
2

!!! WRITE YOUR NAME, STUDENT ID. BELOW !!!

NAME : ID :

1(20pts) (1): Write down the Cauchy-Riemann equation.
(2): Suppose f(z) = u+ iv is holomorphic and u(x, y) = x3 + cxy2 with c ∈ C. Find
the complex number c and calculate the function v = Im(f).
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2(20pts) Let f(z) be a holomorphic function defined on the punctured plane C\{0}
whose image set is contained in the region outside of the unit disk: f(C \ {0}) ⊆
{w : |w| > 1}. Prove that f(z) is constant function.
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3(20 pts) Calculate integral:

∫ +∞

−∞

sin(x)

x(x2 + 1)2
dx. Hint: use the contour:
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4(20pts) Use Rouché’s theorem to find the number of zeros of the function f(z) =
z4 − 4z2 + z + 1 in the annulus 1 < |z| < 3.
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5(20pts) Find the Taylor series of the following function centered at 0. What is the
radius of convergence? (Hint: use partial fractions and the fact that series can be
differentiated term by term).

f(z) =
z

(z − 2)2
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