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Kahler-Ricci flow

@ Hamilton's Ricci flow: % = —2Ric(g) powerful tool in geometric analysis:

Perelman’s proof of Geometriziation Conjecture.
@ Ricci flow on Kahler manifolds

(X, J,g) a Kdhler manifold. J an integrable complex structure.
Kahler form w(-,J-) = g(+,) is closed: dw = 0.

Kahler class: [w] € H?(X,R).
Ricci flow preserves the Kahler condition: Kahler-Ricci flow

d
di: = —Ric(w).

Ric(w) is the (closed) Ricci curvature form:
Ric(w) = —v/~100logw",

which represents the first Chern class c;(—Kx) = c1(A" That X) € H*(X, R).

Kabhler-Ricci flow and Hamilton-Tian conjecture



Normalized Kahler-Ricci flow

Evolution of Kahler class: L[w] = —ci(X) = [wi] = [w] — ter(X).

Set Tmax = sup{t; [wi] = [w] — tcr(X) is a K&hler class}.

Theorem (Tian-Zhang, Tsuji)

The smooth Kihler-Ricci flow exists if and only if t € [0, Tmax)-

If X is Fano: —Kx := A"Tp X is ample, [w] = a1 (X) = c1(—Kx) > 0.
Tmax = max{t; c1(X) — te1(X) > 0} = 1.

Volume collapsed at Tray: [y wf =(1—1)" [ w" — 0ast— 1.

(volume) normalized Kahler-Ricci flow: &y = 24 € (X)), t = —log(1 — t):
do nge n ion d
T2 = —Ric(@) +@ T S~ —Ric(we) + .

Corollary (H. Cao)
Smooth solution w; to the NKR exists for all t € [0, +0).
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Fano manifolds and shrinking Kahler-Ricci soliton

Fano manifolds (c1(—Kx) = c1(A" ThorX) > 0) are important building blocks of
projective varieties (Mori fibre space in MMP).
Examples:

e projective space P" = (C"*1\ {0})/C*, toric Fano manifolds.
o P2, blow-up projective plane P2fkP?, 1 < k < 8.
e hypersurface {F(Zo,...,Z,+1) = 0} C P! with degree < n+ 1.

(Shrinking) Kahler-Ricci soliton (KRS) on Fano manifolds:
Ric(w) = w + Zew
where ¢ is a holomorphic vector field and .Z is the Lie derivative. If o¢(t) is the

1-psg generated by &, w(t) = o¢(t)*w solution to the NKF.
If £ =0, KRS is called Kahler-Einstein (KE) metric.

Theorem (Tian-Zhu, Dervan-Székelyhidi)

If X admits a KRS, then any NKR (X, w(t)) converges to wkg as t — +oc.
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Hamilton-Tian conjecture

Conjecture (Hamilton-Tian (HT) conjecture)

As t — +o00, any NKR on a Fano manifold (X,w(t)) converges to (Xs0,Woo) in
the Gromov-Hausdorff topology where

e X is a possibly singular normal Fano variety (codimcX5"8 > 2).
® W is a KRS on X 8 and the convergence is locally smooth on X*°&.

o Xo = X558 (metric completion).

Perelman:

e W functional; Smooth convergence = the limit is a shrinking KRS
o Geometric estimates: non-collapsing, diameter bound, Ricci potential bound
(written by Sesum-Tian)

Q. Zhang: Uniform Sobolev, volume doubling property = weak GH limit
Tian-Z. Zhang: dim < 3, HT conjecture true

Chen-B. Wang, Bamler: HT conjecture is true for higher dimension.
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Question of uniquenss

Chen-Sun-Wang showed that X, can be constructed via an algebraic process:
X ~»Y ~» Xo. The algebraic process a priori depend on the flow w(t), or
equivalently the initial metric w(0). However they further conjectured:

Theorem (Han-L. , Chen-Sun-Wang's Conjecture)

(X0, Wso) does not depend on the initial metric w(0). In particular, the limit
only depends on the algebraic structure of X.

Remark:

@ Given a normal Q-Fano variety X, the KR soliton on X, is unique up to
automorphisms (Tian-Zhu, Berndtsson,
Berman-Boucksom-Eyssidieux-Guedj-Zeriahi, Berman-Witt-Nystrém).

@ There was an analogue conjecture in the local setting about uniqueness of

algebraic metric tangent cones proposed by Donaldson-Sun and proved by
L. -Wang-Xu. The proof of the above result is motivated by the local case.
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o (weighted K-stable case) If X admits a KRS we (for example if X is toric
Fano), then X = X, (Tian-Zhu, Dervan-Székelyhidi).

o (K-semistable case) There exists a 3-dimensional Fano manifold which does
not have any KRS metric, but degenerates to a Y with a KE metric. Then
Xso = Y. (Tian-Mukai-Umemura, Sun-Y. Wang, Tian-Zhu)

o (weighted K-unstable case) There exists a smooth Fano compacification X
of SO(4,C) which does not admit KRS. X degenerates to a singular Fano
variety Y that admits a KR soliton. X, = Y (Y. Li-Tian-Zhu, Y. Li-Z. Li)
This example shows that the non-normalized Kahler-Ricci flow in general
does not have type-l singularity since the blowup limit is indeed singular.
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Steps of proofs for uniqueness

Achieved in several steps, also based on previous works of Chen-Sun-Wang and
Dervan-Székelyhidi:

o Construction of a special filtration F, using the flow. This induces a
two-step degeneration: X ~» Y = Xofx ~ X5 (Chen-Sun-Wang).

e F.. minimizes a functional HNA defined for all filtrations

(Dervan-Székelyhidi, Hisamoto, Han-L. ).
The functional HNA arises from the work of Perelman and

Tian-Zhang-Zhang-Zhu.

@ Use algebraic method to prove that the minimizing special filtration of HNA
is unique and hence the uniqueness of F., and XOF"" (Han-L. ,
Blum-Liu-Xu-Zhuang).

@ Prove that the uniqueness of degeneration of XO}—"" to X (Han-L. , based
on L. -Wang-Xu).
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Torus action and filtrations

Assume that £ generates a torus T 22 (C*)" action on (X, —Kx). T also acts on
—Kx = A"TX by pushforward. Then we have a weight decomposition on
Rm = H°(X, —mKx) for any m € Z>q:

Rm = @ Rm.a, Rma = {s€ Rptos=1t% = Ht’_ais}

a€EZ’

which induces a filtration F = Fy,: for any A € R:

J—'.A m*-/—'.Atg m*@{Rmou a£>>)‘}

i

Definition (cf. Boucksom-H. Chen)

A filtration of R(X) = @, H'(X, —mKx): data {F*Rm; A € R,m € N}
satisfying:

Q FNRy C F Ry if X > A
Q@ F Rpy - F¥ Ry = FM Ry
Q@ NysaFY Ry = F*Rm.

Q Jde, ande_ st. F™ R, =0 and F™ Ry, = Rn.

- = = o
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Part |: Chen-Sun-Wang's construction

Intuition: w(t) = v/—100p; ~ 0¢(t)*weo. & generates a (C*)"-action on the
Fano variety (Xoo, —Kx..)-

- loglsf2, . log](a¢).s
Viw()} (s) = t_':Too % ~ t_'::’[‘oo %~

Chen-Sun-Wang's Filtration F*Rp, = {s € Rm; viw(e)3 () = A}.
Extended Rees algebra:

RF =Pt F R

mA

The central fibre X = Proj(@,, , F*Rm/F>*Rm) admits a holomorphic
vector field £ that generates a (C*)"-action.
We say that F is a special filtration if RF is finitely generated and the central
fibre X is normal Fano variety

Theorem (Chen-Sun-Wang)

Foo Is a special filtration. Moreover, there is an equivariant degeneration of
Foo
(XO 7500) tO (Xooagoo)
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Part IlI: Perelman’s YW-functional

g a Riemannian metric, f € C*>°(X,R). Perelman introduced:

Wig,f) = /X(Af+5+ fle TdV,

S = S(g) = g¥(Ric);j is the scalar curvature. Set

Mg) = inf{W(g, ) fe C“(X,R),/e’fdvg = 1} :
The first variation:

oAg)-dg=—(2n)" /)((Ric(g) — g + Hess(f),6g)e TdV,.

This implies that if (X, g(t)) = (Xso, &) smoothly (in Cheeger-Gromov
topology), then g should be a shrinking KR soliton.
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W-functional and TZZ/Z's invariant

On a Fano manifold with volume V = (¢ (X)", [X]), we have:
Ric(w) —w = v/=190h, S(w)—n= Ah.

Any holomorphic vector field £ has a (canonically normalized) Hamiltonian
function 6 = 6:

ngZ\/—lgeg, 92295—7w)=>A9+9h +6=0.

Set f =0+ Hx(&) with Hx (&) :=log ([, e %w") sit. [, e fw”=1.

W(g,f)=nV + / (DO +60'h; + 0 + Hx(€))e f'w" + nV = nV + Hx(€).
X

Theorem (Tian-Zhang-Zhang-Zhu)

For any holomorphic vector field £ € aut(X)d,

sup {\(w); w is Im(§)—invariant} < nV + Hx(&).
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H-invariant for special filtrations

For any filtration F, define a generalized Duistermaat-Heckman measure:

DH(F) = lim Z(s (m)

m—+oo m"

m

where {Agm)} are values where dimension of {F*R,; A € R} jumps. Set

S(F) = —log <\1/ /]R e’\DH(]—')(A)>
LYAF) = miToo lct (X X C’;szff?mt_i;(t)>
HYAF) = LNA(F) - §(F).

Example: If £ generates a torus action, and F = Fy, be the associated
filtration. Then DH(F) = (0¢).w" and HYNA(F) = Hx(g)
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Minimization of HNAinvariant

Theorem (Dervan-Székelyhidi, Hisamoto; Han-L. )

CSW's filtration minimizes the HN functional among all filtrations. Moreover,
there is an identity:

sup{A(w);w € a(X)} — nV = HX*(Fru(y) = HXE (€co)- (1)

Algebraic proof of the first statement:

0 (Xx,&x) KRS implies that it is weighted K-polystable (an easier direction
of the Yau-Tian- Donaldson conjecture).

@ Because (Y := 7foo) equivariantly degenerates to the weighted
K-polystable (Xoo,ﬁoo) one can show that (Y, ) is weighted
K-semistable, which implies Hy (F) > H}A(¢x) = Hﬁi(fm).

e For any filtration F on R(X), consider the Initial Term Degeneration F on
R(Y). One can then use lower-semicontinuity of HN* functional to show:

HYA(F) > HYA(F) > HYA (62) = HEA (6.0).
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Part Ill: Uniqueness of minimizers

Theorem (Han-L. )

A minimizing special filtration must be unique.

@ Assume that the special minimizing filtration F has the central fibre
(Y, &) := (X§,&x)- For any other filtration ', use the technique of Initial
Term Degeneration to get a filtration F' on R(Y) that is equivariant under
the & action on Y. Moreover HYA(F’) > HYA(F') > Hy(¢). If Fis a
minimizing filtration, then F'is also a minimizer of Hl;I,A.

Q Fut, is also a minimizing filtration of HYA. Consider the an interpolation:

A,

FA R = F'%

R 0 Fo=Fae, Fi=F

Prove that LNA(F7) = sLNA(F') and f(s) = S(F!) is convex in s € [0, 1].
Moreover, it is strictly convex unless do(F, F') = da( Fyt, F') =0
(distance considered by Boucksom-Jonsson).

@ Key observation: for special filtrations, do(F,F') = 0 if and only if F = F'.
This depends on a valuative point of view.
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Minimization problem for real valuations

(real) valuation: Val(X) 3 v : C(X) = field of rational functions — R U {400}
o v(f+g) > min{v(f),v(g)} for any f, g € C(X).
o v(fg) = v(f) + v(g):
e v(1) =0,v(0) = +c0.
Any valuation v over C(X) defines a filtration: F,Rn = {s € Rm; v(s) > A}.
Conversely any special filtration comes from a filtration (up to a translation). So

Fu(t) = Fuo, for some real valuation v.
Define a functional:

B(v) = A(v) + log (é / wDH(ﬂ)) 2)

where A(v) is the log discrepancy of v (Jonsson-Mustat3).

Theorem (Han-L. , based on L. -Xu)

: 3 - NA I NA
el ) = WIHTA) = B ),
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Algebraic Hamilton-Tian conjecture

Theorem (Blum-Liu-Xu-Zhuang, L. -Wang-Xu, Han-L. )

For any normal Fano variety X, the following statements are true:

Q There exists a unique minimizer v, of 3 over Val(X).
©Q Vv Is quasi-monomial and induces a special filtration with central fibre Xj.

Q X, is weighted K-semistable and there is a unique degeneration to a
modifed K-polystable X .

Q X admits a singular KR soliton.

Remark:

Q A) and X, should be considered as certain optimal degenerations of X,
which are non-linear analogues of Harder-Narasimhan filtration and
Jordan-Holder filtration in the stability theory of holomorphic vector bundles.

@ The proof is combination of (techniques developed in a series of) works by
Blum-Liu-Xu, Liu-Xu-Zhuang, Han-L. and L. -Wang-Xu.
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Thanks for your attention!




