JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 10, Number 2, April 1997, Pages 393-426
S 0894-0347(97)00231-2

LOCAL EXACTNESS
IN A CLASS OF DIFFERENTIAL COMPLEXES

SAGUN CHANILLO AND FRANCOIS TREVES

CONTENTS

1. The differential complex under study.

Statement of the theorem 393
2. The lift to the sphere. Two lemmas. Proof of the theorem 397
3. Proof of Lemma 2.1 400
4. Proof of Lemma 2.2. Preparatory estimates 413
5. End of the proof of Lemma 2.2 418
Appendix: Estimates in the integration of p-forms

on a compact manifold 424
Acknowledgements 425
References 425

1. THE DIFFERENTIAL COMPLEX UNDER STUDY.
STATEMENT OF THE THEOREM

Let M"™*! be a manifold of class C¥, and let a real-analytic vector subbundle T”
of the complex(ified) cotangent bundle CT*M be given, which is spanned, locally,
by the differential of a single analytic function. The orthogonal V of T’ for the
duality between tangent and cotangent vectors is a vector subbundle of CT'M of
rank n = dim M —1, which satisfies the Frobenius condition [V, V] C V. Conversely,
given any real-analytic vector subbundle V of CT M whose fibre dimension (i.e.,
rank) is equal to n and which is such that [V, V] C V, its orthogonal T” is locally
generated by a single closed one-form of class C¥.

A differential complex on M is naturally associated to a structure of this type.
We quickly recall the coordinate free definition of this complex. Let AP(CT*M)
denote the pth exterior power of CT*M, and let A1? denote the vector subbundle of
AITH(CT* M) spanned by exterior products of wgAwy A+ Awy (0 < ¢ < n) with w
a smooth section of 7”7 and w1, .. . ,w, smooth one-forms in M. We have dwy € AL,
hence d(wp A wi A -+ Awy) € ABTL If @ is a smooth section of A9, then dw
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is one of AL9*1. Set A% = AY(CT*M)/AM971; if a smooth form w represents a
section of A%%, then dw represents one of A%9+1. We denote by C°>(U; AP+?) [resp.,
D'(U; AP9)] the space of C* (resp., distribution) sections of AP*? over an open
subset U of M (p = 0,1). Of course C*°(U;A*?) = C>=(U),D'(U; A\°°) = D'(U)
and D'(U; AP9) = {0} if ¢ > n. The exterior derivative d induces differential
operators
d : D (U; API7Y) — D/(U; AP, d : C®(U; API~1) — C=(U; AP).

Clearly d?> = 0 = d'?> = 0. For p =0, 1 fixed and ¢ = 1,2, ..., we get two differential
complexes on U C M.

In well-chosen local coordinates one can get concrete and convenient represen-
tations of these differential complexes. In a suitably small open neighborhood €2
of an arbitrary point O of M we can select a C* function Z whose differential dZ
spans T'|q, and real-analytic coordinates z,t1, ..., t, vanishing at O and such that
Z|i=0 = x. Possibly after contracting € about O, we change our choice of the
coordinate  to x = Re Z. These coordinates identify {2 to an open subset of R?*!
in which
(1.1) Z(x,t) = x + 1P(z, 1) (t=+v-1),
with ® € C¥(Q) real-valued and ®|;—¢ = 0. The vector fields Ly, ..., L, defined by
the relations
(12) LjZZO, thk :6jk (_],k: 1,...,77,)

form a basis of V|g. This will be our framework throughout the remainder of the
article. The point O becomes the origin of R™*!.

If zp € C and if S is a subset of Q, then we shall refer to the pre-image F (2o, S) =
{(z,t) € S; Z(x,t) = 20} as a fibre of Z in S. Of course, F(z0,S) = @ if 29 ¢ Z(9).
The germs of sets at O represented by the fibres of Z in neighborhoods of O are
invariants of the locally integrable structure defined by 7" and V (Baouendi-Treves
[1]; also Treves [20, Corollary I1.3.1]).

It is also convenient to introduce the vector field Ly defined by
(1.3) LoZ=1, Lots=0 (k=1,....,n).

Of course the vector fields Lo, L1, . . ., L, form a basis over {2 of the complex tangent
bundle. The relations (1.2) and (1.3) entail [L;, L] = 0forall j,k =0,1,...,n. The
coefficients of the vector fields L; are complex-valued and real-analytic. Actually,
(14) Lo = (1+L<I>w)_18/8x7 Lj :a/atj —L(@@/Btj)Lo, j=1...,n.
Notice that if f € C*°(Q2), then

(1.5) df = LofdZ + Y L;fdt;.

j=1
If U is an open subset of 2 and ¢ a positive integer, the space C>(U; A%9) (see

the beginning of this section) can and will be identified to the space of differential
forms

(1.6) fla,t dt) =" fi(x,t)dtr,

I1l=q
where fr € C®°(U), I = {i1,...,iq} € Z% with1<1i; <--- <ig <n, and
dty = dti, A+ A dty, |
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As for the elements of C°°(U; A1) they are the differential forms f A dZ with f as
n (1.6). Of course, f — fAdZ is an isomorphism of C*°(U; A%9) onto C>°(U; A19).
The vector fields L; define an operator L acting on forms (1.6):

(1.7) Lf(x,t,dt) = Z Zn:Ljf](w,t) dt; Ndtr.

|I|=q j=1

According to (1.4) we may write

(1.8) Lf =dif —1di® A Lof,

with the vector field Ly acting coefficientwise on f. We obtain a differential complex
(1.9) L:C®(U; A% — ¢c>=(U; A™9), g=12,...,

since L? = 0. Formula (1.5) shows that

(1.10) d(f NdZ) = Lf NdZ, YfeC™U;A").

Thus the differential complex (1.9) is isomorphic to the complex

(1.11) d:C®(U; AV — ¢ (U; AM), qg=1,2,....

We have analogous complexes of currents, i.e., differential forms with distribu-
tions as coefficients; it suffices to substitute D’ for C*° in what precedes.

One commonly says that the Poincaré Lemma holds at the point O € € in degree
q (1 < ¢ <n) for the differential complex (1.9) if the following is true:

(1.12) To each open neighborhood U C € of O there is an open
e neighborhood V-.C U of O that has the following property:

(%) To every form f € C°(U; A%9) such that Lf =0 in U, there
1 is a form u € C°(V; A%971) such that Lu= f in V.

By the isomorphism indicated above, Property ()4 is equivalent to the property
that to every closed form f € C*°(U; A%?) there is a form u € C*°(V; Ab971) such
that du = f in V. Also notice that (1.12), entails

(1.12) To each open neighborhood U C 2 of O there is an open
e neighborhood V. C U of O that has the following property:

() To every form f € C*°(U; A%9) such that Lf =0 in U, there
1 is a current u € D' (V; A%971) such that Lu = f in V.

Now denote by H,(...) the reduced singular homology with complex coefficients.
Outside of the trivial case ® = 0 the codimension of a generic fibre F(zo, U) is equal
to two, i.e., dim F(z0,U) = n — 1 [of course, the dimension of a nongeneric fibre
F(z0,U) can be equal to any number between 0 and n, as when ® = ¢2 .- 4+¢2 or
® = xty]. We shall say that the V-fibration of M is homologically trivial in degree
q (0<q<n-—1) at the point O € § if the following is true:

To each open neighborhood U of O in € there is an open

(1.13)4 neighborhood V- C U of O such that the following property
holds:
Vzo € C, the inclusion F(z9,V) C F(z0,U) induces the zero
(x%)q i i
map Hy(F(20,V)) — Hy(F(20,U)).

The vanishing of the map ﬁq (F(z0,V)) — ﬁq (F(z0,U)) has the following meaning:
when ¢ = 0: F(20,V) is contained in a single connected component of F(zo,U);
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when ¢ > 1: every g-cycle in F(z0,V) bounds in F(zp,U);
when ¢ =n — 1 and n > 2: no connected component of F(zo,V) is compact.
[When ¢ = n — 1, the presence of the larger neighborhood U is irrelevant.]

It should be pointed out that the validity of Property (xx), for regular fibres
F(20,U) [i-e., 2o is a noncritical value of Z or, equivalently, o is not a critical value
of t — ®(x0,t)] implies its validity for all fibres. The proofs of all the results stated
below make use only of the validity of (xx), for regular fibres F(zo, U).

Under the hypotheses of the present work, i.e., Z € C¥, Treves [19] conjectured,
and proved in the case ¢ = 1, the following

Theorem 1.1. For (1.12'), to be valid it is necessary that the V-fibration of M be
homologically trivial in degree ¢ — 1 at O. Conversely, if the latter is true, then the
Poincaré Lemma holds at O € Q, in degree q, for the differential complex (1.9).

In other words, the following entailments are true:
(1.12"), = (1.13)4—1 = (1.12), [= (1.12'),].

Actually, in the case ¢ = 1 a slightly weaker version of Theorem 1.1 was proved in
[19]: to establish Property (1.12); the validity of (1.13)y was needed not only at O
but at every point in a full neighborhood of O.

In full generality, i.e., under the sole hypothesis Z € C*>°(£2), Cordaro and Treves
[5] established that (1.12"), = (1.13),—1 forall ¢ =1,...,n.

In the present paper we limit our attention to the entailment (1.13),—; = (1.12),.
For ¢ = 1 it was proved by Mendoza and Treves in [14] in full generality, i.e., under
the hypothesis Z € C*°. For ¢ = n and Z € C“ the same result was proved by
Cordaro and Hounie [4].

Concerning this background two more remarks are in order:

1. When n =1 Property (1.13)1 coincides with the solvability condition (P) ([15]),
as it should, since (P) < (1.12); < (1.12'); when n = 1. [That (P) = (1.12);
is a particular case of [10, Theorem 7.3]. A fully general proof of the fact that
(1.12"); = (P) was first given by Hormander [11] and follows from an argument of
R. Moyer. For a locally integrable vector field L both proofs can be simplified, as
shown in Sections VIIL.8, VIIL.9, VIIL.10 of [20].] If n = 1, one is dealing with a
single vector field with smooth coefficients, L = 9/0t — (Z¢/Z,)0/0x. The real part
of the symbol of Z,L, ;£ — ®,7 + 17, is equal to ®;£ on any null bicharacteristic
of the imaginary part. Condition (P) states that, for each fixed x, the function
t — ®4(x,t) does not change sign, which is the same as saying that the level sets
of its primitive, t — ®(x,t), are connected. |

2. The work [6] formulates a hyperfunction version of Property (1.12),, and proves
that it implies (1.13)4—1, when Z € C* (generalizing the obvious hyperfunction
version when the coefficients of the vector fields L; are analytic). The converse en-
tailment is established in [7]. In other words, the hyperfunction version of Theorem
1.1 has been proved. What we still don’t know is whether (1.13),_1 = (1.12), [or
even (1.13)4—1 = (1.12"),] when ¢ > 2 and Z is smooth but not analytic. |

The present work is devoted to the proof that (1.13),-1 = (1.12),for 1 < ¢<n
and Z € C%, thus completing the proof of Theorem 1.1 when Z € C¥. The proof
will rely on the following consequence of the Approximate Poincaré Lemma [20,
Corollaries 11.6.4 and I1.6.5]:
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Lemma 1.2. To every open neighborhood U of O in Q) there is an open neighbor-
hood V- C U of O such that the following is true:

For any zo € Z(V), the integral of any L-closed form f €
(1.14), C>=(U; A%9) over any Lipschitz q-cycle v C F(z0,V) van-
ishes.
Property (1.14), will allow us to apply De Rham’s theorem and assert that the
pullback to any C* submanifold A C F(29, V) of any L-closed form f € C*°(U; A%9)
is exact [for the standard exterior derivative on A; see (2.3),].

2. THE LIFT TO THE SPHERE. TWO LEMMAS. PROOF OF THE THEOREM

Thanks to Lemma 1.2 we can select an interval Z in the x-line, centered at zero,
and a ball rB™ (B": open unit ball in R™; » > 0) such that (1.14), is valid with
V=IxrB" (CU C Q). Rescaling allows us to assume r > 1.

It is convenient (but not essential) to deal with compact fibres and for this to lift
the analysis from Z x R™ to Z x S™ (S™: unit sphere in R"*1). Call (t1,...,tn, tns1)
the variable in R"*! and call 7 the coordinate projection (z,t1,...,tn, tht1) —
(z,t1,...,tn); it maps Z x S™ onto Z x B" (B": closed unit ball in R™). We
pull back to Z x S™ the integrable structure on 2 defined by the function Z. Call
Z™ =z + 197 (x,t) the pullback Z o m; ®™(z,t) is simply the restriction to Z x S™
of ®(x,t) regarded as a function independent of ¢,,11. We have ®™(z,0) = 0.

We denote by C*°(Z x S™; A%9) the space of differential g-forms on Z x S™,

(21) f = Z fJ(CE,t) dtJ,

[J]=q

where f; € C*(Z x S™). Asusual, J = {j1,...,7q}, 1 <j1 <- <jq <n+1;of
course, in S™ the variables ¢; are not independent: ¢ +---+t2 +t2 ., = 1. We call
C>®(Z x S™; Ab9) the space of (q + 1)-forms dZ™ A f with f asin (2.1). The coor-
dinate projection 7 : 8™ — B" defines the pullback map 7* :C®(T % B"; A4 ) —
C>(Z x S™;A9) (j = 0,1). The restriction of 7 to S7 = {(tl,...,th) €
S™;tn4+1 > 0} defines an isomorphism C>(Z x B"; AJ7) — COO(Z x 8; A7), We
may as well introduce the analogue of L [see (1.8)]:

f=L"f=dif —udi®" AL f,

with LT = (1 +:®7)~19/0z acting on the coefficients of differential forms. We get
the differential complexes (for j = 0,1):

2.2 L™ C®(Z x 8™ AP4~1) — C®(T x S™; AJ? =1,2,....
( ) b ) b q b 9

Now let F™(2g) be a fibre of the function Z7™ : T x S™ — C; F™(z0) is defined by
the equations z = xg, ®™(z,t) = yo: 7(F™(20)) = F(z0,B"). Consider an arbitrary
L-closed form f € C°(U;A%9). If X is any C° submanifold of S™ contained in
F™(20) and if v is a smooth g-cycle in X, then m() is a smooth g-cycle contained
in m(X) C F(z,B"). By (1.14), we have JL,m™f = [,y f = 0 and De Rham’s
theorem leads to the following conclusion:

Given any L-closed form f € C®(U;A%9), the pullback of

(2:3)q 7 f to any C™ submanifold X of any fibre F™(z) is ezact.
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Since Lo and L commute we may apply (2.3), with LEf in the place of f:

Given any L-closed form f € C°(U;A%9), the pullback of
(2.4)4 7 (LEf) = (LE)*n*f (k € Z1) to any C™ submanifold X of
a fibre F™(zo) is exact.

Let p be an integer, 0 < p < n, and let  be an open subset of Z x S™. We
shall denote by C2°(£2; A%P) the subspace of C®(2; A%P) consisting of the forms F
that vanish to infinite order on the intersection of Q with every singular fibre of
Z™. By a singular fibre F™(z9) we mean a fibre of Z™ such that d,®"(z¢,t) = 0
for some, but not necessarily all, t € F7(zp); in other words, z¢ is a critical value
of Z™. Here and throughout the sequel we use the following terminology: A C*°
function f in an open subset ) of a C* manifold X is said to vanish to infinite
order on a set £ C Cl9) if, given any differential operator D with C* coefficients
in X, Df(p) — 0 as the point p € 9 approaches E. A C* differential form in Q) is
said to vanish to infinite order on FE if every one of its coefficients does.

Theorem 1.1 will be a consequence of the following two lemmas:

Lemma 2.1. Suppose that the form f € C®(Z x S™; A®P) is L™ -closed and that for
every k = 0,1, ..., the pullback of (LT)* f to any C* submanifold of any fibre of Z™
is exact. Then there are a rectangle R = {z = x+wy € C;|z| < a,|y| < b} (a,b > 0)
and a form ug € C*°(U™; A®P~1) such that F = f — L™uy € C°(U™; A%P), where
U™ =(Z")"1(R).

Lemma 2.2. Let R and U™ be as in Lemma 2.1; suppose the pullback of F €
CX(U™; A%P) to any C>= submanifold of any fibre of Z™ in U™ is exact. Then,
possibly after contracting R about zero, there is v € CX(U™; A%P~1) such that
(F — dtU) N dtq)ﬂ- =0.

The proof of Lemma 2.1 is given in Section 3, and that of Lemma 2.2 in Sections
4 and 5. Here we show how Lemmas 2.1 and 2.2 entail Theorem 1.1. Actually we
need the following consequence of those lemmas:

Lemma 2.3. If f € C>®(Z x S™; A*P) satisfies the hypotheses of Lemma 2.1 and if
the sets R, U™ are as in Lemma 2.2, then there are forms w € C*°(U™; A%P~1) and
Fy € C2(U™; A%P~1) such that

(2.5) f=Lw+di@" ANFy inUT.

Proof of Lemma 2.3. Let the forms f,ug and F be as in Lemma 2.1, and let v be
related to F' as in Lemma 2.2. In the open set U] C U™ where d;®™ # 0, ®™ may be
used as one of the coordinates; and (F — dyv) A dy®™ = 0 = FF» € C°(UF; AOP~1)
such that

(2.6) F—dw=d® AF, inUZ.

When p = 1, F» is a uniquely determined function; F5 belongs to C2°(U™) since the
coefficients of F'—d;v do. When p > 2 the form F5 is not unique since we can add to
it any form RAd;®™, R € C*°(U™; AP~2). We may, however, define F» unambigu-
ously by requiring that its contraction with the gradient V;®™ vanish identically.
Consider an arbitrary point (xg,to) of UJ and provisionally freeze = at z¢. In a
suitably small open neighborhood of ¢ty we select an orthonormal basis Xy, ..., X,
of vectors tangent to the sphere S™ with X,, = V@™ (20,t)/||Vi®™ (z0,1)|; this
entails

(di®™, X;) =0 if i <n, (de®7, X)) = || Ve @™ (o, t)]|.
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Given any set of p — 1 integers iq, 1 < i3 < --- < ip_1 < n, we derive from (2.6):
<F — dtU,Xil JANEERIAY Xip*l A Xn> = :l:Hvt(I)ﬂ(xOvt”KFQinl ASERRA Xip71>

which shows that the coefficients of F5 and their derivatives can be estimated uni-
formly in terms of the corresponding quantities for F—d;v divided by ||V @™ (xq, t)]|.
Thanks to a Lojasiewicz type inequality (see Lemma 4.1) and to the fact that the
coefficients of F' — d;v vanish to infinite order on any level set of ®™ containing a
point where V;®™ = 0 we conclude that 5 € C2°(U™; A%P~1). We see that (2.5) is
valid with w = ug +v and Fy = Fy + (1Liv € C(U™; A%P~1). O

Next we show how Theorem 1.1 follows from the preceding lemmas. We deal
with a form f € C°°(Z x S™; A?) which satisfies the hypotheses of Lemma 2.1 (for
p = q). It is convenient to introduce the differential form A\™ = —u(1+ 1 ®7)~1d;®".
If ¢ € C*°(Z x S™), then L™ = dy1p + 1P, A\™; the condition L™ o L™ = 0 is equivalent
to

(2.7) L™A™ = 0.

Let w and Fy be as in (2.5). Set g = (1 +®T)F, € C(U™; A%71); we rewrite
(2.5) as

(2.8) f—LTw=\"Ag.

From the equation L™ f = 0 and from (2.7) we deduce that A" AL"g = A\™ Adyg = 0,
which is equivalent to d;®™ A d;g = 0. Taking into account the fact that g vanishes
to infinite order on every singular fibre of Z™ we conclude that the pullback of g to
any smooth submanifold of any fibre of Z™ contained in U™ is closed.

It is at this juncture that we avail ourselves of Hypothesis (1.13)4_1. We use the
map 7 to project the open “Northern” hemisphere S’} onto the open unit ball B™
and the intersection U™ N (Z x S ) onto an open neighborhood U’ of 0 in Z x R™.
By virtue of (1.13),—1 there is an open interval 7' C T centered at zero and a
number 1/, 0 < ' < 1 (independent of f,g, etc.), such that Z/ x +'B™ C U’ and
that, given any zg € C such that F(z9,Z’ x "B") # &, the following is true: if
qg =1, F(z20,Z" x 'B™) is contained in a single connected component of the fibre
F(z0,ZxB™); if ¢ > 2 the pullback of 7. g to any C>° submanifold of F(zp,Z’ x7'B™)
is exact.

Case q = 1. Here it suffices to note that the function 7,¢g must be constant on
each fibre F(z9,Z’" x r'B™). Thus there is an open neighborhood U™ C U™ of the
point (0,...,0,1) in Z x S™ in which g(x,t) = g(x, ®™(z,t)), with g a C*> function
in an open disk A C C centered at 0 (again thanks to the fact that g vanishes to
infinite order on the singular fibres of Z™). Solve the Cauchy-Riemann equation
dx/0z = —%g and set x(z,t) = x(z, ®™(z,1)); then

L™x = [(0X/0%) 0 Z™|LZ" = 2\™[(3x/9Z) 0 Z™] = —\"g.

Case ¢ > 2. Call G the pullback of m.g to Z’ x S™ under the map =’ :
(X, t1, ..y tnytny1) — (z,7't1,...,7"t,); G satisfies the same hypotheses as F in
Lemma 2.2, for p = ¢ — 1 and with Z’ substituted for Z. Returning to the origi-
nal product Z x S™ we conclude that there are an open neighborhood U™ C U™ of
(0,...,0,1)inZxS™ and a form x € C=(U'™; A%972) such that d;®™ A(g—d;x) = 0,
ie, ATA (g —dix) = 0in U™. Since L™(A™ A x) = =A™ A L™y = =A™ Adyx by
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(2.7), the equation

(2.9) L™ A" Ax)=-A"Ag

is valid in U™ (for any ¢, 1 < ¢ < n). Combining (2.8) and (2.9) yields
f=L"(w—=A" Ay).

3. PROOF OF LEMMA 2.1

We begin with a few remarks aimed at simplifying the situation and at laying
the ground for the formal proofs.

There are two cases in which the Poincaré Lemma is known to hold at every point
of Q and in each degree ¢ = 1,...,n: the “essentially real case” ® = 0, in which V
is spanned by 0/0t1,...,0/0t,; and the “elliptic case”, in which d;® never vanishes
and ® can be chosen as one of the local coordinates. If z,y = ®, t1,...,t,—1 form
a complete coordinate system in a neighborhood of the origin, then Z = x + vy,
and V is spanned over U by the vector fields 9/0z,0/0t1,...,0/0t,—1 (|20, end of
Section VI.7]). We shall assume that none of these two extreme cases obtains: the
singular set of the function Z, {(z,t) € Q; d;®(x,t) = 0}, will be a proper analytic
subset of 2 which contains the origin.

By a singular fibre of Z™ we mean a fibre F™(2() that intersects the singular set
of Z™; then zg is a critical value of Z7™. Off the equator, i.e., when ¢,,41 # 0, the
projection 7 is a bijection of the singular set of Z™ onto that of Z in Z x B™. But
®™ will have singular points on the equator (where 2 + --- +t2 = 1), defined by
the equations

(3.1) tj(?(I)/atk = tka(ﬁ/atj, 1<j<k<n.

The range of Z™ : T x 8™ — C is the set {x + wy;2 € Z,m(z) < y < M(x)},
where m(z) = Mingegn ™ (z,t), M (x) = Maxiesr @™ (x,t). The critical values of
Z™ form a subanalytic subset S™ of the range of Z™. For fixed x € Z the analytic
subvariety of S™ defined by the equation d;®™(z,t) = 0 has finitely many connected
components, on each one of which ®7(x,t) = const. Thus the intersection of S™
with any vertical line x = const. is a finite set, which means that S™ is a finite
union of analytic curves ¢; = {z + wy;z € Z;,y = ¢;(x)} (j =1,...,r; Z; : open
subinterval of 7) and of single points (; (k =1,...,s). The curves ¢; are pairwise
disjoint; the points (i are either isolated or lie on the boundaries of one or more
curves ;. In passing, note that, except in the trivial case ® = 0, which we shall
not consider, the points € Z such that d;®(z,t) = 0 for all ¢ are isolated. We
select the rectangle R = {z + w;|z| < a,|y| < b} (Lemma 2.1) so small that: (i)
if |z] < a and if d;®(x,t) = 0 for all ¢, then 2 = 0; (ii) the only point (i lying in
R is the origin and the only curves /; intersecting R are those passing through the
origin. By a good choice of a and b we can ensure that the curves ¢; only meet the
boundary of R on its vertical sides, y = +b. It is also convenient to replace each
curve £; which is analytic at 0 by its left and right halves. Thus we can subdivide
the family of curves ¢; that intersect R into two subfamilies: those curves, called
é;r from now on, defined by 0 < z < a,y = w;r(:z:), j=1,...,7%; and those, called
(,,, defined by —a <z < 0,y =9, (z), k = 1,...,r7. After relabeling we have
—b <1 <+ <y <b. Keep in mind that ¢ (0) =1 (0) =0, =1,...,r7,
k=1,...,r".
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The preimage under the map Z™ of S™ N'R is a subanalytic set .A. We shall call
AT (resp., A7) the part of A on which z > 0 (resp., < 0); A = AT UA~ UF™(0).
Theorem 9.2 in [17] will enable us to complete the proof of Lemma 2.1. We describe
now how we shall apply that result. We regard A as a fibre bundle over (—a,a)
whose fibre at « is the union A, of the fibres F™ (z+1y), 4ty € STNR. Sussman’s
theorem states that there is a stratification of A and one of (—a,a) such that the
fibre bundle A can be subanalytically trivialized over any stratum of (—a, a). The
meaning of the latter is as follows. The base projection (x,t) — x maps an arbitrary
stratum ¥ of A onto one, Sy, of (—a,a); there are an analytic submanifold 9%y of
S™ and a subanalytic isomorphism 75 : Sy, X My — X which maps {z} x My
onto ¥, = XN A, for each x € Sy. The map 7y is an analytic diffeomorphism;
moreover, both 75, and its inverse are subanalytic in (—a,a) x S™: as we approach
the boundary points of Sy, x My they behave “subanalytically”. In particular, their
derivatives cannot “blow up” faster than some negative power of the distance to
the boundary.

Any stratification of an interval consists of finitely many points and of finitely
many open intervals. After decreasing a > 0 we may, and shall, assume that the
only strata of (—a,a) are (0,a),{0} and (—a,0).

We now proceed with the formal proofs; throughout the sequel p will be an
integer, 1 < p < n.

Our first concern will be with the fibre of Z™ at 0, F7(0). Obviously F7(0) C U™
(see Lemma 2.1). To say that F™(0) = {0} x S™ is the same as saying that ®(z,t) =
x®q(x,t) with ®; € C¥(Z x rB™) (keep in mind that r > 1), i.e., Z = x(1 + 1®y).
Recall that Z,(z,0) = 1, hence ®1(x,0) = 0 for all € Z. Possibly after rescaling
we may write 1 +1®; = ¥, U € C¥(Z x rB"). Thus Z(z,t) = ze¥@Y. On the
other hand we have L = d; — Z;ldtZ A Oy; and since d; Z = Zd;V, we have

L=di+ ZuA 0y, p=—(141®,)"1d, V.
Note also that if f € C*°(Z x rB"; A°?), then Lf|,—0 = di f|s=o0-

Lemma 3.1. Suppose F™(0) = {0} x S™ and f € C®(Z x rB"™; A°P) is such that
Lf vanishes to infinite order at x = 0. Let w be a C* (p — 1)-form on rB™ such
that diw = f|z—o. Then there is a form u € C(Z x rB™; A®P~1) such that Lu — f
vanishes to infinite order at x =0 and u|z—o = w.

Moreover, if i € C*°(Z x rB™; A®P~1) is another form with the same properties,
the following can be said. When p > 2, there is v € C*°(Z x rB™; A®P=2) such that
u — U — Lv vanishes to infinite order at x = 0 and v|,—0 = 0. When p = 1, the
Taylor expansion of u — u with respect to x, about x = 0, is equal to a formal power
series Y oo ¢, Z¥ with ¢, € C for all v.

Proof. Consider a differential form f, = Z*gy for some k € Z, and some g €
C>®(Z xrB™; A%P); if Lf), = Z* Lgy, vanishes to infinite order at z = 0, then so does
Lg. Putting x = 0 in Lgy, yields d¢(gx|s=0) = 0, whence gg|z—0 = div for some
v € C°(rB™; AP~1). We define

fer1 = fo — L(Z%0) = ZF (g1, — dyvr,) = ZF(why) = Z¥H (e hy) = ZM giya.

Note that Lfr11 = Lfj vanishes to infinite order at = 0. We can therefore repeat
the preceding argument.

Starting with fo = f and vy = w this procedure produces a sequence of forms
v € C°(Z x rB"; A%P~1). We select a function xy € C®(R), x(7) = 1 if |7]| < 1,
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x(7) = 0 if |[7| > 2, and numbers ¢, — +0 such that the series > -, x(z/€,)Z" v,
converges in the space C*°(Z x rB"; A>P~1) to a true differential form u. It is
checked at once that Lu — f vanishes to infinite order at x = 0; and of course
U|p—0 = w.

Now let @ € C*°(Z x rB™; A%P~1) have the same properties as u. If p > 2 we
may apply the result just proved to w = u — @ since w|,—o = 0 and Lw vanishes to
infinite order at x = 0.

Lastly, assume p = 1. Write the Taylor expansion of w with respect to = about
zero as y .o, x’w,(t). We solve the equation Z(z,t) = Z with respect to x:
x=ux(Z,t)=> 0 , Z"x,(t), and substitute into Y 0, z¥w, (t). We end up with a
formal series > >~ | ¢, (t)Z”. Since Lw vanishes to infinite order at 2 = 0 we have
(in the sense of formal power series) > >~ | Z”Lc,(t) = 0, which is only possible if
Lc¢, = dic, = 0 for all v. Thus the Taylor expansion of w with respect to x is equal
to>. 2, ez, ¢, €C. O

We now focus on the case F™(0) # {0} x S™. We are going to use a subanalytic
stratification of F™(0) [for instance the natural one, defined by the vanishing of the
partial derivatives of the function ®7(-,0)]. We shall avail ourselves of the basic
property of any subanalytic stratification, namely that the closure of any stratum
is a union of strata (see, e.g., [17, Theorem 9.1]).

Let EEK) (t=1,...,1;) be the strata of F7(0) of codimension x. We denote by
{0} x K a connected component of (C1Z{™)U--- U (Cl Zl(f)); here K is a subset
of S™. After relabeling we may assume that {0} x K = (C1={)u .- U (Cl El('i))
(1 <1< Le). Wedefine {0} x K0 = 2{" U---US{"; since j # k = 2Nzl = g,
KV is a C* submanifold of S”, it is the regular part of K; K = C1 K° and one may
think of K \ K as the boundary of K°.

We make use of the standard Riemannian metric on S™ and of the associated
norms on the tangent bundle T'S™ and on the exterior algebra ACT*S"; and of a
tubular neighborhood 7 of K in 8™ which “tapers off” at the boundary K \ K,
as we now make precise. For each t° € K° let 0,0 denote the open geodesic x-ball
of radius §(t°) centered at tY, whose tangent space at t° is equal to the normal
space Ny KY to K° in 8™ [the normal bundle of K° will be denoted by NK°]. The
function K° 3 t9 — §(t°) € (0, 8] is taken to be C* and to tend to zero at K \ K°.
We define

(3.2) T= | ow

We require that the exponential map induce a diffeomorphism onto 7 of the neigh-
borhood of the zero section in NK° 73 = {(t°,v) € NK%|v| < 6(t°)}. Known
properties of analytic sets ([12, pp. 121-129]; see also Fzposés No. 21, 22, 23, in
[16]) enable us to impose the following condition:

(3.3) Je,v > 0 such that §(t°) > ¢[dist(t°, K \ K°)]7, vt° e K°.

It is not precluded that K° be closed (i.e., compact), in which case, of course,
{0} x K° is equal to a single stratum of F7(0) and the validity of (3.3) is obvious.

We coordinatize 7 \ K° by “blowing up” the set 7; C NK° at the zero section.
Precisely, we introduce, as a “radial coordinate” in 7 \ K°, the geodesic distance
p(t) = dist(t, ") between t° € K° and t € o,0. We call 6 the fibre variable in the
normal sphere bundle SNK® and © the total variable in SNK° : © = (¢°,6). We
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shall make use of the manifold 75 = {(0,p) € SNKY x R;;0 < p < §(t%)} and of
the “natural” diffeomorphism of 75 onto 7 \ K, obtained by composing

exp

T, > ((1°,0),p) — (1 p) € T\ O = T\ K°.

The exterior algebra ACT*7T gets the structure of a Hilbert vector bundle from
the Riemannian structure of 7 C S™. We use it to define, for each ¢ = 0,1,...,n,
a vector subbundle of AYCT*(T \ KY):

E© = A°CT*(T \ K°) = (T \ K°) x C;

if g>1, E@ =[ACT*(T\ K%] & [dpAATICT*(T \ K°)].
Since dp A E@~1) = dp A A 'CT*(T \ K°) we have the orthogonal sum decompo-
sition
(3.4) ACT*(T\ K°) = E9 @ (dp AEUD).
Of course, AICT*T = A%4|z,7 by pullback under the coordinate map (x,t) — t.
This allows us to view E(9) as a subbundle of A% over Z x (T \ K°). We can also
pull back AICT*(SNK?) to Z x T3 via the coordinate map (z,0,p) — ©. The
“blow up” map 7o = 7 \ K induces a natural isomorphism of the vector bundles
(3.5) AICT*(SNK®) = E@,
We may now introduce the differential operators

L,=0/0p— (1 +.1®T)"1(09™/9p)d/dx
acting on C*(Z x T3; AICT*(SNK?)), and

Lo =de — (1 +:1®7)  (de®™) A O/0x
acting from C*°(Z x T; AICT*(SNKY)) to C®(Z x To; ATFICT*(SNK?)) [do: ex-
terior derivative on the manifold SNK®;dg = dyo + dg]. Using the isomorphism
(3.5) we can transform these operators into operators acting on sections of E@ over
T x (T \ K°) which we continue to call L, and Le, and decompose the differential
operator

L™ :C(Z x (T \ K%); A7) — (T x (T \ K9); A%7t1)
asasum dpAL,+ Le: if f € C¥(Z x (T \K°); E@Y) g € C=(Z x (T \ K°); E@),
then
(dpNLp+Le)(dp A f+g)=dpA(L,g—Lef)+ Leg.

Now consider the “first integral” Z™ = z + 1®"(x,t) of L™ : ®™ =0 on K° =
O™ (z,t) = O(|z| + p) in Z x T. We may solve the equation Z™ = x + D™ (x,t) to
get © = x(Z™,t) (= 0 on K°). Later we shall substitute z = x(Z™,t) in analytic
functions and in formal power series expansions with respect to x, or to (z,p).
Note, for later reference, that
(3.6) L,Z" =0, LeZ" =0.

We shall also use the vector field LT = (1 +:®7)~19/dz [cf. (1.4) and Section 2].

Lemma 3.2. Let {0} x K be a connected component of (ClEgK)) U---uU(Cl El(:))
and let K° be the reqular part of K.

Let f € C°(Z x T;A%9) have the following properties:

(1) f=0o0nZTx K"
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(2) f vanishes to infinite order on {0} x (K \ K°);

(3) f is a section of B over T x (T \ K°).

There is u € C®(Z x 8™; A%9) which is a section of B9 over T x (T \ K°) and
has the following properties:

(A) pL,yu — f vanishes to infinite order on {0} x KU

B)u=0onZxKY,

(C) suppu C I x C1T.

It follows from (A) that pL,u, a priori defined for p # 0, extends as a C* section
of A%971 to the whole of Z x S™, of course supported in Z x C17 by (C).

Proof. We exploit the property that any C* function in the open subset 7; of
NK?, or for that matter any C™ section of a smooth vector bundle over 77, has a
(formal) Taylor expansion at the zero section in powers of the Euclidean distance p.
The Taylor coefficients are functions (resp., sections) defined in the sphere bundle
SNKVY. In our case, taking into account the presence of the variable z and making
the change of indeterminate x — Z™(z,t), we are allowed to deal with the Taylor
expansion of f with respect to (Z™,p) about (0,0)7ZszO(Z”)“pb"’lfa(bH)(9).
Each section fas(©) = = (L§)*L5 fla=p=0 is a smooth section of AICT*SNK"
and is flat on K \ K°. Let us state precisely what the latter means. We use the
fact that p®f,,(©) extends as a C* section of AICT*NK° over 7; (and not just
over 71\ 0). To say that f,;(0) is flat on K\ K is the same as saying that p®f.,(©)
vanishes to infinite order on K \ K°. More explicitly, we transfer p®f,;,(0) as a C*°
g-form @gp(t) in 7 via the exponential map. Then (cf. Section 2) to each integer
N > 0 and each differential operator P(t,d;) with C* coefficients in S™ there is a
constant C'x,p > 0 such that

(3.7) |P(t,0)¢an(t)| < C p[dist(t, K\ KN, VteT.

At the left | - | is the Riemannian norm in the exterior algebra and P(t,d;) acts on
the coefficients of ¢4 in local charts of 8™. Thanks to (3.6) we have

oo 1 oo
L, < > H—l(zﬂ)apb+lfa(b+l)(®)> = ) (Z7) faps) (O).
a+b=0 a+b=0

We select (cf. proof of Lemma 3.1) a function x € C*°(R), x(7) =1ifr < 1,x(7) =0
if 7 > 2, and positive numbers €, \, 0 (v =0,1,2,...) such that

o0

(3-8) X (2] + p)/ea)x(p/evS(E)(Z7) p"* fap1) (©)

1
a+b=0 b + !
converges to a section u € C*°(Z x T; A%%)—thanks to the fact that the products
0 far(©) are smooth sections in 7. As a matter of fact p®f,,(©) is a smooth section
of E@ for p > 0 (the region in which the bundle E(@ is defined), and thus the
restriction of u to Z x (T \ K°) is a section of E(@. Note also that if ¢ is sufficiently
small, then the supports of all the functions x(x/e.)x(p/es6(t°)) are contained in
Ix[TU(K\KY).
To show that u vanishes to infinite order on Z x (K \ K°) we avail ourselves
of (3.3) and of the fact that the sections fu,(0) are flat on K \ K°: given any
N,k € Z4 there is a constant AN, > 0 such that, for all a,b € Z; and all j < k,

| farn) (&, 0)]/6(t°) < AN, dist(t, K\ K)N, v(t°,0) € SNK®.
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First, let (LF)*(L,)! act on the series (3.8). There are positive constants Cfl’% 6.0
Cy bk, such that

a

L) { Z xX((|Z] + p)/€a)x(p/es6(t°))(Z7)% p" T fa(b+1)(®)}’
< Y Cr e e X (2l + p)fea)l - X (p/end (1°))]
§+ 1< lf+

(2] + p) T E P | o400 (©)1/6(8°)

{ Z Cop i Amppes Fey ™ l}diSt(toaK\Ko)N

a+b=0
We require
(3.9) CloypriAbpes ™ eyt <2797 ifk+1< N <a+b,
which yields, for some constant By > 0,
(L§)*(L,)! { ol + p)/ea)x(p/ebé(to))(Z’T)“pb“fa(bm(9)}}
a+b=0

< By dist(t?, K\ KOV
in 7. Now let P be an arbitrary differential operator with C*> coefficients on S™ and
let (LF)kP(t,0/0t) act on each term of the series (3.8). We repeat the preceding
argument. We can compensate for the negative powers of § Thanks To Hypothesis
(3.3) and to (3.7) applied to the coefficients f,;. We must now impose a condition
of the kind (3.9) with constants that depend also on P. That the section w fulfills
the requirements in Lemma 3.2 is easily checked. O

The forthcoming argument will be predicated on the property that the pullback
of every form (LF)*f (k € Z,) to each stratum of F™(0) is exact. The following
lemma will be applied:

Lemma 3.3. Let K be as in Lemma 3.2. Let a form f € C®(Z x S™; A%P) have
the following properties:

(3.10) f vanishes to infinite order on {0} x (K \ K°);
(3.11) L™ f vanishes to infinite order on {0} x K;
(3.12) Vk € Z, the pullback of (LT)*f to {0} x K° is exact.

Then there is v € C®(Z x 8™ A%P~1) such that f = f — L™v has Properties (3.10)
and (3.11), as well as the following one:

(3.12%) Vk € Z, the pullback of (LT)*f to {0} x K° vanishes identically.

Proof. Call p the map 7 D o0 >t — tY € K° and ¢* the pullback to {0} x
K9 p*p* = Identity. Hypothesis (3.12) implies that

fe =9 " (L§)" f € C=(T; APCT*S™)
is eract, and (3.10) that fy is flat at K \ K°. By (3.3) there are countable triangu-
lations of a neighborhood of (C17)\ (K \ K°) with a good control of the size of the
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simplices in terms of their distance to K\ K. We use the method of [18] to integrate
the equation d;wy, = f; with estimates ensuring that wy € C>°(C17; APCT*S™) and
that wy is flat at K\ K°. We can now extend wy as a C* (p — 1)-form to the
whole sphere S”~!. To do this we introduce a finite covering of C17 by open sets
in which the boundary 97 can be desingularized and AP~'T*S™ admits smooth
bases. We extend across 07 each coefficient of wy in one of these bases. Away
from K \ K° our integration of the equation dywy = f, is carried out in simplices
that cross the boundary 07 and thus yields an automatic extension. At points of
K\ KY the coefficients are flat and desingularization transforms the geometry into
that of corners.

We identify the extension of wy to a differential form wy on Z x S™ via the
pullback (z,t) — t and we define

v= Z %X((|$| + p)/ek)(Zﬂ)kwk €C>®(T x Sn;AO,p—l)7

where the variable p and the cutoff function x have the same meaning as in the
proof of Lemma 3.2, and the selection of the numbers € (> €541 — +0) is similar
to their selection in that proof. Observe that

023 gpullel + /)7
k=

modulo forms that vanish to infinite order on {0} x K%; supp L™ C Ix[TU(K\K?)]
if the numbers ¢, are sufficiently small; and, as a consequence, the coefficients of
f — L™ vanish to infinite order on {0} x (K \ K°).

Property (3.11) is unchanged if we substitute f — L™v for f. Finally, for any
k=0,1,..., o (LE)* L™ = ¢*(LE)* f since Z™ =0 on K°. O

Lemma 3.3 reduces the situation to the one dealt with in the following

Lemma 3.4. To each f € C>®(Z x S"; A%P) with Properties (3.10), (3.11) and
(3.12") there is u € C*°(Z x S™; A®P~1) such that L™u — f vanishes to infinite order
on {0} x K.

Proof. We use the same notation as in the proof of Lemma 3.2. The direct sum
decomposition (3.4) allows us to write f = fo+dp A p~tf1 in T x (7T \ K°) with
fo € C®(Z x (T\ K°):;E®) and f; € C®(Z x (T \ K°);E®~Y). The following
consequence of the smoothness of f is crucial for the rest of the argument: f; =0
when p = 0 and f; extends as a smooth (p — 1)-form to Z x 7. To prove this
claim one can, by (3.5), identify f; to a section of AP"*CT*SN K which depends
smoothly on p > 0, and then use local coordinates in the (spherical) fibres of SN K.

Furthermore, (3.10) implies that both fo and f; are flat on {0} x (K\ K°). Here
we are extending slightly the concept of flatness introduced in the proof of Lemma
3.2: now it also involves the variable x and (3.7) must be replaced by estimates of
the kind

(3.7) |05 P(t,8;) f(x,t)] < Cyppllz| +dist(t, K\ KON, Y(x,t) e ITxT,

for k=0,1,2,....
We apply Lemma 3.2 to fi to get a form u € C*(Z x S"; A%P~1) with the
following properties: suppu C Z x (C17); u=0onZ x K; L,yu— p~' f; vanishes to
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infinite order on {0} x K; and by construction the restriction of u to Z x (7 \ K°)
is a section of E(®~1).

For p = n the argument stops here: fy = 0,L"u = dp A L,u and thus L™u — f
vanishes to infinite order on {0} x K. In the remainder of the proof we assume
p<n-—1.

Observe that

(f = L™u) = (fo = Leu) = dp A (p~" f1 — L,u)
vanishes to infinite order on {0} x K. One can view fo — Lou as a C* section of
E® and even as a C* section of APCT*(NK®) over Z x (T \ K°)—by (3.5). With

this interpretation the operators L§ and L, act on fo — Leu. For each (a,b) € Z7,
define

Fab = 300 w00

The forms F,; depend only on © = (t,0) € SNKY, and only on t° when b = 0.
We have

(L§)*Ly(f — L™u).

lim  (LD)*LY(f — L™u) = lim (L3)*Lb(fo — Leu).
(ryp)—>(0,0)( 0) Lolf ) (:E,p)—>(()70)( 0)“ Ly (fo o)

Strictly speaking, the formal series
F# — Z (Zfr)aprab
a+b=0

is equal to the Taylor expansion of f — L™u with respect to (Z7, p) about (0,0).

It follows from hypothesis (3.12) (with f substituted for f) that (L7)*fo tends
to zero as p + |z| — 0. On the other hand, u|,—¢ =0 = lim,_,¢(L{)*Leou|,=0 = 0.
We conclude that Fo =0 for all a € Z .

We also make use of the Taylor expansion of the coefficients of the vector field
L,, which provides us with the formal vector field

L¥ =0/0p+ > (Z7)"p’cabLf.
a+b=0
The coefficients c,;, depend solely on © € SNK°. By (3.11) L™f = L™(f — L™u)
vanishes to infinite order when x = p = 0. We derive that LjéF# =0, i.e.,

1S e 5 (s S e, ) <o
a+b=0 a+b=0 i+j=0

or, equivalently,

b+ 1)F, a(b+1) ZZ (a—i+1) Clj (a—i+1)(b—j)-
1=0 j=0

Since Fyo = 0 for each k € Z, necessarily F, = 0 for all a,b € Z,. This proves
that f — L™u vanishes to infinite order at z = p = 0. O

We are now in a position to prove the following part of Lemma 2.1:

Lemma 3.5. If f € C®(Z x S"; A%P) is L™-closed and if, for any k = 0,1,...,
the pullback of (LZ)*f to any smooth submanifold of F™(0) is evact, then there is
u € C®°(Z x S8™; A®P~1) such that f — L™u vanishes to infinite order on F™(0).



408 SAGUN CHANILLO AND FRANCOIS TREVES

Proof. By Lemma 3.1 the claim is evidently true when F™(0) = {0} x S™. When
F7(0) # {0} x S™ let %4,...,%,, be the compact strata of F™(0) [for the natu-
ral stratification of F7(0)]. For each ¢ = 1,...,sq, the conditions (3.10), (3.11),
(3.12) are satisfied with K = 3;. By combining Lemmas 3.3 and 3.4 we find v; €
C>(Z x S™; A%P~1) such that f — Lwv; vanishes to infinite order on ;. Let y; €
C>®(Z x S8™), x; = 1 in a neighborhood of ¥;, x; = 0 in a neighborhood of every
¥, 1< j < sg, j # 4. It is clear that f — L(>_:°, x;v;) vanishes to infinite order
on U7, ¥

Now suppose f vanishes to infinite order on any stratum of F7(0) whose codi-
mension is > k& > 1. By the preceding argument we know this to be the case
if k is equal to the maximum of the codimension of the noncompact strata (in
which case k < n). Now let Ki,..., K, be the connected components of the set
EY") - U El(ﬁ). [We are changing the notation a bit: above, these connected
components would have been called {0} x K; but this precision is not needed here.]
For eachi = 1,...,s, we can find v; € C*(Z x S™; A®»P~1) such that f — Lu; is flat
on K;. Let x; € C*®(Z x S™), x; =1 in a neighborhood of K;, x; = 0 in one of each
Kj, 1<j<s,, j#i Itisclear that f — L(>_0%, xsv;) is flat on |7, K;. Thus
descending induction on k proves the assertion. O

Henceforth we assume that the form f vanishes to infinite order on the fibre
F™(0). We reason in the region x > 0; the same reasoning applies to the region
x < 0. Call Zj(ﬁ) (i=1,...,qs) the strata of AT whose codimension is equal to k.
Below K will be an arbitrary connected component of the union (Cl Zf(“)) U---u
(Cl EEI:N)) [all closures are relative to (—a,a) x S™]. Then K = (Cl EZ(N)) Uu---u
(Cl ET(“)) (1 < a < gy); the regular part of K is the C* submanifold of (0,a) x S™,
KO=x U usf; we write KO = {t € S"; (z,1) € K°} (0 < z < a).

We shall duphcate the argument dealing with F 7T(O) except that we shall “inject”
the coordinate 2. Thus we introduce a tubular neighborhood 7 of K in (0, a) x S™
which tapers off at the boundary K\ K°. For each (z,t°) € K" let 0, ;0 denote the

open geodesic k-ball in S™ of radius 6(z,t°), centered at t°, whose tangent space at
t% is equal to the normal space to KU. We define

(3.13) T = {(z,t) € (0,a) x S™; 3" € K? such that t € o, 40}

We require 6(z,t°) to be a positive C> function in 7, sufficiently small to ensure
that the exponential map in S™ induces a diffeomorphism onto 7 of the set

T = {(z,(t°,v)) € (0,a) x TS™; (t°,v) € NK?, |v| < §(x,1°)}.
On the other hand we don’t allow 6(z,t°) to be too small: we require
(3.14)  Fe,y > 0 such that §(z, %) > c[dist((z, "), K \ K°)]7, V(z,t°) € K°.

Such a choice of §(x,t") is permitted thanks to the properties of analytic sets.
The geodesic distance in S™ between ¢° € K and t € o, 40, p(t) = dist(¢, "),
is the “radial coordinate”. Now @ is the fibre variable and © = (t°,6) the total
variable in the normal sphere bundle SN K? of K0 in S™. As z ranges over Z these
bundles SN K make up a fibre subbundle SN’K° of the normal sphere bundle
SNK" of K° in T x 8™ : ((2,t°),0) € SN'K" & the pushdown of § € SN, 40y K°
under the coordinate map (z,t°) — = is equal to zero. We introduce the manifold

Ty ={(z,(t°,0),p) e SN'K® x Ry; (t°,0) e SNK®,0 < p < 8(x,1°)}
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and the natural diffeomorphism of 73 onto 7 \ K obtained by composing
T3 5 (x,(t°,0), p) — (2,t°, p0) € T, \ 0 =X T\ K°.

Here the exponential map is defined on the slices corresponding to a fixed z.

As before, we call E(@) the vector subbundle of A% over 7 \ K° orthogonal (for
the Hilbert space structure induced on the fibres by the Riemannian structure of
S™) to the vector subbundle dp AA%9~1 (¢ > 1). Agreeing that E(©) = (7\ K°) x C
we have the orthogonal decomposition

(3.15) AO?q|T\K0 =E@ g (dp A E(q—l)).

To this decomposition there corresponds the decomposition of the differential op-
erator L™ = dp A L, + Lg used earlier, with L, and Le acting on sections, over
T\ K° of E@= and E@ respectively.

Let W denote the pullback of Z under the blow-up map 7o — 7 \ K°; define
the vector bundle over 73, A’%? = AICT*T5/(dW AA9=*CT*73). The blow-up map
Ty — T \ K defines an isomorphism of A%? onto A’%9. The exterior derivative in
SN’'KY x R, induces a differential operator L' : C°°(Ta; A'%9) — C>°(T; A'09F1).
The factorization SN’K? x R leads to a decomposition of the exterior algebra
ACT*(SN'K® x R) and, by way of consequence, of A% (¢ = 0,1,...). The
Riemannian metric of S™ or, if one prefers, of Z x S™, induces a Riemannian
metric on the manifold SN’K? and thereby a structure of Hilbert vector bun-
dles on the exterior powers AICT*(SN'K® x R) and on their quotients A’%9.
Let E(9 denote the orthogonal of dp A A/%4~1 in A’%9; it is checked at once
that the isomorphism A%? = A’%¢ induces an isomorphism E'(@9 = E@,  Of
course, A4 = E'@ @ (dp A E'(4=V)). This decomposition yields a decomposition
L'=Lg+dpALj,; L™, Le and L, are the transforms of L', Lig and L], respectively,
under the isomorphism A%? =2 A/0:4,

Below the operator L7 will act on sections of E(®. This action must be defined
precisely as follows: let f be a C*™ section of A%? over some open subset I/ of
Z x S™, and let fo € C°(U; NICT*(Z x S™)) represent f. If f is any C*° section
of A9TICT*(Z x S™) over U representing L™ f, then dfy — f1 = dZ™ A f for some
f2 € C°(U; NICT*(Z x S™)). The equivalence class of fo in A%9 is equal to L7 f.
Since L,Z" = L§p =0 and of course L§Z™ = L,p = 1, we conclude that L{ maps
C=(T \ K% E@) into itself.

All this can be translated in 75 for sections of E/(9) yielding a differential operator
L : C(Ty; E'9) — C®(To; E'@); L™ can be regarded as an operator depending
smoothly on the parameter p (in a neighborhood of zero whose size depends on the
base point in 73) and, as such, admits a Taylor expansion about p = 0. We can
retransform L™ into L§ and thus obtain the Taylor expansion of the latter with
respect to p about zero.

These remarks will now be used in the proof of the analogue of Lemma 3.2:

Lemma 3.6. Let K be a connected component of (ClEgH)) U---u(Cl Zl(f)) with
reqular part K°. Let f € C°(Z x T; A%9) have the following properties:

(1) f=0 on K;

(2) f wanishes to infinite order on K \ K°;

(3) f is a section of E@ over T\ K°.
Then there is u € C®(Z x S™; A%9) which is a section of E(9 over T\ K° and has
the following properties:
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(A) pL,u — f vanishes to infinite order on K%
(B) u =0 on K;
(©)

(D)
Proof. Pullback to 73 shows (cf. beginning of the proof of Lemma 3.2) that we
have the right to form the Taylor expansion Y, p* fr, of f with respect to p
about zero. For each k = 1,2,..., p*fiu(z,0) = %pk lim, .o OF f/0pF is a smooth
section of A%~ over 7 and vanishes to infinite order on K \ KU; it is a section
of E@ over 7\ K° Let Y72, pFci(x,0)9/0x denote the Taylor expansion of
the operator ((0®™/0p)L] (see above). It is important to note that, for each k,
cx(z,0)0/0z defines an endomorphism of C®(7 \ K°; E(9)); and also that, except
in trivial cases, 9™ /Jp does not extend as a C* function to 7, but that p0®™/dp
does. Tt follows that each p**lci(z,©) extends as a C* function in 7. This said
we seek a power series Yo, pFuy(z, ©) such that pFu(z,©) € C*°(T; A%9) for all
k, and

u is a section of B9 over T \ K°;
suppu C C17.

(o100 3o tejoe) (ot ) =32t
j=1 k=1

i=0
We use recurrence on k = 1,2,... to solve the equations
kuy = Z Caaub/ax + fx.

a+b=k—1

This implies uy, € C*(7 \ K% E@) and

kpfur = > (0" ca)d(pup) [0z + " fi.
a+b=k—1

Induction on k and the smoothness of p®lc, and p* fi, implies that p®uy defines a
C section of A%? in T for every k = 1,2,.... We introduce the usual cutoff func-
tion x € C*(R),x(7) =1if 7 < 1,x(7) = 0 if 7 > 2, and select positive numbers
e, .0 (v =0,1,2,...) such that > 72 | x(p/exd(x, %)) p*uy (2,10, 0) converges to
a C* section u of A®Y in 7 which vanishes to infinite order on K \ K% We take
€o sufficiently small to ensure that the supports of all the functions x(p/exé(z,t°))
are contained in 7 U (K \ KY). The claim follows in the usual manner from (3.14)
and from the flatness of the fi(z,0) on K \ K°. Furthermore we can extend u to
T xS™ setting u = 0 in the complement of 7 (in particular in the region z < 0). O

Lemma 3.7. Let K be as in Lemma 3.6. Suppose that f € C®(Z x S™; A%P) is
L™-closed, that its pullback to any C> submanifold of any fibre of Z™ is exact and
that f vanishes to infinite order on K\ K°. Then there is u € C°(Z x S™; A®P~1)
such that L™ug — f vanishes to infinite order on K and uxg =0 for x < 0.

Proof. Let T be the tubular neighborhood of K° used in the proof of Lemma
3.6. Weset f = fo+dpAp tfiinT)\K° with fo € C°(T \ K% E®) and
f1 € C®(T\ K% E®-1) vanishing to infinite order on K \ K°; moreover f; = 0 on
K°. By applying Lemma 3.6 to f; we get a form v; € C(Z x S™; A%P~1) which is
a section of E(P) over 7\ K° and has the following properties:

(A) L,vy — p~ ! f1 vanishes to infinite order on K;

(B) v1 =0 on K;

(C) suppv; C C17.
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When p = n the proof ends here, since fo = 0 and L™v; = dp A L,v; (cf. the
proof of Lemma 3.4). In the remainder of the proof we assume p <n — 1.
The following is a C* section of A%P over 7:

F=f—Lv—dpA(p~"fi = Lyvi)(= fo— Lev1);
it is a section of E® over 7\ K° and vanishes to infinite order on K \ K°; and
L™F = (=1)PL™[(p~* fi — L,v1) Adp] vanishes to infinite order on K, i.e., at p = 0.
Next we expand the coefficients of the differential operators L, and Le in powers
of p:

L¥=0/0p+ Y picad/Ox,  LE=do+ Y p"ApAD/0x.
a=0 b=0
Since )¢ is proportional to the pullback of d;®™ to K" and since each stratum of
K9 is contained in a level set of ®™(z, -), necessarily A\g = 0. We use now the Taylor
expansion in powers of p of the section F':

F# = Z pF Fl;
k=0
we have LjéF# =0, LgF# = 0. Explicitly the first one of these equations reads
(3.16) (k+1D)Fe1+ Y cadFy/0x =0, VkeZ.
a+b=k

On the other hand, since F is a section of E®) over T \ K% Fy is equal to the
pullback of F to K°. When Fy = 0, (3.16) entails F, = 0, Vk = 1,2,...: in this
case F' vanishes to infinite order on K, and we can take ux = v;.

If Fy does not vanish identically we seek a power series w# = > 72 | pFwy, such
that every term p®w, extends as a C* section of A°?~1in 7, and such that Ljéw# =

0, LEw# = F#. Tn particular w# satisfies Equation (3.16) just like F#:

(3.17) (k+Dwerr + Y cadwy/dz =0, Vk€Zy.

a+b=k
As a consequence, once wy is selected the forms wj are determined for all £ > 1.
Moreover, multiplying (3.17) by p**! and recalling that p®*'c, € C>(T) shows, by
induction on k, that every form p*wy, is smooth in 7. On the other hand, pulling
back the equation LEw# = F# to K° leads to

(318) dto’wo = Fo.

It is at this juncture that we avail ourselves of [17, Theorem 9.2]. There is an
analytic and subanalytic submanifold 9%, of S™ and a subanalytic isomorphism
70 : (0,a) x My — K° which commutes with the coordinate projection (z,t°) — .
For each z € (0,a) define 7o(z) : My — K by the formula mo(z,t) = (@, 79(2)t).
By hypothesis the pullback 7 (z)* Fy is exact on My for any = € (0,a). We seek a
solution, for each x € (0, a), of the equation in My,

(319) dzbo = TQ(I‘)*FQ.

The (p — 1)-section @y must be smooth in (0,a) x My and we need estimates of
the derivatives of the coefficients of Wy in terms of those of 79(z)*Fy. We can use
a subanalytic triangulation of 9y [9, Theorem 2]. We integrate Equation (3.19)
with the concomitant estimates, in each simplex of the triangulation (say, by the
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standard homotopy formula), starting with the simplices of highest dimension and
descending to those of ever lesser dimension, in the manner, for instance, of [18].

To formulate the estimates it is convenient to use a tubular neighborhood 7y
of My in S™ which tapers off at the boundary, defined in the manner of (3.2):
To = U,.con, 51 (5, s a geodesic ball centered at p and perpendicular to My); we
view 7y as a fibre bundle over 9y with base projection s, — . We can pullback the
form wy to 7y under the base projection, and make use of the differential operators
in the whole sphere S™. Given any coeflicient of Wy, v, any integer j > 0 and any
differential operator P(t,d;) in S™, there are constants C, R > 0 and differential
operators Q;(t,0¢) (I =1,...,N) such that, for every x € (0, a),

(3.20)

sup |8£P(t, at)’)/f(xv t)'
teTy

j N
< C sup  [|lz] +dist(t, Ko \ K7 Y SN " 105Qu(t, 0) Fy (o, 1)

0
teks |J|=p k=0 =1

Since F vanishes to infinite order on K\ K°, we may regard g as a C> (p—1)-form
in (0,a) x 7y which does not involve dz and vanishes to infinite order at = = 0.
Now we view (0,a) x 7y as a fibre bundle over (0, a) x My with fibres {z} x s,,; we
also view 7 as a fibre bundle over K° (with fibres o, 40). Assuming that 7y and 7
are sufficiently “thin”, we can extend 7y as a subanalytic fibre bundle isomorphism
7 of (0,a) x Ty onto a neighborhood of K which contains 7. The pushforward of
wo under the map 7 is the sought solution wqp of (3.18).

An important consequence of the estimates (3.20) is that wo € C>°(C17T; A%P~1),
by which we mean that the (p — 1)-form wp and its partial derivatives of all orders
extend continuously to the closure of 7 in [0, a) x S™; moreover, they tend to zero
as * — +0. The same will therefore be true of the forms pfwy (k = 1,2,...)
determined by the recurrence relations (3.17) (recall that the functions p*lc, are
C* in C17 if 7 is sufficiently thin). At this juncture we use once again a cutoff
function y € C*(R), x(7) =1if 7 < 1,x(7) = 0if 7 > 2. We determine inductively
the numbers €, \, +0 in such a way that the series Y=, x(p/ex)p*wy, converges
in C*°(C17;A%P~1) to a form w which vanishes to infinite order at z = 0. By
an argument like that used in the proof of Lemma 3.3 to extend the forms wy
we extend w to (0,a) x S"7! as a C* form which vanishes to infinite order as
x — 40; and lastly, we extend w to Z x S"~! by setting w = 0 if z < 0. By
construction F — L™w vanishes to infinite order on K° and therefore also on K.
The form ux = v; + w satisfies the requirements in Lemma 3.7 since f — L™ux =
F—L"w+dpA(p~'fi — L,v1). O

We are now ready to complete the proof of Lemma 2.1. As before we call
Eg”), .. .,El(':) the strata of A% of codimension equal to x; and we consider an

arbitrary connected component K of (C12)U--- U (Cl El(:”)). If x is equal to the
maximum codimension kT of all the strata of AT, then perforce K\ K° C F™(0).
Lemma 3.5 allows us to assume that f vanishes to infinite order on K \ K°. Now
suppose f vanishes to infinite order on every stratum of AT of codimension > &,
as well as on F™(0). By Lemma 3.7 we can find a form ux € C®(Z x S*; A%P~1)
such that f — L™uy vanishes to infinite order on K. We may assume that the
supports of the forms ux do not intersect, for different connected components K
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of (Cl ET(K)) u---u(Cl E;:(F")). Adding the forms ug yields a form u(*) such that
f—L™u®) vanishes to infinite order on (Cl ET(K))U- --U(Cl El':('{)); moreover, u®) =
0 if z < 0. Descending induction on & produces a form ut € C>(Z x S"; A%P~1)
such that u™ = 0 in the region x < 0 and that f — L™u™ vanishes to infinite order
on AT.

The same argument in the region x < 0 yields a form u~ € C>(Z x S"; A®P~1)
such that v~ = 0 if z > 0 and that f — L™u~ vanishes to infinite order on A~;
ug = u* + u~ satisfies the requirements in Lemma 2.1.

4. PROOF OF LEMMA 2.2. PREPARATORY ESTIMATES

We refer the reader to the description at the beginning of Section 3. The set of
critical values of Z™ in the rectangle R = {z = 2 + 1wy € C;|z| < a, |y| < b} (see
Lemma 2.1), RN S™, consists of {0} and of the curves

O<z<a, y=¢(x)(G=1...,r")
—a<z<0, y=¢. () (k=1,....r7).

These curves are real-analytic; they are subanalytic sets; 1/1} () > 0asx — 0 for
allj=1,...,r% If0 <z < a, then —b < ¢ (z) <o, (z) <b(j=1,...,7r" =1),
and if —a <2 <0, then —b < ¢, (z) < () <b(k=1,...,r7 —1).

Let U be an arbitrary connected component of R \ (R N S™) and O one of
(Z™)~1(U). In other words U is one of the following sets:

{ZE(C;0<x<a,1p;'(x) <y<¢‘;r+1(x)} (G=1,...,rT =1);
{zeCi—a<z<0,9 (x) <y<@[1k_+1(x)} (k=1,...,r~ =1);
{z€C;0<w<a,-b<y<y](2)} {zeC0<z<a,vf(z) <y<b}
{zeCi—a<z<0,-b<y <y (v)}, {zeC-a<x<0,9 _(z) <y <b}

We shall exploit the following obvious facts: O is a connected component of
(Z") Y R\ (RNS™)); Z™(O) = U. For each z € U, £, = F*(2) N O C S" is
a compact C* manifold without boundary. As z ranges over U these manifolds £,
are diffeomorphic to one another (see below; O is a fibre bundle over I whose fibres
are the manifolds £,). We endow each submanifold £, with the Riemannian metric
9g(=) induced by the standard metric on S™ and we use the classical Hodge theory
in L?(£,; A*) defined by means of that metric. To keep this in mind we denote
by (', )(z) the inner product on each fibre of the exterior algebra ACT*£.; and by
d(z), dz‘z) and A(;) the exterior derivative, its adjoint and the Hodge-Laplacian on
the Riemannian manifold £,.

Unless specified otherwise we shall denote the variable point in S™ by ¢ and we
shall regard £, as a submanifold of S™. By V;®™ we shall mean the gradient of &~
on the sphere. We introduce the quantity

p(z) = Ming, |V, ®"(z,t)|,  z€U.
Lemma 4.1. There are constants ¢, u > 0 such that, for all z € U,

(4.1) p(z) > c[dist(z,S™)]*.
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Proof. The analyticity of the function |V;®7 (z,t)|? allows us to state the following
(cf. [13]): there are numbers c1, i > 0 such that, for all (z,t) € O,

(4.2) |V @7 (x,t)| > c1[dist((z,t), N™)]H,

where N™ = {(z,t) € T x S";|V®™(x,t)] = 0}. To each (z,t) € O there is
(z+,t.) € N7 such that dist((x,t),NT) = [z — z.|? + dist(¢, ¢.)?]V/? [dist(t, t.):
geodesic distance between t and ¢, in S™]. Set y. = O (x4, ts), 26 = Tu+ 1y« (€ ST);
then

|97 (2, t) — D7 (s, 1) < Ml — .| + dist(t, £.)°] /2,

with M > 0 independent of x, ¢, z., t.. If 2z = x4 1P™(x,t) and if we take (4.2) into
account, it follows that |V;®7 (z,t)| > c1(1 + M2)7™#/2|z — z,|# > co[dist(z, S™)|*
(c1 > ¢2 > 0). Taking the minimum of the left-hand side over ¢ € £, yields
(4.1). O

The forthcoming argument will make use of estimates of the metric g(,) and of
its derivatives, both tangential to £, and transversal to it, i.e., in the z-directions.
It is convenient to limit the variation of z to a small open disk A € U centered at
an arbitrary point zyp € U, whose radius ry shall be chosen later.

We shall now reason in a neighborhood of an arbitrary point O in £,,. After a
rotation we may assume that O is the North Pole (0,...,0,1) of S™ and that the
tangent space to £, at O is the affine subspace of R"*! defined by t,, = 0,#,41 = 1.
We use the coordinates t1,...,t, in the open Northern Hemisphere S? of S™. We
shall make systematic use of the notation t = (t',t,),t' = (t1,...,tn—1); O now
becomes the origin of R”. For any z € U the submanifold £, can be defined, in
a neighborhood of O, by the equation ®™(x,t) = y. At O, i.e., when z = x and
t=0,00"/0t; =0 (1 <j<mn), 00/0t, = £|V,2"|. If the radius ro of the disk A
and the neighborhood w of 0 in R™ are sufficiently small, in A X w (€ U x R™), then
£, is also defined by an equation t,, = 1(z,t'), with ¢ real-valued and real-analytic,
¥(z,0) = 0,dp1(2,0) = 0. The standard proof of the Implicit Function Theorem
shows that we may take ro = kp(20) and

(4.3) w={t e R" [t'| < rp(20), [tn] < Kp*(20)}
for some suitably small x > 0 independent of zy (and a fortiori of the point O).
More precisely, we can select £ > 0 in such a way that, in A X w,

1
(4.4) [Ve@T| < Mrp(z0), |09 /0tn| 2 Sp(20),

with M > 0 also independent of zg. Of course,
O™ (,1) —y = E(z,)[tn —¥(2,1')] in A xw;
00" /0t; = —E0Y/ot; (j=1,...,n—1), 0®"/0t,=F in Ax (£, Nw).

If we write

n—1

g(z) = Z gij (Z, t/) dtz (%9 dtj

i,j=1
in A x (£; Nw), we see that g;; = 6;; + 1,1y, or, equivalently,
(4.5) gij = bij + OO /(2] )*.
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The expression (4.5) defines the g;; as functions of (z,t), and this is how we shall
often view them in the sequel. To recover their values on a fixed level set £, Nw it
suffices to put ®™(xz,t) = y or, which amounts to the same, ¢, = ¥(z,t'). At any
rate, we derive from (4.4) that |g;; — 6;;| <4M?k? in A x w, and, as a consequence,
given any € > 0 we can choose x > 0 sufficiently small that

(4.6) lgij — bij| <&,
(4.7) |det(g;;) — 1| <e,
(4.8) lg"7 — 6ij| <e,

where the matrix (%) is the inverse of the matrix (g;;).

This said we consider an ezact form f € C*°(£,; AP). By the canonical solution
of the equation d,yv = f we shall mean the solution in L*(£.;A?~!) which is
orthogonal to all closed forms; we denote it by K. f. It is the unique solution of
the pair of equations d(.yv = f, dz‘z)v =01in £,. Equivalently, K(.)f is the (unique)
solution in L?(£,; AP~!) of the Hodge-Laplace equation Ayv = dz‘z)f orthogonal
to all harmonic (p — 1)-forms. [Among other things this proves that K.)f is
smooth.]

We are going to estimate the L? norms of the (tangential) derivatives of the
canonical solution K. f in terms of the L? norms of the derivatives of the exact
form f € C*(L,,; A?), with constants that depend on z only through dist(zq, S™).
This will be possible thanks to the appropriate choice of the parameters N, r, A in
Lemma A.1 in which we take M = £,, (and therefore m =n — 1).

Lemma 4.2. There are positive constants C',u' independent of zo such that, for
any exact form f € C®(L,,; AP),

(4.9) 1K (20) f 122 < C'[dlist (20, S™)] 7|1 £ 2.

Proof. We adapt part of the argument in [2]. By (4.4) we know that, by choosing
the number « suitably small, we can render the exponential map Tp£,, — £,, Nw
as close as we wish to the map ¢ — (¢,9(20,t')). The size of w shows that, in
applying Lemma A.1 to M = £, , we have the right to take r = r1p(z0) with
k1 > 0 suitably small and independent of zy. And the constant A in Lemma A.1
can be taken < 2. Finally, by a general result of [8] (Corollary 2.10, p. 93) according
to which Vol £, is bounded independently of z € R\ RNS™, our choice of r allows
us to apply Lemma A.1 with N < C"/p(z0)"~! and C’ > 0 also independent of zg
(cf. [2, Lemma 5]).
All this goes to show that (A.4) specializes, in our situation, to an estimate

1K o) Fll 2 < O p(20) P47 £ 2.
Combining this inequality with (4.1) yields (4.9). O

Corollary 4.3. Let the constants C', i/ be as in Lemma 4.2. Then, for any exact
form f € C=(Lo; AP) and for any integer k > 0,

(4.10) A0y K (z0) fll2 < C'[dist (20, S 1AL fllz2-

Proof. Apply (4.9) with A’(“ZO) f instead of f, and take into account the commutation
relation A(Z)K(Z) = K(z)A(z) O
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The estimate (4.10) enables us to estimate the derivatives of K. f in the di-
rections tangential to £,,. The Hodge-Laplacian acting on g-forms is given by

(4.11) A(ZO) =—-Ao+R

([21]), where Ag is the Laplace-Beltrami operator in £,,, acting coeflicientwise,
and R is a multiplication operator related to the Riemann tensor. In a local chart
such as (wNL,,,t1,...,tn—1) [see (4.3)] its entries are polynomials with respect to
the g;; and their derivatives of order < 2. It follows from (4.4) and (4.5) that an
estimate |R| < Bop(z0) #0 is valid on £,,, with constants By, po > 0 independent
of zg. More generally we have, in the local chart (wN£,,,t1,...,tn-1),

(4.12) [(0/0t)*R| < Bip(z0) ™" ifae€Z}!, |a| <k,

with constants By, ur > 0 independent of zg.
Select a cutoff function x € C°(w N £,,), x = 1 in a neighborhood of O € w,
such that dist(supp x, S™ \ w) > k’p(z0) and that, for all k € Z,

413 d/ot)x| < Bip(z) ™% ifaez?™!, |a| <k.
k +

Both constants x’ and By, shall be independent of z.
Let (, )z2 stand for the inner product in L?(£,,). We recall that if u,v € L*(£,,)
and if supp(u¥) C wN £,,, then

(u,v)pz = / uv[det(g;)]Y 2dty - - - dt, 1.
Rn—1

We avail ourselves of (4.5), (4.6), (4.7), (4.8). If u € C*°(£,,; AP~ 1), inwN £,,, we
may write u = Z|I|:p—l uy dt; with multi-indices I that consist of integers i < n.
We begin by observing that to each integer k > 0 there is a constant Bj > 0
(independent of zy and of u) such that

(4.14) > 1@/08)* (xun)l|7= < By Z| v (Xur), xur)rz|,
la|=k =0

where we have used the notation Ay = Z?;f(@/@q)?

Next we exploit the fact that the expression of the Laplace-Beltrami operator
in the coordinates t1,...,t,—1 is close to Ay. More precisely, if the constant x is
sufficiently small there will be M > 0, independent of zy and of w, such that

k
D AL (), xur) 2 — (Ag(xur), xur) 2|
=0

< 532’_1 Y 1@/08) (xun)lize + Mp(z0) 7 Y~ 11(8/0)* (xun) |7

|a|=k |a|<k

If we recall that

A olxu) = Z A0 (xur)dtr,

[I|=p—1
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we see that
k

>3 1070 (xun) 7z < 2B I(Ab(xu), xu) 2]

[ I|l=p—1|a|=k =0
+2Mp(z0)7" Y0 > 0/08) (xun)| 7.
[I|=p—1 |a|<k
By taking Formula (4.11) and the estimates (4.12) into account, we obtain, for
suitably large constants Cj and uj (independent of zg and of u),

k

Yo D /o) (xun)lize < 2B ) (A (xu), xu)rz

|[I|l=p—1 |a|=k 1=0

+Crp(20) ™ Y D I9/08) (xun) |72

[I|=p—1al<k

Now select a function x1 € C(w N £.,), x1 = 1 in a neighborhood of supp ¥,
0 < x1 < 1 everywhere, and satisfying estimates similar to (4.13) with larger
constants Ag. Due to the inequality

k
D (A (xu), xu) 2 <
=0

k
Z(XAZU" XU)L2
=0
+Mp(z0)2F Y Y 10/0) (xaun) |72

[I|=p—1|a|<k

we obtain
k
S 3 @/08) eun)l7e < 2B | D (A, xu) 12
[I|=p—1|a|=k 1=0

+Chp(z0) ™" D" DT @/0t) a3z

[I|=p—1|al<k

where the positive constants C},, i}, are independent of zy and u.
We apply this to u = K., f. By combining the preceding inequality with (4.10)
and by taking (4.1) into account once again we get

> 0/0t)* (XK 20 P72 < 2B{C[dist (20, ST)] 7 | ALy FII7.2
|| =k

+ C[dist(z0, ST Y 1(9/08) (1 K (2 ) 72
|al<k

Since the cutoff function y; is of the same type as x, a simple induction argument
(and an increase of the constants C}, u},) yields the inequality

k
(4.15) Y 1@/0) (XK 2 P72 < Cildist(z0, ST Y 1ALy fl7-
=0

loe|=k

Applying a rough version of the Sobolev Lemma to (4.15) allows us to conclude
that to every integer k > 0 there are positive constants C}/, uj (independent of z()
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such that the following is true, for any exact form f € C>(L,,; AP):

n+k
(416) > [[(0/0) (XK (z) [l < Cy[dist(z0, ™) 75 Y ALy fllz2-
la| <k =0

We must emphasize the fact that in all the preceding estimates the operators
(0/0t')* act tangentially to £,,. In other words, for each j =1,...,n —1, 9/0¢;
should be interpreted as the pushforward of the vector field 8/9¢; in R"~! under
the map t' — (¥, 9(20,t')), i.e., as the vector field

0/0t; + (00)0t;)0 )0t = 0)Ot; — (OD™ [Oty) ™ (D™ /0t;)D /Ot

If we want to free the estimates (4.16) from the choice of special tangential coordi-
nates (such as ¢1,...,t,—1 in wN £,,) we must use vector fields such as

(9D™ /9t;)0/0t; — (9D™ /ot;)0/0t; (1 <i<j<n)

which span the tangent bundle of each level manifold £,. Actually it is convenient
to normalize those vector fields and use

Xij = |V<I>”|_1[(8<I>”/8ti)8/8tj — (8(1)”/8%)8/8@] (1 <i1<g< n)

An easy induction argument and repeated use of the Lojasiewicz inequality (4.2)
show that the estimates (4.16) allow us to conclude the following:

Lemma 4.4. To every integer k > 0 there are positive constants C}/’, u}l such that
the following is true, for any z € U, any sequence of k vector fields X; 5., ..., Xi ju
and any exact form f € C(L,; AP):

n+k

DAL flle,
1=0

"

(4.17) 1 Xy - Xiin K2y fllee < G} [dist(z, S™)]7H*

with the LP norms computed over £,.

5. END OF THE PROOF OF LEMMA 2.2

We now move to a set-up in which variation “transversal” to the manifolds
£, must be taken into account: the coefficients of the forms under study will
be defined in the open set O and vary with z € U; we shall seek estimates of
their derivatives both with respect to ¢ and to z. Recall that ¢/ is a connected
component of R\ (RN S™) and that O C U™ = (Z™)"Y(R) is one of (Z™)~L(U).
To establish the desired estimates on the level set £,, we let z vary in the disk
A={zeC;lz—z| <ro} €U.

We shall deal with a form F € C(U™; A%P) whose pullback to every regular
fibre of Z™ is exact (cf. Lemma 2.2). For each z € U we denote by F, € C(£,; AP)
the pullback of F to £, = {(z,t) € O;2+1®™ (z,t) = z}. We call v the (p—1)-form
in O whose pullback to each £, is equal to the canonical solution v, = K\ F,
and whose contraction, when p > 2, with either 9/9x or the gradient of ®” on the
sphere S™, vanishes identically. By using local trivializations of the fibre bundle
O — U it is checked at once that v is smooth. In order to prove that v vanishes
to infinite order on the boundary of O we need estimates of the derivatives of the
coefficients of v, both in the tangential and transversal directions, extending (4.17).

Let us outline our approach to such estimates. To each z € A we associate
a diffecomorphism J(z) : £,, — £, such that J(z9) = Identity of £,,, with the
following properties. In the product space U x S™ let X be the hypersurface defined
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by the equation y = ®7(z,t); dim¥ = n + 1. Note that O can be regarded
as an open subset of ¥ and that the level sets £, have codimension two with
respect to X. [In the sequel we continue to think of £, as a subset of S™ rather
than one of U x S™. Unless otherwise specified the variable point in S™ will be
called ¢ and we shall write ¢t € £, rather than (z,t) € £,.] Consider then a ray
[0,00] 2 0 — 2(0,0) = 20+ 0e? €U (0 < 09 < ro = radius of A). The map
[0,00] X £2, 2 (8,0,p) — t(0,0,p) = J(2(0,0))p will represent the flow of a vector
field 7 tangent to ¥ [meaning that ®™(z(0,0),t(0,0,9)) = y(, o)] whose direction
is unambiguously defined: at each point (z,t) € ¥ (z € A), ¥ will be perpendicular
to £.; the projection (z,t) — z will map 7 into the ray z(0,0). Let us say right
away that it will suffice to deal with horizontal and vertical rays, i.e., with § = 0,7
and 6 = /2. For this reason we shall not mention the parameter § any more; we
write z(o) rather than z(6,0), and (o, p) rather than ¢(6, o, ).

Before looking more closely at the diffeomorphism J(z) let us show how we plan
to use it. If J(z)* denotes the pullback of differential forms from £, to £., under
the map J(z), then we have, in £,

(5.1) d(y)(J(2)"02) = J(2)"F..

Put z = z(0), o > 0; let (0/do)! (I =1,2,...) act on both sides of (5.1) and put
o = 0 in the result. We get

(52)  dzp)((9/00) [T (2(0)) va(o)]lo=0) = (8/00)' [T (2(0))" Fuo)]lo=o.

Later in this section we shall establish “good” estimates for the derivatives, both
tangential and transversal to £, of J(z(¢))* (at 0 = 0). This will yield good
tangential estimates for the right-hand side of (5.2). Unfortunately, when [ > 1,
this does not enable us to apply Lemma 4.4 to (8/00)'[J(2(0))*.(0)]|o=0, since
we don’t know whether this (p — 1)-form is the canonical solution of the equation
(5.2).

In order to circumvent this difficulty we are going to introduce a form a(® €
C®(L,,; AP~1) orthogonal in L2(£,,; AP~1) to all closed forms and such that the
tangential derivatives of

B8O = a® —(9/00)[1(2(0)) V2(0)]o=0

can be easily estimated, using Lemma 4.4 and induction on ! = 0,1,.... Then we
shall be able to apply Lemma 4.4 to the equation
(5.3) d(z0V = (8/00)'[1(2(0))" Fu(o)]lo=0 + ()"

and obtain good estimates of the derivatives of a(), and thereby of those in
(8/80)1[J(2(0))*vz(0)] |a:0-

We have, for any closed form ¢ on £,, and any z € U near zo,

(5.4 [ @ o ave) =0,

with dV (2) € C*°(£,; A"~ 1) the volume element in £,. In the integral at the left we
make the change of variables ¢ = J(z)7 — 7. In doing this it is convenient to cover
the submanifold £,, with coordinate patches of the kind (4.3) [in which (4.4) to (4.8)
hold]. Thus we restrict the variation of z to the disk A and assume that supp ¢ € w.
The generic point p € £,, Nw is determined by its coordinates t1,...,%,-1. To
avoid confusion we shall write t;(p) = 75, 7/ = (71,...,Th—1). It is convenient to
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identify p to 7 = (7', 7,) with 7, = ¢¥(20,7"). We write J(z)T = t(z,7); we have
t(z0,7) = 7. We assume throughout that t(z,7) € w for any z € A and 7 € £, Nw.
With the g;; given by (4.5) and t = (¢/,9(z,t’)), we have, in A X w,

AV (z) = [det(gij (z, )] 2 dty - - dtp_y
= [det(g; (x, J(2)7))] Zd[J (2) 7)1 - - d[J (2)T] -1

= [det(gi; (=, J(Z)T))]% %T’T) dry - dry—1 = Q(z,7)dV (20),
where
0=, 7) = ety I | P2 ety (mo, )]

Here 7,, = ¥(20,7’). Thus the integral at the left in (5.4) is equal to

/2 (02, (T(2)")0) (1) Q2. 7) AV (20),

20
where (v., (J(2)71)*¢)(.) is regarded as a function of 7 € £,,. We must take a
closer look at the integrand.
Let us write

w=J(z)v, = Z wr(z,7)drr € C®(L.,; AP™Y);

[I|=p—1
thus
ve=(J() ) w= > wi(z J(z)"t)d[J ()" s
[I|=p—1
= > wnlz @) (2 t) dtr,

|H|=[I|=p—1

where Iy 1(2,t) is the appropriate minor of the Jacobian determinant of J(z)™'.
Likewise

T ™M= Y. ex(J(x) k(2 t)dt;.
|J|=|K|=p—1
Now consider any two forms a, 3 € C*°(w; AP~1):
a= > o), B= > By(t)dt,
[T|=p-1 |J|=p—1

where I, J are ordered multi-indices of integers between 1 and n — 1. There is a
matrix with smooth entries Ay j(z,t) in A x w such that

(O‘aﬂ)(z) = Z AI,J(th)O‘I(t)ﬂJ—(t)'
[I]=|J]=p—1

Later on we shall give explicit expressions of the entries A; ;. Right now we derive
the following from what precedes:

(02, (J(2) ™) @) 2)

= Z AI,J(z,t)FK,J(z,t)I‘H,I(z,t)wH(z,J(z)_lt)tpK(J(z)—lt).
| H|=IT|=] T [=| K | =p—1
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In this expression we put t = J(z)7; we get
(Uza (J(Z)_l)*(p)(z)

= Z Ar g (z, J(2)T) Tk, 5 (2, J(2)T)Ch1(z, J(2)T)wu (2, T) ek (T).
|H|=|I|=]J|=|K|=p—1

Now let By j denote the entries of the inverse of the matrix (A7 ;). We define
the form in £,, Nw,

f)(z): Z ’5](2,’7’)6[7’],

[T|=p—1
with
or(z,7) = Q(z,7) > Br .k (20, 7)Amr (2, J (2)7)
|H|=|H'|=|J|=|K|=p—1
. ].—‘K)J(Z, J(Z)T)FHJ{/ (Z, J(Z)T)U}H(Z, 7').
We have
iz 1), (T Dy = D, Ana(20,7)01(2, )9 (T) = (8,0) (z0)-

[|=[J|=p—1
In passing note that 9(zg) = v,,.
We may write 0(z) = M (z)w, with M (z) a “multiplication operator” acting on
(p—1)-forms in wN L.t if X =321 Xu (7) dTir € CF(w N L5 AP~Y),

M(z)x = Z Mi,u(z,7)xu(7)drs.
|H|=|T=p—1

Comparison with the preceding relations shows that
My g (z,7) = Q(z,7) > Br k(20,7)Amr 5 (2, J(2)7)
(5.5) |H'|=|J|=|K|=p-1
Tr, iz, J(2)T)a m (2, J(2)T).
It is easy to give a global definition of the operator M (z), and therefore of the form
9(2), in a full tubular neighborhood of £,, by using a partition of unity subordinate
to a covering {w; }i=1,..., consisting of coordinate patches like w above. We have

M (zp) = Identity operator; and provided A is sufficiently small, M (z) is invertible.
In summary we see that Equation (5.4) can be rewritten as

(5:6) [ 00 d (o) =0
L2
valid for all closed forms ¢ € C°(£,,; AP~1). Now that the analysis is concentrated

on the fixed level set £,, we can put z = z(0) and differentiate the equation (5.6)
with respect to o > 0:

(5.7) /E ((9/90)'[5(2(0))], ) (z) AV (20) = 0.

20

We have
(0/00)"5(2(0)) = M (2(0))(8/00)'[J (2(0))* v2(o)]

37 () 1@/00) DIG@/90) 1 301 1200,

I'=1
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Putting ¢ = 0 and defining
o) = (9/90)"5(2(0))| =,

l
g =3 (f,) {(9/00)" M (2(0)))lo=0}{(0/00)' " [J (2(0)) 2o ]lo=0}

=1
we conclude that Equation (5.3) does indeed hold.
Thanks to the estimates of the derivatives of M(z) combined with induction
on | we may assume that good estimates of the tangential derivatives of 3 and
therefore of

l
a8 = 3 (1) (0/00) WMo} (0/90)~ (0 Futyllr}

U'=1

l
37 () e 0/00) ()0} A {(0/00) (o100 o)
=1
have been established. Then Lemma 4.4 will give us good estimates of the tangential
derivatives of a(!). Furthermore (5.7) shows that a(®) is orthogonal to all closed
(p — 1)-forms on £, i.e., a(!) is the canonical solution of Equation (5.3).

We now return to the diffeomorphism J(z). The hypothesis that the flow is
tangent to the hypersurface ®7(x,t) = y is expressed by the equation

(5.8) O (z,t)d + V@7 (2,t) - L = 5;

while the hypothesis that the flow is transversal to the level sets £ is expressed by
the equation

(5.9) t = hV @™ (x,1)/|V @™ (,1)]?,
where h is a real-valued C*° function of o € [0, 0p]. Thus
(5.10) h+ @ (x,1)E = 4.

As we have announced we shall let z vary only along the horizontal line x = zy and
the vertical line y = yo; it suffices to choose h in these two cases only.

Vertical motion © = 0. In this case we take h = 1, which by (5.10) amounts to
taking o = y: J(xo + wy) is the gradient flow of ®™(xzg,t). We have

(5.11) t= Vi@ (2,1)/| V@™ (,1)|2.

Horizontal motion §y = 0. In this case we take ¢ = z, i.e., £ = 1, whence, by
(5.10), h = —®7 and

(5.12) t = —0T(2,t)V @™ (2,1) /| VP (2,1)|%.

By (0, p) we mean the solution of the systems of ODEs (5.11) and (5.12) such
that (0, p) = p. We can differentiate both sides of (5.11) and (5.12) with respect
to o as well as in the directions tangential to £,,. To do this we return to the
neighborhood w of the “central” point O € £,, and we identify p € £,, Nw to
7= (1",7) with 7/ = (71, ..., Th—1), Tn = ¥ (20, 7'); we write t(o, p) = t(o, T); then
t(0,7) = 7. We let (3/00)'0% act on both sides of both differential equations (5.11)
and (5.12); and we let 2 act on the initial value 7. We have, for all 7 € £,, Nw,

|(3/8cr)l %t(o, 7)| < const. |V @™ (x(0), t(o, 7'))|_k.
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[To prove this estimate we use induction on I + |af: for [ = 0 it follows by differ-
entiating the equation ®™(x,t) = y; for [ > 1 by differentiating (5.11) or (5.12).]
Freezing this estimate at o = 0 and applying the Lojasiewicz inequality (4.1) yields

Lemma 5.1. To each integer k > 0 there are numbers By, B > 0, independent of
z0 € U, such that, for alll € Zy,a € ZV ' 1+ |a| <k, and all T € £, Nw,

0L 0% [t(0, T)]| lo=0 < Bg[dist(zo,S™)] ",
We continue to view the g;; as functions of (x,¢). Lemma 5.1 implies

Lemma 5.2. To each integer k > 0 there are numbers Ci,~vy, > 0, independent
of 20, such that, for alli,7 =1,....n—1,1 € Z,,a € Z’fr_l,l—i- la| < k, and all
Te L Nw,

{10502 193 (x(0), t(o, 7))]| + 105,05 9" (2(0), (0, 7))]|Ho=o < C[dist(z0, ST)] 7.
Proof. Letting 9L0% act on both sides of (4.5), putting ¢ = 0 in the result and
applying Lemma 4.1 yields an estimate

|a<l7 g’ [gij (x(o),t(a, T))HU:O < Cj [diSt(Z(JvSF)]_Wv
which entails a similar estimate for g/, by inversion and by (4.6), (4.7), (4.8). O

The same approach allows us to estimate the partial derivatives (at o = 0) of
the quantity

Q(z(0),7) = [det(gs;(x(0), t(o,7))] 7 | === [det(gi; (xo, 7)) 7.

z=z(0o)

To each integer k > 0 there are numbers Cy, v, > 0, independent of zg, such that,
foralll € Zy,a € Z7 I+ |a| < k,and all 7 € £, Nw,
(5.13) 10502 Q(2(0), T)| |lo=0 < Cy[dist(z0,S™)] .

We continue to estimate the various quantities in the expression of My j(z(0),7)
derived from (5.5). We limit our attention to p > 2, since p = 1 = My j(z,7) =
Q(Z,T). IfJ= {jla-”;,jp—l}aK = {kl,...,kp_l}, 1< jl < e <K jp_l <n-— 1,
1<k < <kp—1 <n—1, then

{],K(Z(U)7 t(g7 T)) = (ale/atkl) T (8ij71/8tkp—1)’
where 7 = 7(0,t) is obtained by solving the equation t(o, 7) = t with respect to 7.
Since the Jacobian matrices

1" /ot = (075 /Ot ) o< k<n, o' 107" = (0t /0Tk)o<j k<n
are the inverse of one another, we have, for 1 < j, k <n —1,
Ot; /0ty = (det Ot' /OT) "1 Djy,
where Dy, is the appropriate minor of order n — 2 in det 9t'/97’. The upshot is
that
})K(z(o), t(o,7)) = (det at//aT/)l_ijlkl ---D

If we take into account the fact that det 9t'/07'|,—0 = 1 we derive at once from
Lemma 5.1 that to each integer £ > 0 there are numbers C}, vy > 0, independent of
20, such that, for all multi-indices J and K as above, alll € Z,, o € Zi_l,l—i— la| <
k,and all 7 € £, Nw,

(5.14) 105,03 (DY i (2(0), (0, 7))]| lo=0 < Ci[dist(z0,S™)] "

Jp—1kp—1-
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Next we look at the entries A; . Here also this only makes sense if p > 2.

The A; gk are the coefficients of the Hermitian form géf Y defined on covectors

of degree p — 1 by the metric g(,). In the coordinate patch (w,t,... ,tn—1) the

@

Hermitian form gz;)l on cotangent vectors is defined by the equations

g Aty dty) =g (1<ij<n—1).

It follows from this that, if T = {i1,...,4p—1} and K = {k1,...,kp—1} [with 1 <
%1 <---<ip_1 S?’L—l,lgkl <--'<kp_1 gn—l],then

i1k ip—1kp—
AI,K:gl 1...gp 1hp—1

It is then a direct consequence of Lemma 5.2 that to each integer k > 0 there are
numbers C, v, > 0, independent of zg, such that, for all multi-indices I and K as
above, alll € Z,, a € Z}7 ' 1+ |a| < k,and all T € £,, Nw,

(5.15) 105,02 [A1k (2(0),t(0, 7))]| a0 < Ci[dist(z0, ST)] 7.

Similar estimates hold for the entries By ; of the inverse matrix (A7 x)~!. In
particular, if |a] < k,

(5.16) |02 B,y (20, T)| |o=0 < Ci[dist(zo,S")] 7.

Combining the expression (5.5) with the estimates (5.13), (5.14), (5.15) and
(5.16) yields similar estimates of the derivatives of My ; with respect to (o,t’), as
needed. As indicated earlier this provides us with estimates of the derivatives of the
right-hand side in (5.3), and thus, thanks to Lemma 4.4 applied with f = F,, of the
derivatives of the canonical solution a(!), and thereby, of the tangential derivatives
of (8/00)'[J(2(0))*vx(0)]|o=0. Taking into account the fact that F is flat at the
boundary of O enables us to complete the proof of Lemma 2.2.

APPENDIX: ESTIMATES IN THE INTEGRATION OF p-FORMS
ON A COMPACT MANIFOLD

We consider a compact, connected and orientable Riemannian manifold (M, g)
of class C*°, without boundary (dim M = m > 1). All norms in the statements
that follow (on tangent and cotangent spaces, on the Grassmann algebra, etc.)
are defined by means of the metric on the base manifold. We denote by AP the
pth exterior power of the complexified cotangent bundle CT*M. As usual A is
identified to M x C, and AP = 0 if p < 0 or if p > m; d will stand for the
exterior derivative in M. We denote by C*°(M; AP) the space of C*° p-forms in
M, by L?(M; AP) the Hilbert space of L? p-forms in M, and by || - ||z> the norm
in L?(M;AP).

We restate Theorem 1.1 in [3]:

Lemma A.1. Suppose there exists an open covering {Uy, ..., Un} of M and two
numbers A >0 and r, 0 < r < 1, such that the following properties hold, for some
R>4™r and everyi=1,...,N:

Jt; € U; such that the exponential map E; : Ty, M — M is a
(A1) diffeomorphism of the ball B(t;,R) = {v € T;, M;|jv|| < R}

onto E;(B(t;, R));

(A.2) AL < ||dE;(v)|| < A for all v € B(t;, R);
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(A3> Z/{i = Ei(B(ti,T)).

Then there is a constant C > 0 depending solely on m and A, such that the following
is true, for any integer p, 1 <p <m:

If f € C®°(M;AP) is exact, then the equation du = f has a solution u €
C>®(M; AP~1) such that

(A.4) lullz2 < CrN*||f| 2.

Lemma A.1 yields an estimate for the canonical solution, that is, the solution
orthogonal in L?(M; AP~1) to all closed forms. Indeed this solution minimizes the
L? norm over the affine subspace of all L? solutions.
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ABSTRACT. The article studies the local exactness at level ¢ (1 < ¢ < n) in
the differential complex defined by n commuting, linearly independent real-

analytic complex vector fields Li,..., L, in n + 1 independent variables. Lo-
cally the system {Li,...,Ln} admits a first integral Z, i.e., a C¥ complex
function Z such that L1 Z = -+ = L, Z = 0 and dZ # 0. The germs of the

“level sets” of Z, the sets Z = zg9 € C, are invariants of the structure. It is
proved that the vanishing of the (reduced) singular homology, in dimension
q — 1, of these level sets is sufficient for local exactness at the level q. The
condition was already known to be necessary.
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