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1. Introduction

When n > 2, it is known that there is no embedding of the homogeneous Sobolev
space W1(R™) in L>°(R™). However, Bourgain and Brezis [5-8] have observed that if f
is a smooth divergence-free vector field on R™, and ¢ is a smooth compactly supported
vector field on R", then the following estimate holds:

/ (&) < ClAIL Vel 1. (1)

R

This can be thought of as some compensation phenomenon arising from the divergence-
free condition on f, and allows in some sense to remedy the failure of the embedding
of WL"(R") into L>°(R™). The estimate (1) is slightly stronger than the embedding of
Wh™(R™) in BMO [36].

Bourgain and Brezis have deduced the estimate (1) from the solvability of the Hodge—
de Rham system: they showed that for every differential {-form 7 on R™ with coefficients
in the critical homogeneous Sobolev space W1 ™(R"), where 1 < £ < n — 1, there exists
a differential (-form 6, whose components are all in W™ N L>(R™), such that df = dn,
with

101l + 110l e < Clldn]n,

for some constant C' that does not depend on 7. The construction is based on a
Littlewood—Paley decomposition. Their result implies in fact a stronger estimate than
(1), in which || f[|z: is replaced by the weaker norm || f|| ;1 yis—1.n/(m-1). They also proved,
by Smirnov’s approximation of solenoidal vector charges by elementary solenoids [32],
that the estimate (1) was equivalent to an estimate of circulation integrals of vector fields
in critical Sobolev spaces [9,34] (see also [13] for a discussion of the equivalence). In [35]
(1) was given a direct proof, based on slicing of the Euclidean space and integration by
parts, and that is somehow reminiscent of the proof by Gagliardo and Nirenberg of the
limiting Sobolev embedding [19,30]. In the planar case n = 2, the estimate is equivalent
to the isoperimetric inequality and to the Gagliardo—Nirenberg—Sobolev inequality.

The estimate (1) has been used to prove certain Gagliardo—Nirenberg inequalities for
differential forms on R™ [8,27], and has been applied to several complex variables [42], to
wave and Schrédinger equations [15], to fluid mechanics and magnetism [16], to plasticity
[20], to list a few (see also the review [40]).

The compensation phenomenon behind the estimate (1) turned out to be quite ro-
bust and extended quite beyond its original setting: the Sobolev space WL”(R”) can be
replaced by a more general fractional Sobolev or Lorentz spaces [10,38], the divergence-
free condition is in fact a particular case of a class of differential conditions [8,37,39],
the Euclidean space R™ can be replaced by domains, or compact manifolds with smooth
boundaries, under suitable boundary conditions [8,12], and it can also be replaced by
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homogeneous Lie groups with sub-Riemannian structures [2,14,41]. See also [11,24,29]
for some related work.

In order to understand the geometric content of (1), we propose to study on which
geometric structures the estimate (1) does hold globally. In the present work we prove
(1) in the framework of symmetric spaces of non-compact type.

Theorem 1. Let (M™, g) be a Riemannian globally symmetric space of non-compact type,
of real dimension m and endowed with an invariant Riemannian metric g. If f is a
smooth vector field on M with

div f =0,

then for any compactly supported smooth vector field ¢ on M, we have

/ (£, 0)dV| < C1F Lo vy IVl av- (2)

M

Here we write div f the divergence of a vector field f on the manifold M with respect
to the metric g. Moreover, we write (-,-) for the pointwise inner product between two
vectors or tensors on M with respect to g, and dV for the volume measure of M with
respect to g. We also write V for the Levi-Civita connection on (M, g), so that V sends a
vector field on M to a (1,1) tensor on M. Finally, we denote || f| z1(avy := [y, |f|dV, and

Vol Lm@avy == (fiy \V¢|de)1/m, where | - | denotes the norm of a vector or a tensor
on M with respect to g.

One way of saying that the manifold M is a Riemannian globally symmetric space
of non-compact type is to write it as M = G/K, where G is a non-compact connected
semisimple real Lie group with finite center, and K is a maximal compact subgroup
of G. (In general, K need not be a normal subgroup, and thus G/K does not have a
canonical Lie group structure.) So Theorem 1 can be thought of as an extension of (1) to
semisimple structures. Examples of such spaces include the real and complex hyperbolic
spaces, the space of positive definite n X n symmetric matrices with determinant 1, etc.
The case of the hyperbolic space H" in Theorem 1 was established by the authors in [17]
with, as explained below, a different strategy of proof that takes profit of their richer
structure.

The proof of Theorem 1 follows the strategy of [35] used to prove (1). In the Eu-
clidean case, it is possible to foliate the space by parallel hyperplanes, prove estimates
on each, and then integrate with respect to the foliation parameter. This foliation cannot
be performed in general on a symmetric space. We prove instead an estimate on a codi-
mension 1 submanifold corresponding to a subgroup in the parametrization of M by the
Iwasawa decomposition of a group G, where G is the identity component of the group of
isometries of M. We then transport the estimate everywhere on M by the action of the
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group G. Thanks to the compactness of K, the resulting quantities are finite and give
the estimate.

It remains to explain how the estimate on the codimension 1 submanifold is obtained.
The idea, following [35], is to first split ¢ in a part which is bounded and another whose
derivative is bounded. The integral corresponding to the first part is bounded trivially,
and the remaining integral is bounded by integration by parts, using the divergence-free
condition. In our setting, the integration by parts relies on the assumption that M is
of non-compact type, which precludes notably the presence of closed geodesics. The
splitting argument is essentially the same as in the Euclidean space at smaller scales,
where the geometries are comparable; at larger scales the geometry of M plays again an
important role.

The method in [17] there is different from what we have in the general case here: for
instance, when n = 2, in [17] we would first obtain an estimate on all geodesics in H?,
and then average it over all geodesics on HZ2. If we restrict our current proof to HZ, we
would be first integrating over horocircles in H?, and then averaging over all horocircles.

Finally we give an application of Theorem 1 to the Laplace equation on M. Let
A = divoV be the Laplace-Beltrami operator on M. It is known that the L? spectrum
of M is bounded away from zero. Indeed, the L? spectrum consists of the half-line
(—00, —|p|?] where p is the half-sum of positive roots of an Iwasawa decomposition of
G [1, Section 4.2]. Thus one can consider negative powers of —A, and (—A)~" will be
bounded linear operators on L?(dV) for all y > 0.

Theorem 2. Suppose f is a smooth vector field on M with div f = 0. If ¢ is a compactly
supported smooth vector field on M with ||| o (qvy + V@l Lo avy < 1, then the solution
u € L?(dV) of the equation

Au= (f,¢)

satisfies

If one estimates the solution u by || f||L»(av) for some p slightly bigger than 1, then one
could do so by standard elliptic theory. This fails at the borderline exponent p = 1. The
condition div f = 0 is what makes the conclusion of Theorem 2 possible. The assumption
that ¢ is compact supported is only used to allow for certain integration by parts, and
does not appear in any quantitative way in the conclusion of the theorem.

The paper will be organized as follows. In Section 2, we recall some basic notations
about symmetric spaces, and some basic facts we will need, such as the Iwasawa decom-
position, the Killing metric, the exponential coordinates for a system of vector fields, and
some integration formulae on symmetric spaces. The reader will find a more detailed ac-
count of many of these facts in the works of Helgason [23, Chapters II, IIT, V, VI, IX],
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[22, Chapter I], or Knapp [26, Chapter VI|. In the proof of Theorem 1, we need a de-
composition lemma for functions on a Lie subgroup of the isometry group of M; we
isolate this in Section 3. The proof of Theorem 1 is then given in Section 4, and that of
Theorem 2 in Section 5.

2. Notations and preliminaries
2.1. Assumptions

Let (M™, g) be a Riemannian globally symmetric space. In other words, M is a con-
nected Riemannian manifold, and at every point of M|, the geodesic reflection symmetry
defines a global isometry of M. Throughout this paper, we will fix a point o € M. Write
G = Iy(M) for the identity component of the isometry group of M (which we think of
as acting on M on the left), and K for the subgroup of G that leaves zq fixed. Then
M is diffeomorphic to G/K via the identification gzo ~ gK. We will write s,, for the
geodesic reflection symmetry at xg, and o: G — G for the involutive automorphism of
G given by

0(9) = 82098z, 9 € G. (3)
Let g and € be the Lie algebras of G and K respectively, and write
0=(do)e:g—g

where e is the identity of G. Then 6 is an involutive automorphism of g, and ¢ = {X €
g: 00X =X} I p={X €g: 0X = —X}, then g is the direct sum

g=tDp.

Let m: G — G/K = M be the natural projection map given by 7(g) = gK(~ gxo), and
(drm)e: g = TyoM. Then (dn).t = {0}, and (dn). maps p isomorphically onto T,,,M. The
latter allows one to identify T,,,M with p. See [23, Chapter IV, Theorem 3.3].

In what follows we assume that M is of non-compact type. In other words, we assume
that

(i) g is semisimple,
(ii) g is non-compact, and
(iii) the decomposition g = €@ p is a Cartan decomposition of g.

Condition (i) means that the Killing form B: g — g, defined by

B(X,Y) = trace (adg X cady Y) 4)
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for X,Y € g, is non-degenerate on g. Condition (ii) means that the adjoint group Int(g)
of g is not compact; here the adjoint group Int(g) is the connected Lie subgroup of GL(g)
whose Lie algebra is ad(g) := {ady X : X € g}. Under the semisimple assumption in (i),
this is equivalent to saying that the Killing form B is not strictly negative definite on g.
Condition (iii) means that 6: g — g is a Lie algebra automorphism of g, and that the
symmetric bilinear form

By(X,Y) := —B(X,6Y)

is positive definite on g. In particular, the restriction of B to £ is negative definite, and
the restriction of B to p is positive definite.

From the assumption that M is of non-compact type, one can show that the map
moexp: g — G/K restricts to a diffecomorphism from p to M; in particular, M is simply
connected. See e.g. [23]*Chapter VI, Theorem 1.1.

Another way of saying that M is a Riemannian globally symmetric space of non-
compact type is to say that M = G/K, where G is a non-compact connected semisimple
real Lie group with finite center and K is a maximal compact subgroup of G. We will
not need to use this characterization in this paper.

We will denote by r the rank of M. In other words, the maximal dimension of a flat,
totally geodesic submanifold of M is r.

2.2. Iwasawa decompositions

To prove our main Theorem 1, we will use a family of Iwasawa decompositions of
the semisimple Lie group G = Io(M). Recall the Cartan decomposition g = € @& p of
the real semi-simple Lie algebra g. Let a be a maximal abelian subalgebra of g inside
p; the dimension of a is then r, since M has rank r. Let a* be the set of all real linear
functionals on a. For each a € a*, let

go :={X €g: adg(H)X = a(H)X for all H € a}
Then

[gal ) gOtQ] C Yai+as (5)

for any ai,as € a*. Since {ady(H): H € a} is a family of commuting linear endomor-
phisms on g, they can be simultaneously diagonalized, which gives

g=200® P va (6)

aEX

where ¥ be the set of restricted roots of a, i.e. the set of all non-zero o € a* for which
ga # {0}. Let X1 be a choice of positive roots of 3, and n be the nilpotent Lie algebra
given as the sum of the root spaces of X1, i.e.
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n:= @ Ja-

aext

Then since g is real and semi-simple, we have the following Iwasawa decomposition of g:
g=tQadn

Let K, A, N be the Lie subgroups of G generated by ¢, a and n. Then since G is
a connected semi-simple real Lie group, we have the following Iwasawa decomposition

of G:
G = KAN,
in the sense that

KxAXxN—G
(k,a,n) — kan
is a diffeomorphism of K x A x N onto G. Since g — g~ ! is a diffeomorphism of G, it
also follows that G = NAK. This allows one to identify M = G/K with N x A, via the
map

NxA—G/K=M (7)

(n,a) — nakK.

In addition, since Ada preserves N for each a € A (in fact Ada preserves g, for
all o € Y), it follows that AN = NA is a Lie subgroup of G, and that the Iwasawa
decomposition can be written

G=ANK

as well.

The above Iwasawa decomposition of G depends on the choice of a maximally abelian
subalgebra a of g inside p, and the choice of positive roots £* in X. In the proof of
Theorem 1, we will need to use a family of different Iwasawa decompositions of GG, and
obtain uniform estimates for such. In particular, the constant C' in Lemma 5 needs to
be independent of the choice of a and T (or in other words, independent of the choice
of A and N in the Iwasawa decomposition K AN of G). This may be explained via the
fact that all Iwasawa decompositions are conjugate to each other; for the latter fact, see
for instance [25, Remark after Theorem 4.6].

Note that xg € M is fixed throughout our paper, and so is K the stabilizer of x( in
G = Ip(M). So we will just say that something is independent of the choice of Iwasawa
decomposition K AN of G, if it is independent of the choice of A and V.
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2.3. The Killing form

Let G = I(M), g be its Lie algebra. Recall the Killing form B: g — g (defined as
in (4)). Let us note here two standard facts about B, that we will use later on. First,

B(0X,0Y)=B(X,Y) forall X,Y €g. (8)
This holds because 6 is an automorphism of g. Indeed, we have
ady(0X) = 0o (adg X) 007!
for all X € g, so for any X,Y € g, we have
B(0X,0Y) = trace(f o (adg X) o (ady Y) 00~ ') = B(X,Y).

Also, the Killing form B satisfies

B([Z,X],Y)+ B(X,[Z,Y]) =0 forall X,Y,Z €g. (9)
This holds because the Bianchi identity implies that

adg[X,Y] = [adg X,ady Y] forall X,Y €g.

2.4. The Killing metric

Recall G = Iy(M), the identity component of the isometry group of (M, g). The Rie-
mannian metric g on M is of course G-invariant. However, in general, M can be endowed
with infinitely many non-proportional G-invariant metrics. We will now introduce one
particularly convenient such metric gg. It will be defined by a suitable restriction of the
Killing form B of g, and we will call it the Killing metric on M.

Indeed, recall we fixed, once and for all, a point 2 € M. Let § = (do).: g — g be the
involutive automorphism of g, where o: G — G is the automorphism of G defined by
(3), and let g = € ® p be the associated Cartan decomposition. Also recall the natural
projection map 7: G — G/K = M given by n(z) = gK = gxo. Then the restriction
of (dr) to p provides a linear isomorphism between p and T, , M. Now we will define
go at xg, by restricting the Killing form B to p x p [23, Chapter V, Section 5]. More
precisely, given X,Y € T, M, we identify X, Y with the corresponding vectors in p via
this isomorphism, and define gy at zo by

90(X,Y) = B(X,Y).

Since the Killing form B restricts to a positive definite symmetric bilinear form on p,
go at zq is positive definite. In order to extend this metric to the whole manifold M by
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the action of G, we observe that gy at z( is invariant under the action of K. Indeed, it
suffices to show that

d
- go(dLetz)(7 dLetZY) =0
dt|,_,

whenever Z € ¢ and X,Y € T, )M, where dL, is the differential of the left action of g
on M. To see this, it will be convenient, for a moment, not to identify p with 7, M via
(dr)e. So if X,Y € TyM, let X = (dn).X and Y = (dr).Y, where X,Y € p. Then for
Z €t dL.zX is given by

d
dLazX = —

615ZesXxO _

s=0
50 dLozX = (dn).(Ad(et?)X) = (dn).(e!?1ZX). Similarly dL..zY = (dn).(et?12Y).
Thus

dLyzX = (dn)e[Z,X], and —| dL.zY = (dn).[Z,Y].

t=0

t=0
Since [Z, X, [Z,Y] € p, it follows that

d

dt

ol X, Lz Y) = go((dm)e[2, K], (@)Y + go((dm) X, (@m)el 2, V)

= B([2,X),Y)+ B(X,[Z,Y))
—0,

the last equality following from (9). This shows that gq is invariant at 2y under the action
of the group of isometries K, and hence it can be extended to a unique G-invariant gg
metric on the whole space M ~ G/K.

Suppose now G = K AN is an Iwasawa decomposition of G as in the last subsection.
We may then identify M with a Lie group, and calculate gy using this identification, as
follows. Let

S=AN=NA={nacG:aec Ane N}
Then S is a closed subgroup of G, and the map
m: G —G/K ~M

restricts to a diffeomorphism between S and M. One can thus identify M with the
Lie group S via this diffeomorphism. Upon this identification, every element in the Lie
algebra s = a®n of S defines an S-invariant vector field on M. We claim now, that under
this identification, we have for every XY € s,
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(10)

X—-0X Y -0Y
wlx.v) = B (S5 TS,

Indeed, it suffices to check that gy at zg is given by the expression on the right. But

X € s corresponds to (dm).X in T,,M under our identification of S with M, and (dr).X

corresponds to %

that

under our identification of T,,M with p (the latter following from

(dm). X = (dn). ( -

X -0X >

ie. (dm)e. (%) = 0, which in turn is a consequence of the fact that % € £, the
1-eigenspace of 6). So we see that (10) holds, regardless of which Iwasawa decomposition
of G we used to define S. By (8), equation (10) can also be written as

B(X,Y) - B(6X,Y)
2

gO(Xa Y) =

for all X,Y € s.

The Killing metric go may not be the same G-invariant Riemannian metric g we
had on M nor be proportional to it; nevertheless, this is a convenient metric to use for
computations, for they enjoy certain orthogonality relations. Suppose G = K AN is an
Iwasawa decomposition of G, and S = AN with Lie algebra s. Then

5:a@n:a€9@ga- (11)

aext

Upon identifying M with S, so that the Killing metric go defines a left-invariant metric
on S, we claim that the decomposition (11) is an orthogonal decomposition with respect
to go- In other words, we have that

(a) a is orthogonal to g, with respect to go, for all & € ¥T; and
(b) go is orthogonal to gz with respect to go, whenever a, 8 € £1 and o # f3.

To see (a), let H € a, X € g, with a € £*. Then

B(H,X) — B(0H, X)

gO(HvX): 9

= B(H,X) =0,

the second last equality following from H € a C p (so that 6H = —H), and the last

following from (6) and (5): indeed the two combined shows that there exists a basis

of g, with respect to which adg H is represented by a diagonal matrix, and adg X is

represented by a lower triangular matrix. Thus B(H, X) = trace(adg H o ady X) = 0.
To see (b), let a, 8 € ¥t with o # 8. Let X € g, Y € gg. Then
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X, 1) = B(X,Y) ;B(GX,Y)_

But B(X,Y) = 0, since as above, there exists a basis of g, with respect to which both
adg X and ady Y are represented by a lower triangular matrix. Also, 6 X € g_,, from
which it follows that ady(#X) o adg Y maps g, into gy4s—o for all v € ¥ U {0}. Since
B —a # 0, it follows that with respect to a suitable basis, adg(#.X)cady Y is represented
by a matrix which is zero on the diagonal, so B(#X,Y) = 0 as well, and this gives

go (Xv Y) =0.
From the above orthogonality relations, it follows that we can find a basis H, ..., H,
of a, and a basis Yi,...,Y,» of n = @, cx+ da, such that each Y; € g, for some

a; € ¥T, and such that the H,’s and the Y;’s together form an orthonormal basis of
5 = a @ n with respect to gg. Such a basis will be called a good basis of s; we will also
identify such with a frame of S-invariant vector fields on M. A good basis of s enjoys
good orthogonality and commutativity conditions (they are orthonormal with respect
to go, and they respect the commutator conditions given by (5)). As such they are
particularly convenient for computations. We will also use it to help us formulate the
uniform decomposition lemma in Section 3.

We note in passing that the restrictions of gy to a and n also yields positive definite
inner products on a and n, which we think of as left-invariant Riemannian metrics on A
and N respectively. By abuse of notation, we will also call these the Killing metrics on
A and N, and denote them by the same symbol gq.

Finally, we claim that it suffices to establish Theorem 1 for any one choice of
G-invariant metric on M, for then the same conclusion will follow for all other G-invariant
metrics on M (proof to follow in the next paragraph). So in proving Theorem 1, we will
assume, without loss of generality, that g = go the Killing metric. This will allow us to
take advantage of the orthogonality conditions of gg laid out earlier.

To verify our claim above, suppose we have proved Theorem 1 for some G-invariant
metric g on M, and suppose ¢ is another G-invariant metric on M. If f is a vector field
on M with

divgf =0,
(here we use the subscript g to denote the dependence on the metric), then we also have
divyf = 0. (12)
To see this, note that
divg fdVy = Ly (dVy)

where L; denotes the Lie derivative with respect to the vector field f; this is a conse-
quence of the Cartan formula for Lie derivatives of differential forms. Now dVj is just a
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multiple of dVj, since both dV, and dV; are G-invariant volume forms, and the space of
G-invariant volume forms is one-dimensional. Also,

by assumption. Thus (12) is verified. Next, if ¢ is any smooth vector field on M, we will
find another smooth vector field ¢ on M, such that

(f;0)g = ([, 9)g- (13)

Indeed, if ® is the 1-form on M that one obtains by lowering the indices with the metric
g, then (f, )5 = ®(f); now we raise the indices with the metric g, we obtain from ® a
vector field ¢ that satisfies ®(f) = (f, #),. Together we have (13); indeed, in any local
coordinates, we have

o' = g7 g

Finally, from (13), we have

J“@ﬂ%:*%fﬂ@”%

since dVj is a constant multiple of dV}. Since div,f = 0, the right hand side can now be
estimated with Theorem 1 for g. Note that

I escay = [ V1oV = [ 171ad¥s =1 Flzscavs
M M

and

|vg(5‘g S |vg¢‘g + |¢|g = |V§¢|§ + |¢|§

(the latter following from that V, = Vj; see [23], Chapter IV, Section 4, Corollary 4.3,
or [4], Chapter I, Proposition 1.2.1), from which we obtain

1/m

IVoblnavy = | [ 19.dt7av,

1/m

5‘/WWW+W€M%

||V§¢\|Lm(dv_a) + H¢||Lm(dv§)-

12
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We now estimate

6l Lm(avy) S IVadllLm(avy);

this inequality will be established in Lemma 9 in the sequel. Thus altogether, Theorem 1
for g gives that

/ (F 6)3dV3| < Cllfll s avop IVl o cavey
M

as well, as desired.
2.5. Computation of the divergence

We now proceed to carry out some explicit calculations, for the divergence of a vector
field f on M this will help us make some computation more concrete in the proof of The-
orem 1. We will identify M with a Lie group S as before, and perform the computations
in terms of a basis of left-invariant vector fields on S.

To this end, let G = IH(M), K be the stabilizer of g € M, and G = KAN be a
corresponding Iwasawa decomposition. Let S = AN. As before, we identify M with S,
and identify the Lie algebra s of S with the space of S-invariant vector fields on M. Note
that s = a ®n, where n = @51 da-

Suppose now we are given a basis Hy,..., H, of a, and a basis Y7,..., Y, of n such
that each Y € g, for some a; € ¥ ;. For convenience, we will write

{Xlel, ., X,.=H,, 14
Xep1=Y1, ..., Xp=Y,_,

so that {X1,...,X,,} is a basis of 5. We think of it as a basis of S-invariant vector field
on M. A smooth vector field f on M can then be expressed as a linear combination of
X1, ..., X (with variable coefficients):

m
F=Y_r'x
=1
where f!,..., f™ are smooth functions on M. We may then compute the divergence of

f on M as follows.
First,

divf = (Xef' + ffdivXy),

(=1
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so we need only compute div X, for 1 < £ < m. But div X, is given by

Lx,w = (div Xp)w,

1517

where w is the volume form of (M, g) with respect to g, and Lx,w denotes the Lie

derivative of w with respect to the vector field X,. To compute £x,w, note that for any

vector field Z on M, we have, by the Leibnitz rule for contraction, that

(Lzw)(Hy, ... He Y, Yooy)
=Ly(w(Hy,...,H Y1, ... Y )
—w(LzHy, ... H\ Y1, Yy
— o —w(Hy, .. LzHYY, Yy
—w(Hy, ... Ho LgY1, .. Yy
i w(Hy, . Hy Y, LY ).

(15)

Also, the first term on the right hand side is always zero, since both w and
Hy,...,H. Y1,...,Y,_, are S-invariant. We now apply (15) with Z = H,, for

¢e{l,...,r}. Note that for i € {1,...,r},
Ly, H; =[H, Hi] =0,
and for j € {1,...,m —r},
LY = [He, Y;] = o (Ho)Y;.

We thus conclude from (15) that

It follows that
div Hg = —2/)(]?[4)7

where p is the half sum of positive roots, given by

p=5 3 a

aext

Next we apply (15) with Z =Yy, for £ € {1,...,m—r}. Note that for each ¢ € {1,...

we have
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Ly, H; = [Yy, Hi] = —a(H;)Yy,
and thus, by antisymmetry,
w(Hy,...,Ly,H;,...,H.,Y1,..., V) =0.
On the other hand, if j € {1,...,m —r}, then
Ly,Y; = [Yo, Y]],
which can be written as a linear combination of Yi,...,Y;_1,Y,11,..., Yim—r, and thus
w(Hy, ..., Hy, Y1, Ly, Y, ..., Y yp) = 0.

Hence we conclude from (15) that Ly,w = 0. It follows that

divY; =0.
Together we see that
divf == 2p(H)f'+ ) Xo(f"), ff=> f'Xe (17)
i=1 =1 =1

2.6. Covariant derivatives of a frame

Let G = Iy(M), K be the stabilizer of a point zy € M, and G = K AN be a correspond-
ing Iwasawa decomposition. Let Hy,...,H,,Y1,...,Y,,_, be a good basis of s = a®n, as
defined in Section 2.4. In particular, each Y; € go; for some «; € YT, For convenience,
we will again label these H,’s and Y;’s as X1,...,X,, as in (14), and we think of them
as a basis of S-invariant vector fields on M. Suppose now H € a (again identified with
an S-invariant vector field on M). For later purposes (cf. Lemma 9 below), we will prove
now that

VugX,=0 forl1</<m. (18)

Here V is the Levi-Civita connection with respect to any G-invariant metric on M (as
explained before, the Levi-Civita connection is actually independent of which G-invariant
metric we put on M). In particular, we will compute using the Killing metric go on M.
So for any smooth vector fields X, Y, Z on M, we have

90(VxY, 2) = 5(X[go(¥, 2)] + YIgo(X, 2)] ~ Zlgo(X, V)]

+90([X7 Y]’ Z) - gO([Xv Z]’Y) - 90([Y7 Z]>X))'
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If in addition, X, Y, Z are S-invariant, then by the left-invariance of the metric gg, the
first three terms above are zero, and we get

90(VxY, 2) = 5 (ol1X, Y], 2) = go([X, ZL,Y) = go([¥: 2], X)).

We are now ready to prove (18). Indeed, fix H € a, and 1 < i < r. We will first show
that

VuH; =0, (19)
by showing that
90(VuH;, Hy) = go(VuH;, Y;) =0

forall1</<r,1<j<m—r.Butfor1</{<r, wehave

90(V s Hi, He) = 5 (go((H, Hl, He) = go((H, Hel, H) = gol(Hs, Hl, 1)
=0.

Next, for 1 < j < m —r, we have

90(VuH;,Yj) = % (90([H, Hi],Y;) — go([H,Y;], Hi) — go([H;, Y], H))
—0,

where in the last equality we used that [H,Y;] = «;(H)Y; is orthogonal to H; with
respect to go, and similarly that [H;,Y;] is orthogonal to H with respect to go. This
proves (19).

Next, fix H € a, and 1 < j < r. We will show that

ViY; =0, (20)
by showing that
90(VuY;, H;) = go(VuY;,Ye) =0

forall1<i<r,1<f<m—r.Butfor 1 <i<r, wehave

90(VirY, He) = 3 (ool[H, Y31, Ho) — gol(H, H), ;) — go([Y;. Hil, )
= & (03 (H)golY;, F) — 0+ oy (HL)go(Y;, H)

=0.
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Here we used that Y is orthogonal to H; and H with respect to go. Similarly, for
1 </¢<m—r, we have

90(VirY3,Y2) = 5 (ao([H, Y31, Y2) — gol[HL Y2, ¥5) — go([Y;, Vi, H)

5 (ag(H3je = ae(H)dje — 0)

0,

the second-to-last equality following since [Y}, Y] € ga,4a, C 1 whereas H € a. The two
identities together verify (20). (18) then follows from (19) and (20).

2.7. Ezxponential coordinates

Let G = I4(M), and G = KAN be an Iwasawa decomposition of G. Another fact we
will need is that N is always graded. This means that the Lie algebra n of IV is a direct
sum of subspaces

s
n=PVe.
k=1

and [V;,Vi] C Vj4y for all positive integers j, k (Vi is set to zero if k > s); see for
instance [18]. To see that this is the case, let ¥; be the set of all simple roots (these are
positive roots that cannot be decomposed as a sum of two positive roots). It is known
that every root a € X1 can be written uniquely as a linear combination

o= Z cgB,

BEX:

where each cg is a non-negative integer, and not all cg in this sum are zero. We then
define d(«) to be the positive integer given by the sum of all coefficients cg in the above
expansion. For each positive integer k, let

Yk = {a € Xt d(a) =k},

and let

Vi = @ Ja-

aEXy

It then follows from (5) that [V}, Vi] C Vj44 for all positive integers j and k, and that

n= éVk
k=1
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where s is the largest positive integer for which Vi # {0}. We are grateful to Roe
Goodman for pointing out to us the above argument.

We now introduce exponential coordinates on N. Let {Y7,...,Y,,_,} be a basis of
n= ®aez+ ga, S0 that each Y; belongs to g, for some «; € ¥+, This is compatible
with the grading we had above for n, in the sense that each Y belongs to some V}, with
1 < k < st indeed since go, C Vi when k = d(a;), we have Y; € Vi(a,) for each 1 <
j <m —r. Recall now M is diffeomorphic to S = AN, and that M is simply connected.
Thus both A and N are simply connected; as a result, the exponential map exp: n — N
is a diffeomorphism of n onto N. Thus we may identify exp (ZT;{ y Yj) € N with
y=(y',...,y™ ") € R™~". This is called the exponential coordinates on N, associated
to the basis {Y1,...,Y,,_,} of n. We attach a homogeneity d(c;) to the coordinate y7,
for 1 <j <m —r. A polynomial in y is then said to be of non-isotropic homogeneous of
degree D, if it is a linear combination of monomials of the form 7t ...y, with

d(ay,) + -+ +d(aj, ) = D.

Recall that

d m—r
exp (Z yng> exp(sY;).
s=0

YV, — —
J ds
(=1

Hence by the Baker-Campbell-Hausdorff formula, there are polynomials p;,(y) on R™~",
such that in the coordinates y we had above for NV, we have

m—-r

Y= pje(y)aiyg (21)

=1

for all 1 < j < m — r. Furthermore, each p;, are non-isotropic homogeneous of degree
d(ay) — d(a ) if d(ay) > d(a;), and of degree zero otherwise; in particular,

0
a—y(pjé(y) =0 (22)
forall 1 < j,¢ < m —r. We also have
pje(0) = dje. (23)

See e.g. Rothschild and Stein [31, Section 10] for more details.

We remark that if in addition, the basis {Y3,...,Y;,—,} of n is orthonormal with
respect to the Killing metric go, then the coefficients of the polynomials p;e(y) in (21)
are uniformly bounded, with a constant that is independent of the choice of the basis
{Y1,...,Y—r} of n. This is because the iterated commutators of Yi,...,Y,,_, have
norms (with respect to go) that are uniformly bounded, independent of the choice of the
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basis {Y7,...,Y,,—} of n. In particular, this would be the case, if {Y1,...,Y;,_} is part
of a good basis of s = a @ n, which we defined in Section 2.4.

In a similar manner to the exponential coordinates on N, we introduce exponential
coordinates on A. Let {Hq, ..., H,} be a basis of a. Then the exponential map exp: a —
A is a diffeomorphism of a onto A. Thus we may identify exp (Z:Zl tiHi) € A with
t=(t',...,t") € R". This is called exponential coordinates on A, associated to the basis
{H1,...,H,} of a.

2.8. Some integration formulae

Let G = Iy(M), and K be the stabilizer in G of g € M. Let G = K AN be an Iwasawa
decomposition of G. We will normalize the Haar measures on K, A, N and G as follows.

First, let dk be the Haar measure on K, normalized so that |, i dk = 1. This is possible
since K is compact.

Next, recall the Killing metrics on A and NV, that we introduced in Section 2.4. These
left-invariant Riemannian metrics on A and N define Riemannian volume forms, which
are Haar measures on A and N respectively. We denote these by da and dn respectively.

More explicitly, let Hy, ..., H, be an orthonormal basis of a with respect to the Killing
metric go. Let t = (t!,...,t") be the exponential coordinates on A associated to this basis
Hy,..., H,., as introduced in the last subsection. Let da then be the Haar measure on A,
normalized so that da is the Lebesgue measure dt in these exponential coordinates; i.e.

!f(a)da :R[f (exp (; tlHZ>> dt,

for any compactly supported continuous functions f on A.

Similarly, let Y7,...,Y,,_, be an orthonormal basis of n with respect to the Killing
metric go. Let y = (y!,..., 4™ ") be the exponential coordinates on N associated to this
basis Y1,..., Y, _,. Let then dn be the Haar measure on N, normalized so that dn is the

Lebesgue measure dy in these exponential coordinates; i.e.

/f(N)dn: / fleso | Y oY | | dy,
N J=1

Rm—7r

for any compactly supported continuous functions f on N.

Finally, we define dg to be the Haar measure on G, normalized in such a way that
the following two integration formula of Harish-Chandra [21, Lemma 35] hold: for any
compactly supported continuous function F' on G, we have

/ Flg)dg = / / / Flank) dn da dk, (24)
G K A N
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and

/ F(g)dg = / / / F(kan)e* €% dn da dk. (25)
G K A N

Here p is the half sum of positive roots given by (16), and for each a € A, loga is the
element in the Lie algebra a of A for which €'°¢® = a. Indeed, (25) can be deduced from
(24) as follows: if F' is a compactly supported continuous function on G, then

/F(g)dg:/F(g—l)dg:///F(k—ln—la—l)dndadk
G G K A N

where in the last equality, we have applied (24) to the function g — F(g~!). This shows

/ F(g)dg = / / / F(kna) dn da dk, (26)

G K AN
and upon the change of variables n — ana™"', we get
/F(g)dg = // /F(k(m) det((Ada)|,) dndadk. (27)
G K AN

Here for each a € A, we think of Ada as a linear map in GL(g), which restricts to a map

Adal,:n—n

d
A V)= — Y1
dal, (Y) as| ae’’ a
Note also that we could also have written
e?Po8a) — det((Ada)l,); (28)

this holds because Ada = €242 %) from which it follows that
det((Ada)|,) = etrace(ad(loga)| ) _ ,2p(loga)

(27) and (28) together gives (25).

We note here that the definition of dg does not depend on the choice of the Iwasawa
decomposition K AN of G. Indeed, if G = K AyNy is another Iwasawa decomposition of
G, then there exists k € K such that A = kAgk™!, and N = kNgk™!; see for instance
Remark after Theorem 4.6 of [25]. If dag and dng are the normalized Haar measures on
Ay and Ny respectively, then da is the pull-back of dag under the map Ad(k): A — Ay,
and dn is the pull-back of dng under the map Ad(k): N — Ny. Thus
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I[A/N/F(ank;) dndadkz///F(aOnok) dno dag dk

K Aop Ny

for all continuous functions F' with compact support in G, and this shows that dg is
well-defined independent of the choice of the Iwasawa decomposition of G.
Now consider the Lie subgroup S = AN = NA of G. We define a Haar measure ds

on S, by
/F(s)ds = //F(an)dnda
S A N

for all compactly supported continuous functions F' on S. To see that this indeed defines
a Haar measure on S, it suffices to show that the linear functional on the right hand
side above is invariant under both left translations by A and N. But for any ag € A, we

A/][F(aoan) dnda:A/]!F(an) dnda,

since da is a Haar measure on A. Also, for any ng € N, we have

/ / F(noan) dnda = / / F(a(a " nga)n) dnda = / / F(an) dnda,
A N A N A N

the last equality following from that a 'nga € N, and from that dn is a Haar measure

have

on N. This shows that ds is indeed a Haar measure on S, and we call it the normalized
Haar measure on S (since da and dn are normalized by our convention).

The Lie subgroup S of G can be identified with our symmetric space M, as we have
seen at the beginning of Section 2.4. Recall that we had a Riemannian metric g on M in
the statement of Theorem 1, and that we are assuming that g = go the Killing metric.
There all integration are with respect to the Riemannian volume element dV. But dV’
can be identified, through the identification of M with S, with a Haar measure on S.
Since the space of Haar measure on S is one-dimensional, this shows that there is a
non-zero constant ¢y, for which dV = ¢yds. By examining the two sides near zg, we see
that ¢g = 1. In other words, if Fj is a continuous function with compact support on M,
then

/FO dV = //Fo(anxo) dnda. (29)
M AN
Note that (29) can also be written as

/Fo dv = //Fo(naxo)ed”(loga) dn da. (30)
AN

M
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Indeed, this follows from (29) upon the change of variable n + a~'na, using (28).

Furthermore, we claim that if Fj is a continuous function with compact support on
M, then

/Fo dv = /Fo(gwo)dg- (31)

M G

Indeed it suffices to compute the right hand side using (24), and to note that kxg = xg
for all k € K, while [, dk = 1. (31) then follows from (29).

Suppose now Hj is a non-zero vector in a. Let @’ denote the orthogonal complement
to H; in a with respect to the Killing metric gg, and let A’ be the Lie subgroup of A
generated by a’. Let s/ = a’ ®n, and S’ = A’N = NA’. Then completely analogous to
what we have done above, we can introduce normalized Haar measures da’ and ds’ on
A’ and S’ respectively; indeed da’ will be the volume element, given by the left-invariant
Riemannian metric on A’ that one obtains by restricting the Killing metric go to @', and

/F(s')ds’ :A//N/F(a'n)da’dn.

S’

ds’ will be given by

We can also introduce exponential coordinates on A’ as in the last subsection.
If {Ha,...,H,} is a basis of a’, then the exponential map ¢ = (t3,...,t")
exp(Y;_, t"H;) defines a diffeomorphism of R™~! onto A’. If further {Ho,...,H,} is
orthonormal with respect to the Killing metric gg, then in such exponential coordinates,
da’ is just the Lebesgue measure dt’.

Finally, we need two well-known integration by parts lemma. Suppose first A’ and
da' are defined as above. Let {Hs,..., H,} be a basis of left-invariant vector fields
on A’.

Lemma 3. For any function ¢ € C°(A"), we have

/Hinp da’ =0
A/

for2<i<r.
Proof. Indeed, for each 2 < ¢ < r, H; is just the coordinate derivative % in the ex-
ponential coordinates associated to {Ha,...,H,}. Since da’ = dt’ in such exponential

coordinates, the lemma follows. O

Next, pick a basis {Y1,..., Y} of left-invariant vector fields on N.
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Lemma 4. For any function ¢ € C°(N), we have

/ngodn:O
N

for1<j<m-—r.

Proof. One just writes everything out in exponential coordinates. Without loss of gen-
erality, assume each Y; € g, for some a; € X1. Then Y; takes the form (21), where the
coefficients p;¢ satisfies (22), and the Haar measure dn is just a scalar multiple of the
Lebesgue measure in the exponential coordinates associated to {Y1,...,Y;,—}. So one
can finish the proof of the lemma by using ordinary integration by parts on R™~". This
gives the assertion of Lemma 4. O

We note that the validity of the above two lemmas can partly be explained by the
fact that the geodesics s — exp(sY;) and s — exp(sH;) go off to infinity; in particular,
they cannot be closed curves, cf. Appendix B.13 in Ballmann [3].

3. A decomposition lemma

Let G = Ip(M) be the identity component of the isometry group of M. Fix a point
xg € M, and let K C G be the stabilizer of xg. Let G = KAN be a corresponding
Iwasawa decomposition of G, and €, a, n be the Lie algebras of K, A, N respectively.

Suppose H; € a is a unit vector with respect to the Killing metric gy introduced
in Section 2.4. Let a’ be the orthogonal complement of H; in a under gg. Let A’ be
the Lie subgroup of A with Lie algebra a’, and let S’ = A'N = NA’. We will need a
decomposition lemma for functions ® defined on S’. The constants that appear in the
lemma has to be independent of the choice of the Iwasawa decomposition K AN of G,
and independent of the choice H; € a. We will now proceed to formulate this lemma.

Let da’, dn and ds’ be the normalized Haar measures on A’, N and S’ as defined in
Section 2.8. In particular, da’ and dn are the Riemannian volume elements associated to
the Killing metric on A’ and N, and

/ B(s')ds' = / / &(a'n)da’dn
S’ A’ N

for any compactly supported continuous functions ® on S’. For any such ®, and any
1 < p < oo, we also denote the LP(S’) norm of ® by

1/p

e WAL I
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and the L>(S”") norm of ® by [|®|| ;= (s) = sup, g |®(s’)|. For any smooth functions &
with compact support on S’, we also write

m 1/2
Vo (s)| = <Z |ch1>(3’)2>
=2

where {Xo,...,X,,} is an orthonormal frame of tangent vectors with respect to the
Killing metric on S’. Finally, for 1 < p < oo, we write ||V'®||1»(s) for the LP(S") norm
of [V'®|, and we write

[@llwirsy = 1@l osry + V'@l o (s
We can now formulate our decomposition lemma.

Lemma 5. There exists a constant C > 0 such that the following holds. Let ® be a smooth
function with compact support on the Lie group S’. Suppose p > dim(S’) = m — 1, and
A > 0. Then there exists a decomposition ® = &1+Py on S’, such that D1, Py € C°(5),
and

_m=—1
@1l Lo (57 < CNTTE @ )lwas
_m-—1
@2l Lo (s SCOXNT 7 ||| esyy (32)

m

_m-—1
[V'@2|lpee(sy < CA 7 [|®flwrns).

The constant C will be chosen independent of the choice of the Iwasawa decomposition
KAN of G, and independent of the choice of Hy € a.

To prove Lemma 5, we need the following decomposition lemma on R?, with d = m—1:

Lemma 6. Let ® € C°(R?). Suppose p > d, and X > 0. Then there exists a decomposition
® = &y + Dy on RY, such that @1, Py € C°(R?), and

_4d

[®1] oo (a) < CAN'7 2029 Lo roy
_d

2| oo (re) S CA 7|l e (ray (33)
_a

[02 P2 Loc(ray < CAT? (|0 || L (ra).-

Furthermore, if ® is supported on a ball of radius R, then one can arrange ®1 and Do,
so that they are both supported on a ball of radius R+ .

The proof is implicit already in the proof of Theorem 1.5 in [35]; see also [27]. We
briefly outline it for the convenience of the reader.
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Proof. Since 0,® € L?(R?) with p > d, Morrey’s embedding implies that ® € C” where
y=1- %. It is then well-known that ® can be decomposed into ® = &, + ®5, as in the
statement of the lemma: indeed one just needs to take

(I)leq)*n)\, (I)lizq)—q)g

where 7 is a fixed smooth function with compact support on the unit ball on R? with
fRd n =1, and n(z) :== A~4n(A\"1x). Morally speaking, ®, is the low-frequency compo-
nent of ®, and ®; the high-frequency component. It is then straightforward to establish
the estimates in (33), and the estimates on the sizes of the supports of ®; and ®5; see for
instance, Corollary 1 in [33, Chapter VI, Section 5.3|, for a variant of this argument. 0O

We are now ready for the proof of Lemma 5.

Proof of Lemma 5. First we introduce, around any point s € S’, exponential coordi-
nates ' := (¥,y) as follows. Recall that we have picked a vector H; € a, that has
unit length with respect to the Killing metric gg. We now complete it to a good basis
of s = a ® n, as defined in Section 2.4; in other words, we pick Hs,...,H, € a, and
Y1,..., Y € m, such that each Y belongs to g, for some «; € ¥*, and such that
{Hy,...,H;, Y1,...,Y,,_,} form an orthonormal basis of s with respect to go. This is
possible by the orthogonality relations (a) and (b) in Section 2.4. Later on we will want
our constants to be chosen independent of the choice of the Iwasawa decomposition K AN
of G, and independent of the choice of good basis {H1, ..., H,,Y1,..., Yy} of 5. For
brevity, such constants will be called absolute constants.

Now suppose we fix a point s}, € S’. We identify 2’ := (¢/,y) € R"~! x R™~" with the
point

m-—r T
S0 exp Z Y'Y, | exp (Z tiHi> )
j=1 i=2

Then in these exponential coordinates on S’, H; is just

0

H’i -
ot

for 2 <9 <r. We claim that Y; is given, in these coordinates, by

r . m—r 9
Yj = <Het J(H")> ijz(y)a—yw (35)
=2 (=1

where pj¢(y) are defined as in (21). Indeed,

d m-—=r T )
S0 exp (Z yEYg> exp ( t’HZ) exp(sY;),
s=0 =1 i=2

>
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whereas we will rewrite the last two factors as

exp (Z t'H. ) exp(sY;)exp < Zr:tlHl> exp <zr: tiHi> )

=2

Now

exp (Z tiHZ-> exp(sY;) exp (— Z tiHZ)
i=2

1=2

=exp (Ad exp (E tiHZ-)) sY;
L =2

=exp |exp (ad (Z tiHZ—)) sY.
L i=2

=exp |s H et'ai(H)y

Putting these back, we have

S0 exp (Z yZYg> exp lsH etio‘j(Hi)Yj exp <Z tiHZ)
s=0 =1 i=2 i=2

T 5 d m-—r T )
= H et (Hi) ds‘ S0 exp (Z erg> exp(sY;) exp (Z t’Hi>
i=2 5=0

(=1 =2

_4d
T ds

Using the Baker—Campbell-Hausdorff formula as we used to prove (21), we obtain (35).
In view of (34), (35) and (23), we see that if s}, is any point on S” and (¥,y) is the
exponential coordinates we introduced above, then at (¢',y) = (0,0), we have

_ 9
S0 Pt

‘ 0

B il = By

(36)

(0,0) 7 (0,0) .

Now write B(sg,r) for the metric ball on S/, with respect to the Killing metric on S,
that is centered at s, and of radius r. Then in view of the above, there exists g > 0
such that if 8" € B(s{,e0) and 2’ = (¥',y) is the exponential coordinates of s’ centered
at s{, then for any function ® on S’, we have

T m—-r

[V'(s")| ~

a6 " ’ N

i=2 j=1 6y3

which we abbreviate as
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0d

V()] = \x@/) | (37)

Indeed g¢ and the implicit constants here can be chosen independent of sj, and are
hence uniform over S’; they can also be chosen to be independent of the choice of
{H.,...,H,}, since each «; remains uniformly bounded on the unit sphere in a (where
we put the Killing metric on a). Furthermore, €y and the implicit constants above can
be chosen to be independent of the choice of {Y1,...,Y,,—,}, since the coefficients of
the polynomials pj,(y) in (21) are uniformly bounded, independent of the choice of
{Y1,...,Ym_r}; see discussion near the end of Section 2.7. We further claim that g5 and
the implicit constants above can be chosen to be independent of the choice of the Iwasawa
decomposition K AN of G: indeed, if G = K AygNy is another Iwasawa decomposition of
G, then there exists k € K such that A = kAgk™!, and N = kNpk™!; see for instance
Remark after Theorem 4.6 of [25]. Since for & € K, the maps Ad(k): A — Ay and
Ad(k): N — Ny are isometries with respect to the Killing metric, our claim follows. It
follows that ¢ and the implicit constants in (37) are absolute constants.

Since the measure ds’ is a normalized Haar measure, we also have the following uniform
comparison of ds’ with the Lebesgue measure dz’ on R™!: indeed

[ 1eeis = [ jee)a (38)

B(sp,e0) B(sp,€0)

holds uniformly for any function ® on S’ and any s € S’; here the implicit constants
are again absolute constants.

Now to prove Lemma 5, suppose ® € C°(S5’), p > dim(S’) = m — 1, and A > 0 are
given. We consider two cases.

Case 1: )\ > Cl_lso, where C1 is a large absolute constant to be chosen.

Then take &1 = ®, &5 = 0. We claim that
@]z (sy < Cl®]|wrr(sy,

where C' is an absolute constant. In fact, given s € S’, the exponential coordinates
centered at s{, allows one to identify B(s{,&o) with a bounded open set in R™~!. Then
by the Sobolev inequality on R™~!, we have

0P
1@l o (B(she0)) < C H || + ‘%

Lr(B(s(,e0),dz")

(Here we use p > m — 1.) But by (37) and (38), the right hand side is bounded by a
constant multiple of ||®||y1.»(s/). All constants here are absolute constants. This implies
our desired claim, and completes our proof in Case 1.
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Case 2: A < O} 'eo.

We choose a suitable smooth function y on S’, supported in a ball of sufficiently small
radius centered at the identity element of S’, such that

1= / x((sp)"ts)ds, for all s' € S'.
shes’

(Here ds(, is the normalized Haar measure on S’, and hence this integral is constant
on S’.) Then given ® € C°(S5’), we write

B(s) = [ x((s5) (s s

S/
Now since A > C leo, then we decompose, for each sy € S, the function
B0 (') = x((s5) ') ()

by first identifying it with a function on R™~!, and then applying the decomposition
lemma on R™~1. Using (37) and (38), one then obtains, for each s}, € S’, a decomposition

Hs0) — @586) + (p(ZSB)’
where @gsé’) and @ésé) satisfies

m—1

o) (s') < O

v/ o (50)

/
Lo(s%) XB(S{),EO)(S )

050 (s) < ONTT (000 1 5y X B0 (5)

m

V()] < a7 [

Lr(s") XB(sh,e0) (8/)-

(The characteristic functions on the right hand side indicate that <I>§S°) and q)gs“) are
both supported in a ball centered at s}, and of radius £y.) We now integrate both sides
of each inequality above over s; € S” with respect to dsf,. Then defining

By = / 0 ds), By = / o) ds),
spEeS’ spEeS’

we get (32) as desired, with constants that are absolute constants. O
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4. Proof of Theorem 1

We now prove Theorem 1. As explained at the end of Section 2.4, we may take the
Riemannian metric ¢ on M to be the Killing metric go. Henceforth the pointwise inner
product (-, -), the pointwise norm |- |, the volume form dV and the Levi-Civita connection
V will all be taken with respect to the Killing metric go.

Recall that we fixed a point zy € M. Let T;,M be the tangent space to M at z(. Let
S™=! C T,,M be the unit sphere in T,,, M under the inner product (-,-) induced by go.
To prove Theorem 1, we need to estimate the integral

[tr.0pav

M

We will do so by rewriting the integral as an integral over G x S™~ ! where G := (M)
is the identity component of the isometry group of M. Indeed, let Ly: M — M be the left
translation by g € G, i.e. Lyx = gx for g € G and € M. Then if v is a tangent vector
to M at some point z € M, dL4(v) is a tangent vector to M at gz, and we abbreviate
this by

dgv :=dLgy(v).

Now fix a unit vector vy € T, M. Then d4vo will be a unit tangent vector to M at gzo.
We claim that there exists a non-zero constant Cp, such that

Co / (f. )dV = / / (F(g0), dyo) (S(go)s dyvo) do(vo) d. (39)

G sm-1

Here dg is the normalized Haar measure on G as in Section 2.8, and do(vg) is the standard
surface measure on S™~!, normalized such that fS"”71 do(vg) = 1.
To verify (39), fix g € G. The inner integrand on the right hand side of (39) is just

[ s $gz), v0)dy 1 6(g0). o) o).
§m—1
But dg-1f(gxo) and dg-1¢(gxo) are just two tangent vectors to M at x¢. One can show
that for any tangent vectors u,u’ € T,,M, we have
<’LL, UO><U/7 UO> d(f(’[}o) = CO<U> u/>
§m—1

where Cj is a non-zero constant; this just follows by a direct calculation on R™. Thus
the inner integral on the right hand side of (39) is just
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Co{dg-1f(gx0), dg-19(gx0)) = Co(f(g20), ¢(g0))-

By (31), it then follows that the right hand side of (39) is equal to

/ Co(f(g0). dlg0))dg = Co / (f. 6)aV.
G

M

So (39) follows.

Now to prove Theorem 1, we just need to estimate the right hand side of (39). Indeed,
we will reverse the order of integration, and estimate the integral over G for each fixed
vo € S™1. More precisely, we will establish the following proposition:

Proposition 7. Suppose f is a smooth vector field on M with div f = 0, and ¢ is a smooth
vector field on M with compact support. Then for each vector vy € S™~! C T, M, we
have

/<f(9$0)’dg710><¢(9330)’dg?f0>d9 < O fllpr @IVl Lmavy, (40)
G

where the constant C is independent of vo € S™~L.

If this is established, then integrating (40) over vy € S™~!, we obtain the assertion of
Theorem 1.

We remark that when M has rank 1, it is easy to show that the constant C' in Propo-
sition 7 is independent of vy, since G acts transitively on S™~!. This is no longer true
in the higher rank case. So we are forced to use a family of Iwasawa decompositions in
what follows, and obtain uniform estimates for such.

To establish Proposition 7, let vg € S™~!. We use a suitable Iwasawa decomposition
of G adapted to vg. Let g be the Lie algebra of G, let K C G be the stabilizer of z(, and
let € be the Lie algebra of K. We write

g=top

for the Cartan decomposition of g. Given vy € S™ !, we select a vector H; € p, that has
unit length with respect to gg, such that

d tH
- Teo = vp. 41
atl,_, ey = vy (41)

Then we choose a maximal abelian subalgebra a of g contained in p, such that H; € a.
Let a* be the set of all linear functionals on a, and ¥ be the set of restricted roots of a.
We make a choice X7 of positive roots in . Writing
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n:i= @ Yo,

aext

and A, N for the connected Lie groups with Lie algebras a and n respectively, we then
have an Iwasawa decomposition G = KAN of G. We determine normalized Haar mea-
sures dk, da, dn and dg on K, A, N and G respectively, as in Section 2.8.

Now the integral in left hand side of (40) can be written, via (25), as

/ / / (f(kanxg), dranvo) (¢(kanao), dranvo) dn da dk. (42)
K A N

To estimate this, recall we had chosen a unit vector Hy € a such that (41) holds. We
complete H; to a good basis on s = a @ n; in other words, we pick Hs,..., H, € a, and
Yi,...,Ym_r € n, such that {Hy,...,H.,Y7,...,Y,,_,} form an orthonormal basis of
s with respect to go, and such that each Y; belongs to g,; for some «a; € ¥+, This is
possible by the orthogonality relations (a) and (b) in Section 2.4.

Now let a1, @’ be the spans of {H;} and {Ha, ..., H,} respectively. Let A; and A’ be
the Lie subgroups of A with Lie algebras a; and a’ respectively. Let S" = A’'N = NA'.
Let da1, da’ be Haar measures on A; and A’, given by the Riemannian volume elements
associated to the restriction of gy to A; and A’. Then

/ F(a)da = / / F(a1d')dayda’

A Ay A

for all compactly supported continuous functions F' on A. We will use this to evaluate
the integral over A in (42). The key then is the following basic estimate:

Proposition 8. Suppose f is a smooth vector field on M with div f = 0, and ¢ is a smooth
vector field on M with compact support. For any vector vg € S™~1 C T,,,M, let KAN be
an Twasawa decomposition of G = In(M) adapted to vy, and choose subgroups Ay, A’ of
A as above. Then we have

/ /(f(na/xo), dparvo) (p(na’zg), dparvo) dn da’

A" N

(43)

1—L L
< Cllf(na'fvo)llLl(ana/) ||f(na:1:0)\|£”1(dnda) ||¢(a/"$0)||W1vm(dnda')

where
| f(na'z0)|| 1 (anda) 1=//|f(na’xo)|dnda’,
AN

|.f (nazo) |l L1 (dnda) 2=//|f(naxo)|dnda,

A N
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and

m

16(an0) 1w m (dndar) = / / ($(a'nzo)|™ + [Vé(a'nzo)|™ dn da’

A" N

The constant C is independent of the choice of vg.

Assume this proposition for the moment. Then for each a3 € A;, we apply this
inequality to the vector fields fo, and ¢q,, where fo, () := d -1 f(a12), and ¢q, () :=
da;1 ¢(ayzx) for all x € M. We then get, on the left-hand side,

//(f(alna’xg),dalna/v0><¢(a1na’x0),dalm/vo>dnda' :

A" N
This is because
(far (na'xo), dparvo) = (da, 1 flarna’xo), dparvo) = (f(arna’xo), da,narvo),
and similarly for ¢,,. Making the change of variable n +— aflnah the left hand side of
(43) is thus
e~ 2ploga1) //(f(nala'xo),dnala/v0>(¢(na1a'aﬁo),dnala/v0>dn da'|. (44)
Al N

We now analyze the terms on the right hand side of (43) one by one. We have

| fa, (na'z0) || 1 (andar) Z//Ifal(na’xoﬂdnda’

AN
://|f(a1na’ar0)|dnda’,
AN
since
| far (n@'z0)| = |dg, -1 f(a1na’zo)| = | f(a1na’zo)]

(again the last equality follows from left-invariance of the Riemannian metric). Making
again the change of variables n — aflnal, it follows that

s 0 50) 1ty = 2% [ [ ('] dn o (45)
A" N
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Also,

| fay (nazo)|| L (dnda) Z//If(alnaxoﬂdnda

A N

:672p(1oga1)//|f(na1a$0)\d”da
N

A

(in the last line we made again the change of variables n — a;lnal). Since da is a Haar
measure on A, this shows

s (2020) |13 = 0= [ [ |f(nazo)] an da (46)

A N

Finally, we claim

m

| Pa, (a'no)|lwim(anday = //|¢(a1a’nx0)\m + (Vo) (a1a’nxo)|™ dn da’ (47)
AT N

Indeed, |¢q, (a’nxg)| = |p(a1a’nzg)|, and we will show that

[(Véa,)(a'nao)| = [(Vé)(ara’no)|.

This is because if {X,}}?, is an orthonormal frame at a'nzg, then {d,, X,}}*, is an
orthonormal frame at a;a’nzg, from which it follows that

m m

|(Véa)(a'nzo)® =D (Vi a,) (@'nzo)l* = Y |(Va,, x,0) (a1a"nao)

/=1 (=1

(We use also the left-invariance of the Levi-Civita connection V on M.) Hence
|(Va,)(a'nxo)| = [(V@)(ar1a’nxg)|, and the identity (47) follows.

Putting (44), (45), (46) and (47) back into (43), and multiplying both sides of (43)
by e2r(logal) e get

//(f(nala’xo),dnala/v0><¢(na1a’x0),dmla/vo>dn da’
A N

1—-L 1

m m

<C (A//|f(na1a,’xo)|dnda’ //|f(na:co)\dnda
"N

A N

m

: //\¢(a1a/n$o)|m+|(V¢)(a1a’nx0)|mdnda’
"N
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We now integrate both sides of this equation over A; with respect to the Haar mea-
sure day. Then applying Holder’s inequality in the integral over A; on the right hand
side, we obtain

//(f(naxo), dpavo){P(naxy), dnavo) dnda
AN

1
m

<c| [ [ifoaz)idnda) | [ [ iotansol™ + |(Fé) anso)|" dnda
N

A N A

By applying this to fi and ¢, where fi(x) := dj-1 f(kz) and ¢g(x) := dp-10(kx), we
then have

//(f(lmaa:o),dknav(J)((b(knaxo),dkmUo) dnda
AN

m

<cC //|f(knax0)|dnda /N/|¢(kanxo)|m+|(ng)(kanx0)|mdnda

A N A

In the last line, the integral involving ¢ is bounded by ||¢|

rm(avy + [Vollm(av). This
is because k acts by isometry on M, which allows us to drop the k in the integral, and
then apply (29). It follows that

//(f(knamo), dinavo)(P(knaxg), dgnavo) dnda
AN

<c / / F(knazo) dnda | (16 omavy + V6] Lo -
N

A

It now remains to integrate both sides over K. It follows that (42), and hence the left
hand side of (40), are bounded by

0( [ ] [ 1#tenazo)idndadr | (16, + IV lmarn) -

K A N

But

[ [ [ 1#temazo)idndadr = [ 17(gm0)ldg = 1£113qav1,
K A N G
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the first equality following from (26), the second from (31). Altogether, this shows that

/ (F(920), dgvo) {6 (g0), dgvo)dg| < Cllf Il avy (110

G

Lm@v) + Vol mavy) -

This is almost the estimate (40) we wanted to prove, except that on the right hand side
we have an additional ||@||zmy). Nevertheless, one can complete the proof of (40), once
one invokes the following Sobolev lemma, with p = m:

Lemma 9. For any compactly supported smooth vector field ¢ on M, and any 1 < p < oo,
we have

9llze(avy < Cpll VAl Lravy-

Proof. Indeed, recall the following elementary inequality on R: If A is a smooth function
with compact support on R, then for any A > 0, 1 < p < oo, we have

/|h Y|Pe™ ATdT< /|h )|Pe=dr. (48)

This inequality is just Hardy’s inequality in disguise; since its proof is very simple, we

/h'T—t
0

reproduce it below. First, note that

from which it follows that
e 3™ = | [ W(r—t)e 3T e dtat| .
|h(7)]
0

Taking LP(d7) norm of both sides, using Minkowski’s inequality, and then raising to the
p-th power, we obtain (48).

The way we will apply (48) is as follows. Let G = Io(M). Pick an Iwasawa decompo-
sition G = KAN of G. Write da and dn for the normalized Haar measures on A and N
respectively, as in Section 2.8. Also fix H € a, the Lie algebra of A, such that

p(H) >0,

where p is half the sum of the positive roots (such H clearly exists: just pick a non-zero
vector in the interior of the positive Weyl chamber). We normalize H so that it has unit
length with respect to the Killing metric gg. Now let a” be the orthogonal complement



S. Chanillo et al. / Journal of Functional Analysis 273 (2017) 1504—1547 1539

of H in a with respect to gg. Write A” for the connected Lie group whose Lie algebra is
a”, and da” for the normalized Haar measure on A", so that

/F1 da—// a"e™ ) da dr
R A"

for any compactly supported continuous function F; on A.

Suppose @ is a compactly supported smooth function on M. For n € N, a” € A”, we
apply (48) to h(7) := ®(na”e™Hz4) and A := 2p(H). Then again identifying H € a with
an S-invariant vector field on M, where S := AN = N A, we obtain

/|<I> (na"e™ \pe*ZP(TH)dT<Cp/| (H®)(na"e™ 0)|pe*2p(TH)dT

for all 1 < p < oo, where C) which is finite since we chose H such that

= gp0m ( .
p(H) > 0). We now multiply both sides by e=2°(°24") "and integrate over a’ € A” and
n € N with respect to da” and dn. This shows

//|<I> nag)|Pe2re @) dadn<C’p//| (H®)(naxg)|? e=2P1°8 ) dadn
N A

for all 1 < p < oco. In view of (30), this yields
@l Le(av) < CpllHP| Lo (avy (49)

forall 1 <p < co.

Now recall we had a good basis {X;}1<¢<m of s from Section 2.4, which we think of as
a basis of S-invariant vector fields on M. The vector fields X, satisfy Vg X, = 0 by (18).
We apply (49) to the function ® := (¢, X;) on M for 1 < ¢ < m. Then we obtain

= <VH¢7 Xl> + <¢7 vH4Xv€> = <VH¢7 XE>7
SO
|[H®| < [V].

In view of (49), this implies

19l (av) < CplI VLo av)

for all 1 < p < 0o, and this concludes the proof of Lemma 9. O
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It remains now to prove Proposition 8. Suppose vg € S™~!. Let G = KAN be the
Iwasawa decomposition of G adapted to vy, that we chose in the proof of Proposition 7,
and let’s identify M with the Lie group S = NA. So from now on, we think of f and
¢ as vector fields on S instead of vector fields on M. Let {Hy,..., H.,Y1,..., Y} be
the good basis of the Lie algebra s of S, that we chose immediately after equation (42).
Again we label these as {X1,..., X,,}, as in (14). We express f and ¢ in terms of this
basis: say

F=> X, ¢=> ¢'X,
i=1 i=1

where f1,...,f™ € C>(S) and ¢',...,¢™ € C=°(S). Then since X; = H; and vy =
% |t:0 efiyy, we have X at nazo equal to d,qvo; since X; has unit length, this shows

fl(na) = <f(naa:0), dnaU0>> d)l (na) = ((b(naxo), dnav0>~
Hence the desired inequality (43) in Proposition 8 translates into

//fl(na')gél(na')dnda’

A" N
1—L 1
< CF ) s | F DN i 1161 + VO @) [ antary. (50)

This is to be established under the condition div f = 0, which translates into
S Xef' =2 p(H)f' onS (51)
=1 i=1

by (17).
To see that (50) is true under hypothesis (51), we apply Lemma 5 with p = m to the
function ® = ¢! on S’ = A’N. Then for any A > 0, there exists a decomposition

¢t =P + Py, on S,

such that @1, Py € C°(S), and (32) holds with p = m. Now we split the integral on the
left hand side of (50) into two pieces:

//fl(na’)qél(na’)dnda’

A’ N

://fl(na’)q)l(na')dnda’—l—//fl(na’)q)g(na’)dnda'
A" N A’ N

=I+1l.
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The first integral I is easy to estimate:

| < [1f(na") | 21 (dnday |P1 ]| Lo (57

< OX || f(nd') || 1 (dndar) |0 [l wi.m (s - (52)

To estimate the second integral II, fix some x € C°(A;) with x = 1 at the identity. We
rewrite II as

T d
e - L[ (na ) (e )] (ma )t d
/]

—— [ [ [itm s md et e @)
N O
+ fH(na’ e ) (Hyx) () ®y(na’)|dt dn da’

= //Z(Xffe)(naletHl)X(etHl)q)z(na/)dtdnda/
N 0

—2. p(Hi)///fi(na’etHl)X(etHl)q)g(na')dtdnda'
N D

where we have used our hypothesis (51) in the last equality. The last two integrals are
obviously bounded by

Cllf (na)ll L1 (dnda) | P2l Lo (s7)- (53)

To estimate the first, note that one can easily integrate by parts for those terms corre-
sponding to 2 < ¢ < r: we have, for these £’s, that X,f’ = Hyf*, so using Lemma 4 to
integrate by parts in A, we get
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/ / / Xef*)(na'e ™ )x (") @a(na')dt dn da’

A" N 0

/ / / fh(na’ e )y (e) (X, ®5) (na’)dt dn da’ (54)
A" N 0

for 2 < ¢ <r. Now for r + 1 < ¢ < m, we have X,f* = Y; f**7 where j = £ — r. For any
1 <j < m —r and any smooth function F on S, if a; € Ay, s’ € 5, we have

d
(GE) o) = 3|

d
F(s'a1e™i) = P (Ra, F)(s'are™7a7rt)
7=0

where Ry, F(z) := F(zaq) is the right translation by a;. But then this is equal to
[(Aday)(Y))](Ra, F)(s') = (08 DY) (Ra, F)(s')
= e[y (Ry, F)|(s).
Hence for each r +1 < ¢ < m, and each t € R, we have
[ ey e )@ = =) [y (R 1) 1),
N N
which by Lemma 4 is equal to

_etazfrr~(H1) /(Reﬂh f‘v’)(na’)(anb)(na')dn.

N

This shows that

///Xff[ (nde"™)x (") @y (na’)dt dn da’

A" N 0

///fé (na'etH)etoe—r(Hu) \ (etH1) (X, @) (na’) dn da’ dt (55)

for r +1 < ¢ < m. Combining (53), (54) and (55), we see that

1| < C||f(na)l| L1 (anaa) (IIV' @2l oo (s) + @2l L (s7) (56)
< C)\%_lnf(na)HLl(dnda)H¢1||W1f’"(S’)~

(Here we used that et®(H)y (1) is a bounded function of ¢.) Adding (52) and (56),
and optimizing A\, we get
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1—1 1
[ [ £yt dn | < €0 | i1 T 51,
A’ N

The constant C' here comes primarily from Lemma 5. It is an absolute constant indepen-
dent of the Iwasawa decomposition K AN of G we chose, and independent of the good
basis of 5 as well. Hence it is independent of vy € S™~!. It remains to observe that

16! lwrm sy < Cll(Iol + VD) (@' n) | L (dndary :
indeed
[(V'¢h)(a'n)| < C(l9] + Vo)) (a'n),
which holds since

(bl (aln) = <¢(a’nx0), da/nv0>

and we identified ¢(a’n) with ¢(a’'nxg). This proves (50) with a constant C' independent
of vy, and hence concludes our proof of Proposition 8. Proposition 7, and thus Theorem 1,
are now established in full.

5. Proof of Theorem 2

To prove Theorem 2, we need some facts about the Riesz transforms on (M, g). Recall
that the L? spectrum of A is the half-line (—oco, —|p|?], and in particular stays away from
zero. Thus one can define negative powers of —A, and they are bounded self-adjoint

—1 extends to

operators on the space of L? functions on M. It is known that VZ(—A)
a bounded linear operator on LP(dV) for all 1 < p < oo; here V? is any second order
derivative on M, i.e. any X;X; where X;, X; are smooth vector fields that have lengths
at most 1 on M (see e.g. Lohoué [28, Theorem II]). Combined with our Lemma 9, we

also see that V(—A)~! and (—=A)~! are bounded on LP(dV) for all 1 < p < oo, i.e.

[ (=A) Al Logavy S IRl e avy, (57)

and

I(=2) " hllzoavy S [lhllzoav) (58)

for 1 <p<ooandhe LP(dV).

Suppose f is a smooth vector field on M with div f = 0, and ¢ is a compactly
supported smooth vector field on M with ||| e (av) + |Vl oo (av) < 1. Let u € L*(dV)
be the solution of the equation
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Au = (f, ).

To study Vu, we pick an orthonormal basis of global vector fields Xq, ..., X,, on (M, g)
as follows. Let G = Ip(M), and pick an Iwasawa decomposition G = ANK. Then
M = G/K is diffeomorphic to the Lie group S := AN, and the Riemannian metric g on
M induces a left-invariant metric on S, so we can pick an orthonormal basis of global
vector fields X71,...,X,, on M, that also forms a basis of left-invariant vector fields on
S. It follows that for any 1 < 4,5 < m, the commutator of the vector fields X; and X is

a constant linear combination of X1,...,X,,; in other words, there exists constants ij,

for 1 <,j,k < m, such that [X;, X;] = > /", cijk for all 1 < 4,7 < m. In particular,
by a similar calculation to the one in Section 2.5, div X; is a constant, say ¢;, for any
1 <7 < m. Then writing

Xz* = 7Xi -+ Ci,

we have [, (X;u) hdV = [, u (X h)dV for all test functions u and h, and any 1 < i < m.
Now

—A(X;u) = X;(—Au) + [X;, —Alu,

and [X;, —A] is a second order operator of the form 377 | a; X;Xx + 377, b; X for
some constants a;; and b;. Thus writing F' = —Au = —(f, ¢), we get

Xiu=(—A)" X F + (-A) 7' [X;, —A](-A) ' F,
and hence

/(X,»u)th:—/FXZ-*(—A)‘lth+/F(—A)‘l[Xi,—A]*(—A)‘lth (59)

M M

for any test function h € C°(M), where [X;, —A]* = Z;’j’k:l ajrXp X7 + Z;n:l bj X7
The first term on the right hand side is just

/ (X7 (—A) )V,

M

and can be estimated by Theorem 1 by taking ¢ = [X;(—A) " h]ep; since
Vo = [VX; (=A) " hlp + [X; (=A) " h)(Ve),

and since |||/ g (v + [[V@| £ @vy < 1, by the result about the Riesz transforms cited
above, as well as (57) and (58), we see that

Vol Lmavy < Cllh| Lm@av)-
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This shows that the first term on the right hand side of (59) is bounded by
CI\ fllr@vylIll Lm (qvy- Similarly, the second term on the right hand side of (59) is bound-
ed by C||fl 1 @v)l|h|| Lm avy: indeed there we take ¢ to be [(=A) 7' [X;, —A]*(=A) " h]p,
and then

Vo = [V(=A) 7 [Xi, = A (=A) " hlp + [(—=A) 7' X;, A (=A) T h] Ve,
SO
IVollLm@avy < CllhllLmav)
by (57), (58) and the cited result about the Riesz transforms. Altogether, this shows

/(Xiu) hdV | < C| |z av) Il avy
M

for all test functions h € C2°(M), and hence

IVull 72 gy < CllFllErcavy,

as desired.
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