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1(15pts) For each of the following subsets of R?, determine whether it is a vector
subspace of R3. Explain your reason.
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3(25pts) Consider the following subset § of Py(R).
S = {1 - g,z $2f, a%aa? L 4 G4

(1) Is S linearly dependent or linearly independent?
(2) Is z + 22 + 223 contained in Span(S)? Explain your reason.

(1) Chovse dhaudand Laas P= {lxx?/x%}][W DUR). Cowsider:
e [ =% : .

0" o A o oo 100: o
AR I R e A
-— ) ' 1 " 7

Z(;I?. 24 ?90!! 2 G IR 2 |
| -1
ol o | o 0@
Vi 0 1.1 0 ‘D\‘fpl : 0‘101010 @
i ’ iy p i =l —> [ p0 |©o : il
P OOl—ZlZ o om0 Ll il 0001
o O0°

| © (#qu‘,olm&(ﬂi) [ | ) |
5 S % lnelg ndpednt \ = 5 2 & bass fo Bi(B

] A cozined | Cpaam AL (lR) y «A
). Y o0 -(ord ) IR (1

= EH)+ x+ H0H)XP = X




4

3(20pts) Let 71, 79,73 be row vectors in R®. Find the value of k that satisfies the

following equality:
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4(25pts) Let A be a real square matrix. Assume that vy and v, are two eigenvectors
associated with two different eigenvalues A\; # X\y. Prove that vy, v, are linearly
independent. What else can you say if moreover A is symmetric?
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5(25pts) (1) Use the Gram-Schmidt process to {1,z xz} to find an orthonomal basis
B of Py(R) with respect to the inner product (f,9) = [2, f(z)g(z)dz.
(2) Find the Fourier coefficients of h(z) = 22 with respect to 5.

WVw.=] , wi=( % 1 ldx= 4 =1

2 s
'W.L:X J Vl:—wl- <w7i/:;lzyl <Wb,vt> :f—z dex_, E- __2 s 0
| 2 A
o4 2 e _)_(__ 5
Bh- x- V=X lIvall :f.z xX-Xodx= 3 ,fz .

<W5, | /4 <W3a Vo2 Vs

V3 TWay~ WVI’W

2 i e il
Wy V> = f—z XL-\‘&’X“ L o




U
2 i_{,-—g—'
et e e o
TE oh
16 BE(Xz-—é:)‘[‘ 2

2 14
5 Ji
5 i
Founer we{}wi = : —_— = —

= <.-}-‘-’—!iz':o ;
Zh, “27'7}&;{. |




8
7(25pts) Let A be a square matrix with characteristic polynomial equal to (t —2)'"-
Assume that the dot diagram of A is the following:

(1) Write down the Jordan canonical form of A.
(2) Calculate dim R(A — 2I) and dim R((A — 2I)?).




8(25pts) Consider the linear transformation:
T:PBR) - BR), T(f(2)=f"()+f(@)+f0)

(1) Find all eigenvalues of T and the corresponding dot diagrams.
(2) Find a basis y of P(R) such that [T, is a Jordan canonical form.
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9(20pts) Find the linear function f(t) = co + c1t that has the best fit to the data:
{(0, 0)) (1a2)1 (2: 1)’ (31 —1)1 (4, 0)} o {(tiayi); 1<:1< 5}
with respect to the error: E = 2?:1 (co + c1ti — us)*.
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8(20pts) Find the linear function f(t) = ¢y + ¢1t that has the best fit to the data:
{(07 O)a (1a 2)7 (27 1)7 (3a _1)5 (4a O)} = {(tmyz)a 1<:< 5}
with respect to the error: B = Y27 (co + 1ty — 4i)?
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9(20pts) Let S: V — W and T': W — V be linear transformations between two
vector spaces V and W. Let T oS : V — V be the composition.

(1) Prove that if S is surjective (i.e onto), then Rank(7 o .S) = Rank(T).
(2) If S is injective (i.e. one-to-one), is Rank(7 o S) = Rank(T") always true?
Prove this statement or find a counterexample.
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