVY ⇐⇒ Ric(ω̂) = 0.

Normalization of Reeb vector fields:

Lr∂rdVY = 2(n + 1)dVY ⇐⇒ Lvξ̂
s = (n + 1)s

Regular example:
X a Fano manifold. hKE: a KE Hermitian metric on −KX .

Then r = h
1

n+1

KE is a radius function of Ricci-flat Kähler cone on
Y = Spec

(⊕
m∈N H0(X ,mL)

)
for any L = γ−1(−KX ) with γ > 0.

For example, X = Pn, L = 1
n+1 (−KX ), Y = Cn+1.

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Sasaki-manifold and Contact form

Sasaki manifold S = {r = 1}. CR structure D = JTRS ∩ TRS

Contact form: η = −Jd log r determined by:

η(ξ̂) = 1, η|D = 0.

Kähler form: ω̂ =
√
−1∂∂̄r2 = d(r2η) = r2dη + 2rdr ∧ η.

ω̂n+1 = 2(n + 1)r2n+1dr ∧ (dη)n ∧ η.

dVS = dV ξ̂
S = ι∂rdVY −→ dVY = r2n+1dr ∧ dVS .

Rewrite the Ricci-flat equation:

(
√
−1∂∂̄r2)n+1 = dVY ⇐⇒ (dη)n ∧ η = dVS .

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Deformation of Reeb vector fields

For ξ̂ ∈ N̂+
R , set Rξ̂ =

{
r = r0e

ϕ/2 is a radius function w.r.t. ξ̂
}
.

Fix a reference χ̂ ∈ N̂+
R and a radius function r0 with respect to χ̂.

ξ̂ ∈ N̂+
R −→ r := r ξ̂0 ∈ R

ξ̂

J(r∂r ) = ξ̂, S = {r = 1} = {r0 = 1}.

Transformation of Reeb vector fields and contact forms:

ξ̂ = η(ξ̂)χ̂+ ξh =⇒


η = η

r ξ̂0
= η0(ξ̂)−1η0

r∂r = η(ξ̂)r0∂r0 + J(ξh).

Ricci-flat equation to g -soliton (Apostolov et al. via Tanaka-Webster):

(dη)n ∧ η = dVS ⇔ η0(ξ̂)−n−1(dη0)n ∧ η0 = η0(ξ̂)dV χ̂
S

⇔ η0(ξ̂)−n−2(dη0)n ∧ η0 = dV χ̂
S .

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Reduce to g -soliton equation on Fano orbifolds

(X ,D) = Y /〈vχ̂〉: Fano orbifold and an orbifold l.b. L→ X satisfying:

−(KX + D) = L.

The no-vanishing section of |KY | and dVY :

s = dz ∧ dw , dVY = (
√
−1)n

2+1dz ∧ dz̄ ∧ dw ∧ dw̄ .

r = r0e
ϕ/2: radius function w.r.t. χ̂ ↔ orbifold metric h = h0e

−ϕ on −KX .

η = (∂ − ∂̄) log h: connection form, Ker(η) is the horizontal distribution.

(dη)n ∧ η = ωn ∧ dψ, dV χ̂
S = ι∂rdVY |S = 2dψ ∧ Ωϕ.

vξ̂ = (n+1)w∂w +vξ̃ = (n+1)w∂w +θvξw∂w +vh
ξ =⇒ η(ξ̂) = 1+

θvξ
n + 1

.

η(ξ̂)−n−2(dη)n ∧ η = dV χ̂
S ⇐⇒ (n + 1 + θvξ)−n−2ωn

ϕ = e−ϕΩ0.

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Stability of affine cones vs. weighted stability

Y: a special test configuration of Y .
(X ,D) := Y0/〈vχ̂〉 a special TC of (X ,D)

Volume of ξ̂ = 1
n+1 χ̂+ ξ ∈ N̂+

R (Y0):

vol(ξ̂) = lim
p→+∞

dimC R/{wtξ̂ ≥ p}
pn+1/(n + 1)!

=

∫
R

−dvol(F (t)
ξ )

(1 + t)n+1

=

∫
X0

ωn

(1 + θvξ)n+1
=

∫
P0

DHT̂ (X0)

(1 + 〈x , ξ〉)n+1
.

As a consequence, with g = (1 + 〈x , ξ〉)−n−2 and Futξ ≡ 0, we have:

DNA(Y) =
1

Vg
Dζvol(ξ̂) =

1

Vg

∫
X0

−θζωn

(1 + θvξ)n+2

= DNA
g (X ,D,L)

Stability of Y (Collins-Székelyhidi) ←→ g -Ding stability of (X ,D)

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Toric case

The YTD theorem for toric g -solitons (Theorem 2) implies

Theorem (Futaki-Ono-Wang)

A toric affine variety with isolated singularity admits a Ricci-flat Kähler cone.

An irregular example: X = BlpP2. Y : cone C (X ,−KX ).

P: the trapezoid; moment cone of Y is the standard cone over P.

Reeb cone: spanned by 〈−1,−1, 1〉, 〈1, 1, 1〉, 〈1, 0, 1〉, 〈0, 1, 1〉.

(normalized) Reeb vector field ξ̂ = (a, b, 1).

vol(ξ̂) = vol
(
C∗ ∩ {〈x , ξ̂〉 ≤ 1}

)
=

∫
P

dx

(ax1 + bx2 + 1)3

obtains the minimum at a = b = 4−
√

13
3 = a∗

⇒ ∃ g -soliton with g = (a∗(x1 + x2) + 1)−3

⇒ ∃ Ricci-flat Kähler cone metric with Reeb vector field given by
3 · (a∗, a∗, 1).

Application to Ricci-flat Kähler cone metric , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Thanks for your attention!
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