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!!! WRITE YOUR NAME, STUDENT ID. BELOW !!!

NAME : ID :

1(10pts) Assume f(z) = log z is the branch that equals the standard natural loga-
rithmic function for positive z, defined away from the negative real axis.

(1) Calculate the Taylor expansion of f(z) centered at z = 1. What is its radius
of convergence?

(2) What is the singularity type of the meromorphic function f(z)/(z − 1) at
z = 1? Explain your reason.

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)



4

2(10pts) Calculate the integral
∫ +∞

0
log x

(x2+1)2
dx using the following contour:
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3(15 pts) Let f : H → D be a holomorphic function that satisfies f(i) = 0. Prove
the inequality |f ′(i)| ≤ 1

2
. Find the expression of f(z) when f ′(i) = 1/2.
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4(10pts) For any integer n > 0, consider the polynomial

Pn(z) = 1 + z +
z2

2!
+
z3

3!
+ · · ·+ zn

n!
.

Prove that for any R > 0, there exists N > 0 such that when n ≥ N , Pn(z) does not
have any zeros inside the disc {|z| < R} (Hint: use Rouché’s Theorem to compare
Pn(z) with ez).

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)



7

5(15pts) Find a conformal equivalence map from the following shaded open domain
to the unit disc. (Hint: first use a linear fractional transformation)
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6(10pts) Consider the following Christoffel-Schwarz integral defined on H:

S(z) =

∫ z

0

dζ

(1− ζ2)3/4
.

What kind of polygon is the image S(H) (how many sides does it have and what
are the angles)? Prove that the perimeter (total length of sides) of this polygon is
1+
√

2√
2π

Γ(1/4)2.
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7(10pts) Let f(z) = ez − 2z.

(1) Let f = AeBz
∏+∞

n=1(1− z
an

)ez/an be its Hadamard factorization where {an}n≥1

are the zeros of f . Calculate A and B (Hint: consider f(0) and f ′(0)/f(0)).
(2) Prove that f(z) takes any complex value infinitely many times.
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8(10pts) Let D = {|z| < 1, Im(z) > 0} be the upper half unit-disc. A function
f is continuous on the closure D and is holomorphic on D. Assume that f |[−1,1] is
identically zero where [−1, 1] is the closed interval on the real axis R = {Im(z) = 0}.
Prove that f is identically equal to 0.
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9(10pts)(i) Let f(z) be an entire function. For any z0 ∈ C and R > 0, prove the
following two mean value formulae:

(1) f(z0) =
1

2π

∫ 2π

0

f(z0 +Reiθ)dθ,

(2) f(z0) =
1

πR2

∫∫
DR(z0)

f(x+ iy)dxdy,

where DR(z0) = {z ∈ C; |z − z0| < R} is the disk of radius R centered at z0. (Hint:
use Cauchy integral formula and then polar coordinate)
(ii) Prove that if an entire function f is integrable (i.e. if

∫
C |f(x+ iy)|dxdy < +∞),

f must be identically equal to zero.
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