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!!! WRITE YOUR NAME, STUDENT ID. BELOW !!!

NAME : ID :

1(9pts) For each of the following subsets of R3, determine whether it is a vector
subspace of R3. Explain your reason.

(1) {(a, b, c); a2 + b = 0}.
(2) {(a, b, c); a+ b+ c = 1}.
(3) {(a, b, c); c = 2a− b}.
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2(12pts) Consider the following subset S of P3(R).

S = {1− 2x, x+ x2 − x3, 1 + 2x2 − 2x3, 1 + x3}.
(1) Is S linearly dependent or linearly independent?
(2) Is f(x) = x contained in Span(S)? Explain your reason.

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)



4

3(10pts) Let r1, r2, r3 be row vectors in R3. Find the value of k that satisfies the
following equality:

det

 r2 + 3r3
r1 − r3
2r1 + r2

 = k · det

 r1
r2
r3


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4(10pts) Let A be a square matrix, and {v1, v2} be two non-zero vectors satisfying:

Av1 = λv1, Av2 = v1 + λv2.

In other words, {v1, v2} is a cycle of generalized eigenvectors associated to λ. Is
{v1, v2} always linearly independent? Prove your statement or find a counterexample.
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5(12pts) Find an orthogonal matrix S such that STAS is diagonal where

A =

 0 1 1
1 0 1
1 1 0

 .

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)

(5)



7

6(12pts) Let A be a square matrix with characteristic polynomial equal to (t−2)10.
Assume that the dot diagram of A is the following:

• • • • •
• • • •
•

(1) Write down the Jordan canonical form of A.
(2) Calculate dimN((A− 2I)2) and dimR(A− 2I).
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7(12pts) Consider the linear transformation:

T : P2(R)→ P2(R), T (f(x)) = f ′′(x) + f(1)x.

(1) Find all eigenvalues of T and the corresponding dot diagrams.
(2) Find a basis γ of P2(R) such that [T ]γ is a Jordan canonical form.
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8(11pts) Find the linear function f(t) = c0 + c1t that has the best fit to the data:

{(1, 2), (2, 1), (3,−1)} = {(ti, yi); 1 ≤ i ≤ 3}.
with respect to the error: E =

∑3
i=1(c0 + c1ti − yi)2.
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9(12pts) Let S : V → W and T : W → V be linear transformations between two
vector spaces V and W . Let T ◦ S : V → V be the composition.

(1) If T is injective (i.e. one-to-one), is Rank(T ◦ S) = Rank(S) always true?
Prove your statement or find a counterexample.

(2) If T is surjective (i.e. onto), is Rank(T ◦ S) = Rank(S) always true? Prove
your statement or find a counterexample.
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