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Moment map of torus actions on projective manifolds

@ X a projective manifold. L — X an ample holomorphic line bundle.
Kahler metric w = v—1 Zw,jdz,- ANdZ; > 0in 21 - ci(L).
]
e T = (S')", with Lie algebra t, acts holomorphically on (X, L).

Hamiltonian action: w is T-invariant and there exists a moment map:

m: X -tV =R, ng:d for any £ € t.

@ Atiyah-Guillemin-Sternberg: the image m(X) =: P is a convex polytope

Duistermaat-Heckman measure: m,(w") does not depend on the K&hler
form in the same Kahler class. = For any smooth function g on R”,

Vg = /Xg(m)w" = /@g(x)m*(w") is independent of w € [w].
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Fano manifolds

e X Fano: —Kx := A"Tp X is ample, ¢1(X) = c1(—Kx) > 0.
@ Hermitian metric on —Kx <— volume form

hy =he ™ <+— Q=] ‘4, V-1)" “dz A dz.
Chern curvature: o ";"i»
Ric(9,) = Ric(Q0) + V—100p = (00)+ V=100p = w, [ 2mci(X).
Space of Kihler potentials: e

H(wo) = {@ € Co(X);  wo+ haégo > 0} .

@ holomorphic vector field v — a canonical Hamiltonian function:

V§2 N
0.(p) = 4’% 2l = ]Lv% = ﬁxaev(w)j
IF e = 2(— ) V=TE) )0, () is real <= £ is Killing w.rt. w,.
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g-soliton equations

e Moment map of T = (S)" action with respect to w,:

m,: X — Bt (m,,8 =0, (v)

@ Let g: P — R > 0 be a smooth function.

g-weighted Kahler-Ricci soliton, or jus@ equation for ¢ € H(wp):

g weighte
[M+Faa<p — e |

Ric(wy) — w, = v/—100 log g(m,,).

Jome
ve
Examples: g = exp({x, £)): Kaler-Ricci soliton; g = 1: Kahler-Einstein.

g(x) =1+ (x — X,&): Mabuchi soliton

}g =(c+ <x,§>)_"‘2:\Ricci—ﬂat Kahler cone metric (Apostolov et al.)

—
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Futaki invariant and Matsushima type result

@ Set g, := g(m,). For any holomorphic vector field v

Futg(v) = - /X 0.(¢)g .

Fact: Fut, does not depend on the choice of w, € 2mc;(—Kx).

3 g-soliton in(‘o():> Futg = 0.

@ There is a generalized Matsushima reductivity result:

If (X, T) admits a g-soliton, then the following group is reductive:

@ Aut(X, L,T) = {0 € Aut(X, L);@w €T (1)

\_/
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Energy functionals and coercivity

g-weighted functionals generalizing the unweighted case:
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Analytic criterion

@ Automorphisms: Aut(X,T) = {0 € Aut(X);0-t =t 0,Vt € R}

T: maximal torus of Aut(X,T); T: maximal compact torus of ']NI;

o Fg is reduced coercive if 3y, C > 0 s.t. VT -invariant ¢ € 7‘-l(wo)f

o Fe(p) >~ inf Jg(0*w,) — C. l \/
o€eT

oo

Theorem (Han-L. , generalize Tian, Tian-Zhu, Phong-Song-Sturm-Weinkove,

Berman-Witt-Nystréom, Darvas-Rubinstein, . ..)

The following are equivalent:
Q (X, T) admits a g-soliton.
© D; is reduced coercive.

© M, is reduced coercive.
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g-Monge-Ampere measure for singular potentials

o ¢ € [}(wf) is wo-psh if it is u.s.c. and ¥ + ¢ is psh (wo = /—109Y).
PSH(wo) = {; ¢ is wo-psh}.

Non-pluripolar product:

(wo + V—19dp)" = i Iim (wo + V=109 max{p, —j})".

o g =I[,.(x + )% such that P + c(1 ) € R, then

@ General g, find polynomials g;i — g uniformly and set:

]/ fg@wg: I|m /fgj)ww‘z
X
A

5; = {gp € PSH(wO)T;/ lplgpwy, < +oo} .
X

Finite energy space:
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Fibration construction

@ P — B: hol. line bundle with Hermitian metric hp; P circle bundle.
L — X: hol. line bundle with C*-action, Sl-invariant Hermitian metric h;
(Y,F)=(P* x(X,L))/C* — B: associated holomorphic fibre bundle.

Induced Hermitian metric he on F whose Chern curvature at P:
V=108 log hp = ©*(6,v/—180 log hp) + /=190 log h .

The right-hand-side is considered as an equivariantly closed form on X.

o Example: .
Sldl — g2di+1 o ...y §2d+1 _y pldl — pei o ... 5 P

(X1, Ly — 91 gy, (X, L) — P,

Curvature: Y71 0,.(@)wpg pan + W
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Test configurations

o Let X — P = PN»—1 be the T-equivariant Kodaira embedding via |mL|.

o(s) = exp(s¢), s € [0, +0): one parameter subgroup of GL(N,,, C).

Limit scheme: [Xp] = lims_ 10 o(s) o [X] and induced test configuration:
X = {(z,t) €P" X Ciz € o(—log t2) o X}
£o= (PO

lo(s) - 2P
|Z]?

e For £ e t, twist (X, L) = (X¢, L¢) «— o - exp(s§).

Path in H(wo): ® = {¢(s)} with ¢(s) = % log

@ o commutes with T = T x C* acts on (X, Lo) and hence on
V= HO(Xy, mLy) with weight decomposition:

Vin = @ Vina = B @ Vina A™).
«

«€L" i€EL

Weighted Kahler-Ricci solitons on Fano varieties



Non-Archimedean functionals

NA R T n! )\Em’a) a
o) = B ED = v im e

= / Ocgowy

NA _

N2(X L) = miTmn;a’x p

NA NA NA

IAX.L) = AP —E]

LA X, L) = let(X,—(Ky +L£); &) —1
DX, L) = —Ejf LM

For each F € {E;,Jg, Dz}, we have the identity:

—_——

P, 0) = tim P2

s—+00 S
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G-Stability (after Hisamoto, which generalizes Tian,

Donaldson, Székelyhidi, .. .)

ois reduced uniformly g-weighted Ding-stable if there exists v > 0
stch that for any T-equivariant test configuration (X, £):

]DQA(X,a) > - J?}%(x,@

NA . NA
NA(x. L) = Jg (Xe, Le).

e It is g-weighted (Ding)-polystable if DN (X, £) > 0 and equality holds iff it
is induced by a holomorphic vector field.

where
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Algebraic study of weighted K-stability

Theorem (Han-L. , Generalizing K. Fujita and L. )

(X, T) is reduced uniformly g-Ding stable if and only if it is so for special test
configurations (the central fibre is a normal Fano variety). Moreover there is a
valuative criterion for uniform g-Ding-stability.

EEEE SIS

The proof for the first statement uses the Minimal Model Program first used by
L. -Xu, and the fibration construction.

The last statement is obtained by expressing the non-Archimedean functionals by
using invariants of the valuation v = r(ordy,).

Theorem (Liu-Xu-Zhuang, Blum-Liu-Xu-Zhuang)

(X, T) is reduced uniformly g-Ding-stable if and only if it is(polystable)with
respect to T. ~—
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log Fano case

@ X: projective normal variety; D: an effective Weil divisor
satisfying: —(Kx + D) is Q-Cartier and ample.

(X, D) has kit singularities if for any v = ordg € Xg',
Acx,p)(v) = ordp(Kx:/x) +1 > 0 where E is an ordinary divisor on
X' = X.

@ Example 1: Orbifold (X, D), for any p € X, 3 a neighborhood U s.t.

U=pD/r, D=) (1-d "D

@ Example 2: Regular Fano cone singularities S is Fano variety, —Ks = 7L
with v > 0, then the cone singularity X = C(S, L) = Spec(€D,, H°(S, mL))
is klt.
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YTD conjecture for the log Fano case
pelys kit

Theorem (Han-L. )
(X, D, T admits a g-soliton iff it is reduced uniformly g-Ding stable.

\/
The proof uses an approach based on non-Archimedean approximations, first

proposed by Berman-Boucksom-Jonsson for smooth Fano manifolds with discrete
automorphism groups, extended by Hisamoto and L. to the case of continuous

) _—
automorphism groups.

Idea to overcome the difficulty caused by singularities is based perturbation
approach developed by L. -Tian-Wang. We work on log resolutions, perturb the
semi-positive class and then take limits. This depends crucially on the valuative
criterion, and new uniform Archimedean/non-Archimedean estimates.
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Kahler cone metric

o Y = Spec(R): affine variety isolated singularity o € Y.

T = (C*)"*1-action = Weight decomposition: R = Z Ra.

&aezrt+t
o T-invariant Radius function: r: Y — Rsq, S = {r =1}. ‘

Kahler cone metric{ & = s/7185r2>5&(o, J:) = dr’ + rgs.

—d o a
@ Reeb vector field: J(rd,) =& ettt = {f et (a,¢8) > 0} (Reeb cone).
Quasi-regular: ¢ € 1. (vg) 2 C* and Y/(vg) = (X, D) is an orbifold.
Regular: if (vz) acts freely on Y*. Y/(v;) is a projective manifold.

Irregular: € & T+, (ve) 2 (C*)9 for d > 1 (main interest).

Application to Ricci-flat Kahler cone / Sasaki-Einstein metrics , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Ricci-flat Kahler cone (Martelli-Sparks-Yau)

o Assume Y Q-Gorenstein. s: T-equivariant generating section of |mKy|.
5 1/m
Volume form: dVy = (\/—1)’"("“) sA §)
@ Ricci-flat Kahler cone equation:

2'('\/—7186}2)"+1 =dVy <= Ric(®)= OZ

Normalization of Reeb vector fields:

Lrp,dVy =2(n+1)dVy <= Ly s=(n+1)s

@ Regular example:
X a Fano manifold. hxg: a KE Hermitian metric on — K.
1

Then r = hi™ is a radius function of Ricci-flat Kahler cone on
Y = C(X, L) for any L = ~y7}(—Kx) with v > 0.

For example, X = P", | = n}rl(—Kx), Y = Crti,

Application to Ricci-flat Kahler cone / Sasaki-Einstein metrics , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Sasaki-Einstein manifold

@ Sasaki manifold S = {r = 1}. CR structure ® = JTgS N TS

Contact form: n = —Jd log r determined by:

n(€) =n(J(rd;)) =1, nlo =0.
Kahler form: & = /=100r* = d(r?n) = r?dn + 2rdr A 7.
O™ =2(n+ 1)r*™dr A (dn)" A7

dVs = dVE = 1,dVy —» dViy = " Ldr A dVs.

@ Rewrite the Ricci-flat equation:

J (V=100r))"t = dVy <= ((dn)"An=dVs.

Y is Ricci-flat Kahler cone <= S is Sasaki-Einstein.

Application to Ricci-flat Kahler cone / Sasaki-Einstein metrics , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Deformation of Reeb vector fields

o For £ € T+, set RS = {radius functions w.r.t. f} ) g
o Fix a reference § € ¥+ and a radius function ry with respect to ¥. ’*-’@
IX X U u | o Wi o] ﬂ,?é- :} C-*q‘.

é€%+—>r::r§€725

satisfying: A
Jro,) =& S={r=1}={rn=1}. \l"/< .
Transformation of Reeb vector fields and contact forms: % ‘%‘}

o n =1, =n0(€) "0
E=n@r+er — )

rdy = n(&§)ro0y, + J(E).

o Ricci-flat equation to g-soliton (Apostolov et al. via Tanaka-Webster):

(dn)"An=dVs| <  n(&) " (dno)" Ano = no(§)dVe

< "( 770(5)? "2(dno)" Ao = sti-A”

Application to Ricci-flat Kahler cone / Sasaki-Einstein metrics , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Reduce to g-soliton equation on Fano orbifolds

e (X,D) =Y /{vg): Fano orbifold and an orbifold I.b. L — X satisfying:
—(Kx + D) = L.
The no-vanishing section of |Ky| and dVy:
s=dzAdw?, dVy = (V=1)"tldz A dZ A dw? A dW.

e r = rpe¥/2: radius function w.r.t. X <> orbifold metric h = hpe™% on —Kjx.

n = (0 — d)log h: connection form
(dn)"An=w"Ady, dVE = 15dVy|s=2dd AQ,

NP A )
n() =1+ n:-l'

Sasaki-Einstein metric on S <= g-soliton equation on X D)?

(5) *(dn)" Ay = dV§ @»é:erD —e %"a
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Stability of affine cones vs. weighted stability

@ )): a special test configuration of Y.
(X, D) = o/(vg) a special TC of (X, D)

Volume of £ = L-¢ + & € £(Q):

n+1
ol€) = vol(S,(dn)" An) = / S
Vi = V ,(an n) = X, (1 +gv§)n+1
e With g = (1 + (x,£))"""2 and Fut¢ = 0, we have:
1 S 1 —few"
D¥4()) = ZDevol(§) = — | ——
) V, ¢ vol(§) Ve Jx, L+ 6, )m2

= D?A(X,D,L) (see (2))

(poly)Stability of Y (Collins-Székelyhidi) <+—| g-Ding (poly)stability of (X, Di

-
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YTD conjecture for Ricci-flat Kahler cones

The following theorem recovers a result of Collins-Székelyhidi. The argument
works for general Fano cones (not necessarily with isolated singularities):

A Fano cone Y admits a Ricci-flat Kahler cone metric if and only if Y is

K-polystable.

Proof: use the following diagram and the YTD conjecture for (X, D):

stability for Y <————— g-weighted stability for (X, D)
;——-K—/—‘

\:
Ricci-flat Kahler cone metric on Y <——— g-soliton on (X, D)

Han—L. 1 BLXZ

For example, the YTD conjecture for toric g-solitons implies

Theorem (Futaki-Ono-Wang, Berman)

Any Q-Gorenstein toric affine variety admits a Ricci-flat Kahler cone.

Application to Ricci-flat Kahler cone / Sasaki-Einstein metrics , (revisit the work of Apostolov-Calderbank-Jubert-Lahdili)



Thanks for your attention!
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