Chains of generalized eigenvectors

Principle: For a fixed eigenvalue

e Number of Chains= Number of Eigenvectors=Multiplity-Defect;

e Sum of Length of Chains = Multiplicity of the Eigenvalue.

Caveat: Number of Eigenvectors, denoted by “# EVector” in the following charts, means the
Number of Linearly Independent Eigenvectors.

e For 2 x 2 matrices, there are 3 possible cases:

Case 1. Example (Jordan form): ( )(\)1 ;) >
2

EValue | Mult. | # EVector | Chain | Basic Solution
)\1 1 1 V1 — 0 €A1t1)1
Ao 1 1 vy — 0 e*2lyy

Case 2. Example (Jordan form): < )E)l /\1 >
1

EValue ‘ Mult. ‘ # EVector ‘ Chain ‘

Basic Solution
Y 1

| v1 = v2 = 0 | e (v1 + vat), €

>\1t,U2
Case 3. (Happens only for A = A1)

EValue | Mult. | # EVector | Chain

| Basic Solution
A2 ] 2

‘ vy = 0, v9 =0 ‘ 6)‘1%1,6)‘1%2.

e For 3 x 3 matrices, there are 6 possible cases:

A 000
Case 1. Example (Jordan form): 0 X O
0 0 A3
EValue | Mult. | # EVector | Chain | Basic Solution
A1 1 1 vy — 0 €A1t7)1
A2 1 1 vy — 0 e*2ly,
A3 1 1 v3 —= 0 eratyq
A 0 0
Case 2. Example (Jordan form): 0 X 1
0 0 A
EValue | Mult. | # EVector Chain Basic Solution
A1 1 1 vy — 0 eMuy
Ao 2 1 vo — vz — 0 | e 2t (vg + vst), e 2lug



Case 3. Example (Jordan form): 0 X O

0 0 X
EValue | Mult. | # EVector | Chain | Basic Solution
A 1 1 vy — 0 eMty,
vy — 0 e*2tyy
S 2 (w50 ] R,
A 10
Case 4. Example (Jordan form): 0 M 1
0 0 X\
EValue ‘ Mult. ‘ # EVector ‘ Chain ‘ Basic Solution
A1 ‘ 3 ‘ 1 ‘ vy = vy = v3 =0 ‘ eMt(vy + tug + %’Ug),@klt(vg + tug), eMtus
A 0 0
Case 5. Example (Jordan form): 0 M 1
0 0 X\

EValue ‘ Mult. ‘ # EVector ‘ Chain ‘

Basic Solution
N 3 5 % v — 0

e}qt

U1

e (vy + tug), eMfug

Case 6. (Happens only for A = A1)

EValue ‘ Mult. ‘ # EVector ‘

Chain
A3 3

‘1)1—>07112—>0,v3—>0

‘ Basic Solution
|

ety eMtyy, eMiys.

Lazier (rougher) way to write down basic solutions: For any fixed eigenvalue A of multi-
plicity m. One can calculate the set of basic solutions as follows

1. Calculate (A — AI)™.

2. Find m linearly independent generalized eigenvectors {vy,- -+ ,v;,}. This means that:

(A= A[)"v; =0, foreachi=1,---,m.

3. Write down the m basic solutions for each v;:

2
wilt) = fui HA = A (A= N
tm—2 Ly tm_l -



